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Two sets of lattice field theory talks

Michael Creutz: three talks
Zoltan Fodor: four talks

"computational details ... might be better for Zoltan to cover, i.e. things
like hybrid monte carlo, the hadron spectrum ... g-2" and QCD
thermodynamics.

e Scalar theory, Higgs bound & Monte Carlo
¢ QCD and hadron spectrum (Wilson)

e QCD thermodynamics (staggered & overlap)
(Krishna: "unless Zoltan is reporting some miracles")

¢ g-2 of the muon (staggered)
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Outline

o Nature of the transition: SU(3) & QCD
e Transition temperature
© Equation of state

0 Cumulants

e Topology at high T
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QCD: need for a systematic non-perturbative method

pressure at high temperatures converges at T=103%° MeV
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Finite temperature QCD

Quantum system partition function: Hamiltonian H at temperature T

Z—Tr [e*H/T} = /[dsO] (0l €T [¢p)

Path integral representastion with

Zacp = / [AU] [d7] [d)] @~ Se(Uw:)

_ 1T _
/[dU] [dy)] [de)] exp [/0 dxy /d3X ﬁE(U,w,w)]

Commuting bosonic & anticommuting (Grassmann) fermionic fields
Boundary condition in the imaginary time (temperature) direction:
Gluons: periodic whereas Quarks: antiperiodic.

Temperature: T=1/N;a, therefore a — 0 is Ny — o

asymptotic

Increase of 3 ™€%M  decrease ofa = - increase of T.
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Nature of the transition: SU(3) & QCD

Nature of the transition: finite-size scaling theory

problem with phase transitions in Monte-Carlo studies
Monte-Carlo applications for pure gauge theories (V = 243 . 4)

existence of a transition between confining and deconfining phases:
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e theoretical prediction: SU(2) second order, SU(3) first order
—> Polyakov loop behavior: SU(2) singular power, SU(3) jump

data do not show such characteristics!
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Nature of the transition: SU(3) & QCD

The nature of the SU(3) & QCD transitions

finite size scaling study of the Polyakov/chiral susceptibilities
xp=Ng ({IP?) —(IP)?)  x=(T/V)d*logZ/om?

phase transition: finite V analyticity V— oo increasingly singular
(e.g. first order phase transition: height o< V, width o 1/V)
for an analytic cross-over y does not grow with V

two steps (three-five volumes, four-five lattice spacings):
a. fix V and determine x through a continuum extrapolation
b. using the continuum extrapolated y max: finite size scaling
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Nature of the transition: SU(3) & QCD

Volume dependence of the susceptibility: SU(3)

continuum extrapolated renormalized Polyakov loop susceptibilities
narrower and higher: rescale it with the volume:
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scale parameter to make it dimensionless
1/V and V behavior = first order phase transition

Wo
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Nature of the transition: SU(3) & QCD

Approaching the continuum limit: QCD
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Nature of the transition: SU(3) & QCD

Approaching the continuum limit: QCD
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Nature of the transition: SU(3) & QCD

Approaching the continuum limit: QCD
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Nature of the transition: SU(3) & QCD

Approaching the continuum limit: QCD
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Approaching t
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Nature of the transition: SU(3) & QCD

The nature of the QCD transition: analytic

T4/ (m28y)

0 0.01 0.02 0.03 0.04

1/(Tv)

the result is consistent with an approximately constant behavior
for a factor of 5 difference within the volume range

chance probability for 1/V is 10~'9 for O(4) is 7 - 10~ '3
continuum result with physical quark masses in staggered QCD:

the QCD transition is a cross-over
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Tc

Literature: discrepancies between T,

Bielefeld-Brookhaven-Riken-Columbia Collaboration:

T¢ from x5, and Polyakov loop, from both quantities:
T.=192(7)(4) MeV

Bielefeld-Brookhaven-Riken-Columbia merged with MILC: ‘hotQCD’

Wuppertal-Budapest group: WB

chiral susceptibility: T=151(3)(3) MeV
‘chiral T.': ~40 MeV difference both groups give continuum

extrapolated results with physical m,
freeze out: 172 MeV — dramatic differences in physics:
need for strongly interacting hadronic matter
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Tc

Discretization errors in the transition region

we always have discretization errors: nothing wrong with it as long as

a. result: close enough to the continuum value (error subdominant)
b. we are in the scaling regime (&2 in staggered)

various types of discretization errors = we improve on them (costs)

we are speaking about the transition temperature region
interplay between hadronic and quark-gluon plasma physics
smooth cross-over: one of them takes over the other around T,

both regimes (low T and high T) are equally important
improving for one: T>>T,, doesn’t mean improving for the other: T<T,
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Tc

Examples for improvements, consequences

how fast can we reach the continuum pressure at T=c0?
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p4 action is essentially designed for this quantity T>> T,
asqtad designed mostly for T=0 physics (but good at high T, to0)

stout-smeared one-link converges slower but in the & scaling regime
(e.g. extrapolation from N;=8,10 provides a result within about 1%)

one can improve on the action (expensive) or observable level
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Tc

Chiral symmetry/pions

transition temperature for remnant of the chiral transition:
balance between the f’s of the chirally broken & symmetric sectors
chiral symmetry breaking: 3 pions are the pseudo-Goldstone bosons

staggered QCD: 1 pseudo-Goldstone instead of 3 (taste violation)
staggered lattice artefact = splitting disappears in the continuum limit
WB: stout-smeared improvement is designed to reduce this artefact

Z. Fodor
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Tc

Consequences of the non-scaling behaviour

for large ’a no proper a° scaling (e.g. due to large m, splitting)
how do we monitor it, how to be sure being in the scaling regime?
dimensionless combinations in the a—0 limit:

Tcrg or T¢/fy for the remnant of the chiral transition

T T
Wuppertal |

N;=4,6: inconsistent continuum limit
N;=6,8,10: consistent continuum limit (stout-link improvement)

independently which quantity is taken one obtains the same T,
signal: extrapolation is safe, we are in the & scaling regime
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Tc

Consequences of the non-scaling behaviour

no proper &2 scaling for large ’a’ (e.g. due to large m, splitting)
how do we monitor it, how to be sure being in the scaling regime?
dimensionless combinations in the a—0 limit:

Tcrg or T¢/fy for the remnant of the chiral transition

N;=4,6: inconsistent continuum limit
N;=6,8,10: consistent continuum limit (stout-link improvement)

independently which quantity is taken one obtains the same T,
signal: extrapolation is safe, we are in the & scaling regime
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EoS

Equation of state

Integral method:
on the lattice the dimensionless pressure is given by

P (8, mq) = (NeN) ™" log Z(8, mg)
not accessible using conventional algorithms, only its derivatives

8IogZ>

al a _ (8,mq) 8IogZ
(5. me)—p (5%, ) = (Nin) T [ (057 0EZ ¢ o

(8°,mg)
first term: gauge action & second term: chiral condensate

the pressure has to be renormalized: subtraction at T=0 (or T>0)
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EoS

Equation of state

stout HISQ

(€-3pyT4 W Wm ]
g/4T3 WM B i
T [MeV] ]

130 170 210 250 290 330 370

0

Energy density, pressure, entropy density
Big-Bang and heavy ion: Brookhaven, CERN)

Z. Fodor Quantum Field Theory on the Lattice

23/42



EoS

Equation of state: difficulties at high temperatures

lattice results for the EoS perturbative series “converges’
extend upto a few times T, only at asymptotically high T
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applicability ranges of perturbation theory and lattice don’t overlap
it was believed to be “impossible” to extend the range for lattice QCD
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EoS

The standard technique is the integral method

p=T/V-log(Z), but Z is difficult
= p integral of (0log(Z)/03,0log(Z)/om)

substract the T=0 term, the pressure is given by: p(T)=p(T)-p(T = 0)

back of an envelope estimate:

Tc:~150-200 MeV, m,=135 MeV
try to reach T=20-T, for N;=8 (a=0.0075 fm)

=Ns > 4/m, =~ 6/T; =6-20/T = 6-20-N; ~ 1000

= completely out of reach
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EoS

Practical solution for the problem

a. substract successively:

p(T)=p(T)-p(T=0)= [p(T)-p(T/2)]+[p(T/2)-p(T/4)]+...
— for substractions at most twice as large lattices are needed
(physical reason: there are no new UV divergencies at finite T)

b. instead of the integral method calculate:
P(T)-p(T/2)=T/(2V)-log[Z?(Ny)/Z(2N¢)]
and introduce an interpolating partition function Z(«)

N-2 Nt

Zz(Nt) _ ?;:Io I:i Z(O() — l.
wen) ]

0 2N-1

Z. Fodor Quantum Field Theory on the Lattice 26/42



EoS

define Z(a)= [ DUexp[-aS1p-(1-a)Sap] = Z2(N)=Z(0), Z(2N;)=Z (1)
one gets directly for p(T)-p(T/2)=T/(2V)-log[Z?(N;)/Z(2Ny)]
T/(2V) [, dlog[Z (a))/da-da=T/(2V) [} (S1p-Sap)a-da
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EoS

define Z(a)= [ DUexp[-aS1p-(1-a)Sap] = Z2(N)=Z(0), Z(2N;)=Z (1)
one gets directly for p(T)-p(T/2)=T/(2V)-log[Z?(N;)/Z(2Ny)]
T/(2V) [, dlog[Z (a))/da-da=T/(2V) [} (S1p-Sap)a-da
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define Z(a)=[DUexp[-aS1p-(1-0)Sap] = Z2(Ny)=Z(0), Z(2Ny)=Z (1)

one gets directly for p(T)-p(T/2)=T/(2V)-log[Z?(N;)/Z(2Ny)]
T/(2V) [ dlog[Z (a))/da-da=T/(2V) [} (S1p-Sap)a-da
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define Z(a)= [ DUexp[-aS1p-(1-0)Sap] = Z2(Np)=Z(0), Z(2N;)=Z (1)
one gets directly for p(T)-p(T/2)=T/(2V)-log[Z2(N;)/Z(2Ny)]
T/(2V) [ diog[Z (a))/da-da=T/(2V) [} (S1p-Sap)a-da
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long awaited link between lattice thermodynamics and pert. theory
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define Z(a)=[DUexp[-aS1p-(1-a)Sap] = Z%(N)=Z(0), Z(2Ny)=Z (1)
one gets directly for p(T)-p(T/2)=T/(2V)-log[Z?(N;)/Z(2Ny)]

T/(2V) [, dlog[Z (a)l/da-da=T/(2V) [} (S1p-Sap)a-da
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The equation of state

EoS

Effective number of degrees of freedom including all SM particles
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Cumulants

Cumulants
0.30 0.10
0.25 0.08
B 0.20 B
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X2 HiE X1
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0.05 0.02’ T
0.00 0.00

135 160 185 210 135 160 185 210
T/MeV T/MeV

Dozens of other (cross-)fluctuations (B,Q,S), up to eight order
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Topology at high T

About costs: quenched case from T=0 (or T;) to 47,

Cost of the conventional algorithm at relative error dy;

]
(oxt)2xt(T)

relative cost (4T;)/(1T¢) (our highest T was 4T.: not enough)

COSIs

from measured x«(T) | 4" ~ 2 x 10
from measured 6y; | 10° — 108

@ quenched x;(T = 0) calculated ~ 20 years before
@ Moores law leads to a factor of ~ 10° in 24 years
= Was just possible to do (dynamical case is probably hard)
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Topology at high T

About costs: dynamical QCD

Dynamic relative cost $(7T¢)/$(1T;) (7T, ~ 1200MeV)

from estimated x(T) | 7778 ~ 105 — 10’
increasing ip; with 7 | 107 —10°

@ dynamic x:(T = 0) in 2010, Moore cycles of ~ 30

= conventional dynamical study not possible (needs 35 years)
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Topology at high T

Unusually large cut-off effects: Ni=2+1+1 with 4-stout

Topological susceptibility at T=300 MeV
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Topology at high T

Unusually large cut-off effects: Ni=2+1+1 with 4-stout

Topological susceptibility at T=300 MeV
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Topology at high T

Unusually large cut-off effects: Ni=2+1+1 with 4-stout

Topological susceptibility at T=300 MeV
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Topology at high T

Fixed N;: instanton’s resolution doesn’t change A\pa

Topological susceptibility at T=300 MeV
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Topology at high T

Determine topological susceptibility/axion potential

Challenge
Determine the blue/red ratio by random pick!

— getting very difficult with T —

Solution
Separate colors and determine the rate of change with T!
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Topology at high T

Fixed topological sector integral (susceptibility)

Instead of waiting for tunneling events,
we make simulations in fixed Q sectors. How to get

Zy /2y =7
First calculate derivative of log Z1 / Z:
dlogZy /2y
dlog T
Use fixed Ni-approach, ie. T = (aN;)~" is changed by 3:
ag

dlog a

bi(T) =

bi(T) =

({Sg)1 — (Sg)o)
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Topology at high T

Map of simulations

30 standard T-integral + reweight
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Topology at high T

Topological susceptibility at the physical point

Though topological change is very rare, result up to about 3 GeV.
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