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Di Vecchia – 80 fest Loop calculations in 
string theory

(i.e. my first collaborations with Paolo)



1.     Multi-loop calculations in string theory
(with Paolo + M. Frau + S. Sciuto + K. Hornfeck + F. Pezzella)

2. Field-theory limit of multi-loop string amplitudes
(with Paolo + L. Magnea + R. Marotta + R. Russo)

Plan of the talk



1987-1990Part 1



• In the late 80’s, after the first “string revolution” following the Green-Schwarz paper,
there was great and rapid progress in string theory, mainly centered around performing
perturbative computations on various backgrounds using the tools of CFT’s.

• Two main approaches were developed:

§ a functional path-integral method

§ an operator formalism

• The operator formalism, in turn, was independently developed in three versions, which
turned out to be equivalent:

1. the “string operator formalism” (Harvard) (Alvarez-Gaumé + Gomez + Moore + Vafa)

2. the “group theory approach” (CERN) (Neveu + West)

3. the “sewing procedure” (NORDITA/NBI-Torino-Stony Brook)
(Paolo + Frau+ AL + Sciuto, + Hornfeck, + Pezzella) + (Napoli group) + (Peteresen + Sidenius)

Part 1

(Polyakov; D’Hoker + Phong)



• The operator formalism provides a nice constructive way to derive many geometric
objects that appear in multi-loop string amplitudes

• It is very explicit and general, even on Riemann surfaces of higher genus

• Contrarily to what one may naively think, in the operator formalism one can do explicit
checks of modular properties (like modular invariance)

• It allows to perform many explicit calculations

• However, for the superstring in the fermionic sectors it becomes rather involved and
unpractical beyond 1-loop

Part 1



• The old operator approach uses as basic ingredients:

• Vertex operators:

• Propagators:

to build amplitudes at tree level:

and at 1-loop:

Operator formalism & sewing procedure
Fubini + Veneziano; 
Alessandrini + Amati; 
Lovelace; Ademollo et al, …
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• However, this old operator formalism cannot work beyond 1-loop

• The solution is obtained with the construction of the N-Reggeon vertex (or N-string 
vertex) which provides the coupling at tree level among N arbitrary string states

• It is a generalization to N strings of the 3-Reggeon vertex

Operator formalism & sewing procedure

Sciuto; Caneschi + Schwimmer + Veneziano
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<latexit sha1_base64="gO68ZuUD2DPH+EgvGXKdy1ZTaMM=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgadksMVlvAS+eJIJ5QBLC7KQTh8w+mOkVwpJv8Konb+LVz/Hgvzi7RlDROhVV3XR1+bEUGh3nzSqsrK6tbxQ3S1vbO7t75f2Djo4SxaHNIxmpns80SBFCGwVK6MUKWOBL6Pqzi8zv3oHSIgpvcB7DMGDTUEwEZ2ikdneUXi1G5YpjV+uN+rlDHdv1Gm7NM6RWr3mOS6u2k6NClmiNyu+DccSTAELkkmndrzoxDlOmUHAJi9Ig0RAzPmNT6BsasgD0MM3DLuhJohlGNAZFhaS5CN83UhZoPQ98MxkwvNW/vUz8y+snOPGGqQjjBCHk2SEUEvJDmithWgA6FgoQWZYcqAgpZ4ohghKUcW7ExNRSMn18PU3/Jx3XdGafXdcqTXfZTJEckWNySqqkQZrkkrRIm3AiyD15II/W3Hqynq2Xz9GCtdw5JD9gvX4A9saTew==</latexit>

WN



• The N-Reggeon vertex can be used to obtain the tree-level amplitude involving N strings
by saturating it with N physical string states

• But it can be used also to compute loop amplitudes. Indeed, since the N legs are off-shell
one can sew them in pairs and obtain the multiloop N-Reggeon vertex!

Operator formalism & sewing procedure

<latexit sha1_base64="gO68ZuUD2DPH+EgvGXKdy1ZTaMM=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgadksMVlvAS+eJIJ5QBLC7KQTh8w+mOkVwpJv8Konb+LVz/Hgvzi7RlDROhVV3XR1+bEUGh3nzSqsrK6tbxQ3S1vbO7t75f2Djo4SxaHNIxmpns80SBFCGwVK6MUKWOBL6Pqzi8zv3oHSIgpvcB7DMGDTUEwEZ2ikdneUXi1G5YpjV+uN+rlDHdv1Gm7NM6RWr3mOS6u2k6NClmiNyu+DccSTAELkkmndrzoxDlOmUHAJi9Ig0RAzPmNT6BsasgD0MM3DLuhJohlGNAZFhaS5CN83UhZoPQ98MxkwvNW/vUz8y+snOPGGqQjjBCHk2SEUEvJDmithWgA6FgoQWZYcqAgpZ4ohghKUcW7ExNRSMn18PU3/Jx3XdGafXdcqTXfZTJEckWNySqqkQZrkkrRIm3AiyD15II/W3Hqynq2Xz9GCtdw5JD9gvX4A9saTew==</latexit>

WN

<latexit sha1_base64="HCZdDHf+c8OATpRCfKdlvrQcIpE=">AAAB+XicdVDLSgNBEJz1GeMr6tHLYBA8SNhd1mS9Bbx4kgjmAUkIs5NOHDL7YKZXCEs+wquevIlXv8aD/+JkjaCidSqquunqChIpNNr2m7W0vLK6tl7YKG5ube/slvb2WzpOFYcmj2WsOgHTIEUETRQooZMoYGEgoR1MLuZ++w6UFnF0g9ME+iEbR2IkOEMjtduD7OrUmQ1KZbviVGvVc5vaFdevuZ5viFf1fNulTsXOUSYLNAal994w5mkIEXLJtO46doL9jCkUXMKs2Es1JIxP2Bi6hkYsBN3P8rgzepxqhjFNQFEhaS7C942MhVpPw8BMhgxv9W9vLv7ldVMc+f1MREmKEPH5IRQS8kOaK2F6ADoUChDZPDlQEVHOFEMEJSjj3IipKaZo+vh6mv5PWq7prHJ27ZXr7qKZAjkkR+SEOKRG6uSSNEiTcDIh9+SBPFqZ9WQ9Wy+fo0vWYueA/ID1+gHVP5Ps</latexit>

WN,1
<latexit sha1_base64="FvMwNhj5Kdi9BCg8PIEIXIw+/xo="></latexit>

�! A1�loop(1, 2, · · · , N)
<latexit sha1_base64="C6wPXGet3pTUng/P+WXk7/hL0kg=">AAAB+XicdVDLSgNBEJz1GeMr6tHLYBA8yLK7xCTeAl48SQSTDSQhzE46ccjsg5leISz5CK968iZe/RoP/ouzMYKK1qmo6qarK0ik0Og4b9bS8srq2npho7i5tb2zW9rbb+s4VRxaPJax6gRMgxQRtFCghE6igIWBBD+YXOS+fwdKizi6wWkC/ZCNIzESnKGRfH+QXZ16s0Gp7NhutVY9d6hje/WaV6kbUqlW6o5HXduZo0wWaA5K771hzNMQIuSSad11nQT7GVMouIRZsZdqSBifsDF0DY1YCLqfzePO6HGqGcY0AUWFpHMRvm9kLNR6GgZmMmR4q397ufiX101xVO9nIkpShIjnh1BImB/SXAnTA9ChUIDI8uRARUQ5UwwRlKCMcyOmppii6ePrafo/aXumM/vsulJueItmCuSQHJET4pIaaZBL0iQtwsmE3JMH8mhl1pP1bL18ji5Zi50D8gPW6wfWz5Pt</latexit>

WN,2
<latexit sha1_base64="+WzqVWcnbN3KNRBP4DxZbi2ZEcg="></latexit>

�! A2�loop(1, 2, · · · , N)

<latexit sha1_base64="wSs0jCsAkUPFCCsDRdoGGTOSoKQ="></latexit>

= WN

NY

i=1

��phys
↵
i
= Atree(1, 2, · · · , N)

;



• This sewing procedure can be made very explicit and precise. But there is a big problem:

How to eliminate the unphysical states from the loops?

• In the old days, this problem was addressed and solved by inserting suitable projections
in the propagators, which however make the entire construction quite involved.

• An elegant solution to this problem was obtained in the late 80’s with the BRST
formalism, introducing ghosts and anti-ghosts. The two basic ingredients are:

1. The BRST invariant 3-Reggeon vertex

2. The BRST invariant propagator

Operator formalism & sewing procedure

Paolo + R. Nakayama + J.L. Petersen + S. Sciuto  (1987)

Paolo + M. Frau + AL + S. Sciuto  (1987)



<latexit sha1_base64="0K9WUM8ZSnhDNCud1UpLmNwIoQs=">AAACCHicdVC7TgJBFJ3FN77w0dlMJCbYkGWzAnYmNpaaiJAAktnhghNnZzczd01www/4FbZa2Rlb/8LCf3FYMVGjpzo55945d04QS2HQdd+c3Mzs3PzC4lJ+eWV1bb2wsXlhokRzaPBIRroVMANSKGigQAmtWAMLAwnN4Pp44jdvQBsRqXMcxdAN2VCJgeAMrdQrbHeyN1IN/XHQU5dpSeyPe4WiW65Ua9VDl7plr17z/LolftWvux6tlN0MRTLFaa/w3ulHPAlBIZfMmHbFjbGbMo2CSxjnO4mBmPFrNoS2pYqFYLppljyme4lhGNEYNBWSZiJ830hZaMwoDOxkyPDK/PYm4l9eO8FBvZsKFScIik+CUEjIggzXwtYCtC80ILLJ5UCFopxphghaUMa5FRPbU9728fVp+j+58Gxn5YMzv3jkT5tZJDtkl5RIhdTIETkhp6RBOLkl9+SBPDp3zpPz7Lx8juac6c4W+QHn9QMqSJo1</latexit>

b(i)n

• The BRST invariant 3-Reggeon vertex is an extension with ghosts and anti-ghosts of the old
Caneschi-Schwimmer-Veneziano (CSV) vertex:

where are the orbital oscillators and , are the BRST ghost and anti-ghost
oscillators.

• The “bras” are the SL(2) invariant vacua for the 3 strings

• The coefficients                          and                          are related to the Koba-Nielsen variables 
and have an interesting geometrical interpretation since they form a representation of the 
projective group with weight 0 and -1, respectively.

Operator formalism & sewing procedure

<latexit sha1_base64="Y01gs+ppDXnn+WNNVhChgyYi0oI=">AAACAHicdVC7TsNAEDzzDOEVoKQ5ESFBEzmRSUwXCQpKkEhACsY6HwscOZ+tuzVSZKXhK2ihokO0/AkF/8I5BAkQTDWa2dXOTpRKYdB135yJyanpmdnSXHl+YXFpubKy2jVJpjl0eCITfRoxA1Io6KBACaepBhZHEk6i/l7hn9yCNiJRxzhIIYjZlRKXgjO00vl+mKt4uNUJRTe82Q4rVbdWb7aauy51aw2/1fB8S7ym57sNWq+5I1TJGIdh5f3sIuFZDAq5ZMb06m6KQc40Ci5hWD7LDKSM99kV9CxVLAYT5KPUQ7qZGYYJTUFTIelIhO8bOYuNGcSRnYwZXpvfXiH+5fUyvPSDXKg0Q1C8OIRCwuiQ4VrYOoBeCA2IrEgOVCjKmWaIoAVlnFsxs/2UbR9fT9P/SbdhO6vtHHnVtjdupkTWyQbZInXSIm1yQA5Jh3CiyT15II/OnfPkPDsvn6MTznhnjfyA8/oBGuWW3g==</latexit>

Dnm(UiVj)

CSV

Paolo et al

<latexit sha1_base64="1BgL33JYezAZmx9GmuVEV3cHUtg=">AAAB+3icdVDLSgNBEJz1GeMr6tHLYBD0EjZhTeIt4MVjBPOQGEPv2Org7Owy0yuEJV/hVU/exKsf48F/cRIjqGidiqpuurrCRElLvv/mzczOzS8s5pbyyyura+uFjc22jVMjsCViFZtuCBaV1NgiSQq7iUGIQoWd8PZo7Hfu0FgZ61MaJtiP4FrLKymAnHQGA32R7cn90aBQ9Evlaq166HO/VKnXKkHdkaAa1P0KL5f8CYpsiuag8H5+GYs0Qk1CgbW9sp9QPwNDUigc5c9TiwmIW7jGnqMaIrT9bBJ4xHdTCxTzBA2Xik9E/L6RQWTtMArdZAR0Y397Y/Evr5fSVb2fSZ2khFqMD5FUODlkhZGuCeSX0iARjJMjl5oLMECERnIQwompqybv+vh6mv9P2hXXWengJCg2gmkzObbNdtgeK7Maa7Bj1mQtJljE7tkDe/RG3pP37L18js54050t9gPe6weLAJTn</latexit>

a(i)n

<latexit sha1_base64="d6t2Pw+K3oR3P5/2e3SnMplLvE4=">AAACBnicdVA9SwNBEN2L3/ErammzGASrcAlnEjvBxk4FYwJJCHObMS7u7R27c6Kc6f0VtlrZia1/w8L/4iZGUNFXPd6bYd68MFHSku+/ebmp6ZnZufmF/OLS8spqYW39zMapEdgQsYpNKwSLSmpskCSFrcQgRKHCZnh5MPKbV2isjPUp3STYjWCg5bkUQE7qFdazYU92FOiBws5RhAO47RWKfqlcrVX3fO6XKvVaJag7ElSDul/h5ZI/RpFNcNwrvHf6sUgj1CQUWNsu+wl1MzAkhcJhvpNaTEBcwgDbjmqI0HazcfYh304tUMwTNFwqPhbx+0YGkbU3UegmI6AL+9sbiX957ZTO691M6iQl1GJ0iKTC8SErjHSlIO9Lg0QwSo5cai7AABEayUEIJ6aupbzr4+tp/j85q7jOSrsnQXE/mDQzzzbZFtthZVZj++yQHbMGE+ya3bMH9ujdeU/es/fyOZrzJjsb7Ae81w/bxpmE</latexit>

ih⌦|

<latexit sha1_base64="TED2WZUlF2sXKj6cuGHwajKA5P4="></latexit>

Enm(UiVj)

<latexit sha1_base64="YSWQqBPR9sIMFYwUjZ0VNjFd7CY=">AAACCHicdVC7TsMwFHV4lvIqj43FokKCpUqr0JatEgtjkWhBakPluBewcJzIvkEqUX+Ar2CFiQ2x8hcM/AtOKBIgONPROff6XJ8glsKg6745U9Mzs3PzhYXi4tLyymppbb1rokRz6PBIRvosYAakUNBBgRLOYg0sDCScBteHmX96A9qISJ3gKAY/ZJdKXAjO0EqD0mY/fyPVMBzzgTpPd8XeeFAqu5VqvVE/cKlbqTUbNa9piVf3mm6NVitujjKZoD0ovfeHEU9CUMglM6ZXdWP0U6ZRcAnjYj8xEDN+zS6hZ6liIRg/zZPHdCcxDCMag6ZC0lyE7xspC40ZhYGdDBlemd9eJv7l9RK8aPqpUHGCoHgWhEJCHmS4FrYWoEOhAZFllwMVinKmGSJoQRnnVkxsT0Xbx9en6f+kW7OdVfaPvXLLmzRTIFtkm+ySKmmQFjkibdIhnNySe/JAHp0758l5dl4+R6ecyc4G+QHn9QMr35o2</latexit>

c(i)n

<latexit sha1_base64="0Fdy60+aX32uQrWu5NFgh5b1wHg=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRAZcAW8kXjxilEcCGzI7NDhh9pGZXg0hfIJXPXkzXv0eD/6Lw4qJGq1Tpao7XV1+rKRBxt6czNLyyupadj23sbm1vZPf3WuZKNECmiJSke743ICSITRRooJOrIEHvoK2Pz6f++1b0EZG4TVOYvACPgrlUAqOVrpq90/6+QIrlirVyhmjrFiuVctuzRK34tZYmZaKLEWBLNDo5997g0gkAYQoFDemW2IxelOuUQoFs1wvMRBzMeYj6Foa8gCMN02jzuhRYjhGNAZNpaKpCN83pjwwZhL4djLgeGN+e3PxL6+b4LDmTWUYJwihmB9CqSA9ZISWtgOgA6kBkc+TA5UhFVxzRNCSciGsmNhScraPr6fp/6RVtp0VTy/dQp0tmsmSA3JIjkmJVEmdXJAGaRJBRuSePJBH5855cp6dl8/RjLPY2Sc/4Lx+APzZklI=</latexit>

W3

<latexit sha1_base64="KdNepIRlQ41IL8cDhQAFLqzYaz0=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHbJCuuNxItHjPJIgJDZocEJs4/M9GqQ8Ale9eTNePV7PPgvzq6YqNE6Vaq609Xlx1JotO03K7e0vLK6ll8vbGxube8Ud/daOkoUhyaPZKQ6PtMgRQhNFCihEytggS+h7U/OUr99A0qLKLzCaQz9gI1DMRKcoZEu7wbOoFiyy061Vj21qV2ueLWK6xniVl3PrlCnbGcokQUag+J7bxjxJIAQuWRadx07xv6MKRRcwrzQSzTEjE/YGLqGhiwA3Z9lUef0KNEMIxqDokLSTITvGzMWaD0NfDMZMLzWv71U/MvrJjjy+jMRxglCyNNDKCRkhzRXwnQAdCgUILI0OVARUs4UQwQlKOPciIkppWD6+Hqa/k9aFdNZ+eTCLdXdRTN5ckAOyTFxSI3UyTlpkCbhZEzuyQN5tG6tJ+vZevkczVmLnX3yA9brBzHRknc=</latexit>z1

<latexit sha1_base64="UA5wGxbeK1jP6daYJLb6XXh/qHs=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRJbNCuuNxItHjPJIgJDZocEJs4/M9GqQ8Ale9eTNePV7PPgvzq6YqNE6Vaq609Xlx1JotO03K7e0vLK6ll8vbGxube8Ud/daOkoUhyaPZKQ6PtMgRQhNFCihEytggS+h7U/OUr99A0qLKLzCaQz9gI1DMRKcoZEu7wbOoFiyy5VqrXpqU7vseDXH9Qxxq65nO7RStjOUyAKNQfG9N4x4EkCIXDKtuxU7xv6MKRRcwrzQSzTEjE/YGLqGhiwA3Z9lUef0KNEMIxqDokLSTITvGzMWaD0NfDMZMLzWv71U/MvrJjjy+jMRxglCyNNDKCRkhzRXwnQAdCgUILI0OVARUs4UQwQlKOPciIkppWD6+Hqa/k9ajumsfHLhluruopk8OSCH5JhUSI3UyTlpkCbhZEzuyQN5tG6tJ+vZevkczVmLnX3yA9brBzNgkng=</latexit>z2

<latexit sha1_base64="NZyZw+1eEhqrNb2Ku3+pC6e6sAQ=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtFlwhfVG4sUjRgETIGR2aHDC7CMzvRrc8Ale9eTNePV7PPgvziImarROlarudHX5sRQaHefNyi0sLi2v5FcLa+sbm1vF7Z2WjhLFockjGakrn2mQIoQmCpRwFStggS+h7Y9PM799A0qLKLzESQy9gI1CMRScoZEu7vpH/WLJscvVWvXEoY5d8WoV1zPErbqeU6Fl25mhROZo9Ivv3UHEkwBC5JJp3Sk7MfZSplBwCdNCN9EQMz5mI+gYGrIAdC+dRZ3Sg0QzjGgMigpJZyJ830hZoPUk8M1kwPBa//Yy8S+vk+DQ66UijBOEkGeHUEiYHdJcCdMB0IFQgMiy5EBFSDlTDBGUoIxzIyamlILp4+tp+j9pVUxn9vG5W6q782byZI/sk0NSJjVSJ2ekQZqEkxG5Jw/k0bq1nqxn6+VzNGfNd3bJD1ivHzTvknk=</latexit>z3

<latexit sha1_base64="fb29uzFzBakhU+LYnTLsI8grLsk="></latexit>

W3 =
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<latexit sha1_base64="0Fdy60+aX32uQrWu5NFgh5b1wHg=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRAZcAW8kXjxilEcCGzI7NDhh9pGZXg0hfIJXPXkzXv0eD/6Lw4qJGq1Tpao7XV1+rKRBxt6czNLyyupadj23sbm1vZPf3WuZKNECmiJSke743ICSITRRooJOrIEHvoK2Pz6f++1b0EZG4TVOYvACPgrlUAqOVrpq90/6+QIrlirVyhmjrFiuVctuzRK34tZYmZaKLEWBLNDo5997g0gkAYQoFDemW2IxelOuUQoFs1wvMRBzMeYj6Foa8gCMN02jzuhRYjhGNAZNpaKpCN83pjwwZhL4djLgeGN+e3PxL6+b4LDmTWUYJwihmB9CqSA9ZISWtgOgA6kBkc+TA5UhFVxzRNCSciGsmNhScraPr6fp/6RVtp0VTy/dQp0tmsmSA3JIjkmJVEmdXJAGaRJBRuSePJBH5855cp6dl8/RjLPY2Sc/4Lx+APzZklI=</latexit>

W3

<latexit sha1_base64="KdNepIRlQ41IL8cDhQAFLqzYaz0=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHbJCuuNxItHjPJIgJDZocEJs4/M9GqQ8Ale9eTNePV7PPgvzq6YqNE6Vaq609Xlx1JotO03K7e0vLK6ll8vbGxube8Ud/daOkoUhyaPZKQ6PtMgRQhNFCihEytggS+h7U/OUr99A0qLKLzCaQz9gI1DMRKcoZEu7wbOoFiyy061Vj21qV2ueLWK6xniVl3PrlCnbGcokQUag+J7bxjxJIAQuWRadx07xv6MKRRcwrzQSzTEjE/YGLqGhiwA3Z9lUef0KNEMIxqDokLSTITvGzMWaD0NfDMZMLzWv71U/MvrJjjy+jMRxglCyNNDKCRkhzRXwnQAdCgUILI0OVARUs4UQwQlKOPciIkppWD6+Hqa/k9aFdNZ+eTCLdXdRTN5ckAOyTFxSI3UyTlpkCbhZEzuyQN5tG6tJ+vZevkczVmLnX3yA9brBzHRknc=</latexit>z1

<latexit sha1_base64="UA5wGxbeK1jP6daYJLb6XXh/qHs=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRJbNCuuNxItHjPJIgJDZocEJs4/M9GqQ8Ale9eTNePV7PPgvzq6YqNE6Vaq609Xlx1JotO03K7e0vLK6ll8vbGxube8Ud/daOkoUhyaPZKQ6PtMgRQhNFCihEytggS+h7U/OUr99A0qLKLzCaQz9gI1DMRKcoZEu7wbOoFiyy5VqrXpqU7vseDXH9Qxxq65nO7RStjOUyAKNQfG9N4x4EkCIXDKtuxU7xv6MKRRcwrzQSzTEjE/YGLqGhiwA3Z9lUef0KNEMIxqDokLSTITvGzMWaD0NfDMZMLzWv71U/MvrJjjy+jMRxglCyNNDKCRkhzRXwnQAdCgUILI0OVARUs4UQwQlKOPciIkppWD6+Hqa/k9ajumsfHLhluruopk8OSCH5JhUSI3UyTlpkCbhZEzuyQN5tG6tJ+vZevkczVmLnX3yA9brBzNgkng=</latexit>z2

<latexit sha1_base64="NZyZw+1eEhqrNb2Ku3+pC6e6sAQ=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtFlwhfVG4sUjRgETIGR2aHDC7CMzvRrc8Ale9eTNePV7PPgvziImarROlarudHX5sRQaHefNyi0sLi2v5FcLa+sbm1vF7Z2WjhLFockjGakrn2mQIoQmCpRwFStggS+h7Y9PM799A0qLKLzESQy9gI1CMRScoZEu7vpH/WLJscvVWvXEoY5d8WoV1zPErbqeU6Fl25mhROZo9Ivv3UHEkwBC5JJp3Sk7MfZSplBwCdNCN9EQMz5mI+gYGrIAdC+dRZ3Sg0QzjGgMigpJZyJ830hZoPUk8M1kwPBa//Yy8S+vk+DQ66UijBOEkGeHUEiYHdJcCdMB0IFQgMiy5EBFSDlTDBGUoIxzIyamlILp4+tp+j9pVUxn9vG5W6q782byZI/sk0NSJjVSJ2ekQZqEkxG5Jw/k0bq1nqxn6+VzNGfNd3bJD1ivHzTvknk=</latexit>z3

• The symbols and denote projective transformations that are related to the choice
of local coordinates around the 3 punctures.

• A convenient choice is the symmetric one suggested by C. Lovelace:

• Once the local coordinates are chosen, the coefficients                           and                                
are given by 

• Everything is very explicit! 

Operator formalism & sewing procedure

<latexit sha1_base64="Y01gs+ppDXnn+WNNVhChgyYi0oI=">AAACAHicdVC7TsNAEDzzDOEVoKQ5ESFBEzmRSUwXCQpKkEhACsY6HwscOZ+tuzVSZKXhK2ihokO0/AkF/8I5BAkQTDWa2dXOTpRKYdB135yJyanpmdnSXHl+YXFpubKy2jVJpjl0eCITfRoxA1Io6KBACaepBhZHEk6i/l7hn9yCNiJRxzhIIYjZlRKXgjO00vl+mKt4uNUJRTe82Q4rVbdWb7aauy51aw2/1fB8S7ym57sNWq+5I1TJGIdh5f3sIuFZDAq5ZMb06m6KQc40Ci5hWD7LDKSM99kV9CxVLAYT5KPUQ7qZGYYJTUFTIelIhO8bOYuNGcSRnYwZXpvfXiH+5fUyvPSDXKg0Q1C8OIRCwuiQ4VrYOoBeCA2IrEgOVCjKmWaIoAVlnFsxs/2UbR9fT9P/SbdhO6vtHHnVtjdupkTWyQbZInXSIm1yQA5Jh3CiyT15II/OnfPkPDsvn6MTznhnjfyA8/oBGuWW3g==</latexit>

Dnm(UiVj)
<latexit sha1_base64="TED2WZUlF2sXKj6cuGHwajKA5P4="></latexit>

Enm(UiVj)

<latexit sha1_base64="BL1223kHsuLKHjvElwJ0j2eMtYk=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBA8LbvLmsRbwIvHiOYByRJmJ504ZPbBTK8SQj7Bq568iVe/x4P/4myMoKJ1Kqq66eoKUyk0Os6btbS8srq2Xtgobm5t7+yW9vZbOskUhyZPZKI6IdMgRQxNFCihkypgUSihHY7Pc799C0qLJL7GSQpBxEaxGArO0EhXzb7ol8qO7VaqlTOHOrZXq3p+zRC/4tccj7q2M0eZLNDol957g4RnEcTIJdO66zopBlOmUHAJs2Iv05AyPmYj6Boaswh0MJ1HndHjTDNMaAqKCknnInzfmLJI60kUmsmI4Y3+7eXiX143w2EtmIo4zRBinh9CIWF+SHMlTAdAB0IBIsuTAxUx5UwxRFCCMs6NmJlSiqaPr6fp/6Tlmc7s00u/XPcXzRTIITkiJ8QlVVInF6RBmoSTEbknD+TRurOerGfr5XN0yVrsHJAfsF4/AE8kkoo=</latexit>

Ui
<latexit sha1_base64="+H53RAUsAHsFyzTbw2HpZcOXf/Q=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBA8hU1Yk/UW8OIxonlAsoTZSScOmX0w06uEJZ/gVU/exKvf48F/cXaNoKJ1Kqq66eryYyk02vabtbS8srq2Xtgobm5t7+yW9vY7OkoUhzaPZKR6PtMgRQhtFCihFytggS+h60/PM797C0qLKLzGWQxewCahGAvO0EhXnaEYlsp2pVpv1M9saldqbqPmuIY4dce1a7RasXOUyQKtYel9MIp4EkCIXDKt+1U7Ri9lCgWXMC8OEg0x41M2gb6hIQtAe2kedU6PE80wojEoKiTNRfi+kbJA61ngm8mA4Y3+7WXiX14/wbHrpSKME4SQZ4dQSMgPaa6E6QDoSChAZFlyoCKknCmGCEpQxrkRE1NK0fTx9TT9n3RqprPK6aVTbjqLZgrkkByRE1IlDdIkF6RF2oSTCbknD+TRurOerGfr5XN0yVrsHJAfsF4/AFC1kos=</latexit>

Vi

<latexit sha1_base64="Vk5rOV0h2eRAHXuxmQ+0do30r1c="></latexit>

Ui =

 
zi�1 zi zi+1

0 1 1

!
, Vi =

 
1 0 1

zi�1 zi zi+1

!

<latexit sha1_base64="der5MpZ9zVrWOpXm/HKMTRKSbUk="></latexit>

Dnm(�(z)) =
1

m!

@m

@zm
⇥
�(z)n

⇤���
z=0

, Enm(�(z)) =
1

(m+ 1)!

@m+1

@zm+1

⇥
�(z)n+1

⇤���
z=0



• The 3-Reggeon vertex satisfies the following properties:

• It is BRST invariant

• It is cyclic symmetric

• It reproduces the dual 3-point functions among 3 arbitrary physical states of the string
spectrum at tree level

• At tree level, the addition of ghosts and anti-ghosts is redundant, but it is important in
the sewing procedure leading to the multiloop amplitudes.

<latexit sha1_base64="0Fdy60+aX32uQrWu5NFgh5b1wHg=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRAZcAW8kXjxilEcCGzI7NDhh9pGZXg0hfIJXPXkzXv0eD/6Lw4qJGq1Tpao7XV1+rKRBxt6czNLyyupadj23sbm1vZPf3WuZKNECmiJSke743ICSITRRooJOrIEHvoK2Pz6f++1b0EZG4TVOYvACPgrlUAqOVrpq90/6+QIrlirVyhmjrFiuVctuzRK34tZYmZaKLEWBLNDo5997g0gkAYQoFDemW2IxelOuUQoFs1wvMRBzMeYj6Foa8gCMN02jzuhRYjhGNAZNpaKpCN83pjwwZhL4djLgeGN+e3PxL6+b4LDmTWUYJwihmB9CqSA9ZISWtgOgA6kBkc+TA5UhFVxzRNCSciGsmNhScraPr6fp/6RVtp0VTy/dQp0tmsmSA3JIjkmJVEmdXJAGaRJBRuSePJBH5855cp6dl8/RjLPY2Sc/4Lx+APzZklI=</latexit>

W3

<latexit sha1_base64="KdNepIRlQ41IL8cDhQAFLqzYaz0=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHbJCuuNxItHjPJIgJDZocEJs4/M9GqQ8Ale9eTNePV7PPgvzq6YqNE6Vaq609Xlx1JotO03K7e0vLK6ll8vbGxube8Ud/daOkoUhyaPZKQ6PtMgRQhNFCihEytggS+h7U/OUr99A0qLKLzCaQz9gI1DMRKcoZEu7wbOoFiyy061Vj21qV2ueLWK6xniVl3PrlCnbGcokQUag+J7bxjxJIAQuWRadx07xv6MKRRcwrzQSzTEjE/YGLqGhiwA3Z9lUef0KNEMIxqDokLSTITvGzMWaD0NfDMZMLzWv71U/MvrJjjy+jMRxglCyNNDKCRkhzRXwnQAdCgUILI0OVARUs4UQwQlKOPciIkppWD6+Hqa/k9aFdNZ+eTCLdXdRTN5ckAOyTFxSI3UyTlpkCbhZEzuyQN5tG6tJ+vZevkczVmLnX3yA9brBzHRknc=</latexit>z1

<latexit sha1_base64="UA5wGxbeK1jP6daYJLb6XXh/qHs=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRJbNCuuNxItHjPJIgJDZocEJs4/M9GqQ8Ale9eTNePV7PPgvzq6YqNE6Vaq609Xlx1JotO03K7e0vLK6ll8vbGxube8Ud/daOkoUhyaPZKQ6PtMgRQhNFCihEytggS+h7U/OUr99A0qLKLzCaQz9gI1DMRKcoZEu7wbOoFiyy5VqrXpqU7vseDXH9Qxxq65nO7RStjOUyAKNQfG9N4x4EkCIXDKtuxU7xv6MKRRcwrzQSzTEjE/YGLqGhiwA3Z9lUef0KNEMIxqDokLSTITvGzMWaD0NfDMZMLzWv71U/MvrJjjy+jMRxglCyNNDKCRkhzRXwnQAdCgUILI0OVARUs4UQwQlKOPciIkppWD6+Hqa/k9ajumsfHLhluruopk8OSCH5JhUSI3UyTlpkCbhZEzuyQN5tG6tJ+vZevkczVmLnX3yA9brBzNgkng=</latexit>z2

<latexit sha1_base64="NZyZw+1eEhqrNb2Ku3+pC6e6sAQ=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtFlwhfVG4sUjRgETIGR2aHDC7CMzvRrc8Ale9eTNePV7PPgvziImarROlarudHX5sRQaHefNyi0sLi2v5FcLa+sbm1vF7Z2WjhLFockjGakrn2mQIoQmCpRwFStggS+h7Y9PM799A0qLKLzESQy9gI1CMRScoZEu7vpH/WLJscvVWvXEoY5d8WoV1zPErbqeU6Fl25mhROZo9Ivv3UHEkwBC5JJp3Sk7MfZSplBwCdNCN9EQMz5mI+gYGrIAdC+dRZ3Sg0QzjGgMigpJZyJ830hZoPUk8M1kwPBa//Yy8S+vk+DQ66UijBOEkGeHUEiYHdJcCdMB0IFQgMiy5EBFSDlTDBGUoIxzIyamlILp4+tp+j9pVUxn9vG5W6q782byZI/sk0NSJjVSJ2ekQZqEkxG5Jw/k0bq1nqxn6+VzNGfNd3bJD1ivHzTvknk=</latexit>z3

Operator formalism & sewing procedure

<latexit sha1_base64="YPj95Euf366gfKksBB485nCl18I="></latexit>

W3 (Q1 +Q2 +Q3) = 0

<latexit sha1_base64="i+nbFV3XYKeg2L8klxKQP39n/l8="></latexit>

W3(z1, z2, z3) = W3(z2, z3, z1) = W3(z3, z1, z2)

<latexit sha1_base64="VRAsPn7nCEccopLkttaj3Bc9KUM="></latexit>

W3 |physi1 |physi2 |physi3 = Atree(1, 2, 3)



• The second ingredient is the BRST invariant propagator. The basic idea is to sew together
several 3-string vertices to obtain vertices with 4, 5, … legs. For example:

• The twisted BRST invariant propagator is

The “usual” BRST propagator is

Operator formalism & sewing procedure

<latexit sha1_base64="0Fdy60+aX32uQrWu5NFgh5b1wHg=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRAZcAW8kXjxilEcCGzI7NDhh9pGZXg0hfIJXPXkzXv0eD/6Lw4qJGq1Tpao7XV1+rKRBxt6czNLyyupadj23sbm1vZPf3WuZKNECmiJSke743ICSITRRooJOrIEHvoK2Pz6f++1b0EZG4TVOYvACPgrlUAqOVrpq90/6+QIrlirVyhmjrFiuVctuzRK34tZYmZaKLEWBLNDo5997g0gkAYQoFDemW2IxelOuUQoFs1wvMRBzMeYj6Foa8gCMN02jzuhRYjhGNAZNpaKpCN83pjwwZhL4djLgeGN+e3PxL6+b4LDmTWUYJwihmB9CqSA9ZISWtgOgA6kBkc+TA5UhFVxzRNCSciGsmNhScraPr6fp/6RVtp0VTy/dQp0tmsmSA3JIjkmJVEmdXJAGaRJBRuSePJBH5855cp6dl8/RjLPY2Sc/4Lx+APzZklI=</latexit>

W3
<latexit sha1_base64="0Fdy60+aX32uQrWu5NFgh5b1wHg=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRAZcAW8kXjxilEcCGzI7NDhh9pGZXg0hfIJXPXkzXv0eD/6Lw4qJGq1Tpao7XV1+rKRBxt6czNLyyupadj23sbm1vZPf3WuZKNECmiJSke743ICSITRRooJOrIEHvoK2Pz6f++1b0EZG4TVOYvACPgrlUAqOVrpq90/6+QIrlirVyhmjrFiuVctuzRK34tZYmZaKLEWBLNDo5997g0gkAYQoFDemW2IxelOuUQoFs1wvMRBzMeYj6Foa8gCMN02jzuhRYjhGNAZNpaKpCN83pjwwZhL4djLgeGN+e3PxL6+b4LDmTWUYJwihmB9CqSA9ZISWtgOgA6kBkc+TA5UhFVxzRNCSciGsmNhScraPr6fp/6RVtp0VTy/dQp0tmsmSA3JIjkmJVEmdXJAGaRJBRuSePJBH5855cp6dl8/RjLPY2Sc/4Lx+APzZklI=</latexit>

W3
<latexit sha1_base64="s7BDydL0amDhPqQumOaVEiVxt0M=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBA8hUlYk/UW8OIxonlAsoTZSScOmX0w06uEkE/wqidv4tXv8eC/OBsjqGidiqpuurqCREmDjL05S8srq2vruY385tb2zm5hb79l4lQLaIpYxboTcANKRtBEiQo6iQYeBgrawfg889u3oI2Mo2ucJOCHfBTJoRQcrXTV7rv9QpGVytVa9YxRVqp4tYrrWeJWXY9VaLnE5iiSBRr9wntvEIs0hAiF4sZ0yyxBf8o1SqFglu+lBhIuxnwEXUsjHoLxp/OoM3qcGo4xTUBTqehchO8bUx4aMwkDOxlyvDG/vUz8y+umOPT8qYySFCES2SGUCuaHjNDSdgB0IDUg8iw5UBlRwTVHBC0pF8KKqS0lb/v4epr+T1oV21np9NIt1tmimRw5JEfkhJRJjdTJBWmQJhFkRO7JA3l07pwn59l5+RxdchY7B+QHnNcP/miSUw==</latexit>

W4

<latexit sha1_base64="5eU53cUKmZM78FkUgUpsjUdJf9U=">AAACA3icdVA9SwNBEN2L3/ErammzGASrcAlnEruAjYWFgvmAJIS5dYyLe3vH7pwiIaW/wlYrO7H1h1j4X9yLEVT0VY/3Zpg3L0yUtOT7b15uZnZufmFxKb+8srq2XtjYbNk4NQKbIlax6YRgUUmNTZKksJMYhChU2A6vDjO/fY3Gylif0W2C/QiGWl5IAeSkQWG9dxzroZHDSwJj4ptBoeiXytVa9cDnfqlSr1WCuiNBNaj7FV4u+RMU2RQng8J77zwWaYSahAJru2U/of4IDEmhcJzvpRYTEFcwxK6jGiK0/dEk+JjvphYo5gkaLhWfiPh9YwSRtbdR6CYjoEv728vEv7xuShf1/kjqJCXUIjtEUuHkkBVGukaQn0uDRJAlRy41F2CACI3kIIQTU1dR3vXx9TT/n7QqrrPS/mlQbATTZhbZNtthe6zMaqzBjtgJazLBUnbPHtijd+c9ec/ey+dozpvubLEf8F4/AJ3fmEs=</latexit>

=)

twisted BRST invariant propagator 
Paolo et al

<latexit sha1_base64="G+tziV4yxTA6+5rl0wEqqFTjyy8="></latexit>

P = (b0 � b1)

Z 1

0

dx

x(1� x)
P (x) where P (x) =

 
0 1 1

x 1 0

!

<latexit sha1_base64="6iwG2j3u3Ji2QKLnB0i+4TPcCnc="></latexit>

b0
L0

= b0

Z 1

0

dx

x
P (x) where P (x) =

 
0 1 1

0 1 x

!



• By repeatedly sewing vertices with twisted BRST invariant propagators, we obtain the N-
Reggeon vertex:

• Now the coefficients and are functions of the Koba-
Nielsen variables that are not fixed, over which one has to integrate to obtain the tree-
level N-string amplitude.

• Again, at tree-level the addition of the ghost part is redundant, but it becomes crucial for
the multi-loop amplitudes!

Operator formalism & sewing procedure

<latexit sha1_base64="gO68ZuUD2DPH+EgvGXKdy1ZTaMM=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgadksMVlvAS+eJIJ5QBLC7KQTh8w+mOkVwpJv8Konb+LVz/Hgvzi7RlDROhVV3XR1+bEUGh3nzSqsrK6tbxQ3S1vbO7t75f2Djo4SxaHNIxmpns80SBFCGwVK6MUKWOBL6Pqzi8zv3oHSIgpvcB7DMGDTUEwEZ2ikdneUXi1G5YpjV+uN+rlDHdv1Gm7NM6RWr3mOS6u2k6NClmiNyu+DccSTAELkkmndrzoxDlOmUHAJi9Ig0RAzPmNT6BsasgD0MM3DLuhJohlGNAZFhaS5CN83UhZoPQ98MxkwvNW/vUz8y+snOPGGqQjjBCHk2SEUEvJDmithWgA6FgoQWZYcqAgpZ4ohghKUcW7ExNRSMn18PU3/Jx3XdGafXdcqTXfZTJEckWNySqqkQZrkkrRIm3AiyD15II/W3Hqynq2Xz9GCtdw5JD9gvX4A9saTew==</latexit>

WN

<latexit sha1_base64="Y01gs+ppDXnn+WNNVhChgyYi0oI=">AAACAHicdVC7TsNAEDzzDOEVoKQ5ESFBEzmRSUwXCQpKkEhACsY6HwscOZ+tuzVSZKXhK2ihokO0/AkF/8I5BAkQTDWa2dXOTpRKYdB135yJyanpmdnSXHl+YXFpubKy2jVJpjl0eCITfRoxA1Io6KBACaepBhZHEk6i/l7hn9yCNiJRxzhIIYjZlRKXgjO00vl+mKt4uNUJRTe82Q4rVbdWb7aauy51aw2/1fB8S7ym57sNWq+5I1TJGIdh5f3sIuFZDAq5ZMb06m6KQc40Ci5hWD7LDKSM99kV9CxVLAYT5KPUQ7qZGYYJTUFTIelIhO8bOYuNGcSRnYwZXpvfXiH+5fUyvPSDXKg0Q1C8OIRCwuiQ4VrYOoBeCA2IrEgOVCjKmWaIoAVlnFsxs/2UbR9fT9P/SbdhO6vtHHnVtjdupkTWyQbZInXSIm1yQA5Jh3CiyT15II/OnfPkPDsvn6MTznhnjfyA8/oBGuWW3g==</latexit>

Dnm(UiVj)
<latexit sha1_base64="TED2WZUlF2sXKj6cuGHwajKA5P4="></latexit>

Enm(UiVj)
<latexit sha1_base64="ppZP1S13L5gUHHpszAyTuXP2Kz8=">AAAB93icdVDLTgJBEJzFF+IL9ehlIjHBg2RZEdYbiRdPBhMXSICQ2aHBCbOPzPSaEMI3eNWTN+PVz/HgvzismKjROlWqutPV5cdSaLTtNyuztLyyupZdz21sbm3v5Hf3mjpKFAePRzJSbZ9pkCIEDwVKaMcKWOBLaPnji7nfugOlRRTe4CSGXsBGoRgKztBIXvHq5PS4ny/YpXK1Vj23qV1y3JpTcQ2pVCuu7dByyU5RIAs0+vn37iDiSQAhcsm07pTtGHtTplBwCbNcN9EQMz5mI+gYGrIAdG+ahp3Ro0QzjGgMigpJUxG+b0xZoPUk8M1kwPBW//bm4l9eJ8Gh25uKME4QQj4/hEJCekhzJUwLQAdCASKbJwcqQsqZYoigBGWcGzExteRMH19P0/9J0zGdlc6uK4W6s2gmSw7IISmSMqmROrkkDeIRTgS5Jw/k0ZpYT9az9fI5mrEWO/vkB6zXD2q+kn4=</latexit>

(N � 3)

Paolo et al 

<latexit sha1_base64="8lYdsdX4mLxtyIcuTTcjkr4yBf0="></latexit>

WN =

✓
1

dVabc

Z NY

i=1

dzi
(zi+1 � zi)

ih⌦|
◆
exp

h
� 1

2

NX

i 6=j=1

1X

n,m=0

a(i)n Dnm(UiVj) a
(j)
m

i
�(p1 + · · ·+ pN )

⇥ exp
h
� 1

2

NX

i 6=j=1

1X

n=2

1X

m=�1

c(i)n Enm(UiVj) b
(j)
m

i
⇥ “anti-ghost �-functions”



• The N-Reggeon vertex:

1. is BRST invariant

2. is cyclic symmetric; for example

Operator formalism & sewing procedure

<latexit sha1_base64="gO68ZuUD2DPH+EgvGXKdy1ZTaMM=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgadksMVlvAS+eJIJ5QBLC7KQTh8w+mOkVwpJv8Konb+LVz/Hgvzi7RlDROhVV3XR1+bEUGh3nzSqsrK6tbxQ3S1vbO7t75f2Djo4SxaHNIxmpns80SBFCGwVK6MUKWOBL6Pqzi8zv3oHSIgpvcB7DMGDTUEwEZ2ikdneUXi1G5YpjV+uN+rlDHdv1Gm7NM6RWr3mOS6u2k6NClmiNyu+DccSTAELkkmndrzoxDlOmUHAJi9Ig0RAzPmNT6BsasgD0MM3DLuhJohlGNAZFhaS5CN83UhZoPQ98MxkwvNW/vUz8y+snOPGGqQjjBCHk2SEUEvJDmithWgA6FgoQWZYcqAgpZ4ohghKUcW7ExNRSMn18PU3/Jx3XdGafXdcqTXfZTJEckWNySqqkQZrkkrRIm3AiyD15II/W3Hqynq2Xz9GCtdw5JD9gvX4A9saTew==</latexit>

WN

<latexit sha1_base64="TZYlmBPaV0N5JpeNnudEzLwz2AM="></latexit>

WN (Q1 +Q2 + · · ·+QN ) = 0

<latexit sha1_base64="pOIod+5YhZQPibNWfvbe+cEE1/k="></latexit>

W4(1, 2, 3, 4) = W4(2, 3, 4, 1)

1

1 1

1

2

2

2

2

2 1

3

3 3 3

3

4

4

4

4

4

<latexit sha1_base64="s7BDydL0amDhPqQumOaVEiVxt0M=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBA8hUlYk/UW8OIxonlAsoTZSScOmX0w06uEkE/wqidv4tXv8eC/OBsjqGidiqpuurqCREmDjL05S8srq2vruY385tb2zm5hb79l4lQLaIpYxboTcANKRtBEiQo6iQYeBgrawfg889u3oI2Mo2ucJOCHfBTJoRQcrXTV7rv9QpGVytVa9YxRVqp4tYrrWeJWXY9VaLnE5iiSBRr9wntvEIs0hAiF4sZ0yyxBf8o1SqFglu+lBhIuxnwEXUsjHoLxp/OoM3qcGo4xTUBTqehchO8bUx4aMwkDOxlyvDG/vUz8y+umOPT8qYySFCES2SGUCuaHjNDSdgB0IDUg8iw5UBlRwTVHBC0pF8KKqS0lb/v4epr+T1oV21np9NIt1tmimRw5JEfkhJRJjdTJBWmQJhFkRO7JA3l07pwn59l5+RxdchY7B+QHnNcP/miSUw==</latexit>

W4
<latexit sha1_base64="s7BDydL0amDhPqQumOaVEiVxt0M=">AAAB9XicdVDLSgNBEJz1GeMr6tHLYBA8hUlYk/UW8OIxonlAsoTZSScOmX0w06uEkE/wqidv4tXv8eC/OBsjqGidiqpuurqCREmDjL05S8srq2vruY385tb2zm5hb79l4lQLaIpYxboTcANKRtBEiQo6iQYeBgrawfg889u3oI2Mo2ucJOCHfBTJoRQcrXTV7rv9QpGVytVa9YxRVqp4tYrrWeJWXY9VaLnE5iiSBRr9wntvEIs0hAiF4sZ0yyxBf8o1SqFglu+lBhIuxnwEXUsjHoLxp/OoM3qcGo4xTUBTqehchO8bUx4aMwkDOxlyvDG/vUz8y+umOPT8qYySFCES2SGUCuaHjNDSdgB0IDUg8iw5UBlRwTVHBC0pF8KKqS0lb/v4epr+T1oV21np9NIt1tmimRw5JEfkhJRJjdTJBWmQJhFkRO7JA3l07pwn59l5+RxdchY7B+QHnNcP/miSUw==</latexit>

W4
This property is crucial for 
the (s,t)-duality:

s
t



• The N-Reggeon vertex:

1. is BRST invariant

2. is cyclic symmetric; for example

• The BRST invariant N-Reggeon vertex reproduces correctly the N-point amplitudes at tree
level for arbitrary physical states

• Most importantly, it can be used to obtain multi-loop amplitudes!

Operator formalism & sewing procedure

<latexit sha1_base64="gO68ZuUD2DPH+EgvGXKdy1ZTaMM=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgadksMVlvAS+eJIJ5QBLC7KQTh8w+mOkVwpJv8Konb+LVz/Hgvzi7RlDROhVV3XR1+bEUGh3nzSqsrK6tbxQ3S1vbO7t75f2Djo4SxaHNIxmpns80SBFCGwVK6MUKWOBL6Pqzi8zv3oHSIgpvcB7DMGDTUEwEZ2ikdneUXi1G5YpjV+uN+rlDHdv1Gm7NM6RWr3mOS6u2k6NClmiNyu+DccSTAELkkmndrzoxDlOmUHAJi9Ig0RAzPmNT6BsasgD0MM3DLuhJohlGNAZFhaS5CN83UhZoPQ98MxkwvNW/vUz8y+snOPGGqQjjBCHk2SEUEvJDmithWgA6FgoQWZYcqAgpZ4ohghKUcW7ExNRSMn18PU3/Jx3XdGafXdcqTXfZTJEckWNySqqkQZrkkrRIm3AiyD15II/W3Hqynq2Xz9GCtdw5JD9gvX4A9saTew==</latexit>

WN

<latexit sha1_base64="TZYlmBPaV0N5JpeNnudEzLwz2AM="></latexit>

WN (Q1 +Q2 + · · ·+QN ) = 0

<latexit sha1_base64="pOIod+5YhZQPibNWfvbe+cEE1/k="></latexit>

W4(1, 2, 3, 4) = W4(2, 3, 4, 1)

<latexit sha1_base64="4LAgZjr3p7dT17kK7iwk8BM2jrM="></latexit>

WN |physi1 |physi2 · · · |physiN = Atree(1, 2, · · · , N)



• By pairwise sewing the legs of a 2g-Reggeon vertex with g twisted BRST invariant
propagators, we obtain the g-loop string partition function:

• In we have

Operator formalism & sewing procedure

<latexit sha1_base64="HBgygmS1+hxCm0UGMGit6zQm/5Y=">AAAB+HicdVDLSgNBEJz1GeMr6tHLYBA8hckSk3gLePEYwTwgWcLspBPHzD6Y6RXikn/wqidv4tW/8eC/OFkjqGidiqpuurr8WEmDjL05S8srq2vruY385tb2zm5hb79tokQLaIlIRbrrcwNKhtBCiQq6sQYe+Ao6/uR87nduQRsZhVc4jcEL+DiUIyk4WqndGaTueDYoFFmpXK1VzxhlJbdecyt1SyrVSp25tFxiGYpkgeag8N4fRiIJIEShuDG9MovRS7lGKRTM8v3EQMzFhI+hZ2nIAzBemqWd0ePEcIxoDJpKRTMRvm+kPDBmGvh2MuB4bX57c/Evr5fgqO6lMowThFDMD6FUkB0yQktbA9Ch1IDI58mBypAKrjkiaEm5EFZMbC9528fX0/R/0nZtZ6XTy0qxwRbN5MghOSInpExqpEEuSJO0iCA35J48kEfnznlynp2Xz9ElZ7FzQH7Aef0AkcWTzg==</latexit>

W2g

<latexit sha1_base64="xPqZV+L9Q+kS7vp9At8FbzsRiIg="></latexit>

Zg = Tr


W2g ⇥

gY

µ=1

Pµ

�

<latexit sha1_base64="+l8TJoetvsxOKVu2mV/BBJYJZ9k=">AAAB/3icdVA9SwNBEN2L3/ErammzGASrcAlnEjvBxlLBGDE5wtxmjEv2PtydE8KRwl9hq5Wd2PpTLPwv7sUIKvqqx3szzJsXJEoact03pzAzOze/sLhUXF5ZXVsvbWyemzjVAlsiVrG+CMCgkhG2SJLCi0QjhIHCdjA8yv32LWoj4+iMRgn6IQwieSUFkJX8bgh0LUBll+PeoFcqu5VqvVE/cLlbqTUbNa9piVf3mm6NVyvuBGU2xUmv9N7txyINMSKhwJhO1U3Iz0CTFArHxW5qMAExhAF2LI0gRONnk9BjvpsaoJgnqLlUfCLi940MQmNGYWAn85Dmt5eLf3mdlK6afiajJCWMRH6IpMLJISO0tG0g70uNRJAnRy4jLkADEWrJQQgrpraeou3j62n+Pzmv2c4q+6de+dCbNrPIttkO22NV1mCH7JidsBYT7Ibdswf26Nw5T86z8/I5WnCmO1vsB5zXD2hRlx8=</latexit>

Zg

<latexit sha1_base64="7v0yBMfq+h/FF9BDm7jnJ3hq+xk="></latexit>✓Z gY

µ=1

dxµ

xµ(1� xµ)

◆✓
1

dVabc

Z 2gY

i=1

dzi
(zi+1 � zi)

◆

from the g-propagators

from the 2g-Reggeon vertex 

(3g-3) integration variables

<latexit sha1_base64="QgZ/bgjNu+nduUoyuiHWFCyNBsE=">AAACB3icdVC7TkJBFNyLL8QXSmmzkZhgQxaCgB2JjSUm8kiAkL3LATfsfWT3XCO54QP8Clut7Iytn2Hhv7hcMVGjU01mztk5O26opEHG3pzUyura+kZ6M7O1vbO7l90/aJsg0gJaIlCB7rrcgJI+tFCigm6ogXuugo47PV/4nRvQRgb+Fc5CGHh84suxFBytNMzm+skbsYbRvFm4Hfa96GSYzbNiqVqrnjHKiuV6rVypW1KpVuqsTEtFliBPlmgOs+/9USAiD3wUihvTK7EQBzHXKIWCeaYfGQi5mPIJ9Cz1uQdmECfBc3ocGY4BDUFTqWgiwveNmHvGzDzXTnocr81vbyH+5fUiHNcHsfTDCMEXiyCUCpIgI7S0rQAdSQ2IfHE5UOlTwTVHBC0pF8KKka0pY/v4+jT9n7TLtrPi6WUl32DLZtLkkByRAimRGmmQC9IkLSLIjNyTB/Lo3DlPzrPz8jmacpY7OfIDzusHJYOZng==</latexit>

P (xµ)

• In each sewing one naturally 
introduces g new projective 
transformations 

(also Petersen + Sidenius) 

<latexit sha1_base64="mB3SzClZqsp+y2KpmRodKUic4V0=">AAACBXicdVC7SgNBFJ2N7/hKtLQZDIKFhtklJrETbCwVTBSSsMyO1zg4+2DmrhKWrf0KW63sxNbvsPBfnKwRVPRUh3Pu5Z57gkRJg4y9OaWp6ZnZufmF8uLS8spqpbrWNXGqBXRErGJ9HnADSkbQQYkKzhMNPAwUnAXXh2P/7Aa0kXF0iqMEBiEfRvJSCo5W8ivVjp/JvL/T9TOvH6a7bu5XaqzuNlvNfUZZ3Wu3vEbbkkaz0WYedeusQI1McOxX3vsXsUhDiFAobkzPZQkOMq5RCgV5uZ8aSLi45kPoWRrxEMwgK6LndCs1HGOagKZS0UKE7xsZD40ZhYGdDDlemd/eWPzL66V42R5kMkpShEiMD6FUUBwyQkvbCdALqQGRj5MDlREVXHNE0JJyIayY2pLKto+vp+n/pOvZzup7J43aAZs0M082yCbZJi5pkQNyRI5JhwhyS+7JA3l07pwn59l5+RwtOZOddfIDzusHwmOYPg==</latexit>

Ui V2µ�1
<latexit sha1_base64="9CrTS14Im2oOloXWF6K3b6pzk18=">AAACA3icdVC7SkNBFNwbXzE+ErW0WQyChYTNJSaxE2wsI5goJOGyd3MSV/c+2D0ryCWlX2GrlZ3Y+iEW/oubGEFFpxpmzuHMmTBV0iBjb15ubn5hcSm/XFhZXVsvljY2OyaxWkBbJCrRFyE3oGQMbZSo4CLVwKNQwXl4fTzxz29AG5nEZ3ibQj/io1gOpeDopKBUbAeZ34vsuLffCbKrcVAqs0q13qgfMsoqfrPh15qO1Oq1JvNptcKmKJMZWkHpvTdIhI0gRqG4Md0qS7GfcY1SKBgXetZAysU1H0HX0ZhHYPrZNPiY7lrDMaEpaCoVnYrwfSPjkTG3UegmI46X5rc3Ef/yuhaHzX4m49QixGJyCKWC6SEjtHSNAB1IDYh8khyojKngmiOClpQL4UTrKiq4Pr6epv+Tju86qxyc1spHbNZMnmyTHbJHqqRBjsgJaZE2EcSSe/JAHr0778l79l4+R3PebGeL/ID3+gHbXpfN</latexit>

U2µ Vj
<latexit sha1_base64="KGpbQAIYvmoRf9v9dQqPiRQHBk8="></latexit>

Sµ = V2µ�1 P (xµ)U2µ

Paolo et al



• The g projective transformations generate the so-called Schottky
group which can be used to describe a Riemann surface of genus g

• Any projective transformation, and so also , can be brought to a canonical form

• The projective transformations and define two isometric circles on the complex
plane whose boundaries can be identified to form a handle

Operator formalism & sewing procedure

<latexit sha1_base64="KGpbQAIYvmoRf9v9dQqPiRQHBk8="></latexit>

Sµ = V2µ�1 P (xµ)U2µ

<latexit sha1_base64="1vjuOfYfrGzFKitJDMTBaen23YY=">AAACAHicdVC7TgJBFJ3FF+ILtbSZSEysyO4GYe1IbCwxyiMBJLPDBSfMPjJz14RsaPwKW63sjK1/YuG/OKyYqNFTnZxz75w7x4+l0Gjbb1ZuaXlldS2/XtjY3NreKe7utXSUKA5NHslIdXymQYoQmihQQidWwAJfQtufnM399i0oLaLwCqcx9AM2DsVIcIZGuu5lL6QKhrPLgTMoluyyU61VT21ql12v5lY8QyrVime71CnbGUpkgcag+N4bRjwJIEQumdZdx46xnzKFgkuYFXqJhpjxCRtD19CQBaD7aZY5o0eJZhjRGBQVkmYifN9IWaD1NPDNZMDwRv/25uJfXjfBkddPRRgnCCGfB6GQkAVproSpA+hQKEBk88uBipByphgiKEEZ50ZMTD8F08fXp+n/pOWazsonF5VS3V00kycH5JAcE4fUSJ2ckwZpEk4UuScP5NG6s56sZ+vlczRnLXb2yQ9Yrx/7dpdq</latexit>

S1

<latexit sha1_base64="zN7Pgmhbl5igNgZOzqBj/OsDxmE=">AAACB3icdVC7TgJBFJ3FF+ILpbSZSExsJLsbBOxIbCwxyiMBJLPDBSfMPjJz14Rs+AC/wlYrO2PrZ1j4Lw4rJmr0VCfn3DvnzvEiKTTa9puVWVpeWV3Lruc2Nre2d/K7ey0dxopDk4cyVB2PaZAigCYKlNCJFDDfk9D2Jmdzv30LSoswuMJpBH2fjQMxEpyhkQb5Qi99I1EwnF0OnOvk2JkN8kW75FSqlVOb2iW3VnXLNUPKlXLNdqlTslMUyQKNQf69Nwx57EOAXDKtu44dYT9hCgWXMMv1Yg0R4xM2hq6hAfNB95M0eEYPY80wpBEoKiRNRfi+kTBf66nvmUmf4Y3+7c3Fv7xujKNaPxFBFCMEfB6EQkIapLkSphWgQ6EAkc0vByoCypliiKAEZZwbMTY15UwfX5+m/5OWazornVyUi3V30UyW7JMDckQcUiV1ck4apEk4mZJ78kAerTvryXq2Xj5HM9Zip0B+wHr9APVOmYE=</latexit>

S�1
1

<latexit sha1_base64="ysBer4RD/R53jdUy+GC+1CdkxHY=">AAAB+nicdVDLTgJBEJzFF+IL9ehlIjHxItndIKw3Ei8eMcojASSzQ4MTZx+Z6TUhKz/hVU/ejFd/xoP/4rBiokbrVKnqTleXH0uh0bbfrNzC4tLySn61sLa+sblV3N5p6ShRHJo8kpHq+EyDFCE0UaCETqyABb6Etn9zOvPbt6C0iMJLnMTQD9g4FCPBGRqpczFwr9IjZzooluyyU61VT2xql12v5lY8QyrVime71CnbGUpkjsag+N4bRjwJIEQumdZdx46xnzKFgkuYFnqJhpjxGzaGrqEhC0D30yzvlB4kmmFEY1BUSJqJ8H0jZYHWk8A3kwHDa/3bm4l/ed0ER14/FWGcIIR8dgiFhOyQ5kqYIoAOhQJENksOVISUM8UQQQnKODdiYpopmD6+nqb/k5ZrOisfn1dKdXfeTJ7skX1ySBxSI3VyRhqkSTiR5J48kEfrznqynq2Xz9GcNd/ZJT9gvX4AXiOUNQ==</latexit>

S�1
2

<latexit sha1_base64="ckXrEpnmZAOE58vemzzyArPHOUU=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRJbNCuuNxItHDPJIYENmhwYnzD4y06shGz7Bq568Ga9+jwf/xQExUaN1qlR1p6srSKTQaNtvVm5ldW19I79Z2Nre2d0r7h+0dZwqDi0ey1h1A6ZBighaKFBCN1HAwkBCJ5hczP3OLSgt4ugapwn4IRtHYiQ4QyM1mwNnUCzZ5Uq1Vj23qV12vJrjeoa4VdezHVop2wuUyBKNQfG9P4x5GkKEXDKtexU7QT9jCgWXMCv0Uw0J4xM2hp6hEQtB+9ki6oyepJphTBNQVEi6EOH7RsZCradhYCZDhjf6tzcX//J6KY48PxNRkiJEfH4IhYTFIc2VMB0AHQoFiGyeHKiIKGeKIYISlHFuxNSUUjB9fD1N/ydtx3RWPrtyS3Vn2UyeHJFjckoqpEbq5JI0SItwMib35IE8WnfWk/VsvXyO5qzlziH5Aev1A/Wgkk8=</latexit>

S2

<latexit sha1_base64="pC24tBkgJirDicSPi+MB5HxwzdA=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgKewua7LeAl48RjQPSEKYnXTikNkHM71CWPINXvXkTbz6OR78FydrBBWtU1HVTVdXkEih0bbfrMLK6tr6RnGztLW9s7tX3j9o6zhVHFo8lrHqBkyDFBG0UKCEbqKAhYGETjC9WPidO1BaxNENzhIYhGwSibHgDI3Uuh72w3RYrthVp1avndvUrrp+3fV8Q7ya59sudap2jgpZojksv/dHMU9DiJBLpnXPsRMcZEyh4BLmpX6qIWF8yibQMzRiIehBloed05NUM4xpAooKSXMRvm9kLNR6FgZmMmR4q397C/Evr5fi2B9kIkpShIgvDqGQkB/SXAnTAtCRUIDIFsmBiohyphgiKEEZ50ZMTS0l08fX0/R/0nZNZ9WzK6/ScJfNFMkROSanxCF10iCXpElahBNB7skDebRm1pP1bL18jhas5c4h+QHr9QPj45Nv</latexit>

Sµ
<latexit sha1_base64="Ai2hQl/vu2DJLTdOmSTdpWlZolg="></latexit>

Sµ(z)� ⌘µ
Sµ(z)� ⇠µ

= kµ
z � ⌘µ
z � ⇠µ

, |kµ|  1

and        are the attractive and repulsive fixed points,        is the multiplier<latexit sha1_base64="BD0nlzvbY0ahfdGXir8491iZSA0=">AAACCXicdVDLSgNBEJz1bXxFxZOXwSB4CpslJvEW8OJRwcRANoTeSRuHzD6Y6RXCki/wK7zqyZt49Ss8+C9O1ggqWqeiqnuqp4JESUOu++bMzS8sLi2vrBbW1jc2t4rbO20Tp1pgS8Qq1p0ADCoZYYskKewkGiEMFF4Fo9Opf3WL2sg4uqRxgr0QhpG8lgLISv3iXubnj2QaBxMfCfp+mE76xZJbrtTqtROXu2WvUfeqDUuqtWrD9Xil7OYosRnO+8V3fxCLNMSIhAJjuhU3oV4GmqRQOCn4qcEExAiG2LU0ghBNL8uTJ/wwNUAxT1BzqXgu4veNDEJjxmFgJ0OgG/Pbm4p/ed2Urhu9TEZJShiJaRBJhXmQEVraXpAPpEYimF6OXEZcgAYi1JKDEFZMbVEF28fXp/n/pO3ZzsrHF9VS05s1s8L22QE7YhVWZ012xs5ZiwmWsXv2wB6dO+fJeXZePkfnnNnOLvsB5/UDyQ6bKQ==</latexit>⌘µ
<latexit sha1_base64="1kpJXdiUlddOXLZ2rPLVb/TtGC8=">AAACCHicdVC7TgJBFJ31ifjCR2czkZhYkWWzAnYkNpaYyCNhCZkdLjhh9pGZu0bc8AN+ha1WdsbWv7DwXxxWTNToqU7OuXfOnePHUmi07TdrYXFpeWU1t5Zf39jc2i7s7LZ0lCgOTR7JSHV8pkGKEJooUEInVsACX0LbH5/N/PY1KC2i8BInMfQCNgrFUHCGRuoX9lMveyRVMJh6N6LvBcm0XyjapXKlWjm1qV1yalXHrRniVtya7dByyc5QJHM0+oV3bxDxJIAQuWRad8t2jL2UKRRcwjTvJRpixsdsBF1DQxaA7qVZ8JQeJZphRGNQVEiaifB9I2WB1pPAN5MBwyv925uJf3ndBIe1XirCOEEI+SwIhYQsSHMlTC1AB0IBIptdDlSElDPFEEEJyjg3YmJ6yps+vj5N/yctx3RWOrlwi3Vn3kyOHJBDckzKpErq5Jw0SJNwckvuyQN5tO6sJ+vZevkcXbDmO3vkB6zXDxEbmsY=</latexit>

⇠µ
<latexit sha1_base64="zixuiJeZ6cxt7tn/VAYkb6Qyjw0=">AAACBnicdVC7TgJBFJ3FF+ILsbSZSEysyO4GATsSG0tM5JGwhMwOF5ww+8jMXSPZ0PsVtlrZGVt/w8J/cVgxUaOnOjnn3jl3jh9LodG236zcyura+kZ+s7C1vbO7V9wvdXSUKA5tHslI9XymQYoQ2ihQQi9WwAJfQtefni/87g0oLaLwCmcxDAI2CcVYcIZGGhZLqZc9kioYzadDL0jmw2LZrji1eu3MpnbFbdTdasOQaq3asF3qVOwMZbJEa1h890YRTwIIkUumdd+xYxykTKHgEuYFL9EQMz5lE+gbGrIA9CDNYuf0ONEMIxqDokLSTITvGykLtJ4FvpkMGF7r395C/MvrJzhuDFIRxglCyBdBKCRkQZorYUoBOhIKENnicqAipJwphghKUMa5ERPTUsH08fVp+j/puKazyulltdx0l83kySE5IifEIXXSJBekRdqEk1tyTx7Io3VnPVnP1svnaM5a7hyQH7BePwBvsZng</latexit>

kµ

<latexit sha1_base64="pC24tBkgJirDicSPi+MB5HxwzdA=">AAAB93icdVDLSgNBEJyNrxhfUY9eBoPgKewua7LeAl48RjQPSEKYnXTikNkHM71CWPINXvXkTbz6OR78FydrBBWtU1HVTVdXkEih0bbfrMLK6tr6RnGztLW9s7tX3j9o6zhVHFo8lrHqBkyDFBG0UKCEbqKAhYGETjC9WPidO1BaxNENzhIYhGwSibHgDI3Uuh72w3RYrthVp1avndvUrrp+3fV8Q7ya59sudap2jgpZojksv/dHMU9DiJBLpnXPsRMcZEyh4BLmpX6qIWF8yibQMzRiIehBloed05NUM4xpAooKSXMRvm9kLNR6FgZmMmR4q397C/Evr5fi2B9kIkpShIgvDqGQkB/SXAnTAtCRUIDIFsmBiohyphgiKEEZ50ZMTS0l08fX0/R/0nZNZ9WzK6/ScJfNFMkROSanxCF10iCXpElahBNB7skDebRm1pP1bL18jhas5c4h+QHr9QPj45Nv</latexit>

Sµ

<latexit sha1_base64="YhoTnNc6mhKLglSn2FnmjRpcHZI=">AAAB/HicdVC7TsNAEDzzDOEVoKQ5ESHRENlWSEIXiYYyCEIiEhOdLwucOJ+tuzUSssJX0EJFh2j5Fwr+hYsJEiCYajSzq52dMJHCoOu+OVPTM7Nz84WF4uLS8spqaW391MSp5tDmsYx1N2QGpFDQRoESuokGFoUSOuH1wdjv3IA2IlYneJtAELFLJS4EZ2ils+NBP0rPs11vNCiV3YpXq9f2XepW/EbdrzYsqdaqDdenXsXNUSYTtAal9/4w5mkECrlkxvQ8N8EgYxoFlzAq9lMDCePX7BJ6lioWgQmyPPGIbqeGYUwT0FRImovwfSNjkTG3UWgnI4ZX5rc3Fv/yeileNIJMqCRFUHx8CIWE/JDhWtgqgA6FBkQ2Tg5UKMqZZoigBWWcWzG13RRtH19P0//JqW87q+wdVctNf9JMgWySLbJDPFInTXJIWqRNOFHknjyQR+fOeXKenZfP0SlnsrNBfsB5/QBRtpVV</latexit>

S�1
µ

In this way we build Riemann surfaces!

<latexit sha1_base64="QsQpDL3Qz9UUWvUgljL5B6kZzc8=">AAAB93icdVDLSgNBEJz1GeMr6tHLYBA8yLq7rMl6C3jxGME8IAlhdtKJQ2YfzPQKYck3eNWTN/Hq53jwX5zECCpap6Kqm66uMJVCo+O8WUvLK6tr64WN4ubW9s5uaW+/qZNMcWjwRCaqHTINUsTQQIES2qkCFoUSWuH4cua37kBpkcQ3OEmhF7FRLIaCMzRSwz0b971+qezYbqVauXCoY3tB1fMDQ/yKHzgedW1njjJZoN4vvXcHCc8iiJFLpnXHdVLs5Uyh4BKmxW6mIWV8zEbQMTRmEehePg87pceZZpjQFBQVks5F+L6Rs0jrSRSayYjhrf7tzcS/vE6Gw6CXizjNEGI+O4RCwvyQ5kqYFoAOhAJENksOVMSUM8UQQQnKODdiZmopmj6+nqb/k6ZnOrPPr/1y7XTRTIEckiNyQlxSJTVyReqkQTgR5J48kEdrYj1Zz9bL5+iStdg5ID9gvX4A+lKS1Q==</latexit>

1/k2

<latexit sha1_base64="lEaZq5isyJxcww64LOUcEoEu9is=">AAAB+HicdVDLTgJBEJzFF+IL9ehlIjHxYMiyQcAbiRePmMgjAUJ6hwZHZh+Z6TVBwj941ZM349W/8eC/OCAmarROlarudHX5sZKGXPfNSS0tr6yupdczG5tb2zvZ3b2GiRItsC4iFemWDwaVDLFOkhS2Yo0Q+Aqb/uh85jdvURsZhVc0jrEbwDCUAymArNToIEHP62Vzbr5QKpfOXO7mvUrZK1YsKZaKFdfjhbw7R44tUOtl3zv9SCQBhiQUGNMuuDF1J6BJCoXTTCcxGIMYwRDbloYQoOlO5mmn/CgxQBGPUXOp+FzE7xsTCIwZB76dDICuzW9vJv7ltRMaVLoTGcYJYShmh0gqnB8yQktbA/K+1EgEs+TIZcgFaCBCLTkIYcXE9pKxfXw9zf8nDc92lj+9LOaqJ4tm0uyAHbJjVmBlVmUXrMbqTLAbds8e2KNz5zw5z87L52jKWezssx9wXj8AXyOTqg==</latexit>⌘2
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• All geometric objects on the Riemann surface can be explicitly written in this Schottky
representation.

• For example, the period matrix is given by

• and the prime form is given by

• Using these explicit representations, one can check many geometric properties.

Operator formalism & sewing procedure

where the sum is over all elements of the Schottky group (with some restrictions)
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Operator formalism & sewing procedure

from orbital degrees of freedom from BRST ghosts and anti-ghosts

• Using the sewing procedure, we computed the g-loop string partition function

• This represents the measure of integration on the moduli space at genus g.

• Notice that the inclusion of ghosts and anti-ghosts does not lead to the simple rule
𝐷 → 𝐷 − 2 , as one might have expected.

Paolo et al 



<latexit sha1_base64="/g+3bvw9UnNiSa+SpXkebOXuEzU="></latexit>

Zg = Tr


W2g ⇥

gY

µ=1

Pµ

�
= · · ·

=

Z
1

dVabc

gY

µ=1


dkµ d⇠µ d⌘µ

(1� kµ)2

k2µ(⌘µ � ⇠µ)2

�
det

�
Im ⌧)�D/2⇥

⇥
Y

↵

0
 1Y

n=1

(1� kn↵)
�D

1Y

n=2

(1� kn↵)
2

�

=

Z
1

dVabc

gY

µ=1


dkµ d⇠µ d⌘µ

1

k2µ(⌘µ � ⇠µ)2

�
det

�
Im ⌧)�D/2⇥

⇥
Y

↵

0
 1Y

n=1

(1� kn↵)
�(D�2)

�
gY

µ=1

(1� kµ)
2

Y

↵

0(1� k↵)
2

• Using the sewing procedure, we computed the g-loop string partition function

Operator formalism & sewing procedure

proposed by Mandelstam in ‘85, but then corrected with a mysterious factor Γ in ‘86.

This extra factor is crucial for 
modular invariance (checked 
numerically by Petersen et al)

Paolo et al 



• This result was immediately generalized to include the emission of N arbistrary strings. In
this way we obtained the N-Reggeon g-loop vertex which describes the overlap among N
strings on a puctured Riemann surface of genus g

where and are the Greeen functions on the Riemann surface for
the string coordinates and the ghost/anti-ghost system, respectively:

• This construction was readily extended to the bosonic closed string and to the fermionic
string in the NS sector (→ super Schottky group with (3𝑔 − 3) bosonic moduli + (2𝑔 − 2)
fermionic moduli)

Operator formalism & sewing procedure
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Paolo et al 
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• In the R sector additional subtleties appear. They are related to the presence of fermionic
zero-modes in the orbital part and of bosonic zero-modes in the super-ghost part, as well
as of 𝑧 branch-cut singularities.

• Despite these difficulties, the BRST invariant vertex for the emission of N bosonic and 2M
fermionic strings was constructed by Paolo + Hornfeck + Masden + Roland and by Petersen
+ Sidenius + Tollsten.

• A multiloop fermionic vertex was formally worked out using the sewing procedure also on
the fermionic legs by Petersen + Sidenius + Tollsten (up to the zero-mode contribution)

• The general structure of the contribution of the super-ghost system was fully understood
and the super-ghost correlation functions were shown by Paolo to be fully equivalent to
those derived by Verlinde + Verlinde with a path-integral approach.

Operator formalism & sewing procedure

However, a big problem remains unsolved: finding the fundamental domain at 
g loops and hence the range of integration over the moduli space.



Part 2 1995-1997



• At each order of string perturbation theory, one does not get the large proliferation of
diagrams characteristic of field theories

• It is well known that in the limit of infinite string tension (𝛼! → 0) string theories reduce
to non-abelian gauge theories (unified with gravity) order by order in perturbation
theory

• This means, in particular, that in the limit 𝛼! → 0 one must reproduce, order by order, S-
matrix elements and ultraviolet divergences of perturbative non-abelian gauge theories

• We have applied these ideas to study gluon scattering in Yang-Mills theories.

Part 2

Therefore, string theory can be an efficient conceptual and 
computational tool in different areas of perturbative field theory

Paolo et al 

(see also Bern + Dixon + Kosower) 



• Using the formalism of the N-Reggeon g-loop vertex we can easily obtain the scattering
amplitude for N gluons at g-loops

• More explicitly, we have

where m.l. stands for multilinear in the 𝜀"’s and the integration measure is given by

with         given by the sewing procedure. Also the normalization factor is completely fixed.

Gluon amplitudes
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• At 1 loop with 2 punctures, the string vertex depends on 5 parameters, 3 of which can be 
fixed. We thus remain with 2 integration variables

• It is convenient to change variables and define

Gluon amplitudes at 1 loop
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• At 1 loop with 2 punctures, the string vertex depends on 5 parameters, 3 of which can be 
fixed. We thus remain with 2 integration variables

• In the new variables, the 2-gluon amplitude at 1 loop is 

• The variables 𝜏	and 𝜈	can be interpreted as the proper-time Schwinger parameters 𝑡#
and 𝑡$ for the Feynman diagrams contributing to the 2-point function 

• In the field theory limit 𝛼! → 0 the Schwinger parameters remain finite. This means that
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• So only the corner of the moduli space contributes to the amplitude
in the field theory limit 𝛼! → 0

• Discarding the contribution due to the tachyons, the 2-gluon amplitude becomes

• The amplitude exactly agrees with the gluon polarization, computed with the
background field method, in Feynman gauge, with dimensional regularization. The
divergence in 𝑑 = 4 can be removed with a standard wave-function renormalization
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We interpret 𝑑 as the number of
uncompactified dimensions, assuming that
there are 𝑑! = 26 − 𝑑 compactified
dimensions which, in the field theory limit,
behave just as 𝑑!scalars coupled to the
gauge field (which we can safely ignore)
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• To check the consistency of the procedure and verify that gauge invariance is preserved, 
we computed also the 3- and 4-gluon amplitudes at 1 loop.

• In the 3-gluon amplitudes, one has to integrate with the string measure over the 
following moduli 

• In the field theory limit 𝛼! → 0 , we have 3 corners of the moduli space that contribute
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Adding all 3 contributions leads 
to

in agreement with the 
background field method

Gluon amplitudes at 1 loop



• The 4-gluon amplitude can be similarly discussed; in this case we have 4 types of 
contributions corresponding to 4 different corners in the moduli space:

• The Ward identity of the background field method is satisfied!
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• The above analysis has been generalized to scalar amplitudes at 2 loops.

• By shifthing the entire string spectrum (i.e. changing the value of the intercept) it is
possible to change the tachyon into a scalar with 𝑚$ > 0 and obtain consistent results in
the limit 𝛼! → 0.

• In this way we can study a massive 𝜑% field theory using the bosonic string.

• As an illustration, we consider the vacuum diagrams at 2 loops. The string measure at 2
loops is

• In the field theory limit, the Schottky multipliers 𝑘& → 0, and thus we have

Paolo et al 

J. Scherck
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• Fixing                                                   , we remain with

• Shifting the string spectrum à la Scherck, one finds

• There are 2 corners in the moduli space that contribute to the amplitude in the field 
theory limit:

Scalar amplitudes at 2 loops
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• In region i) after introducing the Schwinger proper times, we get

• In region ii) after introducing the Schwinger proper times, we get

• A single string amplitude has generated all vacuum diagrams of the 𝜙% theory at 2 loops, 
including the correct simmetry factors!  Nice connection with the world-line formalism

• This 2-loop analysis has been later extended to gluon amplitudes by L. Magnea + R. Russo 
+ S. Playle + S. Sciuto

Scalar amplitudes at 2 loops
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Schubert et al



• The operator formalism is very concrete and explicit

• Many features of perturbative string theory can be explored in this way:

• It also provides a solid basis for studying some non-perturbative aspects of string theory

• I was extremely fortunate to have had the opportunity to learn these things by working 
with Paolo

Concluding remarks

geometric structure of scattering amplitudes field theory limit

(see Marialuisa’s talk)
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friendship over all these years!

Happy Birthday!!!


