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But these correlators nevertheless contain a great deal of information:

OUTLINE

SUPERSYMMETRIC LOCALIZATION  will be used in order to determine the exact form of certain 

INTEGRATED CORRELATION FUNCTIONS

in                          supersymmetric Yang-Mills (SYM) theory  (and generalisations to                         )    
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N = 4
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SU(N)
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SO(N)
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USp(2N)

• Include detailed coefficients of infinite set of INSTANTON and ANTI-INSTANTON contributions. 

<latexit sha1_base64="wGq49xO9k84YoNriomXB2W9YB30="></latexit>

N• The large-    expansion reproduces known facts about low-energy expansion of HOLOGRAPHICALLY DUAL IIB superstring.  

• The         expansion is an asymptotic series and has an explicit S-dual completion     
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O(e−
√
NA)
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(p, q) String world-sheet instantons
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1/N

• Determine SYM perturbation theory coefficients to all orders – BOTH PLANAR AND NON-PLANAR, FOR ALL  VALUES OF     .
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N

MONTONEN-OLIVE DUALITY of gauge theory           S-DUALITY  of Type IIB

• Makes S-duality - MODULAR INVARIANCE                - manifest:
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SL(2,Z)
<latexit sha1_base64="5UrIkoEPn2hKoWhB2SEkCDgZ3go="></latexit>↔

NON-LOCAL SUPERSYMMETRIC OBSERVABLES

Integration averages over the spatial dependence 
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N = 2� �
m�0

N = 4

•              supersymmetric YM                 in the limit in which the mass of hypermultiplet in adjoint rep. vanishes 
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N = 2� <latexit sha1_base64="gbcM3B118ynEAizoPMyWrZ9mbR8="></latexit>

� N = 4

SUPERSYMMETRIC LOCALIZATION

• The              partition function on      is determined by supersymmetric localization.
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N = 2�
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S4 [Pestun arXiv:0712.2824 ]

• But the            limit of derivatives of                     with respect to     may be nontrivial as we will see.
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m = 0
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ZN (m, τ, τ̄) <latexit sha1_base64="rZ4VM9Bo9Ly+ezpm7uIPSGE+gI0="></latexit>m

is the one-loop determinant factor and is expressed 
in terms of a standard function (the BARNES G-FUNCTION) 

<latexit sha1_base64="q4s8+3XQjxC910l5R+OHERYZbYw="></latexit>

Zpert(m, ai)
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Zinst(m, ai)describes Coulomb branch instantons at the 
south pole and anti-instantons at the north pole of     .

(Express as a sum of Young diagrams)
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S4

[Nekrasov]

mass parameter

• The partition function of            SYM                          . 
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N = 4
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ZN (0, τ, τ̄) = 1

Vandermonde determinant Nekrasov instanton
partition function

perturbative factor
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SU(N)
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N = 2∗• Localized partition function of               with             gauge group is a              -dimensional integral over
     the Lie algebra           .   hermitian matrix model (integrate over VEV’s of coulomb branch vector multiplet).
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SU(N)
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(N − 1)
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su(N)

classical localized action
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ZN (m, τ, τ̄) =

∫
dNa δ(

∑

i

ai)
∏

i<j

(ai−aj)
2 e

− 8π2

g2
Y M

∑
j a2

j Zpert(m, aij) |Zinst(m, aij , τ)|2
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m → 0 Limit



Using Nekrasov’s result we have for k INSTANTONS:

where the integration contour circles the poles in a particular (and complicated) manner (sum of  Young diagrams).

Z(k)
inst(m, aij) =

1

k!

�
2m2

m2 + 1

�k � k�

I=1

d�I

2�

N�

i=1

(�I � aI)2 � m2

(�I � ai)2 + 1

k�

I<J

�2
IJ(�2

IJ + 4)(�2
IJ � m2)2

(�2
IJ + 1)((�IJ � m)2 + 1)((�IJ + m)2 + 1)

THE             PARTITION FUNCTION
<latexit sha1_base64="dGHG0A32oLzanpGgG6cJbR/3fa4="></latexit>

N = 2∗

PERTURBATIVE

<latexit sha1_base64="mTxZAg2Li0FTsfR5juY920xWAPM="></latexit>

logG(1 + z) =
z

2
log 2π −

(
z + (1 + γ)z2

2

)
+

∞∑

k=2

(−1)k
ζ(k)

k + 1
zk+1

Barnes G-function defined by:

<latexit sha1_base64="yx8RW43eM6ZD5atp0AgxvC3aalQ="></latexit>

H(z) = e−(1+γ)z2

G(1 + iz)G(1− iz)

<latexit sha1_base64="RXAC+rFIUm9TjFWd7u/S/TqMqRw="></latexit>

Zpert(m, aij =
∏

i<j

a2ijH
2(aij)

H(aij −m)H(aij +m)

Fourier sum (sum over instanton number)

The Nekrasov instanton partition function:
contribution from instantons at North Pole 
and anti-instantons at South Pole of S4 

INSTANTON TERMS:

<latexit sha1_base64="m+nHqFIkzxzseK+Pl2MRSTio2/4="></latexit>

Zinst(m, τ, aij) =
∞∑

k=0

e2πikτ Z(k)
inst(m, aij)

<latexit sha1_base64="vrd702D1Ip1CzW5swyewoO2Vc7Y="></latexit>

ZN (m, τ, τ̄) =

∫
dN−1aµ(ai) e

− 8π2

g2
Y M

∑
j a2

j Zpert(m, aij) |Zinst(m, aij , τ)|2



INTEGRATED FOUR-POINT CORRELATION FUNCTIONS

<latexit sha1_base64="y1egaXx1bMCaqgRiXR+RtyMsP+M="></latexit>
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x2
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2
34
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2
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, V =
x2
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2
23

x2
13x

2
24

cross ratios

• Correlator is not supersymmetric but integrated correlator is
<latexit sha1_base64="10phJlRLq9LHE67aC2A/KXE4sKI="></latexit>

Gi
N (τ, τ̄) =

∫
dUdV µi(U, V )TN (U, V, τ, τ̄)

[Binder, Chester, Pufu, Wang arXiv:1902.06263]

where the measure                is designed to preserve supersymmetry,
<latexit sha1_base64="pJsjxhbaVlJJkW/PGlWwMptBo8U="></latexit>

µi(U, V )

• Superconformal primary of             stress tensor multiplet.
<latexit sha1_base64="FhN8r2D8gFUEy+rPZjPwn3UGkOw="></latexit>

N = 4
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O2(x, Y ) = tr(φI1 φI2)Y
I1 Y I2

<latexit sha1_base64="H4DlTCJEkyz2fnyhizDKr0IEvdU="></latexit>

I1, I2 = 1, . . . , 6
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Y · Y = 0 Encodes            quantum numbers
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SU(4)
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U = 1 + r2 − 2r cos θ , V = r2

box diagram

Two examples of measures

<latexit sha1_base64="7lmydsbp4e2eZUe+FHmwcQwkUC4="></latexit>

G1
N (τ, τ̄) = − 8

π

∫ ∞

0
dr

∫ π

0
dθ

r sin2 θ

U2
TN (U, V, τ, τ̄)
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G2
N (τ, τ̄) = −96

π

∫ ∞

0
dr

∫ π

0
dθ

r sin2 θ

U2
D̄1111(U, V ) (TN (U, V, τ, τ̄) + Tfree(U, V ))

determined by symmetriesfree correlator 

• Four-point correlator of superconformal primaries,

[Eden, Petkou, Schubert, Sokatchev] 

<latexit sha1_base64="oqMf5fOrlM3N7FiVVby3hyUG0+Y="></latexit>

〈O2(x1, Y1)O2(x2, Y2)O2(x3, Y3)O2(x4, Y4)〉 =
1

x4
!2x

4
34

(TN free(U, V ;Yi) + I4(xi;Yi)TN (U, V ))



LEADS TO A REMARKABLY SIMPLE CONJECTURED EXPRESSION FOR 
<latexit sha1_base64="l/bbrpHljB5v+OM74WC9Cy/vhig="></latexit>

GN (τ, τ̄)

RELATION TO LOCALISED           PARTITION FUNCTION
<latexit sha1_base64="H/hPDLHKxWOmAEo0W/HFF8AKhS8="></latexit>

N = 2∗

• Correlators are obtained by four derivatives acting on                     the partition function of the              theory on S4  
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ZN (m, τ, τ̄)
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N = 2∗

• Consider the exact perturbation expansion for many values of    .
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N

• Analysis of                 is complicated. 
    

<latexit sha1_base64="xoiXP8CrrG1kmyDXVo3H1gvbins="></latexit>

GN ≡ G1
N

• Consider the exact 1-instanton contribution for many values of    .
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N

• Generalise to the k-instanton contribution.
Only Young diagrams in the Nekrasov partition function with a single rectangular                 
block contribute (up to “partial transpositions”). 

<latexit sha1_base64="/x74GoTGPvXTq+IRws22vhhIddM="></latexit>

k = p � q
[Chester,  MBG,  Pufu,  Wang,  Wen] 

[Binder,  Chester,  Pufu,  Wang,  arXiv:1902.06263]• Equality with integrated correlators on R4 shown in 
Uses supersymmetric Ward identities and accounts for operator mixing on S4. 

<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0 Briefly considered in this talk
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G1
N (τ, τ̄) =

1

4
∆τ ∂

2
m logZN (m, τ, τ̄)|m=0
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∆τ = 4τ22 ∂τ∂τ̄Considered in this talk
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GN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 BN (t)dt

2 DIM. LATTICE REPRESENTATION

• It is important that                                 ,  as well as                                           and             . 
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BN (t) =
1

t
BN (1/t)
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0
BN (t)dt =

N(N − 1)

4
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0
BN (t)

1√
t
dt = 0

•                invariance is manifest:
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SL(2, Z)
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� � a� + b

c� + d
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a, b, c, d � Z
<latexit sha1_base64="4sntu5l14yrvv2e7Ctax+3i1MOo="></latexit>

ad � bc = 1[Montonen-Olive]

Relates theories at different values of coupling constant – holographic image of S-duality in type IIB superstring.

<latexit sha1_base64="MSzJpq1JsKadbRnAJErKlTAnbNI="></latexit>

BN (t) =
QN (t)

(1 + t)2N+1
where and             is a rational polynomial of order                . 
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QN (t)
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(2N − 1)

<latexit sha1_base64="joxiO4mC+huzL/sPjU8NNfNmdy8="></latexit>

B3(t) =
18t5 � 99t4 + 126t3 � 99t2 + 18t

(1 + t)7

<latexit sha1_base64="noMNyXXGf8RJNMoEIo9aobZlf0E="></latexit>

B2(t) =
9t3 − 30t2 + 9t

(1 + t)5
e.g.                    :                                                                        :
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SU(3)
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SU(2)

where               and                is a JACOBI polynomial.
<latexit sha1_base64="8gDp9wCTqSSelL9EF6+4cXdrnpQ="></latexit>

z =
1 + t2

1− t2

<latexit sha1_base64="XLLTubaaR6SEhUqcHLjdETI5rdQ="></latexit>

P (α,β)
N (z)
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QN (t) = �1

4
N(N � 1)(1 � t)N�1(1 + t)N+1

�
(3 + (8N + 3t � 6)t) P (1,�2)

N (z) +
3t2 � 8Nt � 3

t + 1
P (1,�1)

N (z)

�• General     : 
<latexit sha1_base64="vmHXGo5SWV9rQLXtzutC6hwJgp0="></latexit>

N obtained by experimental algebraic calculations but recently proved [Dorigoni, MBG, Wen, Xie 2210.140384]



• Coefficients are RATIONAL MULTIPLES OF ODD ZETA VALUES.   

<latexit sha1_base64="j6KdKWTpoa8sDkmCbXjOcfItvNA="></latexit>

a =
g2

Y M
N

4�2
=

N

�
��1
2‘t Hooft expansion

PERTURBATION EXPANSION 

• Recall the UNINTEGRATED CORRELATOR has very complicated dependence on cross ratios involving polylogs,

<latexit sha1_base64="cKDML2nm6aJb8opMGN3R6TBc83A="></latexit>

L = 1, 2e.g.

First non-planar contribution

<latexit sha1_base64="clUy9XdHviFsR9Q9TZ4xZXZwLZw="></latexit>

GN,0(�2) = (N2 � 1)

�
3 �(3)a

2
� 75 �(5)a2

8
+

735 �(7)a3

16
�

6615 �(9)
�
1 + 2

7N�2
�
a4

32

+
114345 �(11)

�
1 + N�2

�
a5

128
�

3864861 �(13)
�
1 + 25

11N�2 + 4
11N�4

�
a6

1024

+
32207175 �(15)

�
1 + 55

13N�2 + 332
143N�4

�
a7

2048
+ O(a8)

�
,

• NON-PLANAR CORRECTIONS BEGIN AT FOUR LOOPS – as is known from Feynman perturbation theory.

[Fleury and Pereira][Eden, Heslop, Korchemsky, Sokatchev] [Boels, Kniehl, Tarasov, Yang]

Interesting pattern of non-planarity determined to arbitrary order.

• The INTEGRATED CORRELATOR is much simpler.   The coefficients can be compared with  calculations  
     from Feynman diagrams.                                                  [Belokurov and Usyukina, 1983] [Usyukina, 1991] [Wen and Zhang 2022]



• Using the differential recurrence relation of Jacobi functions we find that

<latexit sha1_base64="/tEAmizo23tJ2iOTWQA2pOagx9Y="></latexit>

t
d2

dt2
(tBN (t)) = N(N � 1)BN+1(t) � 2(N2 � 1)BN (t) + N(N + 1)BN�1(t)

• Since             this equation determines               for all            In terms of              .  
<latexit sha1_base64="fq2OUzGNqsN3oMkFlvFQCv5RXBM="></latexit>

N > 2
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G2(�, �̄)
<latexit sha1_base64="SNqKEYcE9ct7/kb1qGO1ixO88Fs="></latexit>

GN (�, �̄)
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G1 = 0

DIFFERENTIAL RECURRENCE RELATION 

• Solutions can be expressed in terms of NON-HOLOMORPHIC EISENSTEIN SERIES

• From which one can show that the integrated correlator satisfies a 
     
         LAPLACE DIFFERENCE EQUATION:

where                                 is the hyperbolic laplacian.  
<latexit sha1_base64="4Aff7BIWxgHIcwt2V4/hPXhiLhQ="></latexit>

�� = �2
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�
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�1
+ �2
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�
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(�� � 2) GN (�, �̄) = N2 [GN+1(�, �̄) � 2GN (�, �̄) + GN�1(�, �̄)] � N [GN+1(�, �̄) � GN�1(�, �̄)]

<latexit sha1_base64="zhPxSlb1DZNTNIgQOJa12Ufn15Y="></latexit>

GN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 BN (t)dtrecall



<latexit sha1_base64="93lEoWBIvCdMFHdMbZx4Wmww+0o="></latexit>

(�� � s(s � 1)) E(s; �, �̄) = 0• LAPLACE EIGENVALUE EQUATION

NON-HOLOMORPHIC EISENSTEIN SERIES

Fourier modes

<latexit sha1_base64="8Qnm2CF8bBcnc6NDR7k33hsoGeA="></latexit>

s ∈ C
<latexit sha1_base64="vaOxke/9Nz8DWAzBQX33mwquJtA="></latexit>

E(s, �, �̄) =
1

�s

�

(m,n)�=(0,0)

� s
2

|m + n� |2s
=

�

(m,n) �=(0,0)

1

�(s)

� �

0
e�t� |m+n�|2

�2 ts�1dt
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=
�

k�Z
Fk(s; �2) e2�ik�1

• Non-zero modes
   (instantons)

<latexit sha1_base64="F4HqyVqA0xfXmeane+BJzsWFUzU="></latexit>

Fk(s; �2) =
4

�(s)
|k|s� 1

2 �1�2s(|k|)
�

�2 Ks� 1
2
(2�|k|�2) , k �= 0

�
�2��

(. . . ) e�2�|k|�2
characteristic of INSTANTON or ANTI-INSTANTON 

divisor sum
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σr(k) =
∑

d|k

dr

Bessel
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SL(2, Z) :

<latexit sha1_base64="pRq8MDob+gcUZIcK0xcAgBC5C84="></latexit>

� � a� + b

c� + d
<latexit sha1_base64="bTYS2bPzurqzdaTnBf0PqwbBYx4="></latexit>

a, b, c, d � Z <latexit sha1_base64="/fcHVo/5eqdved564JLIurA/mAw="></latexit>

ad � bc = 1

Modular function

<latexit sha1_base64="SvqP3eGgJfrl1eEyuF4RPCT+5+E="></latexit>

(g2
Y M

/4π)s−1
<latexit sha1_base64="mtpPrH6JtRdG4bIAy8Yi9mgmjJg="></latexit>

(4π/g2
Y M

)s

• Zero mode
    (perturbative)

<latexit sha1_base64="USPgqMEnyYIe8kE5f26t0hAELUU="></latexit>

F0(s; �2) =
2�(2s)

�s
�s
2 +

2
�

� �(s � 1
2 )�(2s � 1)

�s�(s)
�1�s
2

TWO POWER-BEHAVED TERMS

PERTURBATIVEPERTURBATIVE (singular)



• INSTANTON CONTRIBUTIONS

<latexit sha1_base64="Tyr/MSD0OW73ZTXhSmS4gHp5dYo="></latexit>

GN,k(�, �̄) =
1

2

�

m̂ �=0, n �=0
m̂n=k

e2�(�|k|�2+ik�1)

� �

0
exp

�
�

� |m̂|�
t

� |n|
�

t
�2

��2

���2

t
BN (t)dt .

General               and  
<latexit sha1_base64="SvXUxxIcOaO0BiR98uQrcE3UUhQ="></latexit>

k = m̂n
<latexit sha1_base64="2S6tZW2XTg1YEmRA9GK4YXCLJFM="></latexit>

N

EXPRESSION FOR INTEGRATED CORRELATOR

e.g. for 
<latexit sha1_base64="haw2xH/GlCbD7UOtIzzQQmQnXR0="></latexit>

SU(2)

<latexit sha1_base64="GpY7AwxW8nnmSgfT7bHCMJ6KEVM="></latexit>

c2(s) =
(−1)s

2
(s− 1)(1− 2s)2 Γ(s+ 1)

where the coefficients are given by 

Formal Infinite sum of 
Eisenstein series

(with integer-index)

<latexit sha1_base64="NjfejimeSrG68kPzuuiSMUnK72Y="></latexit>

GN (τ, τ̄) =
N(N − 1)

8
+

1

2

∞∑

s=2

cN (s)E(s, τ, τ̄)

<latexit sha1_base64="6Y1LHSdL7FpFxHF/tweTUyrlWLE="></latexit>

BN (t) =
∞∑

s=2

cN (s)
ts−1

Γ(s)

e.g.           in
<latexit sha1_base64="hmvDfHTi8ISo5mqNGK1NtytOKPQ="></latexit>

k = 1
<latexit sha1_base64="Hd2cYV5+MHMgR1iG0eSlz361pQo="></latexit>

SU(2)
<latexit sha1_base64="KhaPxqN6auPtLw/dE0j4Sg+Bt3g="></latexit>

G2,k=1(�, �̄) = e2�i�
�
12y2 � 3

�
�e4yy3/2(1 + 8y)erfc (2

�
y)

�

� e2�i�

�
�3

8
+

9

32y
� 135

512y2
+

315

1024y3
+ · · ·

�
<latexit sha1_base64="PhkY2PcjXj+HA0HsEnYgrlTm7Ls="></latexit>

y = ��2 =
4�2

g2
Y M

<latexit sha1_base64="hiEkksgCKKwWDBooonjqOBagsqA="></latexit>

g2
Y M

� 0

<latexit sha1_base64="1mkjdaPEei1esOocg2ANMEXgjsE="></latexit>

BN (t) =
1

t
BN (1/t)with 

• PERTURBATIVE TERMS.:   Infinite sum of                           terms infinite sum of                                  terms!  
<latexit sha1_base64="YnNzKx05r7QDT/fKRIPYQFaujEQ="></latexit>

τ s2 = (4π/g2
Y M

)s
<latexit sha1_base64="ts7v5SdftrXxTwyEPV9i07c0K+A="></latexit>

τ1−s
2 = (g2

Y M
/4π)s−1

after Borel resummation

<latexit sha1_base64="W24TkGEg522o0j05nGEjj+EJd8M="></latexit>=



• Asymptotic series that is not Borel summable.  Requjres non-perturbative completion (resurgence) 

• The behaviour            is characteristic of a WORLD-SHEET INSTANTON in string theory since                             . 

LARGE-   EXPANSION
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N

<latexit sha1_base64="2BIe/a9tQEH75RNRDXlRj2E//vU="></latexit>

G(0)(�) =
��

n=1

4(�1)n+1�(2n + 1)�
�
n + 3

2

�2

�2n+1�(n)�(n + 3)
�n1. Small-   expansion<latexit sha1_base64="Yp2DlNsFwPCV1nOxAOqvqeOU5bI="></latexit>

� Radius of convergence 
<latexit sha1_base64="sux6bS8sgKmMbZYbU/poMRwM06g="></latexit>

|�| � �2

Proportional to 
PLANAR DIAGRAMS

<latexit sha1_base64="tfzVErXDuMtvRbS9A9++23IbJDs="></latexit>

N2

• Similar analysis for terms with higher powers of  
<latexit sha1_base64="13Hq891hRt/kVlMIB6ogoQckxh4="></latexit>

1/N2

BOREL SUM 

<latexit sha1_base64="Bga9tFycmfUf3/5tZVn8trFosPA="></latexit>

GN (�, �̄) �
��

g=0

N2�2g G(g)(�)‘t Hooft Expansion
<latexit sha1_base64="k0phD9VdbpoyVatHKLdARhL4m4w="></latexit>

� = g2
Y M

N = 4���1
2 N

‘t Hooft coupling
SUPPRESSES INSTANTONS so

duality is not manifest

2.  Large-   expansion
<latexit sha1_base64="Yp2DlNsFwPCV1nOxAOqvqeOU5bI="></latexit>

� Divergent sum 
<latexit sha1_base64="+9p6D7X6a4Nuh/KN978afT9+jAg="></latexit>

G(0)(λ) ∼ 1

4
+

∞∑

n=1

Γ
(
n− 3

2

)
Γ
(
n+ 3

2

)
Γ(2n+ 1)ζ(2n+ 1)

22n−2π Γ(n)2λn+1/2

BUT SINCE WE KNOW THE EXACT FUNCTION WE CAN DETERMINE ITS LARGE-N                COMPLETION ANALYTICALLY
<latexit sha1_base64="Q536L2HhjLS5lCIAm109DTEcZIw="></latexit>

SL(2,Z)



GENERATING FUNCTION FOR N-DEPENDENCE

<latexit sha1_base64="2IxbltWW9/hJRED7tXbEEYs/LjU="></latexit>

z

0

C

1 (t+1)2

(t−1)2

(a)

<latexit sha1_base64="IjnqmNFr5nS8VN3yPudpqaT1TEA="></latexit>

BSU(N)(t) =

∮

C

BSU (z; t)

zN+1

dz

2πi

Inverse

<latexit sha1_base64="FbsFOYDb5UxyRqW7cfWav5i7AJo="></latexit>

0 1 (t+1)2

(t−1)2

C ′

C∞

(b)

z

vanishes 

Distort contour

<latexit sha1_base64="0XPB8D18fk37O9fxpv01nqfn+dQ="></latexit>

=

∮

C′

BSU (z; t)

zN+1

dz

2πi
+

∮

C∞

BSU (z; t)

zN+1

dz

2πi

Dorigoni, MBG,  Wen, Xie 2210.140384

<latexit sha1_base64="m9u4nEd0+KFxRMSUMXevemYO3lY=">AAANLnicxVfNbhs3EN6kP4kVtXXSYy9EA6EOIKuSbcFWGwVB7Lg92WkSJ0G8jsHlcncJcblrkmtHJvYF2mco+gp9iV7bW4Eegl77GB2uZGkl2YljtDABCcQ33/xwhtSMvJQzpZvNv65c/eDDjz6+dn2ucqP6yaefzd+89UwlmSR0hyQ8kS88 </latexit>

BSU (z; t) :=
∞∑

N=1

BSU(N)(t)z
N

<latexit sha1_base64="9o/9Zff0EgS6klPALurIyHqfajg="></latexit>

=
3tz2

[
(t− 3)(3t− 1)(t+ 1)2 − z(t+ 3)(3t+ 1)(t− 1)2

]

2(1− z)
3
2 [(t+ 1)2 − (t− 1)2z]

7
2

Note branch cuts

Integral around C’

<latexit sha1_base64="9Agy6gAcOy5NYRAxhCSgWyR0T1A="></latexit>

BSU(N)(t) =

∫ (t+1)2

(t−1)2

1

DiscBSU (z; t)

zN+1

dz

2πi

generates series in ½-integer powers of   

<latexit sha1_base64="Ywj4S5FVbbo2bjBescKmfUNWh5s="></latexit>

=

∫ ∞

1
. . .

<latexit sha1_base64="Bdj+eOQ0kS+2dIAkKsPv12v5Mww="></latexit>

1
N non-perturbative in N  

<latexit sha1_base64="y9+mfjzAnk+hkT1C+ArQTeT7kd0="></latexit>

+

∫ (t+1)2

(t−1)2

∞
. . .

<latexit sha1_base64="d65emefd0+1lgnNRuTHkTQCwjmw="></latexit>

B(1)
SU(N)(t)

<latexit sha1_base64="haWQwAKYUd/YKXkGl9Se/SXGHzc="></latexit>

B(2)
SU(N)(t)

DOMINATED AT LARGE N BY SADDLE POINT OF t INTEGRAL 

<latexit sha1_base64="MzysHZL70W2ZhYoRX9/VcPfUEfg="></latexit> ∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 B(2)
SU(N)(t)dt



• Close connection to well-established BPS terms in low energy expansion of IIB superstring in the flat space limit. 

• Series of ½-integer index Eisenstein series.

Extends the earlier analysis in [Chester, MBG, Pufu,  Wang,  Wen]

MODULAR INVARIANT LARGE-   EXPANSION
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N

<latexit sha1_base64="flPZRvSiZD00bupvP5zx+fNq9JQ="></latexit>

GN (�, �̄) �N2

4
� 3N

1
2

24
E( 3

2 ; �, �̄) +
45

28N
1
2

E( 5
2 ; �, �̄)

+
3

N
3
2

�1575

215
E( 7

2 ; �, �̄) � 13

213
E( 3

2 ; �, �̄)
�

+
225

N
5
2

�441

218
E( 9

2 ; �, �̄) � 5

216
E( 5

2 ; �, �̄)
�

+
63

N
7
2

�3898125

227
E( 11

2 ; �, �̄) � 44625

225
E( 7

2 ; �, �̄) +
73

222
E( 3

2 ; �, �̄)
�

+ O(N� 9
2 ) ,

<latexit sha1_base64="cCMNedILqiiU0VDU0WcoT/3r0vo="></latexit>

R4
<latexit sha1_base64="/8zBX1acbNeZsPisDcjeYBiWH+Y="></latexit>

d4R4
Supergravity

• Note the absence of terms with integer powers of        , such as the term of order         . 
<latexit sha1_base64="vJ/iyJgNer8BdlakqfSuHICIKmw="></latexit>

d6R4<latexit sha1_base64="y4hSsM+CjQyEGatvTWKL+E81yqs="></latexit>

1/N

Such terms arise in the        expansion of                                                         .
<latexit sha1_base64="13p9qH+q4wCT8RkUhcw0EKvMU2I="></latexit>

1/N
<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0

Fixed -       Expansion
<latexit sha1_base64="wKPn/Icg8cejObGGn129Erio5go="></latexit>

g2
Y M INSTANTONS NOT SUPPRESSED – S-duality is manifest.

• The        expansion is holographically related to the low energy expansion of the dual IIB superstring amplitude
     in                  .            

<latexit sha1_base64="13p9qH+q4wCT8RkUhcw0EKvMU2I="></latexit>

1/N
<latexit sha1_base64="MwFlgieV+Czca33CEjAOyvWDa04="></latexit>

AdS5 × S5
<latexit sha1_base64="Wh+suN716CB5uBDaOP8RG1FybQA="></latexit>

N → τ2 L4

α′2 , τ2 → 1

gs

• Substitute the large-    expansion of                   (determined by the differential recurrence relation) :  
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N
<latexit sha1_base64="e9B5u1zTvcYtm1beZ+/R0J0R+UU="></latexit>

B(1)
SU(N)(t)



SUMMARY OF THE LARGE-N EXPANSION

powers of 
<latexit sha1_base64="rz0/WX/0E2ZYrSjh28Ra3K5ZXMY="></latexit>

1/N

<latexit sha1_base64="eC8kJLVPAH8rpfeHbQwAKhhHNuA="></latexit>

GSU(N)(�, �̄) =
N2

4
+

��

r=0

N
1
2 �r

�r/2��

m=0

br,mE( 3
2+�r+2m; �, �̄)

± i
��

r=0

N2� r
2

r�

m=0

dr,mDN

�r

2
�2m; �, �̄

�
exponentially suppressed  in  

<latexit sha1_base64="RYrC283iaBGx6rNnUnRSuns0R1Y="></latexit>

N

<latexit sha1_base64="WX0OK+MNJXcD6m1hqHgephR3aQE="></latexit>�
g2

YM
N = L2/��uses AdS/CFT dictionary

<latexit sha1_base64="sk+UZXfPsI9pDEr3dBkYo5YyTiM="></latexit>

�
��

�=1

�

gcd(p,q)=1

exp(�4�L2� Tp,q)

<latexit sha1_base64="wk8rpGSH1uZ50GJ06vQif8ggQsQ="></latexit>∫ (t+1)2

(t−1)2

∞
. . . Saddle point in t integral exponentially suppressed in   

<latexit sha1_base64="RYrC283iaBGx6rNnUnRSuns0R1Y="></latexit>

N

• Sum over   (p,q) world-sheet instantons. (p,q) string world-sheets wrapping an equatorial S2 in S5.
<latexit sha1_base64="VaoLQQBM7jIF/TXvPexbXP8EoOY="></latexit>

�

• The                      term reproduces the resurgence expression in the ‘t Hooft limit. 
<latexit sha1_base64="DYJX7NXE5xEMw7bZKqd9OZNVPqU="></latexit>

p = 1 , q = 0

• Tension of (p,q) strings

<latexit sha1_base64="r+q966anG2ZvcLLHVkQUbagzlsU="></latexit>∫ ∞

1
. . . Series in half-integer powers of 

<latexit sha1_base64="rz0/WX/0E2ZYrSjh28Ra3K5ZXMY="></latexit>

1/N

<latexit sha1_base64="FC+M5ZEU57gC5DMPsZwPwgN2IvM="></latexit>

DN (s; �, �̄) =
��

�=1

�

gcd(p,q)=1

exp
�

� 4
�

N��
|p + q� |

�
�2

� 1

�s

�s
2

�2s|p + q� |2s
.where novel modular function



INTEGRATED CORRELATORS FOR SO(N), USP(N) 

GODDARD-NUYTS-OLIVE  duality of magnetic monopoles and electric charges (c.f. LANGLANDS) 
(Correlators are not sensitive to global factors)

[Dorigoni, MBG, Wen, 
arXiv:2202.05784]]

(See Alday, Chester and Hansen)

RESULTS: BEAUTIFUL EXTENSION OF THE SU(N) CASE 

• GNO duality explicit.

• Set of Laplace difference equations highly constrain results for all N.

• Large-N limit gives results consistent with expected string theory results.

• NON SIMPLY-LACED 

<latexit sha1_base64="y2m4d8uE2JHq1vwtqsWXrLij1t8="></latexit>

Ŝ : τ → − 1

2τ

<latexit sha1_base64="oyB2vlVPHIM0yDWRV9cJ9mn4sQw="></latexit>

T : τ → τ + 1
<latexit sha1_base64="we72ZHT4kiq61UuVQ5ob4Rvdm2g="></latexit>(
long roots

short roots

)2

= 2

<latexit sha1_base64="UMGqCPfr6FUi6BLpCaLCuQFTxSI="></latexit>

SO(2N + 1) , USp(2N)

and       generate 
<latexit sha1_base64="Pvho+DYSTDDEKVKfrXZ1OVffnxI="></latexit>

T
<latexit sha1_base64="XHVfSIfXydlECn1ehJS8z1wGrdI="></latexit>

Ŝ T Ŝ

maps                                               and  
<latexit sha1_base64="DM3U9aywozNK0xnEzVKXLpxMU6w="></latexit>

SO(2N + 1) → SO(2N + 1)
<latexit sha1_base64="v3aoX7u/9nsN0N1vr/FiQK+B/80="></latexit>

USp(2N) → USp(2N)
<latexit sha1_base64="FwGul6Yku+tx10MagNiCDEw+cRI="></latexit>

Ŝ maps
<latexit sha1_base64="bPinAD4Io1l3L37NdpZOGdakDN0="></latexit>

USp(2N) ↔ SO(2N + 1)

<latexit sha1_base64="XbMfeOGPBM+QtGvBs4Yisa6Bj+Q="></latexit>

Γ0(2) : c = 0 mod 2

• SIMPLY-LACED 

<latexit sha1_base64="NCoGJjm6OxfiAcuacWe1iUDpVOY="></latexit>

S : τ → −1

τ

<latexit sha1_base64="oyB2vlVPHIM0yDWRV9cJ9mn4sQw="></latexit>

T : τ → τ + 1Self-duality

generate 
<latexit sha1_base64="y4qo99t/I71UVG8XEljETfRdr2k="></latexit>

ad− bc = 1

<latexit sha1_base64="ZOwT8kiNq2LUQROja/ua6Cc4iRU="></latexit>

a, b, c, d ∈ Z

<latexit sha1_base64="Dz1im/B8/U6TN+CLxoldat1GS4I="></latexit>

SU(N) , SO(2N)
<latexit sha1_base64="5pdaGTzQYPAC4CHG6ohqFAQ1/Zo="></latexit>

SL(2,Z) : τ → aτ + b

cτ + d

Previously 
<latexit sha1_base64="scZ5cb2vb3qJVF+JnY1opO2tBVA="></latexit>

GN (�, �̄)

INTEGRATED CORRELATOR

<latexit sha1_base64="kdP8qs/M8J4/F2jTZUMDRUh8KFE="></latexit>

1

4
CGN (�, �̄) = �� �2

m log ZGN (m, �, �̄)|m�0



CORRELATORS WITH GENERAL CLASSICAL GAUGE GROUP 
<latexit sha1_base64="i/bTQ02TBFa4nVtNGxhcCbnR2c0="></latexit>

GN

With :

•                                          Invariance under                 generated by 
<latexit sha1_base64="GY/lCeEHpb6pLXxHRjATshc6bjY="></latexit>

SL(2, Z)

<latexit sha1_base64="IcesVfE/u2nLctr4pFIC7BQRW7Y="></latexit>

S : � � �1

�
, T : � � � + 1

<latexit sha1_base64="3wBINTV0cfwEa2SJRG3N5/AblxQ="></latexit>

SU(N), SO(2N)
<latexit sha1_base64="iPolUQ3UIqSWrpVhxLX5s0TdvOo="></latexit>

B2
SU(N)(s) = B2

SO(2N)(s) = 0

<latexit sha1_base64="9CVf7WE6PFwvmcld9iI92lwS/+A="></latexit>

Ŝ : � � � 1

2�
, T : � � � + 1

<latexit sha1_base64="U8nKNVmPQanBmIlnhtiCB9b4qY0="></latexit>

� SL(2, Z)not  

<latexit sha1_base64="R9rYDypBKnb8ZNrcOwFpWxbEiXs="></latexit>

B1
SO(2N+1)(t) = B2

USp(2N)(t) , B1
USp(2N)(t) = B2

SO(2N+1)(t)

•                                          Invariance under           generated by            and     ,   where 
<latexit sha1_base64="LdZ3DLi3qLQb+x2iG3ccn3ljFP0="></latexit>

�0(2)
<latexit sha1_base64="jz3kpFgmNUIf+/ClirSwJ+kt478="></latexit>

Ŝ T Ŝ
<latexit sha1_base64="cr8Tr8ME9V3yTf8V4smuwgqLQUQ="></latexit>

T
<latexit sha1_base64="zcS7CWXqlDkSvED9RGsAXcrM43Y="></latexit>

SO(2N + 1), USp(2N),

<latexit sha1_base64="YqG8XaWz0yntAb9uNpRGJ5sOfYk="></latexit>

CSO(2N+1) → CUSP (2N)•     Interchanges          with               GNO duality
<latexit sha1_base64="fz1yzQBMsZaY8RyMdmWN5QqSWmY="></latexit>

Ŝ
<latexit sha1_base64="dxVTT69i5voQGg94alRj21KhiKM="></latexit>

B1
GN

<latexit sha1_base64="Zs6vcHvUYD++Rl/zJTo79Ay9jRg="></latexit>

B2
GN

<latexit sha1_base64="B/Je1iEDmr14NLlFsFHELw5/DWQ="></latexit>

CGN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
dt

(
B1

GN
(t)e−tπ |m+nτ|2

τ2 +B2
GN

(t)e−tπ |m+2nτ|2
2τ2

)
.

<latexit sha1_base64="wj3fOU6H2TajSF4rBMVJ72XpkjQ="></latexit>

CGN (τ, τ̄) = −bGN (0) +
∞∑

s=2

[
b1GN

(s)E(s; τ, τ̄) + b2GN
(s)E(s; 2τ, 2τ̄)

]
• FORMAL EXPANSION

<latexit sha1_base64="r6YWF+loo4GAf0wYQ6ywc9/TB7I=">AAANanicxVdbb9s2FFa6W6M2a9o9DX0hlhlrAMWzHRtNsLoolsv21q5t2qJREFASJRGmKIWkkrqEfuj2sF+wH7FDWbFlK2nTYkMIWCa+850LzyF1KC9jVKpO58+lG1 </latexit>
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YANG-MILLS PERTURBATION EXPANSION

• The “planar” pieces are identical for all gauge groups.
• Non-planar terms first enter at four loops.

• The transformation                                             Symmetry of  
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LAPLACE DIFFERENCE EQUATIONS

<latexit sha1_base64="gYEriJgLKkKrhThsdcxFnPA2Z34="></latexit>

CSO(7)(�, �̄) =

�
8

5
CSU(2)(�, �̄) � 12

5
CSU(3)(�, �̄) +

3

5
CSU(4)(�, �̄) +

4

5
CSU(5)(�, �̄)

�

+

�
3

5
CSU(2)(2�, 2�̄) � 12

5
CSU(3)(2�, 2�̄) +

8

5
CSU(4)(2�, 2�̄)

�
,

<latexit sha1_base64="MIR/FDYIgyq/5yUNOI658GjiU5I="></latexit>

��CUSp(n)(�, �̄) � 2cUSp(n)

�
CUSp(n+2)(�, �̄) � 2 CUSp(n)(�, �̄) + CUSp(n�2)(�, �̄)

�

+ n CSU(n+1)(2�, 2�̄) � (n + 1) CSU(n)(2�, 2�̄) = 0

• All integrated correlators can be related to             correlators, and hence to the           case.
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LARGE-    EXPANSIONS
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• Furthermore                                                       with 
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• Coefficients of highest-index Eisenstein series at each order same as in                       expansion.   
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• The case                                   is the prototype, which arose as the coefficient of          
     in the ten-dimensional IIB superstring effective action.  
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• Zero Fourier mode also has infinite sum of instanton/anti-instanton pairs
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• The function                    has four terms in its Laurent polynomial (zero Fourier mode)      
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• When                  ,                       is a (linear combination of) MODULAR GRAPH FORMS which arise as coefficients in
     the low energy expansion of the genus-one amplitude in type II superstring theory.
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THE “SECOND CORRELATOR”
SOME PROPERTIES OF “GENERALISED” EISENSTEIN SERIES’  

<latexit sha1_base64="9obss6feGO1AMnKiEe9xGugVs+k="></latexit>

E(s, s1, s2)



<latexit sha1_base64="jK0NdouUUXtTKhYp4VZNpP12KiM="></latexit>

G2
N (�, �̄) =�4

m log Z
��
m=0

� 6N2 + 6
�

NE( 3
2 , �, �̄) + C0 � 9

2
�

N
E( 5

2 , �, �̄) � 27

23N
E(4, 3

2 , 3
2 , �, �̄)

+
1

N
3
2

�
117

28
E( 3

2 , �, �̄) � 3375

210
E( 7

2 , �, �̄)

�
+

1

N2

�
C1 +

14175

704
E(7, 5

2 , 3
2 , �, �̄) � 1215

88
E(5, 5

2 , 3
2 , �, �̄)

�

+
1

N
5
2

�
675

210
E( 5

2 , �, �̄) � 33075

212
E( 9

2 , �, �̄)

�
+

1

N3

�
�4E(4, 3

2 , 3
2 , �, �̄)

+
�

r=6,8,10

[�rE(r, 3
2 , 3

2 , �, �̄) + �rE(r, 5
2 , 5

2 , �, �̄) + �rE(r, 7
2 , 3

2 , �, �̄)]
�

+ O(N� 7
2 ) ,

THE “SECOND CORRELATOR”

The  large-     expansion up to order  
<latexit sha1_base64="J/3wEmgyOZgPh0608KKBVgmo2F4="></latexit>

N
<latexit sha1_base64="gKxLAKozxsA8tQXiTAcChHnmCKw="></latexit>

1/N3
<latexit sha1_base64="0E7Qpk5yW57jrVxo9BOhjMsIP2Y="></latexit>

d6R4

<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0

ENTERS INTO THE EXPRESSION FOR THE SECOND CORRELATOR 
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• This expansion includes integer powers of        ,  starting with the          coefficient.  
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Alday, Chester, Dorigoni, MBG, Wen  - in preparation

IS THERE A LATTICE SUM REPRESENTATION OF THIS CORRELATOR?



COMMENTS

• Extension to the second correlator                                                              (to be completed)            
<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0

These results add to our knowledge of superstring scattering amplitudes in                  expanded around the 
     large-radius (flat-space) and low energy limits.  
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AdS5 × S5

Many possible extensions to other models such as ABJM and to exceptional gauge groups.

• We have determined the functional form of the integrated correlators
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• Is there a generalization to higher derivatives w.r.t      - to determine the complete m-dependence??<latexit sha1_base64="wEEm/RKxlAon6H3MGhbPVebFI9c="></latexit>m
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• Also generalization to                       (      )        (Paul. Perlmutter, Raj, arXiv:2209.06639;    Brown, Wen, Xie  arXiv: 2301.13195)
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