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Randomized Measurements: A Toolbox ...

Classical Shadows

Rigorous error bounds:
H.-Y. Huang, R. Kueng, and J. Preskill, Nat. Phys. 16, 1050 (2020)
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independent randomized
rReview article
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Randomized Measurements

Measurement post-processing

_/ random \_ D— Pro.bablility for
quench — _ — P bitstring s
dynamics, ] unitary - D Repeat
e - —: .............. > Py (s)
VQE circuit | Y€ %= e
etc. _K global or local /— D isjersgggir:g\’s:age
time

(Cross-) Correlation of probabilities

‘Noise’ or ensemble average %EUNU [PU (S)PU (S/)] 2-design,

(e.g. CUE)

experiment ‘day 1, lab 1’ 5 é experiment ‘day 2 lab 2’

... hybrid classical-quantum protocols
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. -
Randomized Measurements e OTOCS

theory - B. Vermersch et al., Phys. Rev. X9, 021061 (2019).

Measurement post_processing exp - M. K. Joshi et al., Phys. Rev. Lett. 124, 240505 (2020).
Pa e topological invariants
f \_ U _ — theory - A. Elben et al., Science Advances 6, eaaz3666 (2020).
quench — Lol — B . : :
dynamics, lal—B- e Partially transposed density matrix
_ . theory [+ exp | - A. Elben et al., Phys. Rev. Lett. 125, 200501 (2020).
VQE circuit theory [+ exp | - A. Neven et al., Npj Quantum Inf. 7, (2021).
etc.

- J ¢ Entanglement Hamiltonian Tomography

theory - C Kokail et al., Nat. Phys. 17, 936 (2021).
theory + exp - MK Joshi, C Kokail, R van Bijnen et al., arXiv 2023

e Spectral form factor & quantum chaos

theory - L. K. Joshi et al., Phys. Rev. X. 12, (2022).
exp - L. K. Joshi et al. [Monroe group], unpublished

¢ observation of quantum Mpemba effect
theory + exp - MK Joshi et al. unpublished
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C Kokail R van Bijnen M Joshi

Exploring Large-Scale Entanglement
in Quantum Simulation

—

Trapped ions

UIBK & 1QOQI

~
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Theory: C Kokail, R van Bijnen, TV Zache, and P.Z.
Experiment: ML Joshi, F Kranzl, R Blatt, CF Roos

arXiv:2306.00057

Early collaborations: M Dalmonte (— ICTP), B Vermersch (— Grenoble)
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. Heisenberg model
< L | pa=e /7,
51 Ions
L LT LTI TTTTEERE XXZ chain H = JZ (S;?Sjﬁr1 + 878, + ASj.Sj.H) = Zhj

A A ' j

State preparation & analysis

A = 1 Antiferromagnet

Lotobet i) i ' (N
i I L L phase diagram

VQE circuit
1) VQE ground state
2) VQE heated state

g
o
=
s
<
o
)
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2
w2

Pa .
)t W (o) volume law

NAA] - [A] - entanglement

— heated state

|

1
Ansatz: pa(B) = o~ ZjeaBihjt..

Z4B) sample-efficient tomography of p,
for subsystems > 20 lattice sites

b Ab;
“— [T/\]N\g T/\ ]] area law

Entanglement entanglement

amiltonian Learning

data acquisition + EHT

—» ground state ‘[




Experimental Energy Optimization Trajectory o
Experiment: M Joshi et al., unpublished
for Ground State (VQE)

N =51 ions s
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Learning the Entanglement Hamiltonian?

Protocol 0: Quantum state tomography

measurement = : * exponential in
data > Pa = CXP (_HA) v expensive subsystem size N, ?

* except: for small system sizes, or if we know

something about the quantum state

Do we know something about the structure of H 4 to make tomography efficient?

A. Anshu et al., Sample-Efficient Learning of Interacting Quantum Systems, Nat. Phys. 17, 931 (2021).
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Entanglement Hamiltonian in QFT: Bisognano-Wichmann Theorem

Relativistic Quantum Field Theory Entanglement Hamiltonian

Lorentz invariance
hot~entangled
Q P(x) ~ X1

H = " d?x H(x) . —— >
AUB B 1

vacuum state | Q) » ps=Trg| Q(Q| =exp [— [ d’x B(x) I (x) ]
A
W,

Gibbs state with local temperature f(x) ~ x,
EH H, as deformed system Hamiltonian

Bisognano and Wichmann, J. Math. Phys. (1976) Casini, Huerta & Myers, Journal of HEP (2011)
Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Entanglement Hamiltonian in QFT: Bisognano-Wichmann Theorem

Conformal Field Theory Entanglement Hamiltonian

scale invariance
p(x) ~ parabolic

~

H= " d%x A (X) e .
AUB X1

vacuum state | Q) » ps=Trg| Q(Q| =exp [— [ d’x B(x) I (x) ]
A
W,

Gibbs state with local temperature f(x) ~ x,

Entanglement Hamiltonian as deformed system Hamiltonian

Casini, Huerta & Myers, Journal of HEP (2011) 1+1 CFT: Hislop, Longo, Cardy, Calabrese, Tonni, Wen, Ryu, Ludwig, ... (ground state, thermal & quench)
Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Lattice Bisognano-Wichmann & beyond

ground state of many-body lattice model

Gibbs state with local

inverse temperature ﬁg
ramp i

—COCRRRR| SR> pa=e

entanglement
Hamiltonian

/\'B ¢ parabola

—[(m»nnm“»f

C BW recipe )

k-local Hamiltonian

f,h,+ ... EH as local deformation
of system Hamiltonian

1. Validity of BW-like EH, non-local corrections
often sub-leading

Analytical results: non-interacting, non-critical chains
Numerical evidence: lattice models, quench dynamics

Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Lattice Bisognano-Wichmann & beyond

C BW recipe )

ground state of many-body lattice model

k-local Hamiltonian
Gibbs state with local

inverse temperature ﬁg
ramp i

—COCRRRR| SR> pa=e

entanglement
Hamiltonian

f,h,+ ... EH as local deformation
of system Hamiltonian

Numerical example: Heisenberg model 1D
10

o---g
- DMRG
/\ IB 4 para bola ! ,,E/,D o ~|:|\
/”I’D-—-u \\ \\

| Za g o m
COCRNB| SRR [N > Pr o ,,ﬁ,- G
f &7 -=- \, N\, \ \

97, \, \, AN AN AN
4t 2’ N \ \ \ \
”,/ \\\n \\n h h O (m|

2 L

parabolip deformatipn! |

1

2 3 4 ? 6 7 8

Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Lattice Bisognano-Wichmann & beyond

C BW recipe )

ground state of many-body lattice model

k-local Hamiltonian
Gibbs state with local

inverse temperature ﬁg
ramp i

—COCRRRR| SR> pa=e

entanglement
Hamiltonian

f,h,+ ... EH as local deformation
of system Hamiltonian

2. suggests an efficient ansatz

ﬂ y to learn' Entanglement Hamiltonian
parabola
gCC OO bﬂm»f

Review: M Dalmonte, V Eisler, M Falconi, B Vermersch, Entanglement Hamiltonians - from field theory to lattice models & experiments, Ann Phys 2022,534, 2200064
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Entanglement in Many-Body Quantum Systems

Many-Body Problem

energy spectrum

Hamiltonian Ek A
H = Z h;  k-ocal
J
_ - p excited state — J4a volume law
Example: XXZ / Heisenberg model (1D) | W) Sy x V=1L, entanglement

thermal entropy

4

O

¢ o L4 area law
|‘Pc;> {:%D ground state A A entanglement

N-1 N—-1
Ar=7Y ($:85,+ 88, ) +a Y 85,
i=1 i=1

—J gapless J gapped

Heisenberg

RIRIRIRIRLTO I R

~clogL,CFT d =1




Area Law vs. Volume Law Entanglement

Many-Body Problem

energy spectrum

Hamiltonian Ek A .
g-simulators can represent volume
A A law states = quantum advantage
H = Z hj k-local
J
¥, excited state S, & V = LY volume law
entanglement

thermal entropy

classical simulations with tensor
networks

RIRIRIRIRLTO I R

area law

d—1
|\Pc;> {:%3 ground state SA = LA entanglement
~clogL,CFT d =1




Area Law vs. Volume Law Entanglement

Eigenstate Thermalization Hypothesis (ETH)

Garrison et.al. PRX 2018

Reduced density operator in A

py = Trg| Pp)(PE|

~ e_ﬁﬁA — e_ﬁzieAhi

thermal Gibbs state

Ek A

|We)

inverse temperature

pA ~ e ZiEA ﬂihi

(Parametrization as Gibbs state with local

local temperature

.g Bt local temperature
="
= e
— A A
? thermal Gibbs state
subsystem A

volume law
SYY entanglement

/LA

.
>

La



Area Law vs. Volume Law Entanglement

Eigenstate Thermalization Hypothesis (ETH)

Garrison et.al. PRX 2018

Reduced density operator in A

pa = Trg | We) (Wl

~ e_ﬁﬁA — e_ﬁzieAhi

thermal Gibbs state

+ boundary effects

Ek A

|We)

inverse temperature

pA ~ e ZieA ﬂihi

(Parametrization as Gibbs state with local

local temperature

~

DA

T T HI@\H I I -

volume law
SYY entanglement

i local temperature / I
C N -
o

thermal Gibbs state

cooling to the ground state

pa="

subsystem A



Area Law vs. Volume Law Entanglement

EH for ground states at critical point

Ek A -
; cooling to the ground state
_ 8.1 p; ~ parabola area law
— SYN  (here CFT 1+1)
rParame’[riza’tion as Gibbs state with /ocal A —
temperature - /
- ~ log(La)
=2 ﬁ'il' _ - >
~ € €Al LA
Pa A__localinverse 1P ,) {:%:)/ | " | | | | | A
L temperature p
ground state




Entanglement of many-body wavefunction: area to volume law

Theory

* prepare approx. ground & thermal state

Numerical example: XXZ model (51 sites) + B, , gyN  Volume law
1 A 10 }
R 1 R R . R 8 i 2 r
H = 5 Z (S;FS;Ll + H.C) + A Z S5 == o thermal
’i ’L E— 4 3 -!H":E':E'g:E*
— AT B B BN SN 2. 1.5¢
_ == FF oo DO oo
A o 1 _— — 2 B e e e e e e e T & . . . Ly
— 123456789 T 6. & 10
s N — cooling to the ground state
Can we see this in experiment? —
— \ ground state | 54 gvn area law
1ol Be ~D~g_ A (here CFT 1+1

- Entanglement Hamiltonian Tomography
- W,

ll\D = O 00

_J 444444444 +
1J 2J 3J4J%J6J 7J 8J 9J




Results: Theory and Experiment

Heisenberg model
LA

-H
_ - = e A/
51 Ions B PA / A

x .'_q & ll'll] (EETEE RN LY fiddaa 'l_l ] XXZ Chain H — JZ (S;CS;C+1 + S§Si+l + ASjS§+1) = Z hj
A | :

State preparation & analysis

A=1

Antiferromagnet

.
||

g
o
=
=
o]
o
)
—
o
Q
+~=
<
+
w2

data acquisition + EHT

VQE circuit
1) VQE ground state
2) VQE heated state

J

Pa

e— ZjeAﬁjhj"""

1
Ansatz: pa(B) = 7B

VAN

Entanglement
amiltonian Learning

- H

Jreee W (Oop),

o 60
o
Fp®
Ve

,«'« area-law

oo 0T 0OpopOgo

~_
LY

5 10
Ly

L VQE ground

5 10 15
Ly
. - 6

VQE groun _

5
JEA
-=-=-=-theory: exact GS

-=-=--theory: VQE-circuit

JEA
¢ O experiment




Results: Experiment + Theory

C Kokail R van Bijnen M Joshi

© O A
17 21 easde e 09} e ]
iHeated state '\"\‘L1
s = oo % ® & T 'de K, 0.8 ‘\T\T\T ]
0.7 ]
U T s 10 19
d
RSE85das;
09} =
7-15 ‘ K 0.8} —o— Fip
/ 07 5 +Fmean i
207 | Fona
=uiCen RN R
0302 01 0 4 6 8 10 12
Pe d
I d SEE Boundary region
— . _ —4
R e Lt mm b
. . . . . . R
5 10 15 20 25 30 35 40

d



Theory vs. Experiment

N =51 ions
GgVN — central charge —
10 1Entanglement Spectrum 4 gl g {EXP
‘ round state entropy from CFT: ' N O
s| ,IIFF-I g Py y C 1.23 VQE
6 - w_ ¢, [L (7La . c~1.13
y Sy =-log|—sin| — ||+, —1>
7l “o- G5 3 glﬂ (L>] vy -
-~ Var ground state?
2t == EXp - 1.2 - - - -
B - - P 4 6 8 10
0 10 20 30 A
«
o/ Theory DMRG ground state| .~ |Theory: VQE circuit | Experiment: VQE circuit
ID---ﬂ\
8 - S . g | gl EH Tomography |
- - (NN - T
| OE::'D\\\ \\u u\ h\ | S or ':E-:::E:: ~ﬂ\‘\ﬂ\‘\ 1 ~ 6 \I:l\ u\ N
ﬁ Zfﬂ ‘/" --ﬂ\ u\\ \\\ \\\ \\ B ff— ~~\~q ~\u\ n\ U\\ " \\\ \El
4 r gf’:ﬂ\\ \\\ \h \h \n \\n 1 4 r ’: o -u\\ \\\ \\\ \\\ \\\ 1 4 . u\\ ]:L\ \\\
/o \\D O % \‘u \\D \D \D h - N \\\ \h
9l . . ] 9l | 5l n] b o o
- parabolic deformation! o o o
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 ) 6 7 8




Theory vs. Experiment

N = 51 ions

10

§a

N~ O

Entanglement Spectrum

/

-r- Exp |

- GS
--- Var

How did we measure this?

...Entanglement Hamiltonian Tomography

Experiment: VQE circuit

EH Tomography |




Randomized Measurements: Tomography

Quench dynamics with analog quantum simulator

PA
|T > —if U ~‘§_ :>_
11) quench dynamics i |u,| i— D—
—E u’% :— :>—

e—th

11

product state — entangled state

Randomized Tomography

Pa = Ey~cuelpal h

exponentially expensive

time

time

pa= D, D Py P s)(s| U
ss" U

tomographically complete

(@)
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Measuring (Large-Scale) Entanglement

Protocol 0: Quantum State Tomography

020:0,0,0,0,0.0
+—>
A B
data > PA v expensive” ~ rank(p,) 2N4 (scales exponentially)
sample-efficient entanglement * tomography can be made ‘more efficient’ if we know something
Hamiltonian tomography about the quantum state: MPS, low rank, neural network, ...

* . . . .
. or, we are only interested in certain functionals of p,, e.q.
Classical Shadows y Pa> ©.9

expectation values (O) = TrO,p,




Sample-Efficient Learning of the
Entanglement Hamiltonian (EH)

Protocol: efficient parametrization of EH

data > Py = e~HaB)  \with FIA(,B) = Zﬂl ilf + ... polynomial # j;

Gibbs state I€EA  simple operator structure

measurement protocol
« sample complexity

- time efficiency

C. Kokail, R. van Bijnen, A. Elben, B. Vermersch, & PZ,
desian ansatz construct Entanglement Hamiltonian Tomography in Quantum Simulation,
Nat. Phys. (2021).

3 —> ~H,(p)
2000 pa(p) ~ e~ P o
A. Anshu, S. Arunachalam, T. Kuwahara, and M. Soleimanifar,

7T : ) Sample-Efficient Learning of Interacting Quantum Systems,
T modification needed Nat, Phys. (2021).




Learning the Entanglement Hamiltonian

( Learning Protocol j
o - - )

- Measure experimental frequencies:

e 7 0100010
ﬁ_i 1101010 Py (s) :Tr(UpAUTls) (Sl)
i [u =D~ 0010111
state @ < —C _ _
preparation data - Ansatz for Entanglement Hamiltonian:

Hx(8) - e.g. deformation of system Hamiltonian
plus corrections

data “more data

- Fit optimal parameters g by minimizing the
distance to the frequencies
, e Ha® 2
fit | @ =) |Tr|Uls)(s|IU"——— |- Pyl(s)
U.s Z(8)
verify ’
design ansatz construct - Verify by measuring Hilbert-Schmidt fidelities

- . i o

Hx(8) 0A@) ~e Hx(8) T~ Tr [piatapgore data} _

A. Elb t. al. PRL (2020
T modification needed? \_ ek ( ) J
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EHT for the Ground state of a long-range Ising chain (Theory)

System Hamiltonian

H:Z Jo Jf(f;c—l—BZaf

i,j>i i = 1"

a=2.5

Ansatz for Entanglement Hamiltonian

We choose a simple deformation of
the system Hamiltonian

Ei4:= Ezzgﬂjafaf—kazfﬁaf

i,jEA i€A

C entanglement spectrum )

\\ //
10 | — .
\’//
5 e i
Ny = Ny = 150
Ny=8 E—
c+: 0000000000  ——
I
0 0.5 0.6 07 I 08 09 1
B
C Bisognano—Wichmann) # experimental runs )
108 f - ' ' ' -
B =0.75
100 1 . F > 98 %
50_/»//U Z% g ) 2
Jiit2
O S 102 N

F =0.9978 ;




EHT for spatially separated regions

30

sunssfaiaainaaness

12345 dp

. |Asymmetry]

5 10
relative ion position p

1678910

O, w do=11m d,=3.
i fr
~ol :
| |
10t kI S
2fm daga] e da=o”
4 W Ll KR
~|

) [,
10 t :

J/\
IR TITITLI LI

2> 4 6 8 10
l

2461'810
A

—— Experiment _
Theory

—o— without links
—o— with links A

4 6 8 10
d



Future: Seeing RG Flow, and "Quantum Gravity in the Lab"

Quantum Simulator Holographic gauge/ gravity duality

_fj. entanglement > L o o N >
= € 4 Hamiltonian
Pa CFTi o™ e

N\

mmm?

A
\
Tensor Network: MERA G vidal, PRL (2007). UV
Q\O
| P) = Z c(6y,05,...,0,) 0,05, ...,0,) 2
01,07,...,0, '\.\
A
> uv
. Ie!
3 b
(@) C
o 2
£ N entanglement <> geometry
2 ©
§ S A Periwal, M Schleier-Smith et al, Nature (2021
o % N Yao, C Monroe et al., Nature (2019)
Y= IR B Swingle, PRD (2012); M Nozaki,

\- J A. R. Brown et al., arXiv:1911.0631



Learning the Entanglement Hamiltonian in
Quench Dynamics

C. Kokail, R. van Bijnen, A. Elben, B. Vermersch, and P. Zoller, Nat. Phys. 17, 936 (2021).



Entanglement Spectrum & Quench Dynamics

Quench dynamics with analog quantum simulator

11—
L L
U = e—lHt N
f 11— |¥)
Au N
quench

q A =€
dynamics m Pa
1

_[:]A

L

time
Q.: Can we measure Entanglement Spectrum in quench dynamics?

X
W) = ) eT52 | D) @ | DE)
a=1
Schmidt values as function of time
product — entangled state ... more efficiently than tomography?



Entanglement Spectrum & Quench Dynamics

Quench dynamics with analog quantum simulator

Ngm
Uz‘ — e—th N

1— |7)
N O er——
quenc | - — thermalization: ~ e Gibbs
dynamics Pa= P )
Oy,
entanglement Hamiltonian physical Hamiltonian

time

Local operator structure of H A D
with few parameters .

see also Bisognano-Wichmann theorem, Conformal Field Theory

uibk 34
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10, 20 . 50 Qubit Trapped -lon
Programmable Quantum Simulator @ 1QOQI- Lab

Programmable Quantum Simulator with Trapped lons

... and single site Quantum Circuits
control & readout / as quench dynamics

R Z ...

T =TI T G
L]

| I I N N R N
Jij ~ a=0...3 longrange time g S
|l—J|“ Blatt™- C. Rc

T Brydges et al., Science 2019; C Kokall et al., Nature 2019 /eriments]

m = ®m % F % F O BB Eas@m@Ea@BRwe @ FERLDRE EEanrnRn e 8w FE S R m® o |




Entanglement Spectrum in Quench Dynamics: Exp. vs. Theory

Sub-system [1:5] of 10 ions [similar data for 20 ions and subsystem [8:14] ] G Kokail
1 | | | | | | | | | r j
‘J’ 1:5 4 Von Neumann S, 1
Q0900202920000
0.8 | -
theory: quench ~ -
=
‘/theory: EHT ” Ut = € | ‘P)
quench
dynamics PA
X
— A B
P) = ) e %R |Df) @ | DE)
a=1
H = Z (Ji-afra-_ 4 h.C.> 4 BZ 6% forB > J We WISE];O. see’ the Schm@t vglugs
o S - ! A, = e *=in quench dynamics in time
l l
J . J
C Kokail, R van Bijnen, A Elben, B Vermersch, & P.Z, arXiv: 2009.09000.
@1 uibk 36




Entanglement Spectrum in Quench Dynamics: Exp. vs. Theory

Sub-system [1:5] of 10 ions

H = Z (Jl-jdi+6j_ - h.C.> +BZ(51.Z for B > J

1:5
Q0200029020000

Von Neumann S,

l

€a

§a

C Kokail

Experiment vs. Theory

T T
6 |—¢ Th. Simulation
—o— Experiment

T
_—¢— Th. Simulation i
Experiment

v
ye— t =3ms

| | |

0

6 > Th. Simulation
—o— Experiment

4

T

| —¢— Th. Simulation i
—o— Experiment

Q.: How to extract the ES (and EH) from experimental data?

(@)

uibk
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Technical Slide: Measuring ES and Tomography of EH

Efficient Entanglement Hamiltonian Tomography

00000000  H=H,+Hy+H,,

+—>

A B

- - Ansatz for H (@) as few k-local terms,
pA pa(g) = exp <_HA(g)) A8

experiment

typically as deformation of H, + corrections.

. . classical postprocessin
Protocol: (systematic = success or fail) POstP 9

e N R . g A
Find best p, () Verify from x- fidelity expand ansatz EH
. PA —> o —* \threshold | —” n hysics (?) —
from fit to data platform fidelity ... NEW PNYSICS (¢
\— _ \— _




Step 1: Ansatz for Entanglement Hamiltonian — The Recipe

Hamiltonians H of physical systems: as sum of quasi-local few-body terms

Example:

A
_ + =
H_Z<Jij0i6j + h'C')"'BZ"iZ forB>J] - 00000000000000000000 -
i<j i
few parameters

Structure of Entanglement Hamiltonian [ 4 quasi-local few-body terms?

Ansatz:

a,d.B =Y (Jote + he )+ Y Boi
/1/ ij i

few variational parameters deformed system Hamiltonian (base level) corrections (level 1)

ﬁA as deformation of system Hamiltonian H, = H|, + corrections




Step 2: Fit to data, e.g. from randomized measurements -

Experimental data

quench dynamics

e—th

time
Protocol:

. Ansatz for H 4(&), which is physically motivated
- Best fit to experimental observations: g

~ 2
—H.(o
%2(§) — 2 [Tr <U|S><S | U—{r eXp ( A(g)) ) _ PU(S)]

— 2(@)




Step 3: Testing, and Improving Ansatz via Fidelity Estimation

A.Elben et.al.

Tr ificati
p1p2] see cross-platform verification of NISQ Phys. Rev. Lett. 124, 010504

max{Tr[p?], Tr[p3]}

Fmax(pla 102> —

—O—/CAZO

Given Data {1 Y R | Iy
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