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5 Cosmological Perturbation Theory, leading order

g (%0 = 8,10 + 5g (F,0)

P, 1) = PO+ 54 (,1)

Homogeneous and isotropic (/ \> Quantised fluctuation

solution of the classical problem

—> Quantum-field-theory on curved space-time

Leading order: x is Gaussian
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> Cosmological Perturbation Theory, leading order

g//tl/(?a t) — gluy(t) + @ﬂy(?, t)

S, 0 = )+ ¢ (X,1)

Homogeneous and isotropic (/ \> Quantised fluctuation

solution of the classical problem

—> Quantum-field-theory on curved space-time

Leading order: x is Gaussian

> X



Cosmological Perturbation Theory, leading order

Cosmological Perturbation Theory, next-to leading order

S > 6%, 5¢p°
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Cosmological Perturbation Theory, leading order

Cosmological Perturbation Theory, next-to leading order

Formation of extreme objects
» (massive galaxy clusters,
primordial black holes, ...)
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Cosmological Perturbation Theory, leading order

Cosmological Perturbation Theory, next-to leading order

Formation of extreme objects
» (massive galaxy clusters,
primordial black holes, ...)
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> Cosmological Perturbation Theory, leading order

Cosmological Perturbation Theory, next-to leading order

. Formation of extreme objects
—~» (massive galaxy clusters,
primordial black holes,
large voids, ...)
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Outline

Inflationary Cosmlogy
Stochastic Inflation
First-Passage-Time Analysis

lllustration: Primordial Black Holes and other extreme objects






Cosmic Inflation
ds? = —~d? + a2 (t)d7 with G >0 and (10MeV)! < p < (10 GeV)"

Hubble parameter H = dl/a

k* H! . characteristic time scale, or length scale (¢ = 1), of the expansion

)< H™! A2 H™!

Insensitive to space-time Feels space-time
curvature curvature
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Probing the end of inflation
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Probing the end of inflation

CMB observed scales
A ~ Mpc

end of inflation ~ R



Probing the end of inflation

CMB observed scales
A ~ Mpc

primordial black holes?
Carr, Hawking 1974

end of inflation ~ R



Primordial black holes

® Could constitute part or all of dark matter chapiine 1975
M = 10" -10"g, 10°° — 10**g, 10 — 10°M

® Could provide progenitors for the LIGO/VIRGO events
M =10 — 100 M

® Could provide seeds for cosmological structures Mészaros 1975
3 Afshordi, McDonald, Spergel, 2003
M > 10°M

® Could provide seeds for supermassive black holes in galactic nuclei

M > 10°M.  Carr, Rees 1984
© Bean, Magueijo 2002



Primordial black holes

® Could constitute part or all of dark matter chapiine 1975
M = 10" -10"g, 10°° — 10**g, 10 — 10°M

® Could provide progenitors for the LIGO/VIRGO events
M =10 — 100 M

® Could provide seeds for cosmological structures Mészéros 1975
3 Afshordi, McDonald, Spergel, 2003
M > 10°M

® Could provide seeds for supermassive black holes in galactic nuclei

M > 10°M.  Carr, Rees 1984
© Bean, Magueijo 2002

For hints in favour of PBH existence, see e.g. Garcia-Bellido and Clesse (1711.10458)



Separate Universe

S—Cl<d77+dx)

de-Sitter universe: a=-1/(Hy), —oco<n<0
4 No future
Asymptotic contact
future
Comoving

Hubble radius

If a large fluctuation develops at x1, this

Past cannot affect the local geometry at xo

causal contact

Separate universe: On large scales, the universe can be described by an
ensemble of independent, locally homogeneous and isotropic patches

Salopek & Bond; Sasaki & Stewart; Wands, Malik, Lyth & Liddle



Stochastic Inflation

distance AL wavelength
super-Hubble scales —> stochastic inflation
a/a Hubble radius
> sub-Hubble scales —> CPT
time
Coarse-grained field @, (N, ¥) = J dk [(IJ;(N Je ¥ a- + D*(N )eik'?&%
N = In(a) k<ocHa(N)
Quantum fluctuations
source the background
. . d
Equation of motion E(I)Cg = F packeround(Pcg) T 6 Starobinsky, (1982) 1986
What about far from the classical regime?
Aquuant

Over one e-fold: ~ Celassical
Agbclassical

What about tail effects?



Stochastic-O6/N formalism

op =10

£(t,x) = N(t,x) — Ny(t) = ON
Lifshitz, Khalatnikov (1960)

Starobinsky (1983)

_ _ Wands, Malik, Lyth, Liddle (2000)
Spatially flat slice

y =0
¢
The realised number of e-folds
IS a stochastic quantity: M\M\
Z:coalrse grained — N = <‘/V > ¢end 5 . N

N1 /\:/2

Enqvist, Nurmi, Podolsky, Rigopoulos (2008) ; Fujita, Kawasaki, Tada, Takesako (2014); VV, Starobinsky (2015)



Stochastic-O6/N formalism

d¢ V. H d o (V 0 [ H?

— = —E(N —P(¢;N) = P)+ P)|=Zy-P
v - 3t © N N =5 <3H2 > 0q§2<87r2 > ¢
Langevin equation Fokker-Planck equation

VV, Starobinsky (2015)

Equation for the PDF of the first passage time  o_... . \\/ Assadullahi. Wands (2017)

d
WPFPT(/V;¢) = g;'PFPT

Computational program:
e Solve the first-passage-time problem

* This gives the one-point PDF of curvature perturbation coarse-grained at Hend

e Extract cosmologically relevant quantities (power spectrum, mass functions,
compaction function, etc)



EXponential taMs

Pattison, VV, Assadullahi, Wands (2017)
Ezquiaga, Garcia-Bellido, VV (2020)

1071 v(¢) = vo(1 +a((d — do)/Mp) + B((¢ — o)/Mp1)*)
— Full PDF -+ Gaussian approx.
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Impact on PBHS

Pattison, VV, Assadullahi, Wands (2017)
Ezquiaga, Garcia-Bellido, VV (2020) r/
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lmpact on LSS

Ezquiaga, Garcia-Bellido, VV (2022)
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Beyond slow roll

Grain, VV (2017): Formulation of stochastic inflation in phase space

d
d 2 ~ — Slow roll is a stochastic attractor
T
—=-0- t——+¢&
dN 2M3, H2 7
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Exponential talls

IN ultra slow roll models

Pattison, Vennin, Wands, Assadullahi (2021)
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Exponential talls
N ultra slow roll models

D. Figueroa, S. Raatikainen, S. Rasanen, E. Tomberg (2020)
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Exponential talls
IN non-slow-roll models

I I I I ’ :Uln

—0.109 —-0.078 —0.051 —0.026 0 0.027  0.053 0.078  0.103

o
o

—— C(lassical result
\ === Stochastic result

w
@)
]

o
ot
1

—_
ot
1

Duration of uphill inflation
5 =

¢0 0.5 1

OO ] 1 ] ] 1 | T T T T T T T T T
~1.5 —-1.0 —0.5 0.0 0.5 1.0 1.5 —0.100 —0.075 —0.050 —0.025 0.000 ‘ 0.025 0.050 0.075 0.100
¢/ M, Npw do—of"
Pl 0.2 0.4 0.6 0.8 1 1.2 1.4 Mpy
0.030
0.025 A
0.020 A
S}
0.015 A
0.010 - N\
—}— numerical simulation with z, = 0 . g
1 . . . . 2 % N
i numerical simulation with zi, = 324 ~ N\
0.005 | numerical simulation with z;, = Zi—od \'
50 100 200 400 600 Vadim Briaud, VV (2023)

M(g)



Extracting cosmological observables

Scale k — Hubble-crossing time —> Hubble-crossing field ¢-
Ni = Nend _ wa(k)

wa(k) — ln(aendH/k)

Classical picture

%
b-(K)

¢end

Observables (power spectrum etc) at
scale k depend on local properties of

the potential at location ¢..(k)

Stochastic picture

¢
DO Ny Ay

. \
o

Nl j\./2

> NV

o P N)dAN

Py (s k) = Prpp [Ny (K); ]

Kenta Ando, VV (2020)

Observables at scale k depend on the
whole potential and on the initial condition




Extracting cosmological observables

oP, (D.: N,
Power Spectrum @C(k)z_[ i, bw( bw)

(N Dy > D))
Kenta Ando, VV (2020) Q ONpy,

M bw(k)

Integration over the full inflating domain
V(@)
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Extracting cosmological observables

One-point function at arbitrary scale
Yuichiro Tada, VV (2021)

P (¢r) =r/Q d@QPbW . | Now(R)] Popr.sgs. [Cr — N(8.)) + (N (@)

P(A¢) = / d<1>£”d<1>i2ijw (<I>53), o
R(l) )

N N 8 [AcH (v (@) = (W (@) —n (14 8)]
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Extracting cosmological observables

One-point function at arbitrary scale
Yuichiro Tada, VV (2021)
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Extracting cosmological observables

One-point function at arbitrary scale
Yuichiro Tada, VV (2021)
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Conclusions

- The back-reaction of vacuum quantum fluctuations on the background
dynamics can be incorporated within the formalism of stochastic inflation

 This is necessary to describe regimes leading to large fluctuations, such as
those yielding primordial black holes

- Quantum diffusion leads to exponential tails: non-perturbative breakdown
of Gaussian statistics

* Most cosmological observables can be reconstructed from first-passage
time analysis (power spectrum, mass functions, n-point functions?)

- Quantum diffusion makes the CMB probe the whole potential: models
leading to PBHs are constrained by the CMB, even if those two sets of
scales are well separated

- What is the best strategy to look for exponential tails in the data?
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