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Determinism, free will & moral responsibility

The Last Judgement, Hieronymus Bosch (1482)



More pragmatic approach - gambling

Caravaggio, The Cardsharps c. 1594



Girolamo Cardano - Gambling Scholar

1501-1576

Cardano described himself as

Hot-tempered, single-minded, and given to women, ...cunning, crafty, sarcastic, diligent,
impertinent, sad, treacherous, magician and sorcerer, miserable, hateful, lascivious, obscene,
lying, obsequious,...fond of the prattle of old men.



Cardano’s shaft joint




Cardano’s grille
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Probability and complex numbers

De ludo Alez Liber. 265

lime eft , quid sumems fallar pestes codinem.
wceellio snem gersinars , vt Bovorum bis
ondborum accedie ex cirenlribar , Suloem
videliczr eribuas malbbas Gexcersls idh
s xqealicas o dimbdrem, éus il
olingeat. In socidem enim poell
ragere, & o cxingese, Et nos falic
i cupemes, 8ill quia b vo patedt gemi
ar, & b, & ter, Hae iging cogaicio eft
ccusbam comiclieram, & prosimiceers ; &
o ¢l pwtio 1eda in hist Actamen comin.
qubd i =uels clocsicias res (esedie
wima eomicfore.

01080 048 180 203

CAPVT XL
De Nuweris i e vfhe ad fex,
e Nu compelfr

quars wltra, & tam in.
Aleis , quiomin sribas.

N desbas Ales daodecim & vodecim cvo-
frant eadem ravone., qua bls , fex, wmqee
fex, & quiequz. Decemn amem ex bis quin.
xu. S fex , & quacace , hos pates vacatur
aplicher , eric igius tomm dosdecima pacs
ciccuims + & fcxta 2qualiteis, Rclm ex
noem 5 qui & Qoo X, acesi-

CAPVT XII
De trww Alearsm iafix.

lia franz, il vno reodo,
sbeinue (et (ex. Pun-
» & senirun difpes Gune
3 & vnsngeodqes coatng: ribas
n » evunt nenagees. Pusdka veed o3 pi-
as diffimedibes
s masdis,crent igitor camiactn vigini , &
ez ormitus ducersi feadecins . &
il £as i civem oftn, & peeam fimglicer,
% varos verminatos gro esemplo., Simpli-
=z, ergo (ex geminaci cules pandti quin-
joc edis, ergo fire panta fex , evnt
modi wrigig , e ithaums varictates. Pro-
pounitur A vanatio,triplex,ve flnt nooagine.
o vigini o qui fom cnnes dfimiles , cam
e mrodis (2, erure crntum, & vigin-
o Pundta ergo fisilia fum pans centefins
ks 2qualnans, GErminaLs SaLCm COM tiz
S, crune wrigebma feata ciuldem ; & v in
daubus Alis ad vogusss , ek decima ofta.
o Tea b lafbes cum in decem edlo sume
i i, 34 comewmm offo fesrs pucs e , quare
senpacatan ad illmm, tripio fregnencies con-
tnjer

£ 1qee et geminoren lex, dicemun, vt de
rarone pignocs lnes boc, Dao verd pun.
Qa2 inzqealia , vt voam , ac deo, fic ditkia-
gosmur, eucaiam & copalabitar voem fiec
" dim, ectidem eremt, crgoiam
dzx. Quatmor sstem madis diis Coscingic-At
hi fex” vatianur fingal! differenils , erum
IRime vigimi qatsor , ve oum reliqus fex
sigint. At wrigints quingeead trigines fox

e m of ¢entum, & ofto
xquiicatis cemparuck , ad dosdecim ergo
feazareis form o God mon plané. Numeel -
1 inquales tliplices, ve voi deo,qusceor,
4 nencun zqealives propocicoen ba-
bere » qoum.in denbos Kle il e
1 34 veguem. Singuli auzem namerd pes fe
invia Ales proparcioess habéy Gabrriplam,
cam exgo tres Gne Alew obeinebent propor-

fionem 29, s, vt ex

b, vt it weea pars sirouee xqmaicals do-
Lo ooz parcis.On vate puscs (e ex
Ln qeanontribus, & quingacsc fe, & duo-
but. Tuttn quingue (epuma Fms sircui-
s pars, & dax fepeing aqualiasii Scpeeri
wem , ex {5, & voo quingas , o€ deobas
aumsse, 3¢ trilor, Ovmraa igitur penéta fag
= tertia pars qualitetis , & (6053 circuie
em. At fex vt oo, & quinqer, v
quansor, ve decems, isve videcim , & dns;
vt dendecim.

Sed in Ldo fricdls vodecim pesdta, sdii-
cere decer , quia vaa Alea poeed ofiendi
evunt Iginie dnceen pundecun a&us dio-
decim . X ita bes #qualiestis , & triens cig-
cuirer. Tris satem ceedecinm , quatiot sstent
q d qtingee quindecim, dest
mynlints o & 3 teto ceeoes quincenx.
Sex autem fedecin, & vable peope @qe

lirasess. .
Canfenfes foctia in dosbas Al |
T -l 'yl ;I. 10 3. Aqnal,

Yy 4] 68 5|7 Bt AdFe
| Conferfias (ortie in sribus Aleis tam Fric.
Sartit Feiailli,
3 g
3 w1 4 iag
{417 3 § 1 ]
|, 6 € 1y “=
§ 15 1 78
{
; 11 L E
o s 37
3 1 ag t0 16 6
to 11 17 o

: n o1 "
Vies banc nomersm cocidem qube it
fore v ig. at.
14 18
Voam pundiem peereses habes 1od.
 Duogeséts habent: e

1 tribes suvem Aledscria Euh- Sepeend
1o c equalicatem i ¥ el .h-fwwm

wais, Meft camsfima ot parye
in Fricille habercennm vie

gnufi..f«uu@eﬁmm fexzam parsem
dalispie circiis [ fecus-

ceariegarionibes , fingols puséea i .
€ ot ircemieeae, b  ckurs s e
nisnar, vi it catio hac ad WL v
ol tn dvhas Alcs ummm-.;
w0 wobas kibas, vel in dimadio ad aquali-
e

Twe. I

cireniza e

dam. Quingee  ex bis peremato veo , vel

PROBABILITY
Liber de Ludo Aleae

Cap. XXXVILDe Regulafalf. 287

; . 200, pol.
+ didferexcia 1 co00. 4 300,
1;«' quals 400,

bes gquantir 10000, fu 1. quakate , at
€z cemmania, habsbie p500. 2gealia 10
peliticniber.Igitur rer el 48, & tamum ha
e dh. id o debis, & dos eot eefoduim ad
o0, [alicst §3. if Francilem habsic
Vo capiali vel pe-
cubio: Scdos eles wxecs fire 3. aureoeues,
& focus operando permesires ad quelticnss
difiollimas , s¢ lozstricabies, Taks modi
ctiam bac ek,

Quastio IL

Bgo habes aaress 1 . ples Franciea,&
cubzs meoum e, 1141, aceel phis eabo
Francild, portur 1. tes . Fraectoo , ego
habeo 2. mirece i 1, politions duc ad
cobam pastes, fieot 1. cubls . & 1718, p
36, quadeatix . 4 52. rebus s ¢ cubo,
heesn dificrentia, el 261 bgar
buas . B gaa. eebus po 1361, 20
1728.p. 48, quadals & 1. cubo,
fo. 3. cobum & 1361,

awei quefzi.
Qraszis IIL

Eteoden modo,  dicam egam fie, aurei
v0s sk 23, fquam illi Fransdici. Et qea-
desivm seonum et 116 f cubo aure
sum Frascld, dibimae ren ymam m.
Feancilc , ego verd habos 1. msreoc m.
r.re, & qeadranam mecoum esit 44, . 1.
qaadats . 24 whar, & hos xqule it
=y, cubs pe 328, igiver 36, fi. 1. qeadra.
o p. 1. cobo, Fquer 14. tebos, Erores
exit 4. 0, & sanum habet Franciicas debie
i, ego verd aureos 8. peculij.

Ryevia IL

Secandusn genw pelitiosis flle, oft per
rudices i Etdabo cxemplim, 6 quindi-
«cat, dinide 10. in dam patcs |, 3 guem
walos umhan pesdicatur 3o,
;::; i e:r quad cafen feu qer.

Fupalliblis, fic amen i,
dinkdemon 1o -ﬁ-.&z::: e
dietss’ & Bacan fe be 2 (< mfores ox 15,
lﬂnrpdwn-'ﬂp"‘wﬂ ‘“I“i
e, lqﬂoeprnnmm n qeacto lie
Beo, Biex txhidoam i, 1 5. ction quldlmk
decadta & g, ofendit partes , qur insicem
duth prodicie 4. erwtigaus b §. -
PR TR

DiMoNsSTRATIO.

Vo igitur segela v pacear foeellee

Qus, (23 b dines, qux Scacer 10. dinien-
da 10 dass pacte, Sprasum coftangale &
bewt elle 4o, ell wemm 4o, quadnsphum ad

25

10, Quars nes volumas quadrsples totivs
2 b, igitur fiat & d, Qeadiacam a ¢ , dimidi)
ab, & exad ssferatar quadioplen 2 b,
ablqoe namero, g igius teida , fi afgui
mancree, addha & detradia exac, o
1T puries , 4t QUi tale sefidusm cft e
ideosmmaginaberis 3 . 1 y. i et i
Kqudnipiiab, qun adde &
€4 ¢, & bbb gusinus, (dli

ruciacionibas , Bz i mo15
15 @i hoe peedslum elt
45 panoca teten a d, pee ol eadem cony
natrk 4o uee 3 b, qua fopaficies of

semota & natura sumesi & bmex, proi-
mius samen huic guantitstl, qos veez <t
phillica, quarian pet €am, nos Vi = (-
g Dec in ais operationes everces licg

quid 2. Modas eft, vi

fa, diuade 10. in deas partes , prodsamies
e a5, quadestum dmid) 1o #d 40
fi 65, o hoius g minge g, & sdde evam
5. habebis parees feemgim Gmilindiness,
865 f 5 & B 65w 5. Ar higmmeri
&fferuon i 10, ron wndi fackar o led
B, 166 & hecalque ge‘lmul Ariskae-
tiea febeilinas , ealus hoe exremass vede
o, aded cit fubaile, ve [k satibe

Q_vAf'uo V.

Fst & 2. duas partes , quarum qesdiaa
fundha fnt go. e folsitur per prittut ,
sam pex fectndaim regulam, ¢ft ene d o-

imidiom €. in le 61
. qued eft 1. b cete
duam 16 cuids y. 4. adde & mirar 4 -
dimidio 6. fumet putey 7. & 3, m. haum
quim iméa fus o & opzrgaIm
ok .

Qv4astio V

+ Pex idemn Golaionr quellio baee , fac 03 6.
dows parees, quacum veain sehigeam dedta,
peedicatar m, 4o. dic 3. divsidreen & o Trs
Bt 5. adds ad 4o, i 4. oy 3. @ ¥ ot

COMPLEX NUMBERS

Ars Magna




What is probability...

OBJECTIVE J
FREQUENCIES

SUBJECTIVE
LACK OF KNOWLEDGE

To measure probability find
equally probable
cases and count them

no. of cases in which A occurs

total no. of cases




And then came Kolmogorov...

ERGEBNISSE DER MATHEMATIK 4 | DON’T CARE! A
S S PROBABILITY IS
,,ZENTRALI%ZL@;?‘T%:ESRB :{I\?;'HEMATIK" ANYTHING THAT
3 : SATIFIES MY AXIOMS |
GRUNDBEGRIFFE DER | %
WAHRSCHEINLICHKEITS- 3
RECHNUNG '

VON

A. KOLMOGOROFF

Probability is a non-negative number
Probability that something happens is 1

Probabilities of exclusive events add up

r -
BERLIN w17

—
VERLAG VON JULIUS SPRINGER Mo N
¢ 1933 ™ L N



Additivity axiom

Whenever an event can occur in several mutually exclusive ways, the probability for
the event is the sum of the probabilities for each way considered separately.

P1

)

p=p1+ D2

D2




Nature ignores additivity axiom

P1

D2

THIS IS wWHAT YOU EXPECT THIS IS WHAT YOU OBSERVE

HITHACHT DOUBLE SLTT EXPERTIMENT WITYH INDIVIDUAL ELECTRONS



Back to Cardano

De ludo Alez Liber. 265

lime eft , quid sumems fallar pestes codinem.
wceellio snem gersinars , vt Bovorum bis
ondborum accedie ex cirenlribar , Suloem
videliczr eribuas malbbas Gexcersls idh
s xqealicas o dimbdrem, éus il
olingeat. In socidem enim poell
ragere, & o cxingese, Et nos falic
i cupemes, 8ill quia b vo patedt gemi
ar, & b, & ter, Hae iging cogaicio eft
ccusbam comiclieram, & prosimiceers ; &
o ¢l pwtio 1eda in hist Actamen comin.
qubd i =uels clocsicias res (esedie
wima eomicfore.
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Aleis , quiomin sribas.
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frant eadem ravone., qua bls , fex, wmqee
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DiMoNsSTRATIO.
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Enter complex numbers

10. quarg nos volumus quadruplum totius
a b, igitur fiat a d, quadratum a ¢ , dimidij
ab, & exad auferatur quadruplum ab,
ablque numero, . igitur refidui , fi aliquid
manetet, addita & detradta ex a ¢, oftende-
ret partes , at quia tale refidunm eft minus,
ideoimaginaberis g, M. 1 §. id eft differen-
tizad, &quadiupliab, quam adde &
minue ex a ¢, & habebis quafitum , {cili-
Cet §. P. B V. 2§. M. 40. & §. M. Br. V. 2§
m. 40. feu §. . oo M. 15 & 50 M. R M.
15.duc§. p. R. M. 1§00 §. M. R M. I§.
d:miffis incruciationibus , fit 2 §. m. m. 15.
quod eft p. 1. igicur hoc produdtum eft

40. natura tamep a d, non eft eadem cum:

natura 4o0. nec a b, quia fuperficies elt

' §- p- Beo m. 15.
§ m. R. N i 9

25. m.m. 15§, quad. eft 4c.

Find two numbers
which sum to 10
and their product is 40

(5+ JTS)(S—\/TS)
25-(-15)

25+ 15

40



Complex numbers

Modern notation 34740 \/g \/g _ i\/g

Karl Friedrich Gauss

1777-1855 I ‘

purely real purely imaginary



Geometric representation

a=a+ib=|a|(cosf+isinf)=|a|e”

Leonhard Euler
1707-1783

it




Do you understand complex numbers?

Here is a simple proof that +1 = —1,

1=vVi=\/(-)(-1)=V-IvV1=7~=1

What is wrong with it?




Enter quantum theory

The Solvay Congress 1927



Additivity axiom revisited

Whenever an event can occur in several mutually exclusive ways, the probability
amplitude for the event is the sum of the probability amplitudes for each way
considered separately.

p= a1 + asl?

BornRule: Probability(z) = |amplitude(z)|*.



BornRule: Probability(z) = |amplitude(z)|*.

'

f » THE QUANTUM MECHANICS OF COLLISIONS
| [Preliminary communication]'

MAXx BORN 1926

' This report was originally intended for die Naturwissenschaften, but could not be accepted there

for lack of space. I hope that its publication in this journal [ Zeitschrift fiir Physik] does not seem out
of place [M.B.].

If one translates this result into terms of particles, only one interpretation is
possible. @, .(a, B, 7) gives the probability* for the electron, arriving from the z-
direction, to be thrown out into the direction designated by the angles «, 8, y, with
the phase change 4. Here its energy t has increased by one quantum hv?, at the

* Addition in proof: More careful consideration shows that the probability is proportional to the
square of the quantity ®, .. ‘



Add amplitudes not probabilities




Quantum interference

w | a1 = |aq e’
o T Qo = |aale'??

o + a2|2 — |041|2 + |042|2 + ajals + ajas

= p1 + po + 2|lagf|az|cos(pr — p2)

-

p=p1+p2+ 2/pip2 cos(pr — @)
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Quantum world is somewhat different...

©Charles Addams



Ubiquitous quantum interference

PHOTONS IONS

NEUTRONS



Mach-Zehnder interferometer
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In terms of gates and circuits...
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Quantum gravitometers, acelerometers

F(0)

0=06 -6, ‘
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& L
* Accelerations
* Rotations
e Laser frequency detuning
* Laser phase
 Photon recaoil

* Electric/magnetic fields
 |Interactions with atoms and molecules
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Can you detect super-sensitive bombs?
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Hint: Consider the setup where the input
and output ports are hooked up in one of the
arms of a Mach-Zehnder interferometer.
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Logically impossible gates

NOT




This is all we need...

—VNOT

NSWAP
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Generates superpositions
1

0> 75 (0)+l1)

Generates entanglement

01 > 01+l o)

Innocuous phase gate
which makes all the difference
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Quantum circuits with impossible gates
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Multi-particle interference (quantum computation)

|000)Y  INPUT |000)
|001) |001)
|010) |010)
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Deterministic, probabilistic and quantum
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Hard and easy...
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Execution Time

INPUT SIZE



Zoo of computational complexity

NP COMPLETE
@ - \ Travelling salesman

NP ® - \Graph isomorphism
® - Factorin
BQP |
o - Finding n digit prime
BPP \\
@ - ultiplication
E

L7



Impact on logic...

Traditional approach: proof = physical record

Is A true

or not ? R\

s truel

Testing 10190 different possibilities in quantum superpositions

Proof = physical process



Limits to quantum computation ?




Building quantum computers...
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Basic blocks Scaling up The final thing
fault tolerant
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Optimists — quantum advantage

GPS Satellites
Quantum cloud for secure

information sharing and computing

Inertial sensors for 100x
reduction in GPS-free NAV error

Magnetic field sensor
for ASW and
underwater mines

Inertial sensors |z b 1 ; e Mass sensor for enhanced
for precision fire 3 s I 24 bunkeritunnel detection and mapping

Enhanced resolution
and ultra-wideband ; .

with fused multi- ! Secure comms betwe
band radar network ° F N Navy, Army and AF assets

S T . - Ry

"\v
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Fiber link to fixed
quantum network for
secure comms and

~ improved clockstablllty :‘ i ) i R a £ b- Unprecedented Warﬂghtlng capablllty
, : : L ) usmg quantum mformatlon science




Pessimists - the Gartner Hype Cycle

AVISIBILITY

Peak of Inflated Expectations

Plateau of Productivity

Slope of Enlightenment

Trough of Disillusionment

Technology Trigger TIME

Humans are famously bad at predicting the future of technologies.



Computers & Physics

CQT laboratory 2019

e, [Ty

early classical computers early quantum computers



Practicalities...
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When, when, when... ?

Individual expert opinions of likelihood of a quantum computer
able to break RSA-2048 in 24 hours

(respondents close to experiment)

Extremely likely
(> 99% chance)

Very likely
(> 95% chance)

Likely
(> 70 % chance)

Neither likely not
unlikely
(~ 50% chance)

Unlikely
(< 30% chance)

Very unlikely
(< 5% chance)

Extremely unlikely
(< 1% chance)

within 5 years within 10 years within 15 years within 20 years within 30 years




The second quantum revolution

PRIVACY
Quantum cryptography
Secrecy based on fundamental laws of quantum physics.
Quantum internet
Distributing quantumness around the world.

PRECISION
Quantum sensing
Improving sensitivity and spatial resolution.

POWER
Quantum computing
New quantum algorithms for solving hard problem:s.
Quantum simulation
Probes of exotic quantum many-body phenomena.



Think like a physicist
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Decoherence
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Turning the tables on decoherence

"The mind adapts and converts to its own
purposes the obstacle to our acting. The
impediment to action advances action.
What stands in the way becomes the way.'

'

Marcus Aurelius' Meditations 5.20



