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Lecture 3:

Optimal and Variational Quantum Metrology

° Entanglement enhanced quantum Sensing rN-at()m Ramsey interfer()meterj
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- identify optimal sensors* allowed by quantum physics ~ \__"Pustas measurements J

- implement via varigtioralaigoritAti7quantimPErcaits oo

« Bayesian approach [vs. Fisher] (single shot measurement)

... With Programmable Quantum Sensors
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Background reading/reviews on entanglement enhanced quantum metrology

L. Pezze, A. Smerzi, M. K. Oberthaler, R. Schmied, and P. Treutlein, Quantum Metrology with Nonclassical States, RMP (2018),
A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt, Optical Atomic Clocks, RMP (2015). A@()TION
R. Demkowicz-Dobrzanski, M. Jarzyna, and J. Kotodynski, Quantum Limits in Optical Interferometry, in Progress in Optics (2015).

R. Demkowicz-Dobrzanski, W. Gérecki, and M. Guta, Multi-Parameter Estimation beyond Quantum Fisher Information, JPA (2020).



from Lecture 1:

Quantum Many-Body Physics
and Quantum Simulation

« analog quantum simulation
- digital quantum simulation

I={> * variational quantum simulation

... on Atomic nISQ Devices



Self-Verifying Variational Quantum Simulations ...
C Kokalil, et al., Nature 569, 355 (2019)

( Classical CPU )
Variational Approach to ... Ry
. |, —E;Ae_rg;/ N —_\/_ar_iagcg_\l
Quantum Many-Body Physics | A e
;f; \ PAQSimulator: transverse long-range Ising model /
% ( Analc:gug quantum simulator \ o
target Hamiltonian (e.g. lattice model) 5 ' §
Ar=Y h%6%+ Y h6%6h+ .. | ] —
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Cost function: Variational Quantum Eigensolver ] , | g
A O+ @D -
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optimize on classical machine evaluate on quantum machine ...
# variational parameters efficiently

______

... on Atomic nISQ Devices
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Energy Optimization Trajectory for Ground State (VQE)

C Kokail C Maier R. van Bijnen

(E(0)=(‘P | A | ¥,) )
ipp— L| . ; i S o Lattice Schwinger Model (1D QED)
s a—— .
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long - range interaction
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particle - antiparticle creation/annihilation
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© Experiment

% X Theory

global optimization

in noisy landscape 5
15 parameters 2

circuit depth = 6

budget: 10° calls to simulator
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Experimental Energy Optimization Trajectory

for Ground State (VQE)

N =51 ions
Stochastic DIRECT
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Iteration number 2 _
to be improved

~ low temperature state T ~ few J

/ /

Theory: C Kokail, R van Bijnen et al. .
_ arXiv:2306.00057
Experiment: M Joshi et al.
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Variational Approach to ...

Optimal Quantum Sensing

... on Atomic nISQ Devices



Variational Approach to ...

Optimal Ramsey Interferometry

Variational approximations for entangling/decoding
quantum circuits, implemented on ‘programmable
quantum sensor’ (many-body dynamics)

What is the cost function?

cﬁl
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Ramsey \_’> _O O O_ D-
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T T
— timate ph —
5 estimate phase ¢ 5
e—ingZ
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Generalized ||)q 2 O s D~
Ramsey , ks 5 §
\f> . O - }
entangled entangled
input states measurements

... on Atomic nISQ Devices
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18 O 3 D-
- : g
v> L ¥ O -D-
. entangled entangled
Optimal Ramsey Interferometry nput states measurements
e What is optimal ... ? wishlist:
Optimality is defined via a v best signal to noise ratio for N atoms
metrological cost function v finite dynamic range 6¢p GHZ Yites!

Cmetrological — max/min V... \ atomic clocks




o—it,

v> _? C :- :)_

00 = O 3 D-

Variational Approach to ... j,>_i o "D
. entangle entangled

Optimal Ramsey Interferometry nput sates measroments

e What is optimal ... ?

Optimality is defined via a
metrological cost function

Cmetrological — max/min  (to be optimized in a variational algorithm)

e How to implement the optimal Ramsey interferometer?

Below: variational quantum circuits for entangler/decoder built from available g-resources
... with shallow-depth circuits (!7?)

... solve a complex quantum many-body problem ... on Atomic nISQ Devices
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Ramsey Interferometry N atoms

o
2
guantum sensor 8
Ramsey interferometry uncorrelated atoms SQL
o—iJ,
» 1)-O O O-D- (J.)
— h=O g S AVAVA
o : : — HL
v> O O O }' interference
coherent spin state U r fringes
on Bloch sphere D) >

application: atomic clocks
here: uncorrelated atom, Standard Quantum Limit (SQL) !

‘better’




Ramsey Interferometry S/N ratio for N atoms
20000000048648000800000004 '

guantum sensor

Ramsey interferometry uncorrfelated atolms SQL
spin squeezing o
—ipJ =]
e S
Q
H-Of2 O O-D- :
. . ) . :
. . = . .
= | = HL
L-ORe O O-D-
spin squeezed state _ —iyJ? . L
on Bloch Sphere TZ =€ z  One-Axis TWIStlng as

/1/ native g-gate for ions

infinite range interaction

‘better’




Optimal Ramsey Interferometry N atoms

programmable quantum sensor

| SQL
spins =i, read out
& S
v> . C B :)_
Generalized Ramsey 1) O -D- :(>
interferometer : Ugn : Upe : Pest oQl
—
v> - C - A :)_
entangler freg decoder
evolution

Optimal quantum interferometer (OQI)?

cost function: € erological — OPt Over all possible  { , Upe, Degt} '

input states measurements estimators




Optimal Ramsey Interferometry - Variational Approach N atoms

programmable quantum sensor

SQL
spins =i, read out
WioTHIA E—O— A HFOD- circuit depth

Generalized Ramsey VYO H A F—O— b4 H FO-Dr
interferometer L o b 0Ql

HOAHAF—O—FAHFOD

free
evolution % ()

Variational ansatz for Entangler and Decoder

cost function: G cirological(@> #) — max/min  over all possible { , U D), ey} \
i

variational parameters to be optimized in theory, or ‘'on-device’ in quantum feedback loop (i.e., in presence of imperfections and decoherence)
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Quantum Hardware 1: Trapped lon Quantum Computer

programmable quantum sensor

....................................

Generalized Ramsey
interferometer

..................................

free %de(s)

evolution

Choosing, and implementing variational circuits

¥ variational circuits from quantum resources on given hardware platform

Innsbruck N=26 ion
gquantum computer

native resources on
quantum computer

- global rotations
- one-axis-twisting
MS gate: e~ W:

L infinite range interaction J
(N) dynamics
H restricted to
symmetric
subspace
dim=N+1




Quantum Hardware 2: Programmable Analog Q-Simulator
Innsbruck N=51 ion PAQS

native resources on
spins =i, read out quantum simulator

\/>*§'O—_-_-//-_'; O g_"’/‘_'_-O";D" - global rotations
Generalized Ramsey WO H vH F—O— 74 H FO-D~ .

: L E : E B - transverse Ising

interferometer I A 5 a .

Do —O—HIOD e~ Hsine!

free finite range interaction

evolution % (D) ~ m\e
Choosing, and implementing variational circuits dynamics explores

potentially all Hilbert
space dim = 2V

¥ variational circuits from quantum resources on given hardware platform




Other Atomic Platforms: Quantum Simulator Resources

j
rTrapped lons o
51 ion simulator @ 1QOQI
: 5% 5% 1
entangling resource: Hlsmg = Z]l] +BZO’ ],-]- ~ ST =0...3
& finite range interaction J
) . N mau R
rRydberg Tweezer Arrays [ NV Centers & Dipolar Cavity QED
QD090 \
Q9 R? o —— 5s55p 3P, I
Q WO I Q9 l
20000 55215,
Zl ZA i+ Z Vijiif; =)( z one-axis twisting
i 2 finite range infinite range
- J = J L »




Quantum Metrology & Quantum Parameter Estimation

Frequentist Approach - Quantum Fisher Information

— > Bayesian Approach (single shot measurement)

Quantum Parameter Estimation

quantum classical post-processing
4 N\ )
{:0 0> Hm’ ¢est(m)} r-‘ t’“'

_ p/\ —> () ¢ )—> p¢ .— m ——» ¢est(m) V 1]
optimal v input (L} T
v measurement m -

v estimator - J - J
state parameter measurement estimator

preparation encoding (POVM)



....................................

Optimal & Variational Ramsey Interferometry >o— ilG > il —OD~

with finite dynamic range VoA HAF—O—FAHFOD
%..(0) U 4o(9)
(L . h
Bayesian interpretation / approach:
Posterior knowledge Prior knowledge
posterior width  A¢g— \«— P5¢(¢)
Ngﬁ prior width
D e ‘\
Bayesian update (single shot measurement) finite dynamic range

Cost function: posterior width €(0, 9) = (A¢)?> — min for given prior d¢p /

o ... learn as much as possible about parameter ¢ from single measuremenD
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Ramsey Interferometer
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Ramsey Interferometer
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Ramsey Interferometer

__C coherent spin state ) Bloch sphere

2 (m %)
~ 7 \
: O — > SQL
| \/" —> Agb -
5 .

-
2

QN
product state: |CSS) ~ (IT Y411 ))
o). 1
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O O
free f
2

evolution



Ramsey Interferometer

coherent spm state
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Ramsey Interferometer

e_i¢JZ
hE 0 O Tk
A O g
o : S
1) O B
free
evolution
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v
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Heisenberg Limit:

dynamic range

O 0O O




Ramsey Interferometer

coherent spin state )

2 *<< P '
p(m
LN

E 0 /
N ’ << A¢ « mean square error with respect to phase ¢
) . — 2
mo—5 0y §5 T MSE(@) = . [ = tesm)]” Po,sm1 )
N squeezed spin state )__ |
2 [ p(m[@) / '
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ol )
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i> s O 8 -3 Yy 3 7
- |
free —'—'-C GHZ >—'—
Uea(0) o oition Upe(9) +1t -"
_> f
s o} \ | interferometer we wish to have
1l \ 5~ 1IN - best Signal /Noise ratio
- — - : - for broad dynamic range 6¢
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Atomic Clock

atomic ensemble

th

( cavity
Wo

00
T ¢est(M)

feedback

Variational Classical-Quantum Algorithms

Cgmetrological — opt

wishlist: v signal / noise ratio
v finite dynamic range 6¢

to+T
¢ = J (a)L(t) — 600) dt

)

' ( phase diffusion )_'_

¥ T

Ramsey

2
.

.
.
.
)
.
A
\d

——C signal / noise )—'—

phase distribution
P(¢) - 6—452/25452
5¢p = (b, T)™"
a=1,273

time

Standard

L J
L J
L |
L |
L]
L ]
L J

— 921 .
10 ’...IIIIIIIIIIII““

L. 4

o { Quantum Limit

Heisenberg Limit

(@ =
<=
N[ F

A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt, Optical Atomic Clocks, Rev. Mod. Phys. 87, 637 (2015).



Variational Quantum Algorithm for Optimal Ramsey Interferometry

K_C Ramsey interferometer % ~ C classical postprocessing ) ™
N/ Poy(m) = am
2 [ poo(mle) -
I
=S |
o1 |
e_i¢JZ ........... T
4. O D~ || ] T <—:> root MSE
@ o — 5 Psy()
12 O T | 2 | N~
e ; Sl -z T 0 ¢ Pest T
i O o
- prior distribution
free
U (0) evolution De(?)
— DA _J
Find optimal entangled state and optimal measurement for given prior (dynamic range) o¢
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Variational Quantum Algorithm for Optimal Ramsey Interferometry

K_C Ramsey interferometer % ~ C classical postprocessing ) ™
N/ Pes(m) = am * mean square error with respect to phase ¢
2 [ polmlo) - MSE(6) = Y [6 — desc(m)]” po,o (m]0)
B YT st
— I
o P -
e_i¢JZ ............ + \ + cost function (Bayesian approach)
& )  \n | Il | .- |
1z 8 - g:l x| T AU SE | C6.9) = (89)° = [ d6MSE(9)Pro()
4 O o _ , s
g : 3 | -5 40 ¢ Pest T
i e o
- prior distribution
free
Ugn (0) evolution De(?)
— L J
Find optimal entangled state and optimal measurement for given prior (dynamic range) o¢
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Variational Quantum Algorithm for Optimal Ramsey Interferometry

K_C Ramsey interferometer % ~ C classical postprocessing ) 1
N} (ml) Poi(m) = am * mean square error with respect to phase ¢
2 [ pg(mj¢) -
om a— /’ MSE(¢) = Y [¢ — dest(m)]* po,o(m|o)
=S | £
O | r ! ™
e_’¢ A | T | + cost function (Bayesian approach)
G & |
\L>- 1 O i Nl 7 <> root MSE C(O.9) = (A 2=/d MSE P
nis O g | ~3 [ Po) X (0,9) = (Ag) ¢ MSE(¢) 5¢(¢)J
: S 3 s O ¢ ¢est s +
E ' g D.J 2 T 2 . minimizati ion C(6,9
¢> - O v orior distribution . mln_lmlzatlo.n of (_:ost function .( , )
U () free U () defllne.s optimal interferometer in
: evolution y updated variational parameters L variational class y
— AN _
Find optimal entangled state and optimal measurement for given prior (dynamic range) o¢
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Variationally Optimized Ramsey Interferometer

K_C Ramsey interferometer )—\

En / De layer
[ H_f—\—l_
Dol
|7 7| 7= ‘:
|V .
TR T
o~ N
& ) -
E O . D"
o O g D
g . S -
L . Q o
O . D
free
Urn(0) evolution De (V)

-
—

C lon g-computer— native building blocks )

one-axis-twisting

"En

Upn = | | Re(0)T(02) T2 (61
k=1
NDe

Une = | [ (00 T2 (97 R (9
k=1

#parameters = 3(n,, + ny.)

Our resource operations:

Rappa(B) = e HFlas

Tay,z(X) = e




1. Theory prediction for Hopt, 19 « — Trapped lon QC Experiment

ALL

MSE(¢) (dE

-20

CSS
Prior ¢ (0,0)
: Py
a & ~
a .
s ‘\
i A Y
\ yd
\, K
A} (.*'
‘o"
b % N=12 ions, 6¢p = 0.7 ’,‘
\‘ ’f
R I
' Psy(h) !
\

phase ¢
evaluation pulse

('7 len, 11 de)

(0, 0): Coherent spin state (classical interferometry), CSS

o~ ibJ.

1) -0 O oD
1o e oD
1o O oD

product state

%

—

interference
fringes




1. Theory prediction for Hopt, 19 « — Trapped lon QC Experiment

CSS SSS
Prior ¢ (0,0) ¢ (1,0)
°la (7 len, 'nde)
_
< \ (0, 0): Coherent spin state (classical interferometry), CSS
~~
o~ Ore . .
v \ (1, 0): Squeezed spin state, SSS
he '\N | Rotation +
- 1N = One-Axis-Twisting x,z (MS gate)
b s —igpJ
g e z
% X
= % O O D
— L Ps (@) O O Dr
S z 5
5 Voo O oD
Z L "y b
E "rJ-’bm'-'cz,‘f t
ol Encoding increases sensitivity around O

phase ¢
evaluation pulse




1. Theory prediction for @

MSE(¢) (dE

ALL

|
a

_20 L

CSS SSS

Prior ¢ (0,00 ¢ (1,00 ¢ (0,2

phase ¢
evaluation pulse

opt?

19 . — Trapped lon QC Experiment

(7 len, T cle)

(0, 0): Coherent spin state (classical interferometry), CSS
(1, 0): Squeezed spin state, SSS
(0, 2): CSS with Decoding

o~ ).
o—TIM>
O D
O LD

Decoding increases dynamic range




1. Theory prediction for @ 19 « — Trapped lon QC Experiment

opt?
CSS SSS
Prior ¢ (0,00 ¢ (1,0) ¢ (0,2) ¢ (1,2

(7 len, 'nde)

(0, 0): Coherent spin state (classical interferometry), CSS
(1, 0): Squeezed spin state, SSS

(0, 2): CSS with Decoding

(1, 2): Encoding + Decoding

ALL

o—ith].

&) o—TMD>
— O D
S - E E
>

Combining increases sensitivity and range

_20 L

phase ¢
evaluation pulse ... on an optical clock transition!
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1. Experiment vs. Theory: ‘Reducing Ignorance’ in Bayesian Update

(0, 0): Coherent Spin State
(1, 0): Spin Squeezed State
' . (0, 2): Coherent Spin State with Decoding .
Prior knOWIGdge 5¢ ' (1, 2): Encoding + Decoding 12 Ions- 0
. VN
Posterior knowledge A¢ A |
N R classical
¢ A :
Posterior knowledge Prior knowledge 3 optimal Ql
P Tt |7
Agb—» «— Bg— 5¢(¢) | M —4
Il s N I
I O e
|
K Bayesian update (single shot measurement) j . [, I 17
L | 8 12 16
9 lon number 6

0.1 1

Uncertainty reduction Apl S5 _p»rior‘\‘/\_/idth 5¢

In single measurement

dynamic range >




Theory: Interpretation of Results

( ' squeezing (1., 1ge) = (1,0) )‘( optimal interferometer )—( variational (1., nq.) = (1,3) } - Wigner plots of input states

_ ®N
|l//1n> - %enl *L >
(c)
and measurement operators
7 o/t
cZlde]y%de
(f)
 contour lines of input
states and measurement
operators match for
/ broad range 6¢
©) 0.8F | N
_02) e vl . 1 i :
© 0.8} o :
\i 0.2 (bl L I : [ : |_|-| : 'J_LL
0.2} 2T ] | ] . oL
0 N/4 N/2 0 N/4 N/2 0 N/4 N/2
\_ m m m )




Theory: Interpretation of Results

(‘C squeezing (1., Nge) = (1,0))

(1,0)-interferometer: SSS with Jy measurement

-« \Wigner function of the measurement operator

Wigner function of the state (SSS)




Theory: Interpretation of Results

f{ squeezing (1., ng4.) = (1,0) optimal interferometer j ~
(b)




Theory: Interpretation of Results

(‘C squeezing (7, ng4.) = (1,0) optimal interferometer }Cvariational My Nge) = (1,3)}
(b)

(c)




Toward the Heisenberg Limit [Bayesian]

effective measurement variance

(Ag,,)* > ! > !
T E, TN

based on Van-Tres inequality

Ay N

128 — 296 — 9512 — 1024
0.01 0.1 1
o

prior width




2. °0On-device’ optimization for @

opt> Fopt IN €Xperiment

26 ion optimizer* run of (1, 2) sequence, 7 free parameters, twisting angles not calibrated

_3 - s
*"* : == Limit (0,0) a ~ 10 b — Theory ¢ Run28
L
¢ ° . o == Limit (1,0) Z Run 13 ¢ Run76
* % . -=- Limit (1,2) < -5
L ] [
—~ =8 . ~  Model prediction ﬁ ' v . 4
0 = ¢ s 348
= ¢ ¢ Optimizer, coarse -20 }
= ¢ ’¢ ¢ ¢ Optimizer, fine 10 . c ‘
—  Theory ¢ Runb

A
= Run 3
S 5|
=
72
=
-20

—r 0 w
Measurement index Phase ¢ of evaluation pulse (rad)




"On-device' optimization in regime of quantum advantage

- Classical optimization of variational entangler and decoder is CO R e—— .
challenging in regime N > 50 spins, and in 2D etc. o
o 2t Classical 1
g /
<
Science 366, 93-97 (2019) 4 October 2019 2 g4l
ATOMIC PHYSICS <$l
Seconds-scale coherence on an optical clock
transition in a tweezer array —6
Matthew A. Norcia, Aaron W. Young, William J. Eckner, Eric Oelker, Jun Ye, Adam M. Kaufman* 0.01
(b) Class'ica,l (0, 0)
V.o RS, - (1, 0)
RGP R |
. s (L3 &9 XL
finite range Rydberg < ©0©6e
interactions a 6 0000
(?’5)\ 00060
see also Endres (Caltech), ... —7 Inaccess1b1e ............... (3 &21 .......................... 1
1 15 2 25 3 35 4
Rec/a

- "On-device’ optimization in presence of decoherence & imperfections

T.-X. Zheng, ... P. C. Maurer, Preparation of Metrological States in Dipolar-Interacting Spin Systems, Npj Quantum Information (2022).
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Improving clocks

Wo

Feedback

z of oL
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Jo, / N
N || Approach| (1,0) (1,2)
15 || Theory [1.49(0)dB|2.13(0) dB
Direct |1.38(1)dB|1.75(2) dB
Theory [2.12(0)dB|2.70(0)dB
2 || Direct |1.47(8)dB|2.02(8)dB
Optimizer|1.54(9)dB|1.77(8) dB
362|| Theory |4.53(0)dB|7.50(0)dB

Optimized sequences’ longer Ramsey times reduce Dick effect
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Conclusion & Outlook

« Optimal quantum metrology & parameter
estimation with variational quantum circuits

- cost function optimized with low-depth

variational circuits native to device

- on-device optimization

¢

Frogrammakle quantum sensar
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« Optimization in classically inaccessible regime

Science 366, 93-97 (2019)

ATOMIC PHYSICS
Seconds-scale coherence on an optical clock
transition in a tweezer array

Matthew A. Norcia, Aaron W. Young, William J. Eckner, Eric Oelker, Jun Ye, Adam M. Kaufman*

4 October 2019
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Vij =
R + |ri — 7l

finite range Rydberg interactions

see also Endres (Caltech), ...

complexity of quantum

many-body problem !
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Measurement index
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Outlook

N spin 1/2 qubit
* Single — Multi-parameter g-metrology and field sensing , A x4

R Kaubruegger, A Sankar, D Vasilyev & PZ, PRX Quantum (2023) 6 6 6 ‘ ‘ ‘ 6 6 '

B=(B,B.B) (?)

e Parameter Estimation in Quantum Metrology vs. U(p) = exp [—i(gbx Jo+¢,J,+ ¢, JZ)]
Hamiltonian Learning in Quantum Simulation X

L Pastori et al., PRX Quantum (2022) non-commuting

N-1 N

_:h T — HAHsH X5% 9

e 1Ht H Z Z JjGj0j+l+ZB]0]+... (?)
: j=1

J=1 p=xy.2

many-body
quench

\. 7 learn the structure and couplings of the many-body
Iy (r = 0)) Ly (1)) > 1 Hamiltonian from many preparations and measurements




