


T Symmetry and Its
Violation

Part 2: Anomalies and Axions



(5) Hard Theory of
the Chiral Anomaly

"History”, Fermion Path Integral, Noether + Jacobian,
Zero Modes, Result



“History” (Feynman graph calculation)

a7’ — yy : Discrepancy pbetween formal

symmetry and explicit guantum field theory
calculation (and experiment)




For massless f, classically,
d, ( fr*y>f) = 0. This corresponds,
according to Noether’s theorem, to
conservation of f; — f» number.

A subtle calculation, following the strict rules
of quantum field theory, gives a non-zero
ansSwer:




The core calculation

Y

n~ 9, (frr'f)

AL o« ne™™™F, F,,
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gauge invariance

4

J d*q J d*q gk k, .
p|l— — p|——— =finite
(g?)°

BUT before claiming any cancellations, we
need to regulate our integrals.



gauge invariance

e

) J d'q , J d*q qkik,
q° (q%)

A convenient (gauge invariant) regularization
was invented by Pauli and Villars. One

introduces a very massive spin 1/2 boson b

to echo f. It comes into the loop with the
opposite sign!

= finite
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This removes the divergence, but since
= s
d, by*y°b x M we get
qkk;
(q2 + M2)3
M — oo

— finite as

M[d4q

Remarkably, this (undressed) triangle graph
gives the whole answer.
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A More Profound Approach: Fermion Path
Integral

Grassman variables

b
7 = [le/Dl// expijd“xL

Central result:

[ Dy Dy expi Jd4x wOy = DetO
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(Like many path integrals, this is a heuristic
device. Vigor first, rigor later.)
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Noether Procedure and Jacobian

- - iay’

W — ey — e
L - L+ i vy oy

Invariance of Z, assuming invariance of the
measure, = 0d, Py = 0, ie.
conservation law.
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But there’s also a Jacobian!

+ 5
Det ¢ (functional determinant)

= exp Irlog 27 = g exp Try>

(Here we take @ = constant.)
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Evaluation 1: Modes
n

V"V ,(Py,) = =4, w,)

= For A, # 0 w, and ysy, are orthogonal,
and thus do not contribute to the trace.
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We get contributions (of opposite sign) from
left- and right-nanded zero modes, and
that’s all.

— [ he determinant “counts” the difference

between the number of O-modes with L
versus R chirality.

16



Evaluation 2: Singularity

lim lim {d‘ly tr gr(y)y eV T ™My (x)

M—>oo x—y

lim J' d4 ke —ikx tr }/5 e(V”yﬂ)z/M 2 p 1kx

M— o0

. 2/A42
lim JM Yd*s trydeN nuttMsTy ) IM
M— oo
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I1im

M— o0

[M Yd*stryeN

iMs*y,)*IM?

(VHy, + iMs”)/M)2 = V2 + v, v, ] FH + iMs, VF — M?s?

= Ihe only way to get enough y matrices
without taking on too many factors 1/M is
to use the F? term exactly twice!
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Thus, we reproduce (and justify) the “pure
triangle” result —

and also connect field topology to zero
modes!
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(6) U,(1) in QCD

A Quantum Field Theory Showcase, and a Challenge



(6a) Why We Don’t
Want U, (1)

The Missing NG Boson



In the approximation m, = m, = 0, QCD
appears (classically) to exhibit chiral flavor

U(Z)L 0y U(z)R — U(l)B 0%y U(l)A 0y SU(Z)L 02y SU(2)R
symmetry, allowing independent unitary

transformations of (u;, d; ) and (uz, dy).

The diagonal U(1)z-a common phase for

all four - corresponds to baryon number
conservation.
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A symmetry-reducing condensate

(Once that was an ingenious hypothesis; now it
is a computed fact.)

The spontaneous breaking

SU;(2) @ SUR(2) — SUL(2) results in three
Nambu-Goldstone bosons. This is the basis for
a very successful theory of pions.
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This condensate also breaks axial baryon

number U (1) symmetry, under which left
handed and right handed quarks acquire
opposite phases. However, in this case there
is no suitable candidate for the (approximate)
Nambu-Goldstone boson.

Including effects of small quark masses, and
strangeness, does not improve the situation.
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(6b) Why We Don'’t Get
Uya(1)

Quantum Anomaly at Work



There is an anomaly in the axial baryon
number current:
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0, (uysy*u + dysy*d) = 8,5°* o< Tx PG 03Grs
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First reaction: So what? There’s a
modified, conserved current:

Tr EQ"B’VJGQQG,Y(;

Op

2
0,4Tr P70 (Agaj,Ac; -1 gA‘gA,yA(s) = 0,K“
j* + K*

o

Second thought: K* is gauge
dependent; it might be singular.
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Central point (looking at the contribution from
infinity):

You can have field configurations with finite
o0 o0

weight (finite I TrG*G,, ) for which [ K*

diverges. This can occur if G,w — 0 due to
cancellations between d,Ayand [A,, Ay | that do
not occur in Ke.
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G,, — Oindicates a pure gauge
configuration. This on the verge of being
trivial.

But topology saves the day. The potential

“singularity” (reflected in K¥) might be
locally trivial, but globally nontrivial.
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This begins a long and interesting
mathematical story. We've already
previewed the punch lines:
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Finite-action configurations can contribute to
JTr e2bv0 GosGys, and thus (according to the
anomaly) spoil conservation of js«.

The contributions come in integer multiples of
16m2. Thus the physical effect of

ALguc. =10 (16m2)1[ Tr €2B9Go3Gys is 2m periodic in
0.
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(6¢) A Pictorial
Representation

The 't Hooft Vertex



In topologically non-trivial backgrounds, there
are (4d) “zero energy” solutions of the Dirac
equation. These must be saturated, in order to
get a non-zero answer (since the fermion
integral yields a determinant).

The zero modes have one chirality in the
imaginary-time past, another in the imaginary-
time future.
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We can capture all this in a picture worth a
thousand words, the 't Hooft vertex:
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(6d) T is for Trouble

0 Bites



Given the 't Hooft vertex, we can’t
remove the overall phase of the quark

mass matrix, nor a potential & term in
the QCD/SM Lagrangian.

We can shuftle from one to the other, as
also indicated directly by the anomaly
equation.
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These interactions potentially violate T (and P),
but do not change flavor! Thus they are poised
to contribute directly, and strongly, to electric
dipole moments.

Phenomenologically, one deduces

‘ Heffective ‘ < 10_10 Or S0.
Why??

(Note: It is not required anthropically.)
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[recollection]
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Grand Conclusion

The idea of T violation solely due to a
complex phase in the weak currents is
remarkably successful.

But its success serves to highlight a deep
theoretical question:

Why is the 6 term of QCD is so small?

4]



N, "

f.‘ ’I\~‘>’ \'+'

Coincidence? | Think Not!
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QOCD —» poses problem
3

—» solves problem

Ua(l) problem X reality intrudes
Instantons,
.topolog.ical —_> Strong PT problem
interactions A

Peccei-Quinn symmetry

U problem 4-—7/\‘
Invisible axion — Window

Weak-scale axion l T

i Dark Matter
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(7) Axion Foundations

T Is for Tantalizing



(7a) Two Models of
Quark Masses

Turning @ Dynamical



(Minimal) standard model:

g “LyUy + hye$*L,Dg + h.c.
f T ! A T A

-1/2 1/2
-1/6 -1/6
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Variant: g#{ LUy + hydsL,Dg + h.c.

TT« TT*

2/3 -1/3
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(Note: In either scheme, the observable
CKM mixings are complicated functions of

the basic g, i, (¢™) (and 2).)
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In the minimal (one Higgs doublet) standard
model, the overall phase of the quark mass
matrix is a definite function of the

parameters g and /4, namely

Arg Det g Det /1. The phase of ¢ cancels.

Thus the smallness of strong P, T violation
goes unexplained; it requires “fine tuning”.
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In the variant model the phase of the
quark mass matrix becomes a dynamical

variable. It is Arg Det g Det (¢, ){(¢,).

This opens a possibility to explain the
smallness of strong P, T violation
dynamically.
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(7b) Weak-Scale Axion
Model

A Nice Try



Promoting 0. . to a dynamical variable is not
enough. We want to make sure that it
settles down close to 0!

This requires that the energy associated with

the total phase of (¢)(¢,) should be
determined primarily by 0.
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To insure that, we impose Peccei-Quinn
(PQ) symmetry: The classical
Lagrangian should be invariant under

P = PPy — e,

This forbids, in particular, terms

proportional to ¢, ¢, or (¢,¢,)* , which
might otherwise have appeared.
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Now consider how the total phase of

¢,¢, affects the vacuum energy:
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<OP> 4

<(D|>

< CD2>
\ /
< (D|> < (I)2>

aif

V(a) ~ —cosa Agep

57

< (D2>



Y

c

« , the phase that multiplies the 't Hooft

vertex in vacuum, is exactly what figures in the
energy.

And the energy is indeed minimized at the

symmetry point 0. = 0.

(Note that on general grounds, points of
enhanced symmetry have a better chance to be
stationary points.)
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Spontaneous breaking of a (global) symmetry is
accompanied by a Nambu-Goldstone boson,
with characteristic properties:

[t is massless.
[t couples gradiently to the symmetry current.

The strength of coupling is inversely
proportional to the scale of symmetry
breaking.
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¢ — €% (¢) = F

0L
00,

\

Noether current

L ~ 8,00"¢" + Line. = F*0,a0"a+ 0,0

s

Fo I3

]
SE

L ~ 8,60+ — 8,bj*
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For axions that basic structure is
augmented by intrinsic breaking through
the anomalies (i.e., roughly, the 't Hooft
vertex).

This gives rise to a non-zero mass, and
to non-derivative couplings.
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<(D|>

< CD2>
\ /
<PI> e < P>
< (D|> < (I)2>

eif
V() ~ —cosa Agep

2 A4
Tn2 - 1 d V(O{) QCD

3 ¢ ~/ 2
. F? do? F
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1
2 2
Liin = 5 (" 0,a0,a + m”a”)
4
m2 ~ (AQCD)
a F2
Lint ~ —% (ca aSGWéW + ¢y ozFWF“” + d, qu qvsq + d; Zml l_fy5l—|—...)

q [

Larger F means smaller mass and weaker interactions.

We will be using very large values of F! ( ~ 101 GeV)

63






(7¢) General Axion
Models

“Invisible Axions”



In thinking about unification, we now
routinely contemplate mass scales well
beyond the weak scale.

Could Peccei-Quinn symmetry be
broken at a large scale?
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[t can indeed. For example, let us
introduce a standard model singlet

complex scalar field p that both

transforms non-trivially under PQ
symmetry, and

acquires a large vacuum expectation
value F.
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We can have a colored “Quark” that gets a large
mass solely from coupling to the complex field,

in the form AL = gpQ,;0r + h.c., whereall
other terms are invariant under

P — €i6,0, QL N eiGQL-

In other words, p and Q; have PQ charge 1,
while all other fields are neutral.
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Many variants are possible. They all predict a
similar pattern of axion mass and couplings.

69



(8) Axion Ferment

A Brief, Biased Introduction



(8a) A Survey of
Constraints



- Axions can provide a new method of energy
transport and loss for stars, affecting their
evolution.

- Axions can allow light to “shine through walls”.
- Axions can help rotating black holes spin down.
-The Sun can emit axions.

- Axions are produced abundantly in the big bang

72
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(8b) Axion
Cosmology

A (The"?) Source of Dark Matter






The order parameter field settles down close to the
bottom of the well, but there are residual
oscillations in its phase.

The residual oscillations can also be considered as
a collection of particles, the phase field’s quanta.
This is the cosmic axion background.

For the residual mass density, one finds

)
Paxion X ™ F sin 90
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1

L = \/5(59“”3#(1531/9?5 — V(9))

goo=1; gij = —a(t)*d;;; /g9=a’

' . oV
(V909”) = — 955

b+324 + m*(T(0) = 0

/7 AN

cosmic viscosity effective mass



When 32 > m_, the field is stuck.
a

After entering the adiabatic regime:



b +3qu + m*(T(t))p = 0

o(t) =~ A(t)eif “drm(r) adiabatic ansatz

2Am + A + 3 g Am = 0 “outof phase” terms

(a> A’m) = 0 adiabatic invariant



dilution of “particles”
P in play adiabatic damping

(7)) B
A My (T « R
2
Hy ity F
Mg Lo Mp;



Dark Matter from Axion Strings with Adaptive Mesh Refinement

Malte Buschmann,!>* Joshua W. Foster,? %4 T Anson Hook,”> Adam
Peterson,® Don E. Willcox,® Weiqun Zhang,® and Benjamin R. Safdi® %%

! Department of Physics, Princeton University, Princeton, NJ 08544, USA
2 Leinweber Center for Theoretical Physics, Department of Physics, University of Michigan, Ann Arbor, MI 48109
3 Berkeley Center for Theoretical Physics, University of California, Berkeley, CA 94720
* Theoretical Physics Group, Lawrence Berkeley National Laboratory, Berkeley, CA 94720
® Maryland Center for Fundamental Physics, University of Maryland, College Park, MD 20742, U.S.A.
6 Center for Computational Sciences and Engineering Lawrence Berkeley National Laboratory Berkeley, CA 94720
(Dated: August 13, 2021)

Axions are hypothetical particles that may explain the observed dark matter (DM) density and
the non-observation of a neutron electric dipole moment. An increasing number of axion laboratory
searches are underway worldwide, but these efforts are made difficult by the fact that the axion
mass is largely unconstrained. If the axion is generated after inflation there is a unique mass that
gives rise to the observed DM abundance; due to nonlinearities and topological defects known as
strings, computing this mass accurately has been a challenge for four decades. Recent works, making
use of large static lattice simulations, have led to largely disparate predictions for the axion mass,
spanning the range from 25 microelectronvolts to over 500 microelectronvolts. In this work we show
that adaptive mesh refinement (AMR) simulations are better suited for axion cosmology than the
previously-used static lattice simulations because only the string cores require high spatial resolution.
Using dedicated AMR simulations we obtain an over three order of magnitude leap in dynamic
range and provide evidence that axion strings radiate their energy with a scale-invariant spectrum,
to within ~5% precision, leading to a mass prediction in the range (40,180) microelectronvolts.

40 - 180 ueV ~ 10 - 45 GHz
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(8c) ALPHA
Haloscope

New ldeas - Getting There!






L = kaE-B = gaeo‘ﬁwFaﬁFw

B induces charge

i
V:-F = —kVa-B
VxE = %lf ADMX, abracadabra,
V.B — 0 MADMAX, ALPHA
OF ,
VxB = 5 |l£(CLB—|—VC}><E)

E induces current
(surface Hall effect)
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Thus, in the presence of a background magnetic
field, an axion field mixes with the photon, and
pumps energy into electromagnetic fields.

One can design “antennas” to encourage the
pumping, by exploiting resonance.
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In order to get resonance between the cosmic
axion background and the electromagnetic field,
we must use a space-dependent medium
(moditying k), or impart mass to the photon, or

both.
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1

Traditional cavity resonators exploit k ~ T Of

course, this limits the size!
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The a strateqgy Is to exploit plasmon-like response
N a wire metamaterial.

This iImparts mass to the photon, and relieves the
constraint on size.
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Thin wire metamaterials

 One of the first metamaterials

* Plasma frequency determined
by two factors: effective
electron number density and
mass

Wires mutually induct,
changing the plasma
frequency

Alex Millar
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Several groups (including a+) have been
exploring a ditferent approach, close to but distinct
from a.

They propose to use dielectrics, as opposed to

metallic wires, iIn ~ periodic arrays, thus cancelling
off the “second k" in (k, k) .
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Tunable Photonic Crystal Haloscope for High-Mass Axion Searches

FIG. 7. Photo of the photonic crystal cavity and frequency
tuning system for demonstration.

Base, Youn, Jong arXiv : 2205.08885
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FIG. 5. Auxetic behavior of rotating rigid squares. With the
vertices connected together, the relative rotation of the unit
cells forms more open or closed structures.
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One might also obtain enhancements through use
of soft paramagnets, which concentrate B field.
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[unused slides follow]
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(A more refined analysis should take all
forms of spontaneous symmetry
breaking into account simultaneously.
For example, there is some a-t® mixing.)
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(8d) Emergent Axions

Synergy of |deas



Axion Physics In Condensed-Matter Systems

Key points

e 3Dinsulators canbe topologically characterized by the value of their bulk axion field.

¢ Axion fields introduce additional terms in Maxwell’s equations for condensed-matter
systems.

e The microscopic expression for the axion field in a crystal is given by the non-Abelian
Chern-Simons integral, which depends on the Berry connection matrix of the band

structure.

¢ Instrong 3D topological insulators, a half-quantized surface Hall effect appears when the
surface states are gapped, together with linear magnetoelectric coupling in their bulk.

e Theaxion insulator state can be realized in antiferromagnetic insulators without

external fields.

e Materials with a non-trivial axion field can be used in dark-matter detectors and non-

reciprocal thermal emitters.

Nenno et al.; Nature Reviews Physics 2, 682 (2020)
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Quantized Faraday and Kerr rotation and axion electrodynamics of a
3D topological insulator

Liang Wu1,,1, M. Salehi2, N. Koiralas, J. Moons, S. Ohs, N. P. Armitage1,

Science 02 Dec 2016:
Vol. 354, Issue 6316, pp. 1124-1127
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(6) Axion
Fundamentals

A New Kind of Particle
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Photon mass situations:

SHPereonayetor

Plasma
Hetgas
Metal-
Semiconductor?

Metamaterial

|10



Mobile charges resist electric fields, and make
the photon massive

111



Concept and Prototype
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60 cm

Pathfinder Proposal
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(8d) Haloscope
Development

New ldeas - Getting There!



