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Introduction

Extension of nonrelativistic NS-NS supergravity.

Dualities in nonrelativistic string theory.

SL(2 ,R) realization in NR IIB theory.

Nonrelativistic holography.
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IIB Supergravity

The IIB action:

ŜIIB =
1

2κ2

∫
d10x Ê

(
R̂ +

1

4
Tr(∂µM̂ ∂µM̂−1)− 1

12
Ĥᵀ
µνρ M̂ Ĥµνρ

)

− 1

8κ2

∫ (
F̂ (5) ∧ ?F̂ (5) + Ĉ(4) ∧ Ĥᵀ ∧ ε Ĥ

)
,

where,

M̂ = eΦ̂

(
(Ĉ (0))2 + e−2Φ̂ Ĉ (0)

Ĉ (0) 1

)
, ε =

(
0 1
−1 0

)
, Ĥ =

(
dB̂(2)

dĈ (2)

)

F̂ (q+1) = d Ĉ (q) + Ĉ (q−2) ∧ Ĥ , Ĉ(4) = Ĉ (4) +
1

2
B̂(2) ∧ Ĉ (2) .

Self-duality Condition:

F̂ (5) = ?F̂ (5) .
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SL(2,R) Symmetry

IIB action is invariant under an SL(2 ,R) transformation generated by the matrix

Λ =

(
α β
γ δ

)
, α , β , γ , δ ∈ R , α δ − β γ = 1 .

The various fields transform as follows

Ê Â → Ê Â , Ĉ(4) → Ĉ(4) , F̂ (5) → F̂ (5) ,

Ĥ(3) →
(
Λ−1)ᵀ Ĥ(3) , M̂ → ΛM̂Λᵀ .
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Nonrelativistic limit

Foliation and reparameterization of metric 1:

Ê Â =

{
ÊA = ω3/4 τA {0, 1} ∈ A longitudinal

ÊA′ = ω−1/4 EA′ {2, 9} ∈ A′ transverse

Reparameterization:

Φ̂ = Φ + lnω ,

B̂(2) = −ω2 eΦ/2 `(2) + B(2) ,

Ĉ (q) = ω2 eΦ/2 `(2) ∧ C (q−2) + C (q) .

Here we defined worldsheet volumeform as `(2) = 1
2
τA ∧ τBεAB .

1Bergshoeff, Ebert, Lahnsteiner, Romano, Rosseel, Şimşek,Yan.
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Nonrelativistic limit

Plugging these expansion anzatze into the action, we have

Ŝ = ω2
(2)

S +
(0)

S +ω−2
(−2)

S + · · · .

The ω2 terms are given by

(2)
S EH = −

1

2κ2

∫
d10x E τA′B′Aτ

A′B′A
,

(2)
S Ĥ =

1

2κ2

∫
d10x E

(
τA′B′Aτ

A′B′A +
1

2
e2Φ FA′ F

A′ −
1

2 · 3!
eΦ FA′B′C′ F

A′B′C′
)
,

(2)
S M̂ =

1

2κ2

∫
d10x E

(
−

1

2
e2Φ FA′ F

A′
)
,

(2)
S F̂5

=
1

2κ2

∫
d10x E

(
1

4!
eΦ FA′B′C′ F

A′B′C′ −
1

4 · 5!
FA′

1
···A′

5
FA′1···A

′
5

)
,

(2)
S CS = −

1

2κ2

∫
1

2
eΦ/2 F (5) ∧ F (3) ∧ `(2)

.
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Nonrelativistic limit

Collect:

ω2
(2)

S =
ω2

2κ2

∫ (
Ω(3) ∧ `(2)) ∧ ?(Ω(3) ∧ `(2)) . (2)

Here we have defined the three-form:

Ω(3) =
1

2

[
?
(
F (5) ∧ `(2))− eΦ/2F (3)

]
.

Hubbard-Stratonovich transformation and auxiliary 5-form field A(5):

ω2
(2)

S →
1

2κ2

∫ [
A(5) ∧ ?

(
Ω(3) ∧ `(2))− 1

4ω2
A(5) ∧ ?A(5)

]
. (3)

The equation of motion for A(5) is A(5) = 2ω2 Ω(3) ∧ `(2) (*)
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Nonrelativistic limit

After introducing auxilary field A(5), the expansion of action becomes

Ŝ =
(0)

S +ω−2
(−2)

S + · · · .

Take the limit ω →∞, auxilary field A(5) becomes Lagrange multiplier imposing
the following constraint

Ω(3) ∧ `(2) = 0 .

In component form this is given by

FA′1···A
′
5

= −eΦ/2

3!
εA′1···A′8F

A′6A
′
7A
′
8 .

This is one of the two conditions originating from the non-relativistic limit of the
self-duality condition F̂ (5) = ?F̂ (5) . The other one is

FAA′1···A
′
4

=
1

4!
εABεA′1···A′4B′1···B′4F

BB′1···B
′
4 .
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Nonrelativistic IIB action

Now, we collect the O(ω0) terms in the action
(0)

S =S IIB :

S IIB = SNS + SR + SA+ SCS .

Explicitly (NS-NS2)

S IIB =
1

2κ2

∫
d10x E

(
R − 3

8
∂A′Φ ∂A′Φ− 1

2 · 3!
e−ΦHA′B′C ′H

A′B′C ′

+2 τA′A
A τA

′B
B +

(
∂A′Φ

)
τA
′A

A + e−Φ/2 εAB τA′B′
A HA′B′B

−1

2
e2Φ FA F

A − 1

4
eΦFA′B′AF

A′B′A − 1

2
e3Φ/2 FA′FA′AB ε

AB

− 1

4 · 4!
FA′1···A

′
4A

FA′1···A
′
4A − 1

4!
FA′B′C ′ FA′B′C ′ABε

AB

)
+

1

2κ2

∫ (
A(5) ∧ ?

(
Ω(3) ∧ `(2))− 1

2
C(4) ∧ H ∧ dC (2)

)
.

2NR NS-NS action: Bergshoeff, Lahnsteiner, Romano, Rosseel, Şimşek, 2021
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Galilean and dilatational symmetries

Galilei boosts act on the NS-NS and the Ramond-Ramond fields as

δGτµ
A = 0 , δGEµ

A′ = −λA
A′ τµ

A , δGB
(2) = εAB λ

B
A′ e

Φ/2 τA ∧ EA′ ,

δGC
(q) = −εAB λB

A′ e
Φ/2 τA ∧ EA′ ∧ C (q−2) ,

δG A(5) = 2 εAB λ
A
A′ E

A′ ∧ τB ∧ Ω(3) .

Dilatational symmetry 3: O → e∆(O)λD O

∆
(
τµ

A) =
3

4
, ∆

(
B(2)) = ∆

(
C (q)) = 0 ,

∆
(
Eµ

A′) = −1

4
, ∆

(
A(5)) = 0 , ∆

(
eΦ) = 1 .

3Bergshoeff, Lahnsteiner, Rosseel, Şimşek, Romano.
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SL(2 ,R) Symmetry

Let us define some new objects

κ =
γ e−Φ

γ C (0) + δ
, V = eΦ/2

(
C (0)

1

)
,

B(2) = e−Φ/2B(2) , C(2) = eΦ/2
(
C (2) + C (0) B(2)

)
,

The SL(2 ,R) tranformations are 4 :

V → ΛV ,

B(2) → B(2) − κ C(2) +
1

2
κ2 `(2) , C(2) → C(2) − κ `(2) ,

C(4) → C(4) − 1

2
κB(2) ∧ `(2) +

1

4
κ2 C(2) ∧ `(2) ,

A(5) → A(5) −
(
κ e−

Φ
2 H(3) − 1

2
κ2 e

Φ
2 F (3)

)
∧ `(2) .

4Bergshoeff, Lahnsteiner, Grosvenor, Yan, UZ
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Conclusion

Summary:

Nonrelativistic IIB action and symmetries.

Polynomial realization of SL(2 ,R) symmetry.

Future directions:

Realization of SL(2 ,R) on the equation of motions.

Solutions.
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Thanks!
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