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Introduction



Standard models from string theory

•  It is now possible to engineer (many) string models 
 with the exact (MS)SM spectrum.

•  Only additional fields are SM singlets (= moduli)

•  Models are based on heterotic CY compactifications with 
 general vector bundles.
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•  Models are based on heterotic CY compactifications with 
 general vector bundles.

Q1: Can the physical Yukawa couplings (as a function of moduli) be  
     calculated for these models?

Q2: If so, can these Yukawa couplings be realistic (i.e. reproduce 
     observed fermion masses and mixing) somewhere in module space?

Q3: Can moduli be stabilised and, if so, at values which lead to 
     realistic Yukawa couplings?
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Low-energy Yukawa couplings

Matter fields:
<latexit sha1_base64="gbWYifQMkETLJPVjonDvfHkPhWU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI/BXPQW0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSy4Nq775eRWVtfWN/Kbha3tnd294v5BU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj2sxvPaLSPJL3ZhKjH9Kh5APOqLHSXe3hplcsuWV3DvKXeBkpQYZ6r/jZ7UcsCVEaJqjWHc+NjZ9SZTgTOC10E40xZWM6xI6lkoao/XR+6pScWKVPBpGyJQ2Zqz8nUhpqPQkD2xlSM9LL3kz8z+skZnDpp1zGiUHJFosGiSAmIrO/SZ8rZEZMLKFMcXsrYSOqKDM2nYINwVt++S9pnpW9Srlye16qXmVx5OEIjuEUPLiAKlxDHRrAYAhP8AKvjnCenTfnfdGac7KZQ/gF5+Mb4VCNjQ==</latexit>

CI Moduli fields:
<latexit sha1_base64="X5/c3YDotSSGhUV02ZIyJf7Fx28=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHixWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNbjJkD9e9Utmv+DOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhRmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNKUK1U7y7KtVoeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AVT5jvs=</latexit>

�A

Superpotential:
<latexit sha1_base64="9Yzq22uOzJMx8Z990sZiqwYN4us=">AAACCHicbVDLSsNAFJ34rPUVdenCYBEqQklEqhuhkI1tNxXsQ5o0TCaTdujkwcxEKKFLN/6KGxeKuPUT3Pk3TtsstPXAhcM593LvPW5MCRe6/q0sLa+srq3nNvKbW9s7u+refotHCUO4iSIasY4LOaYkxE1BBMWdmGEYuBS33aE58dsPmHEShXdiFGM7gP2Q+ARBISVHPWpf3ztptVYfF614QE7NXtXs1cxe/cxCXiS4oxb0kj 6FtkiMjBRAhoajfllehJIAhwJRyHnX0GNhp5AJgige562E4xiiIezjrqQhDDC30+kjY+1EKp7mR0xWKLSp+nsihQHno8CVnQEUAz7vTcT/vG4i/Cs7JWGcCByi2SI/oZqItEkqmkcYRoKOJIGIEXmrhgaQQSRkdnkZgjH/8iJpnZeMcql8e1GoVLI4cuAQHIMiMMAlqIAb0ABNgMAjeAav4E15Ul6Ud+Vj1rqkZDMH4A+Uzx93Mphf</latexit>

W = YIJK(�)CICJCK + · · ·

Kahler potential:
<latexit sha1_base64="icT3T1ifpaWNwGM8oP65F431iOE="></latexit>

K = Kmatter
IJ (�, �̄)CIC̄J + · · ·
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W = YIJK(�)CICJCK + · · ·

Kahler potential:
<latexit sha1_base64="icT3T1ifpaWNwGM8oP65F431iOE="></latexit>
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IJ (�, �̄)CIC̄J + · · ·

For example, up-quark Yukawa couplings: 

<latexit sha1_base64="LDlZJtu391Y/XxTJmpbZrLTCEfM=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSQi1Y1QcNNlC6atNA8mk0k77eTBzEQooVs3/oobF4q49Q/c+TdOHwttPXDhcM693HuPnzIqpGF8ayura+sbm4Wt4vbO7t6+fnDYEknGMbFwwhLe8ZEgjMbEklQy0kk5QZHPSNsf3k789gPhgibxnRylxIlQL6YhxUgqydNh++bezbycDsZlO+3Ts7qbNV1quYNzGweJFJ5eMirGFHCZmHNSAnM0PP3LDhKcRSSWmCEhuqaRSidHXFLMyLhoZ4KkCA9Rj3QVjVFEhJNPPxnDU6UEMEy4qljCqfp7IkeREKPIV50Rkn2x6E3E/7xuJsNrJ6dxmkkS49miMGNQJnASCwwoJ1iykSIIc6puhbiPOMJShVdUIZiLLy+T1kXFrFaqzctSrTaPowCOwQkoAxNcgRqogwawAAaP4Bm8gjftSXvR3rWPWeuKNp85An+gff4Av42ZwA==</latexit>

W = Y
u
ij (�)H

u
Q

i
U

j + · · ·
<latexit sha1_base64="+W3m7QOBcHQBQBkvbgvVelluPfg="></latexit>

K =K
Q
ij (�, �̄)Q

i
Q̄

j +K
u
ij(�, �̄)U

i
Ū

j

+ k(�, �̄)Hu
H̄

u + · · ·



Heterotic CY models

Compactification data:
<latexit sha1_base64="o1/8BwoRBuq94hOUYA4YY/bZXe4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDuLGM5Q==</latexit>

X•  CY three-fold     with freely acting symmetry group  
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

•  `Observable’ vector bundle          ,    - equivariant, poly-stable,  
  with structure group        ,            , . . . 

<latexit sha1_base64="pKVBoTeiQ+K0fcfnL8tN+KlLrvE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA2ls120y7dbMLuxFJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfeuLaiFg94CThfkQHSoSCUbTSY7OrxWCIVOt4TNq9UtmtuHOQVeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xa7KaGJ5SN6IB3LFU04sbP5ldPyblV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG88TOhkhS5YotFYSoJxmQWAekLzRnKiSWUaWFvJWxINWVogyraELzll1dJ87LiVSvV+6tyrZbHUYBTOIML8OAaanAHdWgAAw3P8Apvzth5cd6dj0XrmpPPnMAfOJ8/er+Sgg==</latexit>

V ! X
<latexit sha1_base64="f7wq5uJpPgpmPovJNuPp7/7Rt6o=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9k1ih5JvHjE6AIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmt5+Y0jyWj2aSMD8iQ8lDTomxkvfgVa/O++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3XqvfX1YajTyOIpzAKVTBhWtowB00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP5OTjeM=</latexit>

SU(5)
<latexit sha1_base64="VFxUjf/3c5Fg8L4EXC4KHVEwpC0=">AAAB8HicbVBNTwIxEJ31E/EL9eilkZjAhewaRY8kXjxidAEDK+mWLjS03U3bNSGEX+HFg8Z49ed4899YYA8KvmSSl/dmMjMvTDjTxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH11O/+USVZrG8N6OEBgL3JYsYwcZKD3clv+SVHy/K3ULRrbgzoGXiZaQIGerdwlenF5NUUGkIx1q3PTcxwRgrwwink3wn1TTBZIj7tG2pxILqYDw7eIJOrdJDUaxsSYNm6u+JMRZaj0RoOwU2A73oTcX/vHZqoqtgzGSSGirJfFGUcmRiNP0e9ZiixPCRJZgoZm9FZIAVJsZmlLcheIsvL5PGWcWrVqq358VaLYsjB8dwAiXw4BJqcAN18IGAgGd4hTdHOS/Ou/Mxb11xspkj+APn8weAw47r</latexit>

S(U(1)5)

<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

•  `Hidden’ vector bundle          ,   - equivariant, poly-stable,  
  with structure group that embeds into 

<latexit sha1_base64="qT0AptiQF1lU/A4/vsKf5WIYNuU=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSkeqx4MVjBfsBTSibzaZdutmE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBdfgON9WaWV1bX2jvFnZ2t7Z3bP3D9o6yRRlLZqIRHUDopngkrWAg2DdVDESB4J1gtH11O/cM6V5Iu9gnDI/JgPJI04JGKlvH3nARcjy9sRTfDAEolTygLt9u+rUnBnwMnELUkUFmn37ywsTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUElipv18dv8EnxolxFGiTEnAM/X3RE5ircdxYDpjAkO96E3F/7xeBtGVn3OZZsAknS+KMoEhwdMwcMgVoyDGhhCquLkV0yFRhIKJrGJCcBdfXibt85pbr9VvL6qNRhFHGR2jE3SGXHSJGugGNVELUfSIntErerOerBfr3fqYt5asYuYQ/YH1+QN9TZZp</latexit>

Ṽ ! X
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�
<latexit sha1_base64="kK/cSoaqwa0GEHlcEc5NC0/S76c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FETxWtLbQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fDo0cSpZrzFYhnrTkANl0LxFgqUvJNoTqNA8nYwvp757SeujYjVA04S7kd0qEQoGEUr3d/06/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMaz7mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq+TxourVqrW7y0qjkcdRhBM4hXPw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Lg419</latexit>
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Heterotic CY models

Compactification data:
<latexit sha1_base64="o1/8BwoRBuq94hOUYA4YY/bZXe4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDuLGM5Q==</latexit>

X•  CY three-fold     with freely acting symmetry group  
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

•  `Observable’ vector bundle          ,    - equivariant, poly-stable,  
  with structure group        ,            , . . . 

<latexit sha1_base64="pKVBoTeiQ+K0fcfnL8tN+KlLrvE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA2ls120y7dbMLuxFJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfeuLaiFg94CThfkQHSoSCUbTSY7OrxWCIVOt4TNq9UtmtuHOQVeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xa7KaGJ5SN6IB3LFU04sbP5ldPyblV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG88TOhkhS5YotFYSoJxmQWAekLzRnKiSWUaWFvJWxINWVogyraELzll1dJ87LiVSvV+6tyrZbHUYBTOIML8OAaanAHdWgAAw3P8Apvzth5cd6dj0XrmpPPnMAfOJ8/er+Sgg==</latexit>

V ! X
<latexit sha1_base64="f7wq5uJpPgpmPovJNuPp7/7Rt6o=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9k1ih5JvHjE6AIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmt5+Y0jyWj2aSMD8iQ8lDTomxkvfgVa/O++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3XqvfX1YajTyOIpzAKVTBhWtowB00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP5OTjeM=</latexit>

SU(5)
<latexit sha1_base64="VFxUjf/3c5Fg8L4EXC4KHVEwpC0=">AAAB8HicbVBNTwIxEJ31E/EL9eilkZjAhewaRY8kXjxidAEDK+mWLjS03U3bNSGEX+HFg8Z49ed4899YYA8KvmSSl/dmMjMvTDjTxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH11O/+USVZrG8N6OEBgL3JYsYwcZKD3clv+SVHy/K3ULRrbgzoGXiZaQIGerdwlenF5NUUGkIx1q3PTcxwRgrwwink3wn1TTBZIj7tG2pxILqYDw7eIJOrdJDUaxsSYNm6u+JMRZaj0RoOwU2A73oTcX/vHZqoqtgzGSSGirJfFGUcmRiNP0e9ZiixPCRJZgoZm9FZIAVJsZmlLcheIsvL5PGWcWrVqq358VaLYsjB8dwAiXw4BJqcAN18IGAgGd4hTdHOS/Ou/Mxb11xspkj+APn8weAw47r</latexit>

S(U(1)5)

<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

•  `Hidden’ vector bundle          ,   - equivariant, poly-stable,  
  with structure group that embeds into 

<latexit sha1_base64="qT0AptiQF1lU/A4/vsKf5WIYNuU=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSkeqx4MVjBfsBTSibzaZdutmE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBdfgON9WaWV1bX2jvFnZ2t7Z3bP3D9o6yRRlLZqIRHUDopngkrWAg2DdVDESB4J1gtH11O/cM6V5Iu9gnDI/JgPJI04JGKlvH3nARcjy9sRTfDAEolTygLt9u+rUnBnwMnELUkUFmn37ywsTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUElipv18dv8EnxolxFGiTEnAM/X3RE5ircdxYDpjAkO96E3F/7xeBtGVn3OZZsAknS+KMoEhwdMwcMgVoyDGhhCquLkV0yFRhIKJrGJCcBdfXibt85pbr9VvL6qNRhFHGR2jE3SGXHSJGugGNVELUfSIntErerOerBfr3fqYt5asYuYQ/YH1+QN9TZZp</latexit>

Ṽ ! X
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�
<latexit sha1_base64="kK/cSoaqwa0GEHlcEc5NC0/S76c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FETxWtLbQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fDo0cSpZrzFYhnrTkANl0LxFgqUvJNoTqNA8nYwvp757SeujYjVA04S7kd0qEQoGEUr3d/06/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMaz7mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq+TxourVqrW7y0qjkcdRhBM4hXPw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Lg419</latexit>

E8

•  Possibly five-brane wrapping holomorphic curve
<latexit sha1_base64="+kgJYNGRL3y7VwYfevSNlBONM+0=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqsdCLx4r2A9sQ9lsJ+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjBpzP3OE2gjYvWA0wT8iI2UCAVnaKXHRt+kgQGk3UG54lbdBeg68XJSITmag/JXfxjzNAKFXDJjep6boJ8xjYJLmJX6qYGE8QkbQc9SxSIwfra4eEYvrDKkYaxtKaQL9fdExiJjplFgOyOGY7PqzcX/vF6K4a2fCZWkCIovF4WppBjT+ft0KDRwlFNLGNfC3kr5mGnG0YZUsiF4qy+vk/ZV1atVa/fXlXo9j6NIzsg5uSQeuSF1ckeapEU4UeSZvJI3xzgvzrvzsWwtOPnMKfkD5/MHI0WQlA==</latexit>

C ⇢ X

•  Anomaly-free:
<latexit sha1_base64="DdrRNjyyFKOg0kELTD2HDoWePnM=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSK0iCUpUt0IhW5cVmjTQhLCZDJph04ezEyEEvInbvwVNy4UEXf9G6dtFrX1wIUz59zL3Hu8hBIudH2mlLa2d3b3yvuVg8Oj4xP19MzkccoQ7qOYxmzoQY4piXBfEEHxMGEYhh7FA2/SmfuDZ8w4iaOemCbYCeEoIgFBUEjJVVuZzUINjXO3WTPr1ysvWxDq48zM6zcram9Yf7A6jqtW9Ya+gLZJjIJUQYGuq/7YfozSEEcCUci5ZeiJcDLIBEEU5xU75TiBaAJH2JI0giHmTra4L9eupOJrQcxkRUJbqKsTGQw5n4ae7AyhGPN1by7+51mpCO6djERJKnCElh8FKdVErM3D0nzCMBJ0KglEjMhdZQyQQSRkpBUZgrF+8iYxmw2j1Wg93Vbb7SKOMrgAl6AGDHAH2uARdEEfIPAC3sAH+FRelXflS/letpaUYuYc/IEy+wUOWqEe</latexit>

ch2(V ) + ch2(Ṽ )� ch2(TX) = [C]

•Wilson line on       to break from GUT to SM group 
<latexit sha1_base64="8v3gZvUgJR2p33TLS1AfUFDT8P4=">AAAB73icbZDLSgMxFIYz3lrrrerSTbAIruqMYHU54EKXLdh2oB3KmTRtQ5PMmGSEMvQl3LhQxK2v484XEB/D9LLQ1h8CH/9/DjnnRAln2rjup7Oyura+kctvFra2d3b3ivsHDR2nitA6iXmsggg05UzSumGG0yBRFETEaTMaXk/y5gNVmsXyzowSGgroS9ZjBIy1guCsfQNCQKdYcsvuVHgZvDmUfFz7/srnLqqd4ke7G5NUUGkIB61bnpuYMANlGOF0XGinmiZAhtCnLYsSBNVhNp13jE+s08W9WNknDZ66vzsyEFqPRGQrBZiBXswm5n9ZKzW9qzBjMkkNlWT2US/l2MR4sjzuMkWJ4SMLQBSzs2IyAAXE2BMV7BG8xZWXoXFe9irlSs0r+T6aKY+O0DE6RR66RD66RVVURwRx9Iie0Ytz7zw5r87brHTFmfccoj9y3n8AKneSWQ==</latexit>

X/�



Heterotic CY models

Compactification data:
<latexit sha1_base64="o1/8BwoRBuq94hOUYA4YY/bZXe4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDuLGM5Q==</latexit>

X•  CY three-fold     with freely acting symmetry group  
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

•  `Observable’ vector bundle          ,    - equivariant, poly-stable,  
  with structure group        ,            , . . . 

<latexit sha1_base64="pKVBoTeiQ+K0fcfnL8tN+KlLrvE=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA2ls120y7dbMLuxFJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj25nfeuLaiFg94CThfkQHSoSCUbTSY7OrxWCIVOt4TNq9UtmtuHOQVeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xa7KaGJ5SN6IB3LFU04sbP5ldPyblV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG88TOhkhS5YotFYSoJxmQWAekLzRnKiSWUaWFvJWxINWVogyraELzll1dJ87LiVSvV+6tyrZbHUYBTOIML8OAaanAHdWgAAw3P8Apvzth5cd6dj0XrmpPPnMAfOJ8/er+Sgg==</latexit>

V ! X
<latexit sha1_base64="f7wq5uJpPgpmPovJNuPp7/7Rt6o=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHBC9k1ih5JvHjE6AIJbEi3dKGh2920XROy4Td48aAxXv1B3vw3FtiDgi+Z5OW9mczMCxLBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+Hbmt5+Y0jyWj2aSMD8iQ8lDTomxkvfgVa/O++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3XqvfX1YajTyOIpzAKVTBhWtowB00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfP5OTjeM=</latexit>

SU(5)
<latexit sha1_base64="VFxUjf/3c5Fg8L4EXC4KHVEwpC0=">AAAB8HicbVBNTwIxEJ31E/EL9eilkZjAhewaRY8kXjxidAEDK+mWLjS03U3bNSGEX+HFg8Z49ed4899YYA8KvmSSl/dmMjMvTDjTxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH11O/+USVZrG8N6OEBgL3JYsYwcZKD3clv+SVHy/K3ULRrbgzoGXiZaQIGerdwlenF5NUUGkIx1q3PTcxwRgrwwink3wn1TTBZIj7tG2pxILqYDw7eIJOrdJDUaxsSYNm6u+JMRZaj0RoOwU2A73oTcX/vHZqoqtgzGSSGirJfFGUcmRiNP0e9ZiixPCRJZgoZm9FZIAVJsZmlLcheIsvL5PGWcWrVqq358VaLYsjB8dwAiXw4BJqcAN18IGAgGd4hTdHOS/Ou/Mxb11xspkj+APn8weAw47r</latexit>

S(U(1)5)

<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�

•  `Hidden’ vector bundle          ,   - equivariant, poly-stable,  
  with structure group that embeds into 

<latexit sha1_base64="qT0AptiQF1lU/A4/vsKf5WIYNuU=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSkeqx4MVjBfsBTSibzaZdutmE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBdfgON9WaWV1bX2jvFnZ2t7Z3bP3D9o6yRRlLZqIRHUDopngkrWAg2DdVDESB4J1gtH11O/cM6V5Iu9gnDI/JgPJI04JGKlvH3nARcjy9sRTfDAEolTygLt9u+rUnBnwMnELUkUFmn37ywsTmsVMAhVE657rpODnRAGngk0qXqZZSuiIDFjPUElipv18dv8EnxolxFGiTEnAM/X3RE5ircdxYDpjAkO96E3F/7xeBtGVn3OZZsAknS+KMoEhwdMwcMgVoyDGhhCquLkV0yFRhIKJrGJCcBdfXibt85pbr9VvL6qNRhFHGR2jE3SGXHSJGugGNVELUfSIntErerOerBfr3fqYt5asYuYQ/YH1+QN9TZZp</latexit>

Ṽ ! X
<latexit sha1_base64="5RHlz5XfRxxfbv4rqLvMl6Gpdgo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t1iIXC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1+8tKvZ7HUYQTOIVzCOAK6nAHDWgCgUd4hld485T34r17H4vWgpfPHMMfeJ8/WOOO/g==</latexit>

�
<latexit sha1_base64="kK/cSoaqwa0GEHlcEc5NC0/S76c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FETxWtLbQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fDo0cSpZrzFYhnrTkANl0LxFgqUvJNoTqNA8nYwvp757SeujYjVA04S7kd0qEQoGEUr3d/06/1yxa26c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMaz7mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq+TxourVqrW7y0qjkcdRhBM4hXPw4AoacAtNaAGDITzDK7w50nlx3p2PRWvByWeO4Q+czx/Lg419</latexit>

E8

Outcome (for appropriate choices): MSSM + moduli + hidden sectors

•  Possibly five-brane wrapping holomorphic curve
<latexit sha1_base64="+kgJYNGRL3y7VwYfevSNlBONM+0=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqsdCLx4r2A9sQ9lsJ+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjBpzP3OE2gjYvWA0wT8iI2UCAVnaKXHRt+kgQGk3UG54lbdBeg68XJSITmag/JXfxjzNAKFXDJjep6boJ8xjYJLmJX6qYGE8QkbQc9SxSIwfra4eEYvrDKkYaxtKaQL9fdExiJjplFgOyOGY7PqzcX/vF6K4a2fCZWkCIovF4WppBjT+ft0KDRwlFNLGNfC3kr5mGnG0YZUsiF4qy+vk/ZV1atVa/fXlXo9j6NIzsg5uSQeuSF1ckeapEU4UeSZvJI3xzgvzrvzsWwtOPnMKfkD5/MHI0WQlA==</latexit>

C ⇢ X

•  Anomaly-free:
<latexit sha1_base64="DdrRNjyyFKOg0kELTD2HDoWePnM=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSK0iCUpUt0IhW5cVmjTQhLCZDJph04ezEyEEvInbvwVNy4UEXf9G6dtFrX1wIUz59zL3Hu8hBIudH2mlLa2d3b3yvuVg8Oj4xP19MzkccoQ7qOYxmzoQY4piXBfEEHxMGEYhh7FA2/SmfuDZ8w4iaOemCbYCeEoIgFBUEjJVVuZzUINjXO3WTPr1ysvWxDq48zM6zcram9Yf7A6jqtW9Ya+gLZJjIJUQYGuq/7YfozSEEcCUci5ZeiJcDLIBEEU5xU75TiBaAJH2JI0giHmTra4L9eupOJrQcxkRUJbqKsTGQw5n4ae7AyhGPN1by7+51mpCO6djERJKnCElh8FKdVErM3D0nzCMBJ0KglEjMhdZQyQQSRkpBUZgrF+8iYxmw2j1Wg93Vbb7SKOMrgAl6AGDHAH2uARdEEfIPAC3sAH+FRelXflS/letpaUYuYc/IEy+wUOWqEe</latexit>

ch2(V ) + ch2(Ṽ )� ch2(TX) = [C]

•Wilson line on       to break from GUT to SM group 
<latexit sha1_base64="8v3gZvUgJR2p33TLS1AfUFDT8P4=">AAAB73icbZDLSgMxFIYz3lrrrerSTbAIruqMYHU54EKXLdh2oB3KmTRtQ5PMmGSEMvQl3LhQxK2v484XEB/D9LLQ1h8CH/9/DjnnRAln2rjup7Oyura+kctvFra2d3b3ivsHDR2nitA6iXmsggg05UzSumGG0yBRFETEaTMaXk/y5gNVmsXyzowSGgroS9ZjBIy1guCsfQNCQKdYcsvuVHgZvDmUfFz7/srnLqqd4ke7G5NUUGkIB61bnpuYMANlGOF0XGinmiZAhtCnLYsSBNVhNp13jE+s08W9WNknDZ66vzsyEFqPRGQrBZiBXswm5n9ZKzW9qzBjMkkNlWT2US/l2MR4sjzuMkWJ4SMLQBSzs2IyAAXE2BMV7BG8xZWXoXFe9irlSs0r+T6aKY+O0DE6RR66RD66RVVURwRx9Iie0Ytz7zw5r87brHTFmfccoj9y3n8AKneSWQ==</latexit>

X/�



Specific model classes
•  `Standard embedding’ models:            ,    trivial, no 5-branes

<latexit sha1_base64="cahj28qwp1E7CoUxtS0sJGd7eWI=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KIVC9CwYvHCk1baEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/Ualjc2t7Z3yrrO3f3B4VDk+aeskU5T5NBGJ6oZEM8El8w03gnVTxUgcCtYJJ/dzv/PElOaJbJlpyoKYjCSPOCXGSr7Tvmt1B5WqW3MXwOvEK0gVCjQHla/+MKFZzKShgmjd89zUBDlRhlPBZk4/0ywldEJGrGepJDHTQb44doYvrDLEUaJsSYMX6u+JnMRaT+PQdsbEjPWqNxf/83qZiW6DnMs0M0zS5aIoE9gkeP45HnLFqBFTSwhV3N6K6ZgoQo3Nx7EheKsvr5P2Vc2r1+qP19VGo4ijDGdwDpfgwQ004AGa4AMFDs/wCm9Iohf0jj6WrSVUzJzCH6DPH7unjf4=</latexit>

V = TX
<latexit sha1_base64="4Oi/Pgk03iW8dve2tjVxmME5/UQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/cA2lM1m0y7dbMLuRCih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsdxHIUOet6eDStWtuXOQVeIVpAoFmoPKVz9MWBZzhUxSY3qem6KfU42CST4t9zPDU8rGdMh7lioac+Pn84un5NwqIYkSbUshmau/J3IaGzOJA9sZUxyZZW8m/uf1Moxu/FyoNEOu2GJRlEmCCZm9T0KhOUM5sYQyLeythI2opgxtSGUbgrf88ippX9a8eq1+f1VtNIo4SnAKZ3ABHlxDA+6gCS1goOAZXuHNMc6L8+58LFrXnGLmBP7A+fwBRyGQrQ==</latexit>

Ṽ
-> analytic formulae for physical Yukawa coupling, 
    limited model building options
B. R. Greene, K. H. Kirklin, P. J. Miron, and G. G. Ross 1986, 1987
G. Butbaia, D. Mayorga Peña, J. Tan, P. Berglund, T. Hübsch, V. Jejjala, and C. Mishra, 2024



Specific model classes
•  `Standard embedding’ models:            ,    trivial, no 5-branes

<latexit sha1_base64="cahj28qwp1E7CoUxtS0sJGd7eWI=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KIVC9CwYvHCk1baEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/Ualjc2t7Z3yrrO3f3B4VDk+aeskU5T5NBGJ6oZEM8El8w03gnVTxUgcCtYJJ/dzv/PElOaJbJlpyoKYjCSPOCXGSr7Tvmt1B5WqW3MXwOvEK0gVCjQHla/+MKFZzKShgmjd89zUBDlRhlPBZk4/0ywldEJGrGepJDHTQb44doYvrDLEUaJsSYMX6u+JnMRaT+PQdsbEjPWqNxf/83qZiW6DnMs0M0zS5aIoE9gkeP45HnLFqBFTSwhV3N6K6ZgoQo3Nx7EheKsvr5P2Vc2r1+qP19VGo4ijDGdwDpfgwQ004AGa4AMFDs/wCm9Iohf0jj6WrSVUzJzCH6DPH7unjf4=</latexit>

V = TX
<latexit sha1_base64="4Oi/Pgk03iW8dve2tjVxmME5/UQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/cA2lM1m0y7dbMLuRCih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsdxHIUOet6eDStWtuXOQVeIVpAoFmoPKVz9MWBZzhUxSY3qem6KfU42CST4t9zPDU8rGdMh7lioac+Pn84un5NwqIYkSbUshmau/J3IaGzOJA9sZUxyZZW8m/uf1Moxu/FyoNEOu2GJRlEmCCZm9T0KhOUM5sYQyLeythI2opgxtSGUbgrf88ippX9a8eq1+f1VtNIo4SnAKZ3ABHlxDA+6gCS1goOAZXuHNMc6L8+58LFrXnGLmBP7A+fwBRyGQrQ==</latexit>

Ṽ
-> analytic formulae for physical Yukawa coupling, 
    limited model building options
B. R. Greene, K. H. Kirklin, P. J. Miron, and G. G. Ross 1986, 1987
G. Butbaia, D. Mayorga Peña, J. Tan, P. Berglund, T. Hübsch, V. Jejjala, and C. Mishra, 2024

•  Line bundle models:  
<latexit sha1_base64="IF7ameXGUTBC2EQuMfdKIG/l0X8="></latexit>

V =
L5

a=1 OX(ka) , c1(V ) ⇠
P

a ka = 0

-> many MSSM models known (        )
<latexit sha1_base64="cSSRSrb4wFZcU7D1UQr2V+jSwg8=">AAAB8HicbZDLSgMxFIbPeK31Vi87N8EiuCozgtWdBRe6rGAv0o4lk2ba0CQzJBmhDn0KNy4UcevCp/AJ3Ln0TUwvC239IfDx/+eQc04Qc6aN6345c/MLi0vLmZXs6tr6xmZua7uqo0QRWiERj1Q9wJpyJmnFMMNpPVYUi4DTWtA7H+a1O6o0i+S16cfUF7gjWcgINta6aWomkOfeHrdyebfgjoRmwZtA/uzj/vvifTctt3KfzXZEEkGlIRxr3fDc2PgpVoYRTgfZZqJpjEkPd2jDosSCaj8dDTxAB9ZpozBS9kmDRu7vjhQLrfsisJUCm66ezobmf1kjMeGpnzIZJ4ZKMv4oTDgyERpuj9pMUWJ43wImitlZEelihYmxN8raI3jTK89C9ajgFQvFKy9fKsFYGdiDfTgED06gBJdQhgoQEPAAT/DsKOfReXFex6VzzqRnB/7IefsBwaaTdQ==</latexit>

⇠ 105

    have additional (Green-Schwarz) symmetry
<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>

S(U(1)5)

L. B. Anderson, J. Gray, A. Lukas, and E. Palti,  2011, 2012 



Specific model classes
•  `Standard embedding’ models:            ,    trivial, no 5-branes

<latexit sha1_base64="cahj28qwp1E7CoUxtS0sJGd7eWI=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KIVC9CwYvHCk1baEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/Ualjc2t7Z3yrrO3f3B4VDk+aeskU5T5NBGJ6oZEM8El8w03gnVTxUgcCtYJJ/dzv/PElOaJbJlpyoKYjCSPOCXGSr7Tvmt1B5WqW3MXwOvEK0gVCjQHla/+MKFZzKShgmjd89zUBDlRhlPBZk4/0ywldEJGrGepJDHTQb44doYvrDLEUaJsSYMX6u+JnMRaT+PQdsbEjPWqNxf/83qZiW6DnMs0M0zS5aIoE9gkeP45HnLFqBFTSwhV3N6K6ZgoQo3Nx7EheKsvr5P2Vc2r1+qP19VGo4ijDGdwDpfgwQ004AGa4AMFDs/wCm9Iohf0jj6WrSVUzJzCH6DPH7unjf4=</latexit>

V = TX
<latexit sha1_base64="4Oi/Pgk03iW8dve2tjVxmME5/UQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/cA2lM1m0y7dbMLuRCih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsdxHIUOet6eDStWtuXOQVeIVpAoFmoPKVz9MWBZzhUxSY3qem6KfU42CST4t9zPDU8rGdMh7lioac+Pn84un5NwqIYkSbUshmau/J3IaGzOJA9sZUxyZZW8m/uf1Moxu/FyoNEOu2GJRlEmCCZm9T0KhOUM5sYQyLeythI2opgxtSGUbgrf88ippX9a8eq1+f1VtNIo4SnAKZ3ABHlxDA+6gCS1goOAZXuHNMc6L8+58LFrXnGLmBP7A+fwBRyGQrQ==</latexit>

Ṽ
-> analytic formulae for physical Yukawa coupling, 
    limited model building options
B. R. Greene, K. H. Kirklin, P. J. Miron, and G. G. Ross 1986, 1987
G. Butbaia, D. Mayorga Peña, J. Tan, P. Berglund, T. Hübsch, V. Jejjala, and C. Mishra, 2024

•  Line bundle models:  
<latexit sha1_base64="IF7ameXGUTBC2EQuMfdKIG/l0X8="></latexit>

V =
L5

a=1 OX(ka) , c1(V ) ⇠
P

a ka = 0

-> many MSSM models known (        )
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    have additional (Green-Schwarz) symmetry
<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>
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L. B. Anderson, J. Gray, A. Lukas, and E. Palti,  2011, 2012 

•  Models with non-Abelian (e.g.        ) bundle 
<latexit sha1_base64="0dxo+3s8/md92C09MO+CayMktNE=">AAAB6HicbZC7SgNBFIbPxluMt3jpbBaDYBV2LaKdAQstEzAXSJYwOzmbjJmdXWZmhbjkCWwsFLH1AXwKn8DO0jdxcik08YeBj/8/hznn+DFnSjvOl5VZWl5ZXcuu5zY2t7Z38rt7dRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPLsd54w6lYpG40cMYvZD0BAsYJdpY1XonX3CKzkT2IrgzKFx83H9fvR+klU7+s92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjZO1w4iaZ7Q9sT93ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq+8CPXTolsqlqpuoVyGqbJwCEdwAi6cQRmuoQI1oIDwAE/wbN1aj9aL9TotzViznn34I+vtB++KkMI=</latexit>

V
<latexit sha1_base64="8znQq2KzqoAmY8u0SFOjwU4ODWo=">AAAB7HicbZDLSsNAFIZP6qW13qou3QwWoW5KIrS6DLhx2aJpC20ok+mkHTqZhJmJUEKfwY0LRdz6QO58AfExnF4W2vrDwMf/n8Occ4KEM6Vt+9PKbWxubecLO8Xdvf2Dw9LRcUvFqSTUIzGPZSfAinImqKeZ5rSTSIqjgNN2ML6Z5e0HKhWLxb2eJNSP8FCwkBGsjeXdeZXaRb9Utqv2XGgdnCWUXdT8/irka41+6aM3iEkaUaEJx0p1HTvRfoalZoTTabGXKppgMsZD2jUocESVn82HnaJz4wxQGEvzhEZz93dHhiOlJlFgKiOsR2o1m5n/Zd1Uh9d+xkSSairI4qMw5UjHaLY5GjBJieYTA5hIZmZFZIQlJtrcp2iO4KyuvA6ty6pTr9abTtl1YaECnMIZVMCBK3DhFhrgAQEGj/AML5awnqxX621RmrOWPSfwR9b7D0sckKM=</latexit>

SU(5)

-> some MSSM models known (        ), but line bundle models 
   can be deformed to models with non-Abelian bundles

<latexit sha1_base64="uNHFUzNPiI0PNU8eZw6UgIeUHsE=">AAAB8HicbZC5TgMxEIZnOUO4wtHRWERIVNFuikBHJAoog0QOlCyR1/EmVmzvyvYihVWegoYChGgpeAqegI6SN8E5Ckj4JUuf/n9Gnpkg5kwb1/1yFhaXlldWM2vZ9Y3Nre3czm5NR4kitEoiHqlGgDXlTNKqYYbTRqwoFgGn9aB/Psrrd1RpFslrM4ipL3BXspARbKx109JMIM+9LbZzebfgjoXmwZtC/uzj/vvifT+ttHOfrU5EEkGlIRxr3fTc2PgpVoYRTofZVqJpjEkfd2nTosSCaj8dDzxER9bpoDBS9kmDxu7vjhQLrQcisJUCm56ezUbmf1kzMeGpnzIZJ4ZKMvkoTDgyERptjzpMUWL4wAImitlZEelhhYmxN8raI3izK89DrVjwSoXSlZcvl2GiDBzAIRyDBydQhkuoQBUICHiAJ3h2lPPovDivk9IFZ9qzB3/kvP0AvRqTcg==</latexit>
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Specific model classes
•  `Standard embedding’ models:            ,    trivial, no 5-branes

<latexit sha1_base64="cahj28qwp1E7CoUxtS0sJGd7eWI=">AAAB7HicbVBNS8NAEJ2tXzV+VT16WSyCp5KIVC9CwYvHCk1baEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/Ualjc2t7Z3yrrO3f3B4VDk+aeskU5T5NBGJ6oZEM8El8w03gnVTxUgcCtYJJ/dzv/PElOaJbJlpyoKYjCSPOCXGSr7Tvmt1B5WqW3MXwOvEK0gVCjQHla/+MKFZzKShgmjd89zUBDlRhlPBZk4/0ywldEJGrGepJDHTQb44doYvrDLEUaJsSYMX6u+JnMRaT+PQdsbEjPWqNxf/83qZiW6DnMs0M0zS5aIoE9gkeP45HnLFqBFTSwhV3N6K6ZgoQo3Nx7EheKsvr5P2Vc2r1+qP19VGo4ijDGdwDpfgwQ004AGa4AMFDs/wCm9Iohf0jj6WrSVUzJzCH6DPH7unjf4=</latexit>

V = TX
<latexit sha1_base64="4Oi/Pgk03iW8dve2tjVxmME5/UQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/cA2lM1m0y7dbMLuRCih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx7czvPHFtRKIecJJyP6ZDJSLBKFrpsdxHIUOet6eDStWtuXOQVeIVpAoFmoPKVz9MWBZzhUxSY3qem6KfU42CST4t9zPDU8rGdMh7lioac+Pn84un5NwqIYkSbUshmau/J3IaGzOJA9sZUxyZZW8m/uf1Moxu/FyoNEOu2GJRlEmCCZm9T0KhOUM5sYQyLeythI2opgxtSGUbgrf88ippX9a8eq1+f1VtNIo4SnAKZ3ABHlxDA+6gCS1goOAZXuHNMc6L8+58LFrXnGLmBP7A+fwBRyGQrQ==</latexit>

Ṽ
-> analytic formulae for physical Yukawa coupling, 
    limited model building options

focus for this talk:

B. R. Greene, K. H. Kirklin, P. J. Miron, and G. G. Ross 1986, 1987
G. Butbaia, D. Mayorga Peña, J. Tan, P. Berglund, T. Hübsch, V. Jejjala, and C. Mishra, 2024

•  Line bundle models:  
<latexit sha1_base64="IF7ameXGUTBC2EQuMfdKIG/l0X8="></latexit>

V =
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a=1 OX(ka) , c1(V ) ⇠
P

a ka = 0

-> many MSSM models known (        )
<latexit sha1_base64="cSSRSrb4wFZcU7D1UQr2V+jSwg8=">AAAB8HicbZDLSgMxFIbPeK31Vi87N8EiuCozgtWdBRe6rGAv0o4lk2ba0CQzJBmhDn0KNy4UcevCp/AJ3Ln0TUwvC239IfDx/+eQc04Qc6aN6345c/MLi0vLmZXs6tr6xmZua7uqo0QRWiERj1Q9wJpyJmnFMMNpPVYUi4DTWtA7H+a1O6o0i+S16cfUF7gjWcgINta6aWomkOfeHrdyebfgjoRmwZtA/uzj/vvifTctt3KfzXZEEkGlIRxr3fDc2PgpVoYRTgfZZqJpjEkPd2jDosSCaj8dDTxAB9ZpozBS9kmDRu7vjhQLrfsisJUCm66ezobmf1kjMeGpnzIZJ4ZKMv4oTDgyERpuj9pMUWJ43wImitlZEelihYmxN8raI3jTK89C9ajgFQvFKy9fKsFYGdiDfTgED06gBJdQhgoQEPAAT/DsKOfReXFex6VzzqRnB/7IefsBwaaTdQ==</latexit>
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    have additional (Green-Schwarz) symmetry
<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>

S(U(1)5)

L. B. Anderson, J. Gray, A. Lukas, and E. Palti,  2011, 2012 

•  Models with non-Abelian (e.g.        ) bundle 
<latexit sha1_base64="0dxo+3s8/md92C09MO+CayMktNE=">AAAB6HicbZC7SgNBFIbPxluMt3jpbBaDYBV2LaKdAQstEzAXSJYwOzmbjJmdXWZmhbjkCWwsFLH1AXwKn8DO0jdxcik08YeBj/8/hznn+DFnSjvOl5VZWl5ZXcuu5zY2t7Z38rt7dRUlkmKNRjySTZ8o5ExgTTPNsRlLJKHPseEPLsd54w6lYpG40cMYvZD0BAsYJdpY1XonX3CKzkT2IrgzKFx83H9fvR+klU7+s92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjZO1w4iaZ7Q9sT93ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq+8CPXTolsqlqpuoVyGqbJwCEdwAi6cQRmuoQI1oIDwAE/wbN1aj9aL9TotzViznn34I+vtB++KkMI=</latexit>

V
<latexit sha1_base64="8znQq2KzqoAmY8u0SFOjwU4ODWo=">AAAB7HicbZDLSsNAFIZP6qW13qou3QwWoW5KIrS6DLhx2aJpC20ok+mkHTqZhJmJUEKfwY0LRdz6QO58AfExnF4W2vrDwMf/n8Occ4KEM6Vt+9PKbWxubecLO8Xdvf2Dw9LRcUvFqSTUIzGPZSfAinImqKeZ5rSTSIqjgNN2ML6Z5e0HKhWLxb2eJNSP8FCwkBGsjeXdeZXaRb9Utqv2XGgdnCWUXdT8/irka41+6aM3iEkaUaEJx0p1HTvRfoalZoTTabGXKppgMsZD2jUocESVn82HnaJz4wxQGEvzhEZz93dHhiOlJlFgKiOsR2o1m5n/Zd1Uh9d+xkSSairI4qMw5UjHaLY5GjBJieYTA5hIZmZFZIQlJtrcp2iO4KyuvA6ty6pTr9abTtl1YaECnMIZVMCBK3DhFhrgAQEGj/AML5awnqxX621RmrOWPSfwR9b7D0sckKM=</latexit>

SU(5)

-> some MSSM models known (        ), but line bundle models 
   can be deformed to models with non-Abelian bundles

<latexit sha1_base64="uNHFUzNPiI0PNU8eZw6UgIeUHsE=">AAAB8HicbZC5TgMxEIZnOUO4wtHRWERIVNFuikBHJAoog0QOlCyR1/EmVmzvyvYihVWegoYChGgpeAqegI6SN8E5Ckj4JUuf/n9Gnpkg5kwb1/1yFhaXlldWM2vZ9Y3Nre3czm5NR4kitEoiHqlGgDXlTNKqYYbTRqwoFgGn9aB/Psrrd1RpFslrM4ipL3BXspARbKx109JMIM+9LbZzebfgjoXmwZtC/uzj/vvifT+ttHOfrU5EEkGlIRxr3fTc2PgpVoYRTofZVqJpjEkfd2nTosSCaj8dDzxER9bpoDBS9kmDxu7vjhQLrQcisJUCm56ezUbmf1kzMeGpnzIZJ4ZKMvkoTDgyERptjzpMUWL4wAImitlZEelhhYmxN8raI3izK89DrVjwSoXSlZcvl2GiDBzAIRyDBydQhkuoQBUICHiAJ3h2lPPovDivk9IFZ9qzB3/kvP0AvRqTcg==</latexit>
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Calculating Yukawa couplings

matter fields       bundle-valued harmonic forms 1-forms<latexit sha1_base64="gTplCzkfQm3K5GOajk10cfyPjNI=">AAAB+HicbVC7SgNBFJ31GeMj66OzGQyCVdi1iHYGLLSMYB6QhDA7mU2GzM4sM3eVZMmX2FgoYmPhN/gFdpb+iZNHoYkHLhzOuZd77wliwQ143peztLyyurae2chubm3v5NzdvapRiaasQpVQuh4QwwSXrAIcBKvHmpEoEKwW9C/Hfu2OacOVvIVBzFoR6UoeckrASm031xQsBM27PSBaq/u2m/cK3gR4kfgzkr/4GH5fvR2k5bb72ewomkRMAhXEmIbvxdBKiQZOBRtlm4lhMaF90mUNSyWJmGmlk8NH+NgqHRwqbUsCnqi/J1ISGTOIAtsZEeiZeW8s/uc1EgjPWymXcQJM0umiMBEYFB6ngDtcMwpiYAmhmttbMe0RTSjYrLI2BH/+5UVSPS34xULxxs+XSmiKDDpER+gE+egMldA1KqMKoihBD+gJPTtD59F5cV6nrUvObGYf/YHz/gOnL5d5</latexit>$
<latexit sha1_base64="sjUMA+PUxCSgaZM76B3vWpUHOuc="></latexit>
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Calculating Yukawa couplings
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<latexit sha1_base64="sjUMA+PUxCSgaZM76B3vWpUHOuc="></latexit>
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V
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hol. Yukawa couplings
<latexit sha1_base64="NXxn4/vK4LZIet17FBdul16ewjI="></latexit>

YIJK ⇠
R
X ⌫I ^ ⌫J ^ ⌫K ^ ⌦

invariant under                   ,

can be computed analytically

with non-harmonic representatives

(using diff. or alg. methods) 

<latexit sha1_base64="dbMltBqHj/shHXdZpPnEABU6pxg="></latexit>
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Calculating Yukawa couplings
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<latexit sha1_base64="sjUMA+PUxCSgaZM76B3vWpUHOuc="></latexit>
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I $ ⌫I 2 H

1(X,U) , U = V, ^2
V, ^2
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hol. Yukawa couplings
<latexit sha1_base64="NXxn4/vK4LZIet17FBdul16ewjI="></latexit>

YIJK ⇠
R
X ⌫I ^ ⌫J ^ ⌫K ^ ⌦

invariant under                   ,

can be computed analytically

with non-harmonic representatives

(using diff. or alg. methods) 

<latexit sha1_base64="dbMltBqHj/shHXdZpPnEABU6pxg="></latexit>
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matter field Kahler metric
<latexit sha1_base64="Y+0I9xy5xkpNACkqDcQfjNuFbMc="></latexit>

Kmatter
IJ ⇠

R
X ⌫I ^ (?̄U⌫J)

requires harmonic representatives

-> need Ricci-flat CY metric, 
   HYM connection on bundle, 
   harmonic bundle-valued forms



Calculating Yukawa couplings
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<latexit sha1_base64="sjUMA+PUxCSgaZM76B3vWpUHOuc="></latexit>
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1(X,U) , U = V, ^2
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hol. Yukawa couplings
<latexit sha1_base64="NXxn4/vK4LZIet17FBdul16ewjI="></latexit>

YIJK ⇠
R
X ⌫I ^ ⌫J ^ ⌫K ^ ⌦

invariant under                   ,

can be computed analytically

with non-harmonic representatives

(using diff. or alg. methods) 

<latexit sha1_base64="dbMltBqHj/shHXdZpPnEABU6pxg="></latexit>

⌫I 7! ⌫I + @̄�I

matter field Kahler metric
<latexit sha1_base64="Y+0I9xy5xkpNACkqDcQfjNuFbMc="></latexit>

Kmatter
IJ ⇠

R
X ⌫I ^ (?̄U⌫J)

requires harmonic representatives

-> need Ricci-flat CY metric, 
   HYM connection on bundle, 
   harmonic bundle-valued forms

Computing           has been the main problem since Ricci-flat metric, 
HYM connection and harmonic forms are not known analytically. 

<latexit sha1_base64="Ogdg5g+L0Rv9RUFQHZMC/9lUSHM="></latexit>

Kmatter
IJ

Need to solve complicated diff. eqs. on CY manifolds numerically.



Machine-learning solutions

to differential equations



Neural networks

Function families                      constructed by function composition: 
<latexit sha1_base64="+lBOqaKv1scz3apDQcFg9ek4fRE=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSiJSxVVREJdVrApNDJPJtB2czISZG6WE/Icbf8WNC0VcCS78G6cP8HngwuGce7n3nigV3IDrfjgTk1PTM7OlufL8wuLScmVl9dyoTFPWokoofRkRwwSXrAUcBLtMNSNJJNhFdH048C9umDZcyTPopyxISFfyDqcErBRWto9CH3oMyP7pVR6Hua8TzGVR+Jp3e0C0Vrf4y1EZFEVYqbo1dwj8l3hjUkVjNMPKmx8rmiVMAhXEmLbnphDkRAOnghVlPzMsJfSadFnbUkkSZoJ8+FuBN60S447StiTgofp9IieJMf0ksp0JgZ757Q3E/7x2Bp29IOcyzYBJOlrUyQQGhQdB4ZhrRkH0LSFUc3srpj2iCQUbZ9mG4P1++S8536559Vr9ZKfaOBjHUULraANtIQ/togY6Rk3UQhTdoQf0hJ6de+fReXFeR60TznhmDf2A8/4Jlp2iaw==</latexit>

F✓ : Rdin ! Rdout

✓ = (✓1, . . . , ✓�), din = d0, dout = d�

<latexit sha1_base64="MnoeuxzTf1C8Kb6dGUcO9DWKKWw="></latexit>

where                                           .

F✓ = f (�)
✓�

� · · · � f (2)
✓2

� f (1)
✓1

: Rd0 ! Rd�

<latexit sha1_base64="HMgL02zwtuJDtH4XiuswWlhBgSw="></latexit>



Neural networks

Function families                      constructed by function composition: 
<latexit sha1_base64="+lBOqaKv1scz3apDQcFg9ek4fRE=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSiJSxVVREJdVrApNDJPJtB2czISZG6WE/Icbf8WNC0VcCS78G6cP8HngwuGce7n3nigV3IDrfjgTk1PTM7OlufL8wuLScmVl9dyoTFPWokoofRkRwwSXrAUcBLtMNSNJJNhFdH048C9umDZcyTPopyxISFfyDqcErBRWto9CH3oMyP7pVR6Hua8TzGVR+Jp3e0C0Vrf4y1EZFEVYqbo1dwj8l3hjUkVjNMPKmx8rmiVMAhXEmLbnphDkRAOnghVlPzMsJfSadFnbUkkSZoJ8+FuBN60S447StiTgofp9IieJMf0ksp0JgZ757Q3E/7x2Bp29IOcyzYBJOlrUyQQGhQdB4ZhrRkH0LSFUc3srpj2iCQUbZ9mG4P1++S8536559Vr9ZKfaOBjHUULraANtIQ/togY6Rk3UQhTdoQf0hJ6de+fReXFeR60TznhmDf2A8/4Jlp2iaw==</latexit>

F✓ : Rdin ! Rdout

✓ = (✓1, . . . , ✓�), din = d0, dout = d�

<latexit sha1_base64="MnoeuxzTf1C8Kb6dGUcO9DWKKWw="></latexit>

where                                           .

F✓ = f (�)
✓�

� · · · � f (2)
✓2

� f (1)
✓1

: Rd0 ! Rd�

<latexit sha1_base64="HMgL02zwtuJDtH4XiuswWlhBgSw="></latexit>

layers

depth width



Neural networks

Function families                      constructed by function composition: 
<latexit sha1_base64="+lBOqaKv1scz3apDQcFg9ek4fRE=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSiJSxVVREJdVrApNDJPJtB2czISZG6WE/Icbf8WNC0VcCS78G6cP8HngwuGce7n3nigV3IDrfjgTk1PTM7OlufL8wuLScmVl9dyoTFPWokoofRkRwwSXrAUcBLtMNSNJJNhFdH048C9umDZcyTPopyxISFfyDqcErBRWto9CH3oMyP7pVR6Hua8TzGVR+Jp3e0C0Vrf4y1EZFEVYqbo1dwj8l3hjUkVjNMPKmx8rmiVMAhXEmLbnphDkRAOnghVlPzMsJfSadFnbUkkSZoJ8+FuBN60S447StiTgofp9IieJMf0ksp0JgZ757Q3E/7x2Bp29IOcyzYBJOlrUyQQGhQdB4ZhrRkH0LSFUc3srpj2iCQUbZ9mG4P1++S8536559Vr9ZKfaOBjHUULraANtIQ/togY6Rk3UQhTdoQf0hJ6de+fReXFeR60TznhmDf2A8/4Jlp2iaw==</latexit>

F✓ : Rdin ! Rdout

✓ = (✓1, . . . , ✓�), din = d0, dout = d�

<latexit sha1_base64="MnoeuxzTf1C8Kb6dGUcO9DWKKWw="></latexit>

where                                           .

F✓ = f (�)
✓�

� · · · � f (2)
✓2

� f (1)
✓1

: Rd0 ! Rd�

<latexit sha1_base64="HMgL02zwtuJDtH4XiuswWlhBgSw="></latexit>

layers

depth width

For example, fully connected: 
<latexit sha1_base64="aFwJ5nwVeTD8JtL7ek9ReyH0148=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEFKUkItWNUHTjsoJ9QBvCZDpph84kYWYiLaG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WNGpbLtbyO3tLyyupZfL2xsbm3vmLt7DRklApM6jlgkWj6ShNGQ1BVVjLRiQRD3GWn6g5uJ33wgQtIovFejmLgc9UIaUIyUljzzIPBSq3nql8bWsHTVkbTHkdUcnvglzyzaZXsKuEicjBRBhppnfnW6EU44CRVmSMq2Y8fKTZFQFDMyLnQSSWKEB6hH2pqGiBPpptMXxvBYK10YREJXqOBU/T2RIi7liPu6kyPVl/PeRPzPaycquHRTGsaJIiGeLQoSBlUEJ3nALhUEKzbSBGFB9a0Q95FAWOnUCjoEZ/7lRdI4KzuVcuXuvFi9zuLIg0NwBCzggAtQBbegBuoAg0fwDF7Bm/FkvBjvxsesNWdkM/vgD4zPH8RDlcM=</latexit>

f(W,b)(x) = �(Wx+ b)

<latexit sha1_base64="uz2LcJ7RRhbvyNgMwgJIxg7PKQg=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkItWNUHDjsoK9QBPKZDpph84kYeZEaEPxVdy4UMSt7+HOt3HaZqGtPwx8/Occzpk/SATX4Djf1srq2vrGZmGruL2zu7dvHxw2dZwqyho0FrFqB0QzwSPWAA6CtRPFiAwEawXD22m99ciU5nH0AKOE+ZL0Ix5ySsBYXfvY07wvSXl8fuPBgMGUxl275FScmfAyuDmUUK561/7yejFNJYuACqJ1x3US8DOigFPBJkUv1SwhdEj6rGMwIpJpP5tdP8FnxunhMFbmRYBn7u+JjEitRzIwnZLAQC/WpuZ/tU4K4bWf8ShJgUV0vihMBYYYT6PAPa4YBTEyQKji5lZMB0QRCiawognBXfzyMjQvKm61Ur2/LNVqeRwFdIJOURm56ArV0B2qowaiaIye0St6s56sF+vd+pi3rlj5zBH6I+vzB469lKg=</latexit>

�(z) = ✓(z)z



Neural networks

Function families                      constructed by function composition: 
<latexit sha1_base64="+lBOqaKv1scz3apDQcFg9ek4fRE=">AAACG3icbVDLSsNAFJ34rPVVdelmsAiuSiJSxVVREJdVrApNDJPJtB2czISZG6WE/Icbf8WNC0VcCS78G6cP8HngwuGce7n3nigV3IDrfjgTk1PTM7OlufL8wuLScmVl9dyoTFPWokoofRkRwwSXrAUcBLtMNSNJJNhFdH048C9umDZcyTPopyxISFfyDqcErBRWto9CH3oMyP7pVR6Hua8TzGVR+Jp3e0C0Vrf4y1EZFEVYqbo1dwj8l3hjUkVjNMPKmx8rmiVMAhXEmLbnphDkRAOnghVlPzMsJfSadFnbUkkSZoJ8+FuBN60S447StiTgofp9IieJMf0ksp0JgZ757Q3E/7x2Bp29IOcyzYBJOlrUyQQGhQdB4ZhrRkH0LSFUc3srpj2iCQUbZ9mG4P1++S8536559Vr9ZKfaOBjHUULraANtIQ/togY6Rk3UQhTdoQf0hJ6de+fReXFeR60TznhmDf2A8/4Jlp2iaw==</latexit>

F✓ : Rdin ! Rdout

✓ = (✓1, . . . , ✓�), din = d0, dout = d�

<latexit sha1_base64="MnoeuxzTf1C8Kb6dGUcO9DWKKWw="></latexit>

where                                           .

F✓ = f (�)
✓�

� · · · � f (2)
✓2

� f (1)
✓1

: Rd0 ! Rd�

<latexit sha1_base64="HMgL02zwtuJDtH4XiuswWlhBgSw="></latexit>

layers

depth width

For example, fully connected: 
<latexit sha1_base64="aFwJ5nwVeTD8JtL7ek9ReyH0148=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEFKUkItWNUHTjsoJ9QBvCZDpph84kYWYiLaG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WNGpbLtbyO3tLyyupZfL2xsbm3vmLt7DRklApM6jlgkWj6ShNGQ1BVVjLRiQRD3GWn6g5uJ33wgQtIovFejmLgc9UIaUIyUljzzIPBSq3nql8bWsHTVkbTHkdUcnvglzyzaZXsKuEicjBRBhppnfnW6EU44CRVmSMq2Y8fKTZFQFDMyLnQSSWKEB6hH2pqGiBPpptMXxvBYK10YREJXqOBU/T2RIi7liPu6kyPVl/PeRPzPaycquHRTGsaJIiGeLQoSBlUEJ3nALhUEKzbSBGFB9a0Q95FAWOnUCjoEZ/7lRdI4KzuVcuXuvFi9zuLIg0NwBCzggAtQBbegBuoAg0fwDF7Bm/FkvBjvxsesNWdkM/vgD4zPH8RDlcM=</latexit>

f(W,b)(x) = �(Wx+ b)

<latexit sha1_base64="uz2LcJ7RRhbvyNgMwgJIxg7PKQg=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYkItWNUHDjsoK9QBPKZDpph84kYeZEaEPxVdy4UMSt7+HOt3HaZqGtPwx8/Occzpk/SATX4Djf1srq2vrGZmGruL2zu7dvHxw2dZwqyho0FrFqB0QzwSPWAA6CtRPFiAwEawXD22m99ciU5nH0AKOE+ZL0Ix5ySsBYXfvY07wvSXl8fuPBgMGUxl275FScmfAyuDmUUK561/7yejFNJYuACqJ1x3US8DOigFPBJkUv1SwhdEj6rGMwIpJpP5tdP8FnxunhMFbmRYBn7u+JjEitRzIwnZLAQC/WpuZ/tU4K4bWf8ShJgUV0vihMBYYYT6PAPa4YBTEyQKji5lZMB0QRCiawognBXfzyMjQvKm61Ur2/LNVqeRwFdIJOURm56ArV0B2qowaiaIye0St6s56sF+vd+pi3rlj5zBH6I+vzB469lKg=</latexit>

�(z) = ✓(z)z

activation fct. weights biases

(ReLU)



Solving differential eqs. with neural networks

Differential eq. p(D2g(x), Dg(x), g(x), x) = 0

<latexit sha1_base64="vbiNd+wk+40kLhj/CEJZMujJaZQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEFqTMlIpuhIJduKxgH9COJZNm2tBMZkgy0jIUN/6KGxeKuPUr3Pk3ptNZaOuBXA7n3MvNPW7IqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCmDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q981sPREga8Ds1CYnjowGnHsVIaalnHoWF2n15UBgXz2pJTcq4eGX1zLxVshLAZWKnJA9S1HvmV7cf4MgnXGGGpOzYVqicGAlFMSPTXDeSJER4hAakoylHPpFOnJwwhada6UMvEPpxBRP190SMfCknvqs7faSGctGbif95nUh5l05MeRgpwvF8kRcxqAI4ywP2qSBYsYkmCAuq/wrxEAmElU4tp0OwF09eJs1yya6Uzm8r+Wo1jSMLjsEJKAAbXIAquAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AM64lH0=</latexit>

<latexit sha1_base64="kY1f0Ldj0cAta7OnprS+OTYl6oQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmAckS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntR6oNU/LeThIaCjyULGYEWye1nnpMok6/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1u8tKvZ7HUYQTOIVzCOAK6nALDWgCgQd4hld485T34r17H4vWgpfPHMMfeJ8/LyCO4g==</latexit>

x 2 X

Idea: Want to train neural net     so that is solves diff. eq., 
<latexit sha1_base64="gVz5D7Q8dO0r1p8cHbIjC28Rlqk=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbQRCPFawttKFstpt26ebD3YlQQv+EFw+KePXvePPfuGkrqOiDgcd7M8zM8xPBFVjWh1FYWV1b3yhulra2d3b3yvsHtypOJWVtGotYdn2imOARawMHwbqJZCT0Bev4k4vc79wzqXgc3cA0YV5IRhEPOCWgpe7loA9jBmRQrljmecN1zhxsmZZVd6puTpx6zaliWys5KmiJ1qD83h/GNA1ZBFQQpXq2lYCXEQmcCjYr9VPFEkInZMR6mkYkZMrL5vfO8IlWhjiIpa4I8Fz9PpGRUKlp6OvOkMBY/fZy8S+vl0LQ8DIeJSmwiC4WBanAEOP8eTzkklEQU00IlVzfiumYSEJBR1TSIXx9iv8nt45pu6Z7Xas0m8s4iugIHaNTZKM6aqIr1EJtRJFAD+gJPRt3xqPxYrwuWgvGcuYQ/YDx9glSDJAu</latexit>

F✓
<latexit sha1_base64="FymnVt/KIQjBdDn0MNHVGNNiiAw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9hs4kZvAUE8RjAPSEKYnXSSIbMPZ3oDYfFPvHhQxKt/4s2/cVYjqGhBQ1HVTXeXH0uh0XHerNzS8srqWn69sLG5tb1j7+61dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C25+eZ357BkqLKLzGeQz9gI1DMRKcoZEGtj3uaRHADb0Y9HACyAZ20SmdnXruiUudkuPU3IqXEbdWdSu0bJQMRbJAY2C/9oYRTwIIkUumdbfsxNhPmULBJdwWeomGmPEpG0PX0JAFoPvpx+W39MgoQzqKlKkQ6Yf6fSJlgdbzwDedAcOJ/u1l4l9eN8HRaT8VYZwghPxz0SiRFCOaxUCHQgFHOTeEcSXMrZRPmGIcTVgFE8LXp/R/0nJLZa/kXVWL9foijjw5IIfkmJRJjdTJJWmQJuFkRu7IA3m0UuveerKeP1tz1mJmn/yA9fIOpHiTsQ==</latexit>

g ' F✓



Solving differential eqs. with neural networks

Differential eq. p(D2g(x), Dg(x), g(x), x) = 0

<latexit sha1_base64="vbiNd+wk+40kLhj/CEJZMujJaZQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEFqTMlIpuhIJduKxgH9COJZNm2tBMZkgy0jIUN/6KGxeKuPUr3Pk3ptNZaOuBXA7n3MvNPW7IqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCmDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q981sPREga8Ds1CYnjowGnHsVIaalnHoWF2n15UBgXz2pJTcq4eGX1zLxVshLAZWKnJA9S1HvmV7cf4MgnXGGGpOzYVqicGAlFMSPTXDeSJER4hAakoylHPpFOnJwwhada6UMvEPpxBRP190SMfCknvqs7faSGctGbif95nUh5l05MeRgpwvF8kRcxqAI4ywP2qSBYsYkmCAuq/wrxEAmElU4tp0OwF09eJs1yya6Uzm8r+Wo1jSMLjsEJKAAbXIAquAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AM64lH0=</latexit>

<latexit sha1_base64="kY1f0Ldj0cAta7OnprS+OTYl6oQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmAckS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntR6oNU/LeThIaCjyULGYEWye1nnpMok6/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1u8tKvZ7HUYQTOIVzCOAK6nALDWgCgQd4hld485T34r17H4vWgpfPHMMfeJ8/LyCO4g==</latexit>

x 2 X

Idea: Want to train neural net     so that is solves diff. eq., 
<latexit sha1_base64="gVz5D7Q8dO0r1p8cHbIjC28Rlqk=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbQRCPFawttKFstpt26ebD3YlQQv+EFw+KePXvePPfuGkrqOiDgcd7M8zM8xPBFVjWh1FYWV1b3yhulra2d3b3yvsHtypOJWVtGotYdn2imOARawMHwbqJZCT0Bev4k4vc79wzqXgc3cA0YV5IRhEPOCWgpe7loA9jBmRQrljmecN1zhxsmZZVd6puTpx6zaliWys5KmiJ1qD83h/GNA1ZBFQQpXq2lYCXEQmcCjYr9VPFEkInZMR6mkYkZMrL5vfO8IlWhjiIpa4I8Fz9PpGRUKlp6OvOkMBY/fZy8S+vl0LQ8DIeJSmwiC4WBanAEOP8eTzkklEQU00IlVzfiumYSEJBR1TSIXx9iv8nt45pu6Z7Xas0m8s4iugIHaNTZKM6aqIr1EJtRJFAD+gJPRt3xqPxYrwuWgvGcuYQ/YDx9glSDJAu</latexit>

F✓
<latexit sha1_base64="FymnVt/KIQjBdDn0MNHVGNNiiAw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9hs4kZvAUE8RjAPSEKYnXSSIbMPZ3oDYfFPvHhQxKt/4s2/cVYjqGhBQ1HVTXeXH0uh0XHerNzS8srqWn69sLG5tb1j7+61dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C25+eZ357BkqLKLzGeQz9gI1DMRKcoZEGtj3uaRHADb0Y9HACyAZ20SmdnXruiUudkuPU3IqXEbdWdSu0bJQMRbJAY2C/9oYRTwIIkUumdbfsxNhPmULBJdwWeomGmPEpG0PX0JAFoPvpx+W39MgoQzqKlKkQ6Yf6fSJlgdbzwDedAcOJ/u1l4l9eN8HRaT8VYZwghPxz0SiRFCOaxUCHQgFHOTeEcSXMrZRPmGIcTVgFE8LXp/R/0nJLZa/kXVWL9foijjw5IIfkmJRJjdTJJWmQJuFkRu7IA3m0UuveerKeP1tz1mJmn/yA9fIOpHiTsQ==</latexit>

g ' F✓

•  Select training set                           (with known distribution) 
<latexit sha1_base64="D1dH518NhkisY4CQ6inB7uRjkWw=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFchJKIVDdCwY0rqWAf0IQwmUzaoZNJmJmIJXbnxl9x40IRt/6CO//GaZuFth64cDjnXu69J0gZlcq2v42FxaXlldXSWnl9Y3Nr29zZbckkE5g0ccIS0QmQJIxy0lRUMdJJBUFxwEg7GFyO/fYdEZIm/FYNU+LFqMdpRDFSWvLNAze/96lLOey41oNr0QvHclmYKAmta3fkmxW7ak8A54lTkAoo0PDNLzdMcBYTrjBDUnYdO1VejoSimJFR2c0kSREeoB7paspRTKSXT/4YwSOthDBKhC6u4ET9PZGjWMphHOjOGKm+nPXG4n9eN1PRuZdTnmaKcDxdFGUMqgSOQ4EhFQQrNtQEYUH1rRD3kUBY6ejKOgRn9uV50jqpOrVq7ea0Uq8XcZTAPjgEx8ABZ6AOrkADNAEGj+AZvII348l4Md6Nj2nrglHM7IE/MD5/AAqfmCY=</latexit>

{xi 2 X | i = 1, . . . , N}

•  Define loss function
<latexit sha1_base64="2Jxt67+mhASqnDcDbcpIfT+Xuk0="></latexit>

L(✓) = 1

N

NX

i=1

|p(D2F✓(xi), DF✓(xi), F✓(xi), xi)|2 + · · ·



Solving differential eqs. with neural networks

Differential eq. p(D2g(x), Dg(x), g(x), x) = 0

<latexit sha1_base64="vbiNd+wk+40kLhj/CEJZMujJaZQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEFqTMlIpuhIJduKxgH9COJZNm2tBMZkgy0jIUN/6KGxeKuPUr3Pk3ptNZaOuBXA7n3MvNPW7IqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCmDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q981sPREga8Ds1CYnjowGnHsVIaalnHoWF2n15UBgXz2pJTcq4eGX1zLxVshLAZWKnJA9S1HvmV7cf4MgnXGGGpOzYVqicGAlFMSPTXDeSJER4hAakoylHPpFOnJwwhada6UMvEPpxBRP190SMfCknvqs7faSGctGbif95nUh5l05MeRgpwvF8kRcxqAI4ywP2qSBYsYkmCAuq/wrxEAmElU4tp0OwF09eJs1yya6Uzm8r+Wo1jSMLjsEJKAAbXIAquAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AM64lH0=</latexit>

<latexit sha1_base64="kY1f0Ldj0cAta7OnprS+OTYl6oQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmAckS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntR6oNU/LeThIaCjyULGYEWye1nnpMok6/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1u8tKvZ7HUYQTOIVzCOAK6nALDWgCgQd4hld485T34r17H4vWgpfPHMMfeJ8/LyCO4g==</latexit>

x 2 X

Idea: Want to train neural net     so that is solves diff. eq., 
<latexit sha1_base64="gVz5D7Q8dO0r1p8cHbIjC28Rlqk=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbQRCPFawttKFstpt26ebD3YlQQv+EFw+KePXvePPfuGkrqOiDgcd7M8zM8xPBFVjWh1FYWV1b3yhulra2d3b3yvsHtypOJWVtGotYdn2imOARawMHwbqJZCT0Bev4k4vc79wzqXgc3cA0YV5IRhEPOCWgpe7loA9jBmRQrljmecN1zhxsmZZVd6puTpx6zaliWys5KmiJ1qD83h/GNA1ZBFQQpXq2lYCXEQmcCjYr9VPFEkInZMR6mkYkZMrL5vfO8IlWhjiIpa4I8Fz9PpGRUKlp6OvOkMBY/fZy8S+vl0LQ8DIeJSmwiC4WBanAEOP8eTzkklEQU00IlVzfiumYSEJBR1TSIXx9iv8nt45pu6Z7Xas0m8s4iugIHaNTZKM6aqIr1EJtRJFAD+gJPRt3xqPxYrwuWgvGcuYQ/YDx9glSDJAu</latexit>

F✓
<latexit sha1_base64="FymnVt/KIQjBdDn0MNHVGNNiiAw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9hs4kZvAUE8RjAPSEKYnXSSIbMPZ3oDYfFPvHhQxKt/4s2/cVYjqGhBQ1HVTXeXH0uh0XHerNzS8srqWn69sLG5tb1j7+61dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C25+eZ357BkqLKLzGeQz9gI1DMRKcoZEGtj3uaRHADb0Y9HACyAZ20SmdnXruiUudkuPU3IqXEbdWdSu0bJQMRbJAY2C/9oYRTwIIkUumdbfsxNhPmULBJdwWeomGmPEpG0PX0JAFoPvpx+W39MgoQzqKlKkQ6Yf6fSJlgdbzwDedAcOJ/u1l4l9eN8HRaT8VYZwghPxz0SiRFCOaxUCHQgFHOTeEcSXMrZRPmGIcTVgFE8LXp/R/0nJLZa/kXVWL9foijjw5IIfkmJRJjdTJJWmQJuFkRu7IA3m0UuveerKeP1tz1mJmn/yA9fIOpHiTsQ==</latexit>

g ' F✓

•  Select training set                           (with known distribution) 
<latexit sha1_base64="D1dH518NhkisY4CQ6inB7uRjkWw=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFchJKIVDdCwY0rqWAf0IQwmUzaoZNJmJmIJXbnxl9x40IRt/6CO//GaZuFth64cDjnXu69J0gZlcq2v42FxaXlldXSWnl9Y3Nr29zZbckkE5g0ccIS0QmQJIxy0lRUMdJJBUFxwEg7GFyO/fYdEZIm/FYNU+LFqMdpRDFSWvLNAze/96lLOey41oNr0QvHclmYKAmta3fkmxW7ak8A54lTkAoo0PDNLzdMcBYTrjBDUnYdO1VejoSimJFR2c0kSREeoB7paspRTKSXT/4YwSOthDBKhC6u4ET9PZGjWMphHOjOGKm+nPXG4n9eN1PRuZdTnmaKcDxdFGUMqgSOQ4EhFQQrNtQEYUH1rRD3kUBY6ejKOgRn9uV50jqpOrVq7ea0Uq8XcZTAPjgEx8ABZ6AOrkADNAEGj+AZvII348l4Md6Nj2nrglHM7IE/MD5/AAqfmCY=</latexit>

{xi 2 X | i = 1, . . . , N}

•  Define loss function
<latexit sha1_base64="2Jxt67+mhASqnDcDbcpIfT+Xuk0="></latexit>

L(✓) = 1

N

NX

i=1

|p(D2F✓(xi), DF✓(xi), F✓(xi), xi)|2 + · · ·

•  Leads to minimum     of loss function 
<latexit sha1_base64="Li4Jc0atsC+NRH723cWllp/90V4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ99xeqexW3DnYKvFyUoYc9V7pq9uPRRpiREJxYzqem5CfcU1SKJwWu6nBhIsxH2LH0oiHaPxsfu+UnVulzwaxthURm6u/JzIeGjMJA9sZchqZZW8m/ud1Uhrc+JmMkpQwEotFg1QxitnsedaXGgWpiSVcaGlvZWLENRdkIyraELzll1dJ87LiVSvV+6tyrZbHUYBTOIML8OAaanAHdWiAAAXP8ApvzqPz4rw7H4vWNSefOYE/cD5/AM7bj9Q=</latexit>

✓0
<latexit sha1_base64="Qv4c4OuHvdI96KhoWbDN7o0lyc8=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItJKAjYVFBPMByRH2NnvJkr29c3dOCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1QOOE+5HdKBEKBhFK7WzLqOS3E16pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fze6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J45WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlS0IXiLLy+T5nnFq1aq9xfl2nUeRwGO4QTOwINLqMEt1KEBDCQ8wyu8OY/Oi/PufMxbV5x85gj+wPn8AbPwj8E=</latexit>

L

•  Perform gradient descent                      
<latexit sha1_base64="1ke0wNPhRPOoyaCmMS3ER82yfrc=">AAACI3icbVDLSgMxFM34tr6qLt0Ei1AXlhkRFVcFNy5cVLAP6JRyJ03b0ExmSO4IZei/uPFX3LhQihsX/otppwttPRA495x7k9wTxFIYdN0vZ2l5ZXVtfWMzt7W9s7uX3z+omSjRjFdZJCPdCMBwKRSvokDJG7HmEAaS14PB7cSvP3FtRKQecRjzVgg9JbqCAVqpnb/xsc8R/BBigxHNqjNf2hs64CsIJLQzkaY+A0nvR8WsPm3nC27JnYIuEm9GCmSGSjs/9jsRS0KukEkwpum5MbZS0CiY5KOcnxgeAxtAjzctVRBy00qnO47oiVU6tBtpexTSqfp7IoXQmGEY2M4QsG/mvYn4n9dMsHvdSoWKE+SKZQ91E0ltGpPAaEdozlAOLQGmhf0rZX3QwNDGmrMhePMrL5Laecm7LF0+XBTK5VkcG+SIHJMi8cgVKZM7UiFVwsgzeSXv5MN5cd6csfOZtS45s5lD8gfO9w+XEKTU</latexit>

✓ 7! ✓ � �r✓L(✓)



Solving differential eqs. with neural networks

Differential eq. p(D2g(x), Dg(x), g(x), x) = 0

<latexit sha1_base64="vbiNd+wk+40kLhj/CEJZMujJaZQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEFqTMlIpuhIJduKxgH9COJZNm2tBMZkgy0jIUN/6KGxeKuPUr3Pk3ptNZaOuBXA7n3MvNPW7IqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCmDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q981sPREga8Ds1CYnjowGnHsVIaalnHoWF2n15UBgXz2pJTcq4eGX1zLxVshLAZWKnJA9S1HvmV7cf4MgnXGGGpOzYVqicGAlFMSPTXDeSJER4hAakoylHPpFOnJwwhada6UMvEPpxBRP190SMfCknvqs7faSGctGbif95nUh5l05MeRgpwvF8kRcxqAI4ywP2qSBYsYkmCAuq/wrxEAmElU4tp0OwF09eJs1yya6Uzm8r+Wo1jSMLjsEJKAAbXIAquAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AM64lH0=</latexit>

<latexit sha1_base64="kY1f0Ldj0cAta7OnprS+OTYl6oQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmAckS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntR6oNU/LeThIaCjyULGYEWye1nnpMok6/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1u8tKvZ7HUYQTOIVzCOAK6nALDWgCgQd4hld485T34r17H4vWgpfPHMMfeJ8/LyCO4g==</latexit>

x 2 X

Idea: Want to train neural net     so that is solves diff. eq., 
<latexit sha1_base64="gVz5D7Q8dO0r1p8cHbIjC28Rlqk=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbQRCPFawttKFstpt26ebD3YlQQv+EFw+KePXvePPfuGkrqOiDgcd7M8zM8xPBFVjWh1FYWV1b3yhulra2d3b3yvsHtypOJWVtGotYdn2imOARawMHwbqJZCT0Bev4k4vc79wzqXgc3cA0YV5IRhEPOCWgpe7loA9jBmRQrljmecN1zhxsmZZVd6puTpx6zaliWys5KmiJ1qD83h/GNA1ZBFQQpXq2lYCXEQmcCjYr9VPFEkInZMR6mkYkZMrL5vfO8IlWhjiIpa4I8Fz9PpGRUKlp6OvOkMBY/fZy8S+vl0LQ8DIeJSmwiC4WBanAEOP8eTzkklEQU00IlVzfiumYSEJBR1TSIXx9iv8nt45pu6Z7Xas0m8s4iugIHaNTZKM6aqIr1EJtRJFAD+gJPRt3xqPxYrwuWgvGcuYQ/YDx9glSDJAu</latexit>

F✓
<latexit sha1_base64="FymnVt/KIQjBdDn0MNHVGNNiiAw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9hs4kZvAUE8RjAPSEKYnXSSIbMPZ3oDYfFPvHhQxKt/4s2/cVYjqGhBQ1HVTXeXH0uh0XHerNzS8srqWn69sLG5tb1j7+61dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C25+eZ357BkqLKLzGeQz9gI1DMRKcoZEGtj3uaRHADb0Y9HACyAZ20SmdnXruiUudkuPU3IqXEbdWdSu0bJQMRbJAY2C/9oYRTwIIkUumdbfsxNhPmULBJdwWeomGmPEpG0PX0JAFoPvpx+W39MgoQzqKlKkQ6Yf6fSJlgdbzwDedAcOJ/u1l4l9eN8HRaT8VYZwghPxz0SiRFCOaxUCHQgFHOTeEcSXMrZRPmGIcTVgFE8LXp/R/0nJLZa/kXVWL9foijjw5IIfkmJRJjdTJJWmQJuFkRu7IA3m0UuveerKeP1tz1mJmn/yA9fIOpHiTsQ==</latexit>

g ' F✓

learning rate

•  Select training set                           (with known distribution) 
<latexit sha1_base64="D1dH518NhkisY4CQ6inB7uRjkWw=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFchJKIVDdCwY0rqWAf0IQwmUzaoZNJmJmIJXbnxl9x40IRt/6CO//GaZuFth64cDjnXu69J0gZlcq2v42FxaXlldXSWnl9Y3Nr29zZbckkE5g0ccIS0QmQJIxy0lRUMdJJBUFxwEg7GFyO/fYdEZIm/FYNU+LFqMdpRDFSWvLNAze/96lLOey41oNr0QvHclmYKAmta3fkmxW7ak8A54lTkAoo0PDNLzdMcBYTrjBDUnYdO1VejoSimJFR2c0kSREeoB7paspRTKSXT/4YwSOthDBKhC6u4ET9PZGjWMphHOjOGKm+nPXG4n9eN1PRuZdTnmaKcDxdFGUMqgSOQ4EhFQQrNtQEYUH1rRD3kUBY6ejKOgRn9uV50jqpOrVq7ea0Uq8XcZTAPjgEx8ABZ6AOrkADNAEGj+AZvII348l4Md6Nj2nrglHM7IE/MD5/AAqfmCY=</latexit>

{xi 2 X | i = 1, . . . , N}

•  Define loss function
<latexit sha1_base64="2Jxt67+mhASqnDcDbcpIfT+Xuk0="></latexit>

L(✓) = 1

N

NX

i=1

|p(D2F✓(xi), DF✓(xi), F✓(xi), xi)|2 + · · ·

•  Leads to minimum     of loss function 
<latexit sha1_base64="Li4Jc0atsC+NRH723cWllp/90V4=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHgxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ99xeqexW3DnYKvFyUoYc9V7pq9uPRRpiREJxYzqem5CfcU1SKJwWu6nBhIsxH2LH0oiHaPxsfu+UnVulzwaxthURm6u/JzIeGjMJA9sZchqZZW8m/ud1Uhrc+JmMkpQwEotFg1QxitnsedaXGgWpiSVcaGlvZWLENRdkIyraELzll1dJ87LiVSvV+6tyrZbHUYBTOIML8OAaanAHdWiAAAXP8ApvzqPz4rw7H4vWNSefOYE/cD5/AM7bj9Q=</latexit>

✓0
<latexit sha1_base64="Qv4c4OuHvdI96KhoWbDN7o0lyc8=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItJKAjYVFBPMByRH2NnvJkr29c3dOCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqZ+q0nro2I1QOOE+5HdKBEKBhFK7WzLqOS3E16pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fze6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J45WdCJSlyxeaLwlQSjMn0edIXmjOUY0so08LeStiQasrQRlS0IXiLLy+T5nnFq1aq9xfl2nUeRwGO4QTOwINLqMEt1KEBDCQ8wyu8OY/Oi/PufMxbV5x85gj+wPn8AbPwj8E=</latexit>

L

•  Perform gradient descent                      
<latexit sha1_base64="1ke0wNPhRPOoyaCmMS3ER82yfrc=">AAACI3icbVDLSgMxFM34tr6qLt0Ei1AXlhkRFVcFNy5cVLAP6JRyJ03b0ExmSO4IZei/uPFX3LhQihsX/otppwttPRA495x7k9wTxFIYdN0vZ2l5ZXVtfWMzt7W9s7uX3z+omSjRjFdZJCPdCMBwKRSvokDJG7HmEAaS14PB7cSvP3FtRKQecRjzVgg9JbqCAVqpnb/xsc8R/BBigxHNqjNf2hs64CsIJLQzkaY+A0nvR8WsPm3nC27JnYIuEm9GCmSGSjs/9jsRS0KukEkwpum5MbZS0CiY5KOcnxgeAxtAjzctVRBy00qnO47oiVU6tBtpexTSqfp7IoXQmGEY2M4QsG/mvYn4n9dMsHvdSoWKE+SKZQ91E0ltGpPAaEdozlAOLQGmhf0rZX3QwNDGmrMhePMrL5Laecm7LF0+XBTK5VkcG+SIHJMi8cgVKZM7UiFVwsgzeSXv5MN5cd6csfOZtS45s5lD8gfO9w+XEKTU</latexit>

✓ 7! ✓ � �r✓L(✓)



Solving differential eqs. with neural networks

Differential eq. p(D2g(x), Dg(x), g(x), x) = 0

<latexit sha1_base64="vbiNd+wk+40kLhj/CEJZMujJaZQ=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEFqTMlIpuhIJduKxgH9COJZNm2tBMZkgy0jIUN/6KGxeKuPUr3Pk3ptNZaOuBXA7n3MvNPW7IqFSW9W1kVlbX1jeym7mt7Z3dPXP/oCmDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q981sPREga8Ds1CYnjowGnHsVIaalnHoWF2n15UBgXz2pJTcq4eGX1zLxVshLAZWKnJA9S1HvmV7cf4MgnXGGGpOzYVqicGAlFMSPTXDeSJER4hAakoylHPpFOnJwwhada6UMvEPpxBRP190SMfCknvqs7faSGctGbif95nUh5l05MeRgpwvF8kRcxqAI4ywP2qSBYsYkmCAuq/wrxEAmElU4tp0OwF09eJs1yya6Uzm8r+Wo1jSMLjsEJKAAbXIAquAF10AAYPIJn8ArejCfjxXg3PuatGSOdOQR/YHz+AM64lH0=</latexit>

<latexit sha1_base64="kY1f0Ldj0cAta7OnprS+OTYl6oQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmAckS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntR6oNU/LeThIaCjyULGYEWye1nnpMok6/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia1Kq1u8tKvZ7HUYQTOIVzCOAK6nALDWgCgQd4hld485T34r17H4vWgpfPHMMfeJ8/LyCO4g==</latexit>

x 2 X

Idea: Want to train neural net     so that is solves diff. eq., 
<latexit sha1_base64="gVz5D7Q8dO0r1p8cHbIjC28Rlqk=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbQRCPFawttKFstpt26ebD3YlQQv+EFw+KePXvePPfuGkrqOiDgcd7M8zM8xPBFVjWh1FYWV1b3yhulra2d3b3yvsHtypOJWVtGotYdn2imOARawMHwbqJZCT0Bev4k4vc79wzqXgc3cA0YV5IRhEPOCWgpe7loA9jBmRQrljmecN1zhxsmZZVd6puTpx6zaliWys5KmiJ1qD83h/GNA1ZBFQQpXq2lYCXEQmcCjYr9VPFEkInZMR6mkYkZMrL5vfO8IlWhjiIpa4I8Fz9PpGRUKlp6OvOkMBY/fZy8S+vl0LQ8DIeJSmwiC4WBanAEOP8eTzkklEQU00IlVzfiumYSEJBR1TSIXx9iv8nt45pu6Z7Xas0m8s4iugIHaNTZKM6aqIr1EJtRJFAD+gJPRt3xqPxYrwuWgvGcuYQ/YDx9glSDJAu</latexit>

F✓
<latexit sha1_base64="FymnVt/KIQjBdDn0MNHVGNNiiAw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9hs4kZvAUE8RjAPSEKYnXSSIbMPZ3oDYfFPvHhQxKt/4s2/cVYjqGhBQ1HVTXeXH0uh0XHerNzS8srqWn69sLG5tb1j7+61dJQoDk0eyUh1fKZBihCaKFBCJ1bAAl9C25+eZ357BkqLKLzGeQz9gI1DMRKcoZEGtj3uaRHADb0Y9HACyAZ20SmdnXruiUudkuPU3IqXEbdWdSu0bJQMRbJAY2C/9oYRTwIIkUumdbfsxNhPmULBJdwWeomGmPEpG0PX0JAFoPvpx+W39MgoQzqKlKkQ6Yf6fSJlgdbzwDedAcOJ/u1l4l9eN8HRaT8VYZwghPxz0SiRFCOaxUCHQgFHOTeEcSXMrZRPmGIcTVgFE8LXp/R/0nJLZa/kXVWL9foijjw5IIfkmJRJjdTJJWmQJuFkRu7IA3m0UuveerKeP1tz1mJmn/yA9fIOpHiTsQ==</latexit>
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•  Define loss function
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Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
<latexit sha1_base64="NlNQE4pNJV+BTBgEmI3OuigMr/E=">AAACDXicbVDJSgNBEO2JW4xb1KOXwSh4kDCjEr0IAS/ixQhmgUwMNZ2aSZOehe4eJQz5AS/+ihcPinj17s2/sbMcNPFBweO9KqrquTFnUlnWt5GZm19YXMou51ZW19Y38ptbNRklgmKVRjwSDRckchZiVTHFsRELhMDlWHd7F0O/fo9Csii8Vf0YWwH4IfMYBaWldn7v6u743OlBHINz6FwH6IPzgB0fHRdEOhYG7XzBKlojmLPEnpACmaDSzn85nYgmAYaKcpCyaVuxaqUgFKMcBzknkRgD7YGPTU1DCFC20tE3A3NfKx3Ti4SuUJkj9fdECoGU/cDVnQGorpz2huJ/XjNR3lkrZWGcKAzpeJGXcFNF5jAas8MEUsX7mgAVTN9q0i4IoEoHmNMh2NMvz5LaUdEuFUs3J4VyeRJHluyQXXJAbHJKyuSSVEiVUPJInskreTOejBfj3fgYt2aMycw2+QPj8wccqZug</latexit>

J3 = ⌦ ^ ⌦̄

Ansatz
<latexit sha1_base64="qPoH1oIeC+q+JWRcuCl6YmZgPRE=">AAACE3icbVBNS8MwGE7n15xfVY9egkOYCqMVmV6EgRfZaYL7gLWONEu3sDQtSSqM0v/gxb/ixYMiXr1489+YbhV0+kDgyfO875u8jxcxKpVlfRqFhcWl5ZXiamltfWNzy9zeacswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHG19mfueOCElDfqMmEXEDNOTUpxgpLfXNo8ZF4zapOCKAgviH6bETIaEoYo6HRPJ9SZ1oRPtm2apaU8C/xM5JGeRo9s0PZxDiOCBcYYak7NlWpNwkG4kZSUtOLEmE8BgNSU9TjgIi3WS6UwoPtDKAfij04QpO1Z8dCQqknASergyQGsl5LxP/83qx8s/dhPIoVoTj2UN+zKAKYRYQHFBBsGITTRAWVP8V4hESCCsdY0mHYM+v/Je0T6p2rVq7Pi3X63kcRbAH9kEF2OAM1MEVaIIWwOAePIJn8GI8GE/Gq/E2Ky0Yec8u+AXj/Qv/XJ5L</latexit>

J = J (ref) + @@̄�

loss

•  Ricci-flat metric on CY
<latexit sha1_base64="rt2ZVHH5lspJHLRXpx8+bGhJW6Q=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZJY07oruHHZgn1AG8pketOOnTyYmQgl9AvcuFDErZ/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngkKbxjwWPZ9I4CyCtmKKQy8RQEKfQ9efXud+9x6EZHF0q2YJeCEZRyxglCgttXrDcsUyr+quc+lgy7SsmnPh5sSpVZ0LbGslRwWt0ByW3wejmKYhRIpyImXfthLlZUQoRjnMS4NUQkLolIyhr2lEQpBetjh0js+0MsJBLHRFCi/U7xMZCaWchb7uDImayN9eLv7l9VMV1L2MRUmqIKLLRUHKsYpx/jUeMQFU8ZkmhAqmb8V0QgShSmdT0iF8fYr/Jx3HtF3TbVUrjcYqjiI6QafoHNmohhroBjVRG1EE6AE9oWfjzng0XozXZWvBWM0cox8w3j4BG6mNKQ==</latexit>
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For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:
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where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial

p =
X

even

↵+�+�+�

x
2

↵y
2

�u
2

�v
2

� +  0

X

odd

↵+�+�+�

x
2

↵y
2

�u
2

�v
2

� +  

Y

↵,�,�,�

x↵y�u�v�,

(III.8)
constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,
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(III.9)
Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler

LMA[�] =

�����

�����1�
1



J(�) ^ J(�) ^ J(�)

⌦̂ ^ ⌦̂

�����

�����
1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
.

(III.10)

Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the

<latexit sha1_base64="vCxLtDUZtFAH8esJqzp9tnxtaEo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseCF48V7Ae0oWw2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOM72Z+54lrIxL1iJOU+zEdKhEJRtFKncs+CxM0g0rVrblzkFXiFaQKBZqDylc/TFgWc4VMUmN6npuin1ONgkk+Lfczw1PKxnTIe5YqGnPj5/Nzp+TcKiGJEm1LIZmrvydyGhsziQPbGVMcmWVvJv7n9TKMbv1cqDRDrthiUZRJggmZ/U5CoTlDObGEMi3srYSNqKYMbUJlG4K3/PIqaV/VvHqt/nBdbTSKOEpwCmdwAR7cQAPuoQktYDCGZ3iFNyd1Xpx352PRuuYUMyfwB87nDxh6j20=</latexit>

+ · · ·
<latexit sha1_base64="XeaV+NaIXyv2swcVxXVaK2wNLbU=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLpRCm5cuKhgH9CEMJlO2qEzkzAzEUrIxl9x40IRt36GO//GSZuFth64cDjnXu69J0wYVdpxvq2l5ZXVtfXKRnVza3tn197b76g4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8Kv/tIpKKxeNCThPgcDQWNKEbaSIF9mHkYMXiXB5knOeRES4rzq2pg15y6MwVcJG5JaqBEK7C/vEGMU06Exgwp1XedRPsZkppiRvKqlyqSIDxGQ9I3VCBOlJ9NH8jhiVEGMIqlKaHhVP09kSGu1ISHppMjPVLzXiH+5/VTHV36GRVJqonAs0VRyqCOYZEGHFBJsGYTQxCW1NwK8QhJhLXJrAjBnX95kXTO6m6j3rg/rzWvyzgq4Agcg1PgggvQBLegBdoAgxw8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD/7wlgU=</latexit>

Lmetric =

M. Larfors, A. Lukas, F. Ruehle, R. Schneider, arXiv:2111.01436, 
cymetric package



Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
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J3 = ⌦ ^ ⌦̄

Ansatz
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J = J (ref) + @@̄�

loss

•  Ricci-flat metric on CY
<latexit sha1_base64="rt2ZVHH5lspJHLRXpx8+bGhJW6Q=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZJY07oruHHZgn1AG8pketOOnTyYmQgl9AvcuFDErZ/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngkKbxjwWPZ9I4CyCtmKKQy8RQEKfQ9efXud+9x6EZHF0q2YJeCEZRyxglCgttXrDcsUyr+quc+lgy7SsmnPh5sSpVZ0LbGslRwWt0ByW3wejmKYhRIpyImXfthLlZUQoRjnMS4NUQkLolIyhr2lEQpBetjh0js+0MsJBLHRFCi/U7xMZCaWchb7uDImayN9eLv7l9VMV1L2MRUmqIKLLRUHKsYpx/jUeMQFU8ZkmhAqmb8V0QgShSmdT0iF8fYr/Jx3HtF3TbVUrjcYqjiI6QafoHNmohhroBjVRG1EE6AE9oWfjzng0XozXZWvBWM0cox8w3j4BG6mNKQ==</latexit>
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For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:
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where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial
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constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,
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Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler

LMA[�] =

�����

�����1�
1



J(�) ^ J(�) ^ J(�)

⌦̂ ^ ⌦̂

�����

�����
1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
.

(III.10)

Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the
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Lmetric =
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Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
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J3 = ⌦ ^ ⌦̄
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J = J (ref) + @@̄�
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•  Ricci-flat metric on CY
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For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:

g
(ref)

ab̄
=

4X

i=1

t
i

2⇡
@a@̄b̄ ln(i)

�����
X

, (III.6)

where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial

p =
X
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(III.8)
constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,
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Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler

LMA[�] =

�����

�����1�
1



J(�) ^ J(�) ^ J(�)

⌦̂ ^ ⌦̂

�����

�����
1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
.

(III.10)

Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the
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+ · · ·
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Lmetric =

•  Hermitian YM (line) bundle metric on
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2 ^ @@̄ ln(H) = 0

Ansatz
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LHYM = ||�� � ⇢� ||1 + · · ·
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Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
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J3 = ⌦ ^ ⌦̄
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J = J (ref) + @@̄�
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•  Ricci-flat metric on CY
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For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:

g
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ab̄
=
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where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial
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constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,
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Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler

LMA[�] =

�����

�����1�
1
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1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
.

(III.10)

Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the

<latexit sha1_base64="vCxLtDUZtFAH8esJqzp9tnxtaEo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseCF48V7Ae0oWw2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOM72Z+54lrIxL1iJOU+zEdKhEJRtFKncs+CxM0g0rVrblzkFXiFaQKBZqDylc/TFgWc4VMUmN6npuin1ONgkk+Lfczw1PKxnTIe5YqGnPj5/Nzp+TcKiGJEm1LIZmrvydyGhsziQPbGVMcmWVvJv7n9TKMbv1cqDRDrthiUZRJggmZ/U5CoTlDObGEMi3srYSNqKYMbUJlG4K3/PIqaV/VvHqt/nBdbTSKOEpwCmdwAR7cQAPuoQktYDCGZ3iFNyd1Xpx352PRuuYUMyfwB87nDxh6j20=</latexit>

+ · · ·
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Lmetric =

•  Hermitian YM (line) bundle metric on
<latexit sha1_base64="Q0VjT1jWljx3dBOmKrSGv9EUKm8=">AAAB9XicdVBNTwIxEO3iF+IX6tFLIzHxtNldcMEbiRcPHjARIYGVdEuBhm67absSsuF/ePGgMV79L978N3YBEzX6kkle3pvJzLwwZlRpx/mwciura+sb+c3C1vbO7l5x/+BWiURi0sSCCdkOkSKMctLUVDPSjiVBUchIKxxfZH7rnkhFBb/R05gEERpyOqAYaSPdXXUlHY40klJMYLtXLDn2ec33zjzo2I5T9cp+RrxqxStD1ygZSmCJRq/43u0LnESEa8yQUh3XiXWQIqkpZmRW6CaKxAiP0ZB0DOUoIipI51fP4IlR+nAgpCmu4Vz9PpGiSKlpFJrOCOmR+u1l4l9eJ9GDWpBSHieacLxYNEgY1AJmEcA+lQRrNjUEYUnNrRCPkERYm6AKJoSvT+H/5NazXd/2ryulen0ZRx4cgWNwClxQBXVwCRqgCTCQ4AE8gWdrYj1aL9brojVnLWcOwQ9Yb5/N/pK8</latexit>

L ! X

diff. eq. (HYM)
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J
2 ^ @@̄ ln(H) = 0

Ansatz
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H = e
�
H
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loss
<latexit sha1_base64="GriTC2KNEQY+yOMshKzc/k98nhU="></latexit>

LHYM = ||�� � ⇢� ||1 + · · ·

M. Larfors, A. Lukas, F. Ruehle, R. Schneider, arXiv:2111.01436, 
cymetric package



Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
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J3 = ⌦ ^ ⌦̄
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J = J (ref) + @@̄�

loss

•  Ricci-flat metric on CY
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For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:
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where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial
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constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,
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Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler
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Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the
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Lmetric =

•  Hermitian YM (line) bundle metric on
<latexit sha1_base64="Q0VjT1jWljx3dBOmKrSGv9EUKm8=">AAAB9XicdVBNTwIxEO3iF+IX6tFLIzHxtNldcMEbiRcPHjARIYGVdEuBhm67absSsuF/ePGgMV79L978N3YBEzX6kkle3pvJzLwwZlRpx/mwciura+sb+c3C1vbO7l5x/+BWiURi0sSCCdkOkSKMctLUVDPSjiVBUchIKxxfZH7rnkhFBb/R05gEERpyOqAYaSPdXXUlHY40klJMYLtXLDn2ec33zjzo2I5T9cp+RrxqxStD1ygZSmCJRq/43u0LnESEa8yQUh3XiXWQIqkpZmRW6CaKxAiP0ZB0DOUoIipI51fP4IlR+nAgpCmu4Vz9PpGiSKlpFJrOCOmR+u1l4l9eJ9GDWpBSHieacLxYNEgY1AJmEcA+lQRrNjUEYUnNrRCPkERYm6AKJoSvT+H/5NazXd/2ryulen0ZRx4cgWNwClxQBXVwCRqgCTCQ4AE8gWdrYj1aL9brojVnLWcOwQ9Yb5/N/pK8</latexit>

L ! X

diff. eq. (HYM)
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LHYM = ||�� � ⇢� ||1 + · · ·

•  Harmonic   -valued one-forms on 
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diff. eq.
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M. Larfors, A. Lukas, F. Ruehle, R. Schneider, arXiv:2111.01436, 
cymetric package



Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
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J3 = ⌦ ^ ⌦̄
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•  Ricci-flat metric on CY
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For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:

g
(ref)

ab̄
=

4X

i=1

t
i

2⇡
@a@̄b̄ ln(i)

�����
X

, (III.6)

where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial
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(III.8)
constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,
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(III.9)
Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler

LMA[�] =

�����

�����1�
1



J(�) ^ J(�) ^ J(�)

⌦̂ ^ ⌦̂

�����

�����
1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
.

(III.10)

Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the
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•  Hermitian YM (line) bundle metric on
<latexit sha1_base64="Q0VjT1jWljx3dBOmKrSGv9EUKm8=">AAAB9XicdVBNTwIxEO3iF+IX6tFLIzHxtNldcMEbiRcPHjARIYGVdEuBhm67absSsuF/ePGgMV79L978N3YBEzX6kkle3pvJzLwwZlRpx/mwciura+sb+c3C1vbO7l5x/+BWiURi0sSCCdkOkSKMctLUVDPSjiVBUchIKxxfZH7rnkhFBb/R05gEERpyOqAYaSPdXXUlHY40klJMYLtXLDn2ec33zjzo2I5T9cp+RrxqxStD1ygZSmCJRq/43u0LnESEa8yQUh3XiXWQIqkpZmRW6CaKxAiP0ZB0DOUoIipI51fP4IlR+nAgpCmu4Vz9PpGiSKlpFJrOCOmR+u1l4l9eJ9GDWpBSHieacLxYNEgY1AJmEcA+lQRrNjUEYUnNrRCPkERYm6AKJoSvT+H/5NazXd/2ryulen0ZRx4cgWNwClxQBXVwCRqgCTCQ4AE8gWdrYj1aL9brojVnLWcOwQ9Yb5/N/pK8</latexit>

L ! X

diff. eq. (HYM)
<latexit sha1_base64="bkO2jLIBE2JAKjWeRTAAsA4c1C4=">AAACEHicbVDLSgMxFM3UV62vUZduBotYN2WmSHUjFNwUVxXsAzpjyWRu29BMZkgyShn6CW78FTcuFHHr0p1/Y/oQtPVA4OSce29yjx8zKpVtfxmZpeWV1bXsem5jc2t7x9zda8goEQTqJGKRaPlYAqMc6ooqBq1YAA59Bk1/cDn2m3cgJI34jRrG4IW4x2mXEqy01DGPr25L7j0EPXBjLBTFzPWxSH8uI5fxQvXkwu6YebtoT2AtEmdG8miGWsf8dIOIJCFwRRiWsu3YsfLS8VjCYJRzEwkxJgPcg7amHIcgvXSy0Mg60kpgdSOhD1fWRP3dkeJQymHo68oQq76c98bif147Ud1zL6U8ThRwMn2omzBLRdY4HSugAohiQ00wEVT/1SJ9LDBROsOcDsGZX3mRNEpFp1wsX5/mK5VZHFl0gA5RATnoDFVQFdVQHRH0gJ7QC3o1Ho1n4814n5ZmjFnPPvoD4+MbbPmc0w==</latexit>

J
2 ^ @@̄ ln(H) = 0

Ansatz
<latexit sha1_base64="ZNJYSkJ7w6DyvUjPkYQxMng60Lo=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkItWNUnDTZQX7gCYtk+lNO3TyYGYilJCNv+LGhSJu/Qx3/o3TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm4Wt4vbO7t6+eXDYklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3x3dRvP4KQLAof1CQGNyDDkPmMEqWlvnlcv4Ge44EiuN5Ly44IsAD/POubJatizYCXiZ2TEsrR6JtfziCiSQChopxI2bWtWLkpEYpRDlnRSSTEhI7JELqahiQA6aazBzJ8ppUB9iOhK1R4pv6eSEkg5STwdGdA1EguelPxP6+bKP/aTVkYJwpCOl/kJxyrCE/TwAMmgCo+0YRQwfStmI6IIFTpzIo6BHvx5WXSuqjY1Ur1/rJUu83jKKATdIrKyEZXqIbqqIGaiKIMPaNX9GY8GS/Gu/Exb10x8pkj9AfG5w8poZV/</latexit>

H = e
�
H

(ref)

loss
<latexit sha1_base64="GriTC2KNEQY+yOMshKzc/k98nhU="></latexit>

LHYM = ||�� � ⇢� ||1 + · · ·

•  Harmonic   -valued one-forms on 
<latexit sha1_base64="2OFO1JjUbWw2zo43Rr7BaoR37/c=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbubuIkXCXjx4CEB84BkCbOT3mTM7IOZWSGEfIEXD4p49ZO8+TfOJhFUtKChqOqmu8tPOJPKsj6MldW19Y3N3FZ+e2d3b79wcNiScSooNGnMY9HxiQTOImgqpjh0EgEk9Dm0/fFV5rfvQUgWR7dqkoAXkmHEAkaJ0lLjpl8oWuZF1XXOHWyZllVxSm5GnErZKWFbKxmKaIl6v/DeG8Q0DSFSlBMpu7aVKG9KhGKUwyzfSyUkhI7JELqaRiQE6U3nh87wqVYGOIiFrkjhufp9YkpCKSehrztDokbyt5eJf3ndVAVVb8qiJFUQ0cWiIOVYxTj7Gg+YAKr4RBNCBdO3YjoiglCls8nrEL4+xf+TlmParuk2ysXa5TKOHDpGJ+gM2aiCauga1VETUQToAT2hZ+POeDRejNdF64qxnDlCP2C8fQII340b</latexit>

L
<latexit sha1_base64="8EbEX5sCczdHzEhwozrVfqI7yM8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28SMCLxwTMA5IlzE5mkzGzD2ZmhRDyBV48KOLVT/Lm3zibRFDRgoaiqpvuLj/hTCrL+jBya+sbm1v57cLO7t7+QfHwqC3jVBDaIjGPRdfHknIW0ZZiitNuIigOfU47/uQ68zv3VEgWR7dqmlAvxKOIBYxgpaVmd1AsWeZlzXUuHGSZllV1ym5GnGrFKSNbKxlKsEJjUHzvD2OShjRShGMpe7aVKG+GhWKE03mhn0qaYDLBI9rTNMIhld5scegcnWlliIJY6IoUWqjfJ2Y4lHIa+rozxGosf3uZ+JfXS1VQ82YsSlJFI7JcFKQcqRhlX6MhE5QoPtUEE8H0rYiMscBE6WwKOoSvT9H/pO2Ytmu6zUqpfrWKIw8ncArnYEMV6nADDWgBAQoP8ATPxp3xaLwYr8vWnLGaOYYfMN4+ARsPjSc=</latexit>

X

diff. eq.
<latexit sha1_base64="Hq+Kf3CBApWvm4HDFBy25FM+kM4=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4KolIdaMU3LhwUcE+oInlZjpJh04mYWYilNDvcOOvuHGhiDtx4984abPQ1gMXDufcO3Pv8RNGpbLtb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksuj5IwignLUUVI91EEIh8Rjr+6Cr3Ow9ESBrzOzVOiBdByGlAMSgt9U3H9UFkbgJCUWCT/o3L04t57d4dQBgSkXt236zaNXsKa5 E4BamiAs2++ekOYpxGhCvMQMqeYyfKy/LXMSOTiptKkgAeQUh6mnKIiPSy6WkT60grAyuIhS6urKn6eyKDSMpx5OvOCNRQznu5+J/XS1Vw7mWUJ6kiHM8+ClJmqdjKc7IGVBCs2FgTwILqXS08BAFY6TQrOgRn/uRF0j6pOfVa/fa02rgs4iijA3SIjpGDzlADXaMmaiGMHtEzekVvxpPxYrwbH7PWklHM7KM/ML5+ALJGoeI=</latexit>

@̄L⌫ = @̄†
L⌫ = 0

Ansatz
<latexit sha1_base64="6ZVtf2El9NXUo2qtd4GTgWbfslI=">AAACE3icbVDLSgMxFM3Ud32NunQTLEJVKDMi1Y0iuHHhQsE+oFPLnTTThiaZIckIZeg/uPFX3LhQxK0bd/6Nae1CWw9cOJxz703uCRPOtPG8Lyc3Mzs3v7C4lF9eWV1bdzc2qzpOFaEVEvNY1UPQlDNJK4YZTuuJoiBCTmth72Lo1+6p0iyWt6af0KaAjmQRI2Cs1HL3A5me2rrLioESWNFob3AQhKCyIAFlGPBB6yrQrCOg5Ra8kjcCnib+mBTQGNct9zNoxyQVVBrCQeuG7yWmmQ3XEk4H+SDVNAHSgw5tWCpBUN3MRjcN8K5V2jiKlS1p8Ej9PZGB0LovQtspwHT1pDcU//MaqYlOmhmTSWqoJD8PRSnHJsbDgHCbKUoM71sCRDH7V0y6oIAYG2PehuBPnjxNqoclv1wq3xwVzs/GcSyibbSDishHx+gcXaJrVEEEPaAn9IJenUfn2Xlz3n9ac854Zgv9gfPxDTdanmU=</latexit>

⌫ = ⌫(ref) + @̄L�

loss
<latexit sha1_base64="B/2/shehVZtlMqmiwOc9TsqyiSo="></latexit>

Lharmonic = ||�L� � ⇢�||1 + · · ·

M. Larfors, A. Lukas, F. Ruehle, R. Schneider, arXiv:2111.01436, 
cymetric package



Solving diff. eqs. on CYs

diff. eq. (Monge-Ampere)
<latexit sha1_base64="NlNQE4pNJV+BTBgEmI3OuigMr/E=">AAACDXicbVDJSgNBEO2JW4xb1KOXwSh4kDCjEr0IAS/ixQhmgUwMNZ2aSZOehe4eJQz5AS/+ihcPinj17s2/sbMcNPFBweO9KqrquTFnUlnWt5GZm19YXMou51ZW19Y38ptbNRklgmKVRjwSDRckchZiVTHFsRELhMDlWHd7F0O/fo9Csii8Vf0YWwH4IfMYBaWldn7v6u743OlBHINz6FwH6IPzgB0fHRdEOhYG7XzBKlojmLPEnpACmaDSzn85nYgmAYaKcpCyaVuxaqUgFKMcBzknkRgD7YGPTU1DCFC20tE3A3NfKx3Ti4SuUJkj9fdECoGU/cDVnQGorpz2huJ/XjNR3lkrZWGcKAzpeJGXcFNF5jAas8MEUsX7mgAVTN9q0i4IoEoHmNMh2NMvz5LaUdEuFUs3J4VyeRJHluyQXXJAbHJKyuSSVEiVUPJInskreTOejBfj3fgYt2aMycw2+QPj8wccqZug</latexit>

J3 = ⌦ ^ ⌦̄

Ansatz
<latexit sha1_base64="qPoH1oIeC+q+JWRcuCl6YmZgPRE=">AAACE3icbVBNS8MwGE7n15xfVY9egkOYCqMVmV6EgRfZaYL7gLWONEu3sDQtSSqM0v/gxb/ixYMiXr1489+YbhV0+kDgyfO875u8jxcxKpVlfRqFhcWl5ZXiamltfWNzy9zeacswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHG19mfueOCElDfqMmEXEDNOTUpxgpLfXNo8ZF4zapOCKAgviH6bETIaEoYo6HRPJ9SZ1oRPtm2apaU8C/xM5JGeRo9s0PZxDiOCBcYYak7NlWpNwkG4kZSUtOLEmE8BgNSU9TjgIi3WS6UwoPtDKAfij04QpO1Z8dCQqknASergyQGsl5LxP/83qx8s/dhPIoVoTj2UN+zKAKYRYQHFBBsGITTRAWVP8V4hESCCsdY0mHYM+v/Je0T6p2rVq7Pi3X63kcRbAH9kEF2OAM1MEVaIIWwOAePIJn8GI8GE/Gq/E2Ky0Yec8u+AXj/Qv/XJ5L</latexit>

J = J (ref) + @@̄�

loss

•  Ricci-flat metric on CY
<latexit sha1_base64="rt2ZVHH5lspJHLRXpx8+bGhJW6Q=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZJY07oruHHZgn1AG8pketOOnTyYmQgl9AvcuFDErZ/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngkKbxjwWPZ9I4CyCtmKKQy8RQEKfQ9efXud+9x6EZHF0q2YJeCEZRyxglCgttXrDcsUyr+quc+lgy7SsmnPh5sSpVZ0LbGslRwWt0ByW3wejmKYhRIpyImXfthLlZUQoRjnMS4NUQkLolIyhr2lEQpBetjh0js+0MsJBLHRFCi/U7xMZCaWchb7uDImayN9eLv7l9VMV1L2MRUmqIKLLRUHKsYpx/jUeMQFU8ZkmhAqmb8V0QgShSmdT0iF8fYr/Jx3HtF3TbVUrjcYqjiI6QafoHNmohhroBjVRG1EE6AE9oWfjzng0XozXZWvBWM0cox8w3j4BG6mNKQ==</latexit>

X

NN

NN

NN

5

For the reference metric in Eq. (III.4) we choose the
Fubini-Study metric restricted to X:

g
(ref)

ab̄
=

4X

i=1

t
i

2⇡
@a@̄b̄ ln(i)

�����
X

, (III.6)

where t
i
2 R>0 are the four Kähler parameters. In terms

of these parameters, the CY volume V reads:

V = 2(t1t2t3 + t1t2t4 + t1t3t4 + t2t3t4) . (III.7)

At the supersymmetric locus (II.3), this expression sim-
plifies to V = 8t3, with the overall Kähler parameter t.

For most of the calculations below, we will be working
with the two-parameter family of TQs defined by the
vanishing of the polynomial

p =
X

even

↵+�+�+�

x
2

↵y
2

�u
2

�v
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� +  0

X
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↵+�+�+�

x
2

↵y
2

�u
2

�v
2

� +  

Y

↵,�,�,�

x↵y�u�v�,

(III.8)
constructed in analogy with the Dwork pencil of quintic
threefolds. For  0 6= 1, this leads to a smooth hypersur-
face for generic values of  . This polynomial is of course
invariant under the action (II.1) of � = Z2 ⇥ Z2. How-
ever, it is also invariant under an additional symmetry
which enforces equality between the two non-zero up-
quark masses, a degeneration reflected in the numerical
calculation below (see, for instance, Figure 7). To illus-
trate that this degeneracy can be lifted, we also consider
a more general � = Z2 ⇥ Z2 invariant polynomial which
breaks the additional symmetry present in Eq. (III.8),
namely,

p̃ =6x2
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+ (1 $ 0) .

(III.9)
Here, (1 $ 0) is the instruction to copy over all the previ-
ous terms with coordinate indices swapped as indicated.

Throughout the entire calculation below, we will set
the overall Kähler parameter to t = 1. Recall that in
the present model the physical Yukawa couplings are in-
dependent of the Kähler parameters, so this choice does
not limit the scope of our calculation.

2. Computational realisation

An approximate Ricci-flat CY metric is constructed
via Eq. (III.4), where the function � is represented by

a neural network and trained on a loss function that in-
cludes the Monge-Ampère loss, the transition loss and
the Kähler class loss:

L = ↵1LMA + ↵2Ltr. + ↵3LKähler

LMA[�] =

�����

�����1�
1



J(�) ^ J(�) ^ J(�)

⌦̂ ^ ⌦̂

�����

�����
1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
.

(III.10)

Here ↵1, ↵2, ↵3 are weights for the three contributions
and ||·||1 is the L1-norm computed by performing Monte-
Carlo integration on X as detailed in Ref. [35]. Further-
more, J(�) is the Kähler form associated to the met-
ric (III.4), ⌦̂ is defined in Eq. (III.5), �s is the version
of � computed on the patch Us, while the normalisation
factor  and the Kähler class loss LKähler are defined in
Ref. [35].

We carry out the computation of the CY metric at the
points along the pencil of tetra-quadrics (III.8) defined
by  0 = 2 and for  2 {0, 0.5, 1, 2, 4, 6}. For each value
of  , the cymetric package [34, 35] is used to create a
sample of 300, 000 points on X, distributed according
to the measure defined in Ref. [35]. These points are
used to train the neural network for � as well as the
neural networks discussed below and to perform Monte-
Carlo integration over X. We split the point sample into
training and validation sets at a ratio of 9:1.

The neural network is fully connected with GeLU ac-
tivation [69], four layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. The change in loss over the course of a
typical training round with  0 = 2 and  = 1 is illus-
trated in Figure 1 and Figure 2. We define the following
measures for the training performance,

MMA[�] =
LMA[�]

LMA[� = 0]
, (III.11)

Mtr.[�] =
1

V

Ltr[�]

std. dev. of �
, (III.12)

where the integration is performed over the validation
set. For a typical run with  0 = 2 and  = 1, we find
MMA(�) = 0.04 and Mtr.(�) = 0.05. These values indi-
cate that the neural network � performs well and leads
to a good approximation of the Ricci-flat CY metric.

B. The HYM bundle metric

1. Mathematical background

Let L = OX(k) be a line bundle on X associated with
one of the matter fields in (II.4). To determine the cor-
rect field normalisations, knowledge of the HYM metric
on OX(k) is required. As reference metric H

(ref), we
choose the standard bundle metric associated with the

<latexit sha1_base64="vCxLtDUZtFAH8esJqzp9tnxtaEo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseCF48V7Ae0oWw2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/nbX1jc2t7dJOeXdv/+CwcnTcNkmmGW+xRCa6G1DDpVC8hQIl76aa0ziQvBOM72Z+54lrIxL1iJOU+zEdKhEJRtFKncs+CxM0g0rVrblzkFXiFaQKBZqDylc/TFgWc4VMUmN6npuin1ONgkk+Lfczw1PKxnTIe5YqGnPj5/Nzp+TcKiGJEm1LIZmrvydyGhsziQPbGVMcmWVvJv7n9TKMbv1cqDRDrthiUZRJggmZ/U5CoTlDObGEMi3srYSNqKYMbUJlG4K3/PIqaV/VvHqt/nBdbTSKOEpwCmdwAR7cQAPuoQktYDCGZ3iFNyd1Xpx352PRuuYUMyfwB87nDxh6j20=</latexit>

+ · · ·
<latexit sha1_base64="XeaV+NaIXyv2swcVxXVaK2wNLbU=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLpRCm5cuKhgH9CEMJlO2qEzkzAzEUrIxl9x40IRt36GO//GSZuFth64cDjnXu69J0wYVdpxvq2l5ZXVtfXKRnVza3tn197b76g4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbjm8Kv/tIpKKxeNCThPgcDQWNKEbaSIF9mHkYMXiXB5knOeRES4rzq2pg15y6MwVcJG5JaqBEK7C/vEGMU06Exgwp1XedRPsZkppiRvKqlyqSIDxGQ9I3VCBOlJ9NH8jhiVEGMIqlKaHhVP09kSGu1ISHppMjPVLzXiH+5/VTHV36GRVJqonAs0VRyqCOYZEGHFBJsGYTQxCW1NwK8QhJhLXJrAjBnX95kXTO6m6j3rg/rzWvyzgq4Agcg1PgggvQBLegBdoAgxw8g1fwZj1ZL9a79TFrXbLKmQPwB9bnD/7wlgU=</latexit>

Lmetric =

•  Hermitian YM (line) bundle metric on
<latexit sha1_base64="Q0VjT1jWljx3dBOmKrSGv9EUKm8=">AAAB9XicdVBNTwIxEO3iF+IX6tFLIzHxtNldcMEbiRcPHjARIYGVdEuBhm67absSsuF/ePGgMV79L978N3YBEzX6kkle3pvJzLwwZlRpx/mwciura+sb+c3C1vbO7l5x/+BWiURi0sSCCdkOkSKMctLUVDPSjiVBUchIKxxfZH7rnkhFBb/R05gEERpyOqAYaSPdXXUlHY40klJMYLtXLDn2ec33zjzo2I5T9cp+RrxqxStD1ygZSmCJRq/43u0LnESEa8yQUh3XiXWQIqkpZmRW6CaKxAiP0ZB0DOUoIipI51fP4IlR+nAgpCmu4Vz9PpGiSKlpFJrOCOmR+u1l4l9eJ9GDWpBSHieacLxYNEgY1AJmEcA+lQRrNjUEYUnNrRCPkERYm6AKJoSvT+H/5NazXd/2ryulen0ZRx4cgWNwClxQBXVwCRqgCTCQ4AE8gWdrYj1aL9brojVnLWcOwQ9Yb5/N/pK8</latexit>

L ! X

diff. eq. (HYM)
<latexit sha1_base64="bkO2jLIBE2JAKjWeRTAAsA4c1C4=">AAACEHicbVDLSgMxFM3UV62vUZduBotYN2WmSHUjFNwUVxXsAzpjyWRu29BMZkgyShn6CW78FTcuFHHr0p1/Y/oQtPVA4OSce29yjx8zKpVtfxmZpeWV1bXsem5jc2t7x9zda8goEQTqJGKRaPlYAqMc6ooqBq1YAA59Bk1/cDn2m3cgJI34jRrG4IW4x2mXEqy01DGPr25L7j0EPXBjLBTFzPWxSH8uI5fxQvXkwu6YebtoT2AtEmdG8miGWsf8dIOIJCFwRRiWsu3YsfLS8VjCYJRzEwkxJgPcg7amHIcgvXSy0Mg60kpgdSOhD1fWRP3dkeJQymHo68oQq76c98bif147Ud1zL6U8ThRwMn2omzBLRdY4HSugAohiQ00wEVT/1SJ9LDBROsOcDsGZX3mRNEpFp1wsX5/mK5VZHFl0gA5RATnoDFVQFdVQHRH0gJ7QC3o1Ho1n4814n5ZmjFnPPvoD4+MbbPmc0w==</latexit>

J
2 ^ @@̄ ln(H) = 0

Ansatz
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Reference quantities are taken to be of `Fubini-Study’ type.
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idea is to use neural networks to approximate the above-
mentioned geometrical quantities, which are obtained as
solutions of certain partial differential equations. As ze-
roth order ’reference’ quantities (and for benchmarking)
we use analytic expressions for the Fubini-Study Kähler
form, the Chern connection and various bundle-valued
differential forms, defined on the ambient space and sub-
sequently restricted to the CY manifold, which repre-
sent the correct cohomology classes. To these reference
quantities we add terms exact in cohomology which are
represented by neural networks and optimised in order to
obtain the Ricci-flat CY metric, the HYM bundle metrics
and the harmonic forms1. The optimisation process in-
volves sampling points on the CY threefold and minimis-
ing a loss function that takes into account how well the as-
sociated partial differential equations and various patch-
ing conditions are satisfied. Our methods build directly
on the tools developed in the cymetric package [34, 35]
for the construction of numerical CY metrics, as well
as earlier numerical work on: (a) numerical methods
for of Ricci-flat CY metrics based on Donaldson’s algo-
rithm [36–38], functional minimisation [39], and machine
learning techniques [34, 35, 40–45]; (b) numerical meth-
ods for the computation of Hermitian Yang-Mills con-
nections [46–51]; (c) numerical harmonic functions and
harmonic bundle-valued forms [51–54].

The main goal of this paper is to develop the neural-
network approach up to the point where explicit values
for the quark and lepton masses can be computed for ar-
bitrary values of the moduli fields. In practice, we carry
out the computation of perturbative up-quark Yukawa
couplings in a specific heterotic line bundle model, origi-
nally introduced in Refs. [10, 11], thus proving that such
calculations are now feasible. A systematic exploration
of the moduli space for this and other models is beyond
the scope of the present letter, but likely within reach.
The aim of this future work is to identify concrete line
bundle models and specific loci in their moduli space that
give rise to the observed flavour structure of the Standard
Model. Combining such an analysis with moduli stabil-
isation may lead to a comprehensive explanation of the
parameters in the Standard Model.

It is worth pointing out that the present work does
not rely on any simplifying assumptions, such as local-
isation, the only limiting factor being numerical accu-
racy. Localisation techniques have been heavily used in
other contexts, including calculations of zero-mode wave-
functions on toroidal backgrounds [55, 56], for F-theory
models [57–65] and for heterotic models [66]. For com-
pactifications on non-flat spaces, localisation relies on the
observation that sufficiently large fluxes lead to localised
matter field wave functions, so that approximate calcula-
tions can be carried out with a (locally) flat metric. This

1
This is not to say we are computing the leading order cor-

rection in some expansion. The final results are precise, up to

numerical error.

appears to circumvent the need to know the Ricci-flat
CY metric explicitly. However, this method comes with
a number of problems: it is difficult to assess its accu-
racy and to express the results in terms of standard CY
moduli and there is a tension between the large fluxes
required for localisation and the requirements of three
families and anomaly cancellation.

The structure of the paper is as follows. We begin in
Section II by reviewing the details of the heterotic string
model under consideration, before moving on to describ-
ing the mathematical background and the computational
setup in Section III. In Section IV, we present our results
for the physical up-quark Yukawa couplings and resulting
fermion masses. We conclude in Section V. Further de-
tails of the calculation will be presented in a forthcoming
longer paper [67].

II. THE HETEROTIC STRING MODEL

The model underlying our computations was originally
introduced in Ref. [10, 11]. It is based on compactifying
the E8⇥E8 heterotic string on a smooth � = Z2⇥Z2 quo-
tient of a CY hypersurfaces X of multi-degree (2, 2, 2, 2)
in a product of four P1-spaces. These hypersurfaces are,
from now on, referred to as tetra-quadric CY threefolds
or TQ threefolds, for short. The quotient X/� has four
Kähler parameters and 20 complex structure parame-
ters. The Z2 ⇥ Z2 symmetry descends from the ambient
space [68], where it is generated by the matrices

✓
1 0
0 �1

◆
,

✓
0 1
1 0

◆
, (II.1)

acting simultaneously on the homogeneous coordinates
of each P1.

The standard Kähler forms on the four P1 factors, re-
stricted to X, provide a basis, (Ji), where i = 1, 2, 3, 4,
for the second cohomology of X. The first Chern class
of a line bundle L ! X can be written as c1(L) = k

i
Ji,

where k
i
2 Z, and such a line bundle is also denoted by

L = OX(k), with k = (k1, k2, k3, k4)T 2 Z4.
The vector bundle V ! X is chosen to be a sum of five

line bundles, that is V =
L

5

a=1
La, with Chern classes

c1(La) = k
i
aJi. This bundle breaks one of the two E8

gauge factors to SU(5)⇥S(U(1)5). For the model under
considerations, the five line bundles are specified by the
column vectors of the matrix

L1 L2 L3 L4 L5

(kia) =

2

64

�1 �1 0 1 1
0 �3 1 1 1
0 2 �1 �1 0
1 2 0 �1 �2

3
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(II.2)

The additional U(1)-symmetries are Green-Schwarz
anomalous and their associated gauge bosons are super-
heavy. At low energy they appear as global symme-
tries which constrain the allowed couplings. Finally, the

•  Line bundle sum
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nections [46–51]; (c) numerical harmonic functions and
harmonic bundle-valued forms [51–54].
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network approach up to the point where explicit values
for the quark and lepton masses can be computed for ar-
bitrary values of the moduli fields. In practice, we carry
out the computation of perturbative up-quark Yukawa
couplings in a specific heterotic line bundle model, origi-
nally introduced in Refs. [10, 11], thus proving that such
calculations are now feasible. A systematic exploration
of the moduli space for this and other models is beyond
the scope of the present letter, but likely within reach.
The aim of this future work is to identify concrete line
bundle models and specific loci in their moduli space that
give rise to the observed flavour structure of the Standard
Model. Combining such an analysis with moduli stabil-
isation may lead to a comprehensive explanation of the
parameters in the Standard Model.

It is worth pointing out that the present work does
not rely on any simplifying assumptions, such as local-
isation, the only limiting factor being numerical accu-
racy. Localisation techniques have been heavily used in
other contexts, including calculations of zero-mode wave-
functions on toroidal backgrounds [55, 56], for F-theory
models [57–65] and for heterotic models [66]. For com-
pactifications on non-flat spaces, localisation relies on the
observation that sufficiently large fluxes lead to localised
matter field wave functions, so that approximate calcula-
tions can be carried out with a (locally) flat metric. This
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appears to circumvent the need to know the Ricci-flat
CY metric explicitly. However, this method comes with
a number of problems: it is difficult to assess its accu-
racy and to express the results in terms of standard CY
moduli and there is a tension between the large fluxes
required for localisation and the requirements of three
families and anomaly cancellation.

The structure of the paper is as follows. We begin in
Section II by reviewing the details of the heterotic string
model under consideration, before moving on to describ-
ing the mathematical background and the computational
setup in Section III. In Section IV, we present our results
for the physical up-quark Yukawa couplings and resulting
fermion masses. We conclude in Section V. Further de-
tails of the calculation will be presented in a forthcoming
longer paper [67].
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tient of a CY hypersurfaces X of multi-degree (2, 2, 2, 2)
in a product of four P1-spaces. These hypersurfaces are,
from now on, referred to as tetra-quadric CY threefolds
or TQ threefolds, for short. The quotient X/� has four
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ters. The Z2 ⇥ Z2 symmetry descends from the ambient
space [68], where it is generated by the matrices
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of each P1.

The standard Kähler forms on the four P1 factors, re-
stricted to X, provide a basis, (Ji), where i = 1, 2, 3, 4,
for the second cohomology of X. The first Chern class
of a line bundle L ! X can be written as c1(L) = k
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where k
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The additional U(1)-symmetries are Green-Schwarz
anomalous and their associated gauge bosons are super-
heavy. At low energy they appear as global symme-
tries which constrain the allowed couplings. Finally, the
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Up-quark Yukawa couplings

3

SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)

The particle content is that of the MSSM, plus a number
of singlet fields uncharged under the SM gauge group.
These fields are decorated with U(1) charges and given by

2Q2, 2U2, 2E2 $ L2 Q5, U5, E5 $ L5

2D2,5, 2L2,5 $ L4 ⌦ L5 D2,4, L2,4 $ L2 ⌦ L4

H
d
2,5 $ L2 ⌦ L5 H

u
2,5 $ L

⇤
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⇤
5

3S2,4 $ L2 ⌦ L
⇤
4

12 other singlets
(II.4)

The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H

u
2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
quark and lepton Yukawa matrices at the perturbative
level; for a realistic model, they would have to be gener-
ated non-perturbatively. Writing the left-handed quarks
as (Qi) = (Q1

2
, Q

2

2
, Q5), the right-handed up-quarks as

(U i) = (U1

2
, U

2

2
, U5) and the up-Higgs as H

u = H
u
2,5, the

holomorphic up-quark Yukawa couplings are of the form

Wu = Y
u
ijH

u
Q

i
U

j
, (II.5)

where i, j = 1, 2, 3 label the three quark families. The
U(1) symmetries enforce a specific structure of the up-
Yukawa matrix given by

Y
u =

0

@
0 0 �1

0 0 �2

�3 �4 0

1

A . (II.6)

Its entries �1, ..,�4 are quasi-topological and can be com-
puted using differential geometric techniques, as detailed
in Refs. [21–23] 3. For completeness, we note that the
full perturbative superpotential is

W = Wu + ⇢↵iS
↵
2,4L

i
4,5H

u
2,5, (II.7)

2
Note that the up and down Higgs triplets have been projected

out by the Z2 ⇥ Z2 quotient and the inclusion of the Wilson line.
3
Unfortunately, there appears to be a mistake in the calculation

carried out in Ref. [21] of the holomorphic Yukawa couplings for

this model, due to a missed boundary term, an issue which we

correct in the present paper.

where the index ↵ = 1, 2, 3 labels the three singlets S2,4

present in the spectrum. These are interpreted as right-
handed neutrinos.

The part of the Kähler potential relevant for the calcu-
lation of the physical up-Yukawa couplings has the form

K = K
Q
ijQ

i
Q̄

j +K
u
ijU

i
Ū

j + kH
u
H̄

u
,

and U(1)-invariance dictates the following structure for
the Kähler metrics:
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The factor V�1/3 captures the full Kähler moduli depen-
dence in this model due to Eq. (II.3). This means the
complex 2⇥ 2 matrices K

Q, Ku and the real numbers k,
k
Q, ku in Eq. (II.8) are Kähler moduli independent, but

they still depend on complex structure. After bringing
the resulting kinetic terms into canonical form, one finds
the physical up-Yukawa matrix

Y
u
phys
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@
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b1 b2 0

1
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◆
,

(II.9)
where � is the dilaton, and PQ and Pu are 2 ⇥ 2 diago-
nalising matrices satisfying

PQK
Q
P

†
Q = 2 , PuK

u
P

†
u = 2 . (II.10)

Note that the volume dependence of the physical Yukawa
couplings drops out due to the additional factor of
e
��

/
p
V which arises from the exp(K/2) prefactor to

the Yukawa couplings in the component supergravity La-
grangian.4 Finally, the up-quark masses are

(m1,m2,m3) = |hH
u
i|e
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(II.11)
A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.
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The subscripts label the U(1) symmetries under which
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whose only non-zero charges are �1 under the second and
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fields are in one-to-one correspondence with certain har-
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which have been indicated in Eq. (II.4).
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.
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SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)

The particle content is that of the MSSM, plus a number
of singlet fields uncharged under the SM gauge group.
These fields are decorated with U(1) charges and given by

2Q2, 2U2, 2E2 $ L2 Q5, U5, E5 $ L5

2D2,5, 2L2,5 $ L4 ⌦ L5 D2,4, L2,4 $ L2 ⌦ L4

H
d
2,5 $ L2 ⌦ L5 H

u
2,5 $ L

⇤
2
⌦ L

⇤
5

3S2,4 $ L2 ⌦ L
⇤
4

12 other singlets
(II.4)

The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H

u
2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
quark and lepton Yukawa matrices at the perturbative
level; for a realistic model, they would have to be gener-
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Unfortunately, there appears to be a mistake in the calculation
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this model, due to a missed boundary term, an issue which we

correct in the present paper.
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trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
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monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa
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Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.
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trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

3

SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)

The particle content is that of the MSSM, plus a number
of singlet fields uncharged under the SM gauge group.
These fields are decorated with U(1) charges and given by
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The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H

u
2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
quark and lepton Yukawa matrices at the perturbative
level; for a realistic model, they would have to be gener-
ated non-perturbatively. Writing the left-handed quarks
as (Qi) = (Q1
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where i, j = 1, 2, 3 label the three quark families. The
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out by the Z2 ⇥ Z2 quotient and the inclusion of the Wilson line.
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Unfortunately, there appears to be a mistake in the calculation

carried out in Ref. [21] of the holomorphic Yukawa couplings for

this model, due to a missed boundary term, an issue which we

correct in the present paper.
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.
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gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
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it. It is also supersymmetric along the locus where all
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The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H
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2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
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trix (II.6) on its own cannot lead to a non-zero mass
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and gravitational anomalies (by a suitable choice of a
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa
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Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa
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Ū

j + kH
u
H̄

u
,

and U(1)-invariance dictates the following structure for
the Kähler metrics:

K
Q = V

� 1
3

0

@
0
0

0 0 k
Q

K
Q

1

A, K
u = V

� 1
3

0

@
0
0

0 0 k
u

K
u

1

A. (II.8)

The factor V�1/3 captures the full Kähler moduli depen-
dence in this model due to Eq. (II.3). This means the
complex 2⇥ 2 matrices K

Q, Ku and the real numbers k,
k
Q, ku in Eq. (II.8) are Kähler moduli independent, but

they still depend on complex structure. After bringing
the resulting kinetic terms into canonical form, one finds
the physical up-Yukawa matrix

Y
u
phys

=

0

@
0 0 a1

0 0 a2

b1 b2 0

1

A

✓
a1

a2

◆
=

e
��

p
kku

PQ

✓
�1

�2

◆
,

✓
b1

b2

◆
=

e
��

p

kkQ
Pu

✓
�3

�4

◆
,

(II.9)
where � is the dilaton, and PQ and Pu are 2 ⇥ 2 diago-
nalising matrices satisfying

PQK
Q
P

†
Q = 2 , PuK

u
P

†
u = 2 . (II.10)

Note that the volume dependence of the physical Yukawa
couplings drops out due to the additional factor of
e
��

/
p
V which arises from the exp(K/2) prefactor to

the Yukawa couplings in the component supergravity La-
grangian.4 Finally, the up-quark masses are

(m1,m2,m3) = |hH
u
i|e

��

 
0,

����PQ

✓
�1

�2

◆����
p
kku

,

����Pu

✓
�3

�4

◆����
p

kkQ

!
.

(II.11)
A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
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u
2,5,

whose only non-zero charges are �1 under the second and
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dence in this model due to Eq. (II.3). This means the
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nalising matrices satisfying

PQK
Q
P

†
Q = 2 , PuK

u
P

†
u = 2 . (II.10)
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

Structure of up-quark Yukawas (due to           symmetry): 
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The calculation, schematically:
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Up-quark Yukawa couplings
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SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)

The particle content is that of the MSSM, plus a number
of singlet fields uncharged under the SM gauge group.
These fields are decorated with U(1) charges and given by
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The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H

u
2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
quark and lepton Yukawa matrices at the perturbative
level; for a realistic model, they would have to be gener-
ated non-perturbatively. Writing the left-handed quarks
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where i, j = 1, 2, 3 label the three quark families. The
U(1) symmetries enforce a specific structure of the up-
Yukawa matrix given by
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Its entries �1, ..,�4 are quasi-topological and can be com-
puted using differential geometric techniques, as detailed
in Refs. [21–23] 3. For completeness, we note that the
full perturbative superpotential is

W = Wu + ⇢↵iS
↵
2,4L

i
4,5H

u
2,5, (II.7)
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Note that the up and down Higgs triplets have been projected

out by the Z2 ⇥ Z2 quotient and the inclusion of the Wilson line.
3
Unfortunately, there appears to be a mistake in the calculation

carried out in Ref. [21] of the holomorphic Yukawa couplings for

this model, due to a missed boundary term, an issue which we

correct in the present paper.

where the index ↵ = 1, 2, 3 labels the three singlets S2,4

present in the spectrum. These are interpreted as right-
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The factor V�1/3 captures the full Kähler moduli depen-
dence in this model due to Eq. (II.3). This means the
complex 2⇥ 2 matrices K

Q, Ku and the real numbers k,
k
Q, ku in Eq. (II.8) are Kähler moduli independent, but

they still depend on complex structure. After bringing
the resulting kinetic terms into canonical form, one finds
the physical up-Yukawa matrix
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where � is the dilaton, and PQ and Pu are 2 ⇥ 2 diago-
nalising matrices satisfying
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Note that the volume dependence of the physical Yukawa
couplings drops out due to the additional factor of
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V which arises from the exp(K/2) prefactor to

the Yukawa couplings in the component supergravity La-
grangian.4 Finally, the up-quark masses are
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.
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Unfortunately, there appears to be a mistake in the calculation

carried out in Ref. [21] of the holomorphic Yukawa couplings for

this model, due to a missed boundary term, an issue which we

correct in the present paper.
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The factor V�1/3 captures the full Kähler moduli depen-
dence in this model due to Eq. (II.3). This means the
complex 2⇥ 2 matrices K

Q, Ku and the real numbers k,
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where � is the dilaton, and PQ and Pu are 2 ⇥ 2 diago-
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

3

SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)

The particle content is that of the MSSM, plus a number
of singlet fields uncharged under the SM gauge group.
These fields are decorated with U(1) charges and given by
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The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H

u
2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
quark and lepton Yukawa matrices at the perturbative
level; for a realistic model, they would have to be gener-
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where i, j = 1, 2, 3 label the three quark families. The
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A number of comments are in order at this point. Firstly,
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trix (II.6) on its own cannot lead to a non-zero mass
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fifth U(1) symmetry, and S2,4 with charge +1 under the
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fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).

The U(1) symmetries enforce the vanishing of down-
quark and lepton Yukawa matrices at the perturbative
level; for a realistic model, they would have to be gener-
ated non-perturbatively. Writing the left-handed quarks
as (Qi) = (Q1

2
, Q

2

2
, Q5), the right-handed up-quarks as

(U i) = (U1

2
, U

2

2
, U5) and the up-Higgs as H

u = H
u
2,5, the

holomorphic up-quark Yukawa couplings are of the form

Wu = Y
u
ijH

u
Q

i
U

j
, (II.5)

where i, j = 1, 2, 3 label the three quark families. The
U(1) symmetries enforce a specific structure of the up-
Yukawa matrix given by

Y
u =

0

@
0 0 �1

0 0 �2

�3 �4 0

1

A . (II.6)

Its entries �1, ..,�4 are quasi-topological and can be com-
puted using differential geometric techniques, as detailed
in Refs. [21–23] 3. For completeness, we note that the
full perturbative superpotential is

W = Wu + ⇢↵iS
↵
2,4L

i
4,5H

u
2,5, (II.7)

2
Note that the up and down Higgs triplets have been projected

out by the Z2 ⇥ Z2 quotient and the inclusion of the Wilson line.
3
Unfortunately, there appears to be a mistake in the calculation

carried out in Ref. [21] of the holomorphic Yukawa couplings for

this model, due to a missed boundary term, an issue which we

correct in the present paper.

where the index ↵ = 1, 2, 3 labels the three singlets S2,4

present in the spectrum. These are interpreted as right-
handed neutrinos.

The part of the Kähler potential relevant for the calcu-
lation of the physical up-Yukawa couplings has the form

K = K
Q
ijQ

i
Q̄

j +K
u
ijU

i
Ū
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

Structure of up-quark Yukawas (due to           symmetry): 
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The calculation, schematically:
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the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
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fields are in one-to-one correspondence with certain har-
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which have been indicated in Eq. (II.4).
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

3

SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)
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The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H
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2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
second symmetry and charge �1 under the fourth2. The
fields are in one-to-one correspondence with certain har-
monic bundle-valued one-form on specific line bundles,
which have been indicated in Eq. (II.4).
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zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

3

SU(5)-gauge symmetry is broken to the Standard Model
gauge group by specifying a discrete Wilson line with
structure group � = Z2 ⇥Z2. The model is free of gauge
and gravitational anomalies (by a suitable choice of a
five-brane or hidden bundle) and whatever remains from
the second E8 gauge group at low energy is ‘hidden’, in
the sense that all observable fields are uncharged under
it. It is also supersymmetric along the locus where all
Kähler moduli take the same value, that is,

t := t1 = t2 = t3 = t4 . (II.3)

The particle content is that of the MSSM, plus a number
of singlet fields uncharged under the SM gauge group.
These fields are decorated with U(1) charges and given by

2Q2, 2U2, 2E2 $ L2 Q5, U5, E5 $ L5

2D2,5, 2L2,5 $ L4 ⌦ L5 D2,4, L2,4 $ L2 ⌦ L4

H
d
2,5 $ L2 ⌦ L5 H

u
2,5 $ L

⇤
2
⌦ L

⇤
5

3S2,4 $ L2 ⌦ L
⇤
4

12 other singlets
(II.4)

The subscripts label the U(1) symmetries under which
the particles carry charge 1, while being uncharged un-
der all other U(1) symmetries. The exceptions are H

u
2,5,

whose only non-zero charges are �1 under the second and
fifth U(1) symmetry, and S2,4 with charge +1 under the
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couplings drops out due to the additional factor of
e
��

/
p
V which arises from the exp(K/2) prefactor to

the Yukawa couplings in the component supergravity La-
grangian.4 Finally, the up-quark masses are

(m1,m2,m3) = |hH
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A number of comments are in order at this point. Firstly,
in this model, the holomorphic up-quark Yukawa ma-
trix (II.6) on its own cannot lead to a non-zero mass
for the first generation due to its reduced rank. A non-
zero up-quark mass would have to be generated non-
perturbatively. Secondly, a potential split between the
second and third generation up-quark masses can be in-
duced by the structure of the holomorphic up-Yukawa

4
Note that this is a general feature. The physical Yukawa cou-

plings in heterotic theories are independent of the overall CY vol-

ume modulus.

Structure of up-quark Yukawas (due to           symmetry): 
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The calculation, schematically:
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Kmatter
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X ⌫I ^ (?̄U⌫J)

Then use Monte-Carlo integration on X to evaluate
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Training

•  NN: fully-connected, width 128, depth 4, GeLU activation, 100 epochs.

•  training set: 300000 points          (Fubini-Study distribution) 
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Figure 1. Monge-Ampère loss for the neural network approxi-
mating the function � defined in Eq. (III.4). For this example,
we have chosen  0 = 2 and  = 1.

Figure 2. Transition loss for the neural network approximat-
ing the function � defined in Eq. (III.4). For this example,
we have chosen  0 = 2 and  = 1.

Chern connection on OA(k) restricted to X. This can be
written down explicitly as

H
(ref) =

4Y

i=1


�ki

i

�����
X

. (III.13)

The HYM bundle metric H on OX(k) is related to H
(ref)

by

H = e
�
H

(ref)
, (III.14)

where � is a real function on X. The HYM equation
implies that � must satisfy the following Poisson equation

�� = ⇢� = �g
ab̄
@a@̄b̄ ln

⇣
H̄

(ref)

⌘
. (III.15)

The integrability condition for this equation amounts to
the requirement that the slope of the line bundle vanishes,
which is guaranteed by working at the supersymmetric
Kähler locus in Eq. (II.3). From the spectrum (II.4), in
order to determine the up-quark Yukawa couplings, we
need to compute the three Hermitian bundle metrics on
L2, L5 and L

⇤
2
⌦ L

⇤
5
.

2. Computational realisation

A possible method to solve Eq. (III.15), which has, for
instance, been used in Ref. [35], is to construct a function
basis, by starting with the sections of a given line bundle
L
0
! X. Then, Eq. (III.15) can be converted into a lin-

ear system by expanding � in terms of this basis, and by
computing the matrix elements of the Laplacian as well
as the components of the source ⇢� . In our case, the sim-
plest line bundle for this purpose is L

0 = OX(1, 1, 1, 1)
with 16 sections, leading to 162 = 256 functions. Work-
ing with this basis requires computing 2562 Laplacian
matrix elements. On the other hand, this is equivalent
to working with the l = 0, 1 spherical harmonics in each
of the P1 ⇠= S

2 directions only, which indicates a rather
poor approximation. Trying to improve this by starting
with L

0 = OX(2, 2, 2, 2) instead requires the calculation
of an unfeasible number of matrix elements. In conclu-
sion, it appears difficult to achieve sufficient accuracy
with this method.

For this reason, we have opted to determine the HYM
bundle metric by training a neural network, in analogy
with what has been done for the CY metric. In prac-
tice, the neural network approximating the function � in
Eq. (III.14) has two contributions for the loss function:
the HYM loss based on the failure to satisfy Eq. (III.15),
and the transition loss which ensures that � transforms
as a function. Explicitly, the loss function is given by

L = ↵1LHYM + ↵2Ltr.

LHYM[�] =
������ � ⇢�

����
1

Ltr.[�] =
X

s 6=t

�����s � �t

����
1
,

(III.16)

where ↵1, ↵2 are weights for the two contributions, and
�s, �t are the versions of � computed on the patches Us,
Ut, respectively.

The neural network is fully connected with GeLU ac-
tivation, three layers and a width of 128. Training is
carried out for 100 epochs, with batch size 64 and learn-
ing rate 0.001. Each of the three required bundle metrics
is computed for  0 = 2 and  2 {0, 0.5, 1, 2, 4, 6}. To dis-
cuss training and accuracy, we focus on the case  = 1
which turns out to be typical. A typical change in loss
over the course of training is shown in Figure 3 and Fig-
ure 4. Appropriate measures for the success or failure of
training the neural networks can be defined by

MHYM[�] =
LHYM[�]R

X |⇢|
, (III.17)

Mtr.[�] =
1

V

Ltr.[�]

std. dev. of �
, (III.18)

where the integration goes over the validation set.
Typical numerical values for these measures, computed

for the three line bundles, range between 0.05� 0.06 for
MHYM and between 0.02� 0.04 for Mtr.. We expect the
product of the three bundle metrics to give the trivial
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Figure 3. A typical HYM loss, LHYM, as given in Eq. (III.16),
for the neural network approximating the function � defined
in Eq. (III.15), and the line bundle L2. For this example, we
have chosen  0 = 2 and  = 1.

Figure 4. A typical transition loss, Ltransition, as given in
Eq. (III.16), for the neural network approximating the func-
tion � defined in Eq. (III.15), for the line bundle L2. For this
example, we have chosen  0 = 2 and  = 1.

bundle metric. It follows that this product must be con-
stant over the CY manifold, and this is indeed true within
an error of about 4%.

C. The harmonic forms

1. Mathematical background

The matter fields in the spectrum (II.4) are associated
with harmonic bundle-valued (0, 1)-forms. Let L be one
of the relevant line bundles on X with HYM bundle met-
ric H = e

�
H

(ref). Each matter field is represented by a
specific cohomology class in H

1(X,L) and we choose a
reference form ⌫

(ref) to represent this class. The unique
harmonic form ⌫ in the same cohomology class is related
to ⌫(ref) by

⌫ = ⌫
(ref) + @̄L� . (III.19)

Here, � is a global section of L determined by the Poisson
equation

�L� = ⇢� = �g
ab̄
@a

⇣
H⌫

(ref)

b̄

⌘
, (III.20)

where �L is the Laplacian on L relative to the Ricci-flat
CY metric g and the HYM bundle metric H.

For our model, we need to calculate seven harmonic
forms, one for each of the matter fields in Table I. These
are precisely the forms which survive the � = Z2 ⇥ Z2

projection and the inclusion of the Wilson line. Explicit
expressions for these reference forms have been given in
Refs. [21–23], which, being somewhat lengthy, will not be
reproduced here.

2. Computational realisation

Following the same principles as before, we find the
harmonic bundle-valued form ⌫ from Eq. (III.19), by de-
signing a neural network which approximates �, trained
on a loss function with two contributions: the Laplacian
loss, which measures the failure to satisfy Eq. (III.20),
and the transition loss, which ensures that � transforms
as a section of L. In analogy with Eq. (III.16), this loss
function has the form

L = ↵̃1L� + ↵̃2Ltr.

L�[�] =
�����L� � ⇢�

����
1

Ltr.[�] =
X

s 6=t

�����s � T(s,t)�t

����
1
,

(III.21)

where ↵̃1, ↵̃2 are weights, �s, �t are the versions of �
computed on the patches Us, Ut, respectively and T(s,t)

denotes the transition function between Ut and Us.
Enforcing the right transformation for � is more com-

plicated than in the previous cases for � and � due to
the presence of the transition functions. These functions
can become large or small away from the natural over-
lap region between two patches. As a result, for any
i 2 {1, . . . , 4} with a line bundle integer ki 6= 0, the tran-
sition loss is evaluated at points on a ‘belt’ region B, de-
fined by 1/2 < |zi| < 2, where zi is the affine coordinate
on the i

th P1 space introduced previously.
The neural network is fully connected with GeLU ac-

tivation, three layers and a width of 128. Training is car-
ried out for 75 epochs, with batch size 64 and learning
rate 0.001. Each of the required seven harmonic forms is
computed for  0 = 2 and  2 {0, 0.5, 1, 2, 4, 6}. To dis-
cuss training and accuracy, we focus on the case  = 1
which turns out to be typical. The loss over the course
of training for this case is shown in Figure 5 and Fig-
ure 6. Appropriate measures for the trained network’s
performance are defined as

M�[�] =
L�[�]R
X |⇢|

, (III.22)

Mtr.[�] =
1

VB

Ltr.[�]

std. dev. of �
, (III.23)
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Figure 5. A typical Laplacian loss, L�, as in Eq. (III.21),
for the neural network approximating the section � defined in
Eq. (III.20), for the case of the up-Higgs. For this example,
we have chosen  0 = 2 and  = 1.

where the integration goes over the validation set. In
the evaluation of the transition measure for �, we only
consider the ‘belt’ region with volume VB. Both measures
are given in Table I, for each of the seven matter fields.

H
u
2,5 Q5 U5 Q

1

2 Q
2

2 U
1

2 U
2

2

M�(�) 0.06 0.08 0.12 0.15 0.20 0.14 0.12
Mtr.(�) 0.04 0.09 0.13 0.15 0.17 0.21 0.14

Table I. Typical values of the errors, evaluated on the trained
neural networks representing �, for  0 = 2 and  = 1.

We emphasise that, whilst this setup is very general, in
the present case we are also able to construct neural net-
works which automatically obey the transition relations.
This is done by choosing a set of (non-holomorphic) glob-
ally generating sections {�i, i = 1, · · ·N} of the bundle,
that is, sections which do not simultaneously vanish any-
where on the CY manifold. A general section � is then
written as

�(x) =
NX

i=1

fi(x)�i, (III.24)

where fi are functions which are represented by the
output of a neural network. Crucially these functions,
along with the neural-networks used for � and �, can be
made invariant under projective transformations by mak-
ing use of architectures analogous to those introduced in
Ref. [43]. As a result, �(x) automatically transforms as
required between the different patches. Further details
of these architectures will be explained in Ref. [67].

IV. YUKAWA COUPLINGS AND MASSES

We now outline the main steps in the numerical cal-
culation. For concreteness, we refer to the details of the

Figure 6. A typical transition loss, Ltr., as given in
Eq. (III.21), for the neural network approximating the sec-
tion � defined in Eq. (III.20), for the case of the up-Higgs.
For this example, we have chosen  0 = 2 and  = 1.

model introduced in Section II, but we note that the pro-
cedure is general for heterotic line bundle models.

(1) At the reference Kähler locus (ti) = (1, 1, 1, 1), and
for the defining polynomial (III.8) with  0 = 2 and
for each  2 {0, 0.5, 1, 2, 4, 6}, a sample of 300, 000
points on the TQ manifold is generated. Then,
the Ricci-flat CY metric is computed by machine-
learning the function � in Eq. (III.4), with this
point sample as a training/validation set.

(2) For each relevant line bundle L, the corresponding
HYM bundle metric H is computed by machine-
learning the function � in Eq. (III.14), with a
newly generated training/validation point set and
the loss function (III.16). This needs to be done
for three line bundles, namely, for L2 associated to
Q

1

2
, Q

2

2
, U

1

2
, U

2

2
, for L5, associated to Q5, U5 and for

L
⇤
2
⌦ L

⇤
5
, associated to H

u
2,5.

(3) For each matter field involved, the corresponding
bundle-valued harmonic form ⌫ is computed by
starting with the corresponding reference bundle-
valued form taken from Refs. [21–23], machine-
learning � in Eq. (III.19), with an additional point
sample as training/validation set and loss func-
tion (III.21). This needs to be done for seven cases:
the three left-handed quarks Q

i, the three right-
handed up-quarks U

i and the up-Higgs H
u.

(4) Using the aforementioned quantities, Eqs. (III.1)
and (III.2) are used to compute the holomorphic
Yukawa couplings and matter field metrics. This is
done by Monte-Carlo integration using the given
point sample. These results must be consistent
with the structure of Yukawa couplings and mat-
ter field metrics as given in Eqs. (II.6) and (II.8),
which provides an important check of our calcula-
tion. Furthermore, this determines the entries �i
of the holomorphic Yukawa couplings in Eq. (II.6)
and the quantities K

Q
,K

u
, k

Q
, k

u
, k in Eq. (II.8).

<latexit sha1_base64="yn+kA65H0rSh47M9B3JBpJWBy3Q=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdkWglARsLiwjmAdllmZ3MJkPmsczMCmHZxl+xsVDE1s+w82+cJFto4oELh3Pu5d57ooRRbVz32ymtrK6tb5Q3K1vbO7t71f2DjpapwqSNJZOqFyFNGBWkbahhpJcognjESDca30z97iNRmkrxYCYJCTgaChpTjIyVwupR5mPE4F0eZr7icIQUl4LiPKzW3Lo7A1wmXkFqoEArrH75A4lTToTBDGnd99zEBBlShmJG8oqfapIgPEZD0rdUIE50kM0eyOGpVQYwlsqWMHCm/p7IENd6wiPbyZEZ6UVvKv7n9VMTXwUZFUlqiMDzRXHKoJFwmgYcUEWwYRNLEFbU3gqxzQBhYzOr2BC8xZeXSee87jXqjfuLWvO6iKMMjsEJOAMeuARNcAtaoA0wyMEzeAVvzpPz4rw7H/PWklPMHII/cD5/AMnllos=</latexit>
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Figure 7. Plot of the (degenerate) top/charm mass in units of
e
��|hHui| for the defining polynomial (III.8) with  0 = 2, as a

function of the complex structure modulus  . The black curve
corresponds to the full neural network calculation, whilst the
red curve gives the masses computed with the reference met-
rics and differential forms. The blue curve shows the mass for
canonical kinetic terms, obtained by setting KQ = Ku = I2
and k

u = k
Q = k = 1 in Eq. (II.8). Comparison of the

blue and black curve demonstrates the importance of includ-
ing the field normalisations. Error bars are statistical, and
average five independent calculations.

(5) Finally, inserting these quantities into Eqs. (II.9),
(II.10) and (II.11), we determine the physical up
Yukawa couplings and up-quark masses.

The above calculation is performed in three modes. Ini-
tially, we carry out a quick calculation with the analytic
reference quantities, that is, we set � and all � and �

to zero. In this case, no neural networks need to be
trained—the above first three steps are trivial—but the
integrals still need to be carried out numerically. For
comparison, we also calculate the masses which arise if
one assumes canonical kinetic terms5, that is, by setting
K

Q = K
u = I2 and k

u = k
Q = k = 1 in Eq. (II.8). Fi-

nally, the results are then compared with the full calcu-
lation carried out by following all of the above five steps.
In this case, a total of 11 neural networks are trained to
obtain the correct quantities �, � and �.

The final result for the up-quark mass is shown in Fig-
ure 7, with the black curve showing the full calculation,
the red curve the calculation based on the reference met-
rics and forms, and the blue curve the calculation with
canonical kinetic terms. Due to the enhanced symme-
try of the one-parameter family (III.8), the two non-zero
masses are forced to be identical and, within numerical
errors, this is confirmed by our results. This is the rea-
son for why Figure 7 shows results for only a single mass.
Some further remarks are in order. First, the physical

5
Note that with this definition ‘canonical kinetic terms’, the

physical Yukawa couplings remain independent of the overall Käh-

ler modulus.

mass has a significant dependence on complex structure
(black curve). Secondly, comparison of the blue and black
curves shows that taking into account the field normalisa-
tion has a significant effect. Finally, the calculation using
the reference quantities (red curve) leads to a reasonable
approximation, significantly better than the one based
on assuming a canonical Kähler metric (blue curve).

Can the degeneracy between the two non-zero masses
be lifted if we move away from the one-parameter fam-
ily (III.8) of complex structures? To show that this is
indeed possible, we consider the new defining polyno-
mial in Eq. (III.9). This point in moduli space was se-
lected by randomly generating 5 polynomials with the
Z2⇥Z2 symmetry and integer coefficients between 0 and
100 and then taking the example with the largest mass
ratio. As before, we carry out the calculation in three
modes, that is, we perform the full calculation leading
to up-quark masses (mi), the calculation with reference
quantities leading to masses (m(ref)

i ) and the calculation
with canonical kinetic terms with masses (m(can)

i ). The
results are

(m1,m2,m3) ⇡ e
��

|hH
u
i| (0, 0.009, 0.016) ,

(m(ref)

1
,m

(ref)

2
,m

(ref)

3
) ⇡ e

��
|hH

u
i| (0, 0.007, 0.013) ,

(m(can)

1
,m

(can)

2
,m

(can)

3
) ⇡ e

��
|hH

u
i| (0, 0.004, 0.008) .

(IV.1)
This, as expected, lifts the degeneracy between the two
non-zero masses. The results lend further evidence to
the claim that reference quantities serve as a better ap-
proximation than canonical kinetic terms. However, the
larger of the two masses is still too small to account for
the top mass and the split is not sufficient to explain
the top to charm mass ratio. It is reasonable to expect
that a more systematic exploration of the 20-parameter
complex structure moduli space leads to masses which
are more phenomenologically acceptable. This will be
investigated in future work [67].

V. CONCLUSION

In this paper, we have presented the first calculation
of physical Yukawa couplings in a heterotic string model
compactified on a CY manifold with non-standard em-
bedding. In particular, we have calculated the physical
up-quark Yukawa couplings and resulting masses. There
are two main parts to our methodology. First, we have
introduced analytic ‘reference’ expressions for all relevant
quantities which are contained in the right cohomology
classes. Specifically, we have used the restricted ambient
Fubini-Study metric as the reference CY metric, the re-
striction of the standard line bundle metrics on projective
spaces as bundle reference metrics and certain restricted
ambient bundle-valued forms as reference forms to repre-
sent the matters fields. In a second step, we have added
exact terms to these reference quantities. For these we
have determined numerical solutions using neural net-
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Figure 7. Plot of the (degenerate) top/charm mass in units of
e
��|hHui| for the defining polynomial (III.8) with  0 = 2, as a

function of the complex structure modulus  . The black curve
corresponds to the full neural network calculation, whilst the
red curve gives the masses computed with the reference met-
rics and differential forms. The blue curve shows the mass for
canonical kinetic terms, obtained by setting KQ = Ku = I2
and k

u = k
Q = k = 1 in Eq. (II.8). Comparison of the

blue and black curve demonstrates the importance of includ-
ing the field normalisations. Error bars are statistical, and
average five independent calculations.

(5) Finally, inserting these quantities into Eqs. (II.9),
(II.10) and (II.11), we determine the physical up
Yukawa couplings and up-quark masses.

The above calculation is performed in three modes. Ini-
tially, we carry out a quick calculation with the analytic
reference quantities, that is, we set � and all � and �

to zero. In this case, no neural networks need to be
trained—the above first three steps are trivial—but the
integrals still need to be carried out numerically. For
comparison, we also calculate the masses which arise if
one assumes canonical kinetic terms5, that is, by setting
K

Q = K
u = I2 and k

u = k
Q = k = 1 in Eq. (II.8). Fi-

nally, the results are then compared with the full calcu-
lation carried out by following all of the above five steps.
In this case, a total of 11 neural networks are trained to
obtain the correct quantities �, � and �.

The final result for the up-quark mass is shown in Fig-
ure 7, with the black curve showing the full calculation,
the red curve the calculation based on the reference met-
rics and forms, and the blue curve the calculation with
canonical kinetic terms. Due to the enhanced symme-
try of the one-parameter family (III.8), the two non-zero
masses are forced to be identical and, within numerical
errors, this is confirmed by our results. This is the rea-
son for why Figure 7 shows results for only a single mass.
Some further remarks are in order. First, the physical

5
Note that with this definition ‘canonical kinetic terms’, the

physical Yukawa couplings remain independent of the overall Käh-

ler modulus.

mass has a significant dependence on complex structure
(black curve). Secondly, comparison of the blue and black
curves shows that taking into account the field normalisa-
tion has a significant effect. Finally, the calculation using
the reference quantities (red curve) leads to a reasonable
approximation, significantly better than the one based
on assuming a canonical Kähler metric (blue curve).

Can the degeneracy between the two non-zero masses
be lifted if we move away from the one-parameter fam-
ily (III.8) of complex structures? To show that this is
indeed possible, we consider the new defining polyno-
mial in Eq. (III.9). This point in moduli space was se-
lected by randomly generating 5 polynomials with the
Z2⇥Z2 symmetry and integer coefficients between 0 and
100 and then taking the example with the largest mass
ratio. As before, we carry out the calculation in three
modes, that is, we perform the full calculation leading
to up-quark masses (mi), the calculation with reference
quantities leading to masses (m(ref)

i ) and the calculation
with canonical kinetic terms with masses (m(can)

i ). The
results are

(m1,m2,m3) ⇡ e
��

|hH
u
i| (0, 0.009, 0.016) ,

(m(ref)

1
,m

(ref)

2
,m

(ref)

3
) ⇡ e

��
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i| (0, 0.007, 0.013) ,
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1
,m
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(IV.1)
This, as expected, lifts the degeneracy between the two
non-zero masses. The results lend further evidence to
the claim that reference quantities serve as a better ap-
proximation than canonical kinetic terms. However, the
larger of the two masses is still too small to account for
the top mass and the split is not sufficient to explain
the top to charm mass ratio. It is reasonable to expect
that a more systematic exploration of the 20-parameter
complex structure moduli space leads to masses which
are more phenomenologically acceptable. This will be
investigated in future work [67].

V. CONCLUSION

In this paper, we have presented the first calculation
of physical Yukawa couplings in a heterotic string model
compactified on a CY manifold with non-standard em-
bedding. In particular, we have calculated the physical
up-quark Yukawa couplings and resulting masses. There
are two main parts to our methodology. First, we have
introduced analytic ‘reference’ expressions for all relevant
quantities which are contained in the right cohomology
classes. Specifically, we have used the restricted ambient
Fubini-Study metric as the reference CY metric, the re-
striction of the standard line bundle metrics on projective
spaces as bundle reference metrics and certain restricted
ambient bundle-valued forms as reference forms to repre-
sent the matters fields. In a second step, we have added
exact terms to these reference quantities. For these we
have determined numerical solutions using neural net-

Remarks:

•  Additional symmetry means two massive families are degenerate.

•  By exploring compl. str. moduli space we can generate a hierarchy.

•  Calculation with reference quantities is `not bad’.

•  Assuming canonical normalisation gives result far off.
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G non-Abelian

<latexit sha1_base64="7eDKjsk8tnUKUc7iPRgssQxfeFg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CmNa0LoeDGZQXbCk0ok+mkHTqZhJmJUEPxV9y4UMSt/+HOv3HSVlDRAxcO59zLvfcECaNS2faHUVhaXlldK66XNja3tnfM3b2OjFOBSRvHLBY3AZKEUU7aiipGbhJBUBQw0g3GF7nfvSVC0phfq0lC/AgNOQ0pRkpLffPAY4gPGfGSEfXEjJ7bfbNsW2cN1zl1oG3Zdt2pujlx6jWnCitayVEGC7T65rs3iHEaEa4wQ1L2Knai/AwJRTEj05KXSpIgPEZD0tOUo4hIP5tdP4XHWhnAMBa6uIIz9ftEhiIpJ1GgOyOkRvK3l4t/eb1UhQ0/ozxJFeF4vihMGVQxzKOAAyoIVmyiCcKC6lshHiGBsNKBlXQIX5/C/0nHsSqu5V7Vys3mIo4iOARH4ARUQB00wSVogTbA4A48gCfwbNwbj8aL8TpvLRiLmX3wA8bbJ71mlW4=</latexit>

h�i = 0
<latexit sha1_base64="b2EXmXM4cCAa1wRdIBGcNbtliyE=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahvYQkrWk9CAUPeqxo2kJby2a7bZduNmF3I5TQn+HFgyJe/TXe/Ddu2goq+mDg8d4MM/P8iFGpLOvDyKysrq1vZDdzW9s7u3v5/YOmDGOBiYdDFoq2jyRhlBNPUcVIOxIEBT4jLX9ykfqteyIkDfmtmkakF6ARp0OKkdJS5/L8pugV7dIdL/XzBcs8q7nOqQMt07KqTtlNiVOtOGVoayVFASzR6Offu4MQxwHhCjMkZce2ItVLkFAUMzLLdWNJIoQnaEQ6mnIUENlL5ifP4IlWBnAYCl1cwbn6fSJBgZTTwNedAVJj+dtLxb+8TqyGtV5CeRQrwvFi0TBmUIUw/R8OqCBYsakmCAuqb4V4jATCSqeU0yF8fQr/J03HtF3Tva4U6vVlHFlwBI5BEdigCurgCjSABzAIwQN4As+GMh6NF+N10ZoxljOH4AeMt09RTJAA</latexit>

G = S(U(1)n)

<latexit sha1_base64="RaTNTTVsAjjLCUg4gSKLJe+3TSY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbwUuPLZi20May2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmN3kfu+eCEljfqvmCfEjNOE0pBgpLXmtu7TjjcoVy7xuuM6VAy3TsupO1c2JU685VWhrJUcFrNEeld+H4xinEeEKMyTlwLYS5WdIKIoZWZSGqSQJwjM0IQNNOYqI9LPlsQt4oZUxDGOhiyu4VL9PZCiSch4FujNCaip/e7n4lzdIVdjwM8qTVBGOV4vClEEVw/xzOKaCYMXmmiAsqL4V4ikSCCudT0mH8PUp/J90HdN2TbdTqzSb6ziK4Aycg0tggzpoghZoAw9gQMEDeALPBjcejRfjddVaMNYzp+AHjLdP1fyOug==</latexit>

H
u
QU



Non-Abelian models from line bundle models

sketch of bundle moduli space       : 
<latexit sha1_base64="ARnEcj8bHx64Yi83kSoZm51OMXI=">AAAB/3icbZBNS8NAEIYn9avWr6jgxUuwCJ5KIlI9Fr14rGA/oAlls522SzebsLsRSuzBv+LFgyJe/Rve/Ddu2xy09YWFh3dmmNk3TDhT2nW/rcLK6tr6RnGztLW9s7tn7x80VZxKig0a81i2Q6KQM4ENzTTHdiKRRCHHVji6mdZbDygVi8W9HicYRGQgWJ9Roo3VtY/8zOdEDDj6yZD5co6Trl12K+5MzjJ4OZQhV71rf/m9mKYRCk05UarjuYkOMiI1oxwnJT9VmBA6IgPsGBQkQhVks/snzqlxek4/luYJ7czc3xMZiZQaR6HpjIgeqsXa1Pyv1kl1/yrImEhSjYLOF/VT7ujYmYbh9JhEqvnYAKGSmVsdOiSSUG0iK5kQvMUvL0PzvOJVK9W7i3LtOo+jCMdwAmfgwSXU4Bbq0AAKj/AMr/BmPVkv1rv1MW8tWPnMIfyR9fkDoFyWgw==</latexit>

{h�i}

Abelian

locus

<latexit sha1_base64="oBOWj6W1asoJhxKHFlYPsIRkM2M=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMYBKuwKxItAzaWEcwFskuYnZwkQ2Zn15lZISyx8VVsLBSx9S3sfBsnl0ITfxj4+M85nDl/mAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelJvPqDSPJZ3ZpRgENG+5D3OqLFWp3jkCyr7Av1kwH01Q4n3xO0US27ZnYosgzeHEsxV6xS//G7M0gilYYJq3fbcxAQZVYYzgeOCn2pMKBvSPrYtShqhDrLpBWNyap0u6cXKPmnI1P09kdFI61EU2s6ImoFerE3M/2rt1PSugozLJDUo2WxRLxXExGQSB+lyhcyIkQXKFLd/JWxAFWXGhlawIXiLJy9D47zsVcqV24tStTqPIw/HcAJn4MElVOEGalAHBo/wDK/w5jw5L8678zFrzTnzmUP4I+fzB1xiltU=</latexit>

h�i 6= 0
<latexit sha1_base64="goUbxD94cG26akTbSlS2AyiPDWI=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGpLqsuNBlBfuAtpRMmmlDM8mQZMQ6FH/FjQtF3Pof7vwb03YW2nrgwuGce5N7TxBzpo3nfTsLi0vLK6u5tfz6xubWtruzW9MyUYRWieRSNQKsKWeCVg0znDZiRXEUcFoPBldjv35PlWZS3JlhTNsR7gkWMoKNlTru/nUrCuRDioQUJ5eBfQeLUccteEVvAjRP/IwUIEOl4361upIkERWGcKx10/di006xMoxwOsq3Ek1jTAa4R5uWChxR3U4n24/QkVW6KJTKljBoov6eSHGk9TAKbGeETV/PemPxP6+ZmPCinTIRJ4YKMv0oTDgyEo2jQF2mKDF8aAkmitldEeljhYmxgeVtCP7syfOkdlr0S8XS7VmhXM7iyMEBHMIx+HAOZbiBClSBwCM8wyu8OU/Oi/PufExbF5xsZg/+wPn8AS7/lRE=</latexit>

G non-Abelian

<latexit sha1_base64="7eDKjsk8tnUKUc7iPRgssQxfeFg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CmNa0LoeDGZQXbCk0ok+mkHTqZhJmJUEPxV9y4UMSt/+HOv3HSVlDRAxcO59zLvfcECaNS2faHUVhaXlldK66XNja3tnfM3b2OjFOBSRvHLBY3AZKEUU7aiipGbhJBUBQw0g3GF7nfvSVC0phfq0lC/AgNOQ0pRkpLffPAY4gPGfGSEfXEjJ7bfbNsW2cN1zl1oG3Zdt2pujlx6jWnCitayVEGC7T65rs3iHEaEa4wQ1L2Knai/AwJRTEj05KXSpIgPEZD0tOUo4hIP5tdP4XHWhnAMBa6uIIz9ftEhiIpJ1GgOyOkRvK3l4t/eb1UhQ0/ozxJFeF4vihMGVQxzKOAAyoIVmyiCcKC6lshHiGBsNKBlXQIX5/C/0nHsSqu5V7Vys3mIo4iOARH4ARUQB00wSVogTbA4A48gCfwbNwbj8aL8TpvLRiLmX3wA8bbJ71mlW4=</latexit>

h�i = 0
<latexit sha1_base64="b2EXmXM4cCAa1wRdIBGcNbtliyE=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahvYQkrWk9CAUPeqxo2kJby2a7bZduNmF3I5TQn+HFgyJe/TXe/Ddu2goq+mDg8d4MM/P8iFGpLOvDyKysrq1vZDdzW9s7u3v5/YOmDGOBiYdDFoq2jyRhlBNPUcVIOxIEBT4jLX9ykfqteyIkDfmtmkakF6ARp0OKkdJS5/L8pugV7dIdL/XzBcs8q7nOqQMt07KqTtlNiVOtOGVoayVFASzR6Offu4MQxwHhCjMkZce2ItVLkFAUMzLLdWNJIoQnaEQ6mnIUENlL5ifP4IlWBnAYCl1cwbn6fSJBgZTTwNedAVJj+dtLxb+8TqyGtV5CeRQrwvFi0TBmUIUw/R8OqCBYsakmCAuqb4V4jATCSqeU0yF8fQr/J03HtF3Tva4U6vVlHFlwBI5BEdigCurgCjSABzAIwQN4As+GMh6NF+N10ZoxljOH4AeMt09RTJAA</latexit>

G = S(U(1)n)

<latexit sha1_base64="RaTNTTVsAjjLCUg4gSKLJe+3TSY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbwUuPLZi20May2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmN3kfu+eCEljfqvmCfEjNOE0pBgpLXmtu7TjjcoVy7xuuM6VAy3TsupO1c2JU685VWhrJUcFrNEeld+H4xinEeEKMyTlwLYS5WdIKIoZWZSGqSQJwjM0IQNNOYqI9LPlsQt4oZUxDGOhiyu4VL9PZCiSch4FujNCaip/e7n4lzdIVdjwM8qTVBGOV4vClEEVw/xzOKaCYMXmmiAsqL4V4ikSCCudT0mH8PUp/J90HdN2TbdTqzSb6ziK4Aycg0tggzpoghZoAw9gQMEDeALPBjcejRfjddVaMNYzp+AHjLdP1fyOug==</latexit>

H
u
QU

<latexit sha1_base64="+Q2rnZjxv6TekKPaQQ5+MZqhuCw=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuyoxodVlw02ULTlvojEMmk7ahmWRIMkIZ+iVu/BU3LhQRXOnfmLazqK0HLpyccy+590Qpo0o7zo+1tr6xubVd2inv7u0fHNpHx20lMomJhwUTshshRRjlxNNUM9JNJUFJxEgnGt1N/c4jkYoKfq/HKQkSNOC0TzHSRgrta58hPmDET4c0dH05f+BYaAUXrVFhwcZD1vJCu+JUnRngKnELUgEFmqH95ccCZwnhGjOkVM91Uh3kSGqKGZmU/UyRFOERGpCeoRwlRAX57LwJPDdKDPtCmuIaztTFiRwlSo2TyHQmSA/VsjcV//N6me7fBjnlaaYJx/OP+hmDWsBpVjCmkmDNxoYgLKnZFeIhkghrk2jZhOAun7xK2pdVt1atta4q9XoRRwmcgjNwAVxwA+qgAZrAAxg8gRfwBt6tZ+vV+rA+561rVjFzAv7A+v4FJZSjHA==</latexit>

h�1i · · · h�kiHu
QU

(string Froggatt-Nielsen)



Non-Abelian models from line bundle models

sketch of bundle moduli space       : 
<latexit sha1_base64="ARnEcj8bHx64Yi83kSoZm51OMXI=">AAAB/3icbZBNS8NAEIYn9avWr6jgxUuwCJ5KIlI9Fr14rGA/oAlls522SzebsLsRSuzBv+LFgyJe/Rve/Ddu2xy09YWFh3dmmNk3TDhT2nW/rcLK6tr6RnGztLW9s7tn7x80VZxKig0a81i2Q6KQM4ENzTTHdiKRRCHHVji6mdZbDygVi8W9HicYRGQgWJ9Roo3VtY/8zOdEDDj6yZD5co6Trl12K+5MzjJ4OZQhV71rf/m9mKYRCk05UarjuYkOMiI1oxwnJT9VmBA6IgPsGBQkQhVks/snzqlxek4/luYJ7czc3xMZiZQaR6HpjIgeqsXa1Pyv1kl1/yrImEhSjYLOF/VT7ujYmYbh9JhEqvnYAKGSmVsdOiSSUG0iK5kQvMUvL0PzvOJVK9W7i3LtOo+jCMdwAmfgwSXU4Bbq0AAKj/AMr/BmPVkv1rv1MW8tWPnMIfyR9fkDoFyWgw==</latexit>

{h�i}

Abelian

locus

<latexit sha1_base64="oBOWj6W1asoJhxKHFlYPsIRkM2M=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMYBKuwKxItAzaWEcwFskuYnZwkQ2Zn15lZISyx8VVsLBSx9S3sfBsnl0ITfxj4+M85nDl/mAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelJvPqDSPJZ3ZpRgENG+5D3OqLFWp3jkCyr7Av1kwH01Q4n3xO0US27ZnYosgzeHEsxV6xS//G7M0gilYYJq3fbcxAQZVYYzgeOCn2pMKBvSPrYtShqhDrLpBWNyap0u6cXKPmnI1P09kdFI61EU2s6ImoFerE3M/2rt1PSugozLJDUo2WxRLxXExGQSB+lyhcyIkQXKFLd/JWxAFWXGhlawIXiLJy9D47zsVcqV24tStTqPIw/HcAJn4MElVOEGalAHBo/wDK/w5jw5L8678zFrzTnzmUP4I+fzB1xiltU=</latexit>

h�i 6= 0
<latexit sha1_base64="goUbxD94cG26akTbSlS2AyiPDWI=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGpLqsuNBlBfuAtpRMmmlDM8mQZMQ6FH/FjQtF3Pof7vwb03YW2nrgwuGce5N7TxBzpo3nfTsLi0vLK6u5tfz6xubWtruzW9MyUYRWieRSNQKsKWeCVg0znDZiRXEUcFoPBldjv35PlWZS3JlhTNsR7gkWMoKNlTru/nUrCuRDioQUJ5eBfQeLUccteEVvAjRP/IwUIEOl4361upIkERWGcKx10/di006xMoxwOsq3Ek1jTAa4R5uWChxR3U4n24/QkVW6KJTKljBoov6eSHGk9TAKbGeETV/PemPxP6+ZmPCinTIRJ4YKMv0oTDgyEo2jQF2mKDF8aAkmitldEeljhYmxgeVtCP7syfOkdlr0S8XS7VmhXM7iyMEBHMIx+HAOZbiBClSBwCM8wyu8OU/Oi/PufExbF5xsZg/+wPn8AS7/lRE=</latexit>

G non-Abelian

<latexit sha1_base64="7eDKjsk8tnUKUc7iPRgssQxfeFg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CmNa0LoeDGZQXbCk0ok+mkHTqZhJmJUEPxV9y4UMSt/+HOv3HSVlDRAxcO59zLvfcECaNS2faHUVhaXlldK66XNja3tnfM3b2OjFOBSRvHLBY3AZKEUU7aiipGbhJBUBQw0g3GF7nfvSVC0phfq0lC/AgNOQ0pRkpLffPAY4gPGfGSEfXEjJ7bfbNsW2cN1zl1oG3Zdt2pujlx6jWnCitayVEGC7T65rs3iHEaEa4wQ1L2Knai/AwJRTEj05KXSpIgPEZD0tOUo4hIP5tdP4XHWhnAMBa6uIIz9ftEhiIpJ1GgOyOkRvK3l4t/eb1UhQ0/ozxJFeF4vihMGVQxzKOAAyoIVmyiCcKC6lshHiGBsNKBlXQIX5/C/0nHsSqu5V7Vys3mIo4iOARH4ARUQB00wSVogTbA4A48gCfwbNwbj8aL8TpvLRiLmX3wA8bbJ71mlW4=</latexit>

h�i = 0
<latexit sha1_base64="b2EXmXM4cCAa1wRdIBGcNbtliyE=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahvYQkrWk9CAUPeqxo2kJby2a7bZduNmF3I5TQn+HFgyJe/TXe/Ddu2goq+mDg8d4MM/P8iFGpLOvDyKysrq1vZDdzW9s7u3v5/YOmDGOBiYdDFoq2jyRhlBNPUcVIOxIEBT4jLX9ykfqteyIkDfmtmkakF6ARp0OKkdJS5/L8pugV7dIdL/XzBcs8q7nOqQMt07KqTtlNiVOtOGVoayVFASzR6Offu4MQxwHhCjMkZce2ItVLkFAUMzLLdWNJIoQnaEQ6mnIUENlL5ifP4IlWBnAYCl1cwbn6fSJBgZTTwNedAVJj+dtLxb+8TqyGtV5CeRQrwvFi0TBmUIUw/R8OqCBYsakmCAuqb4V4jATCSqeU0yF8fQr/J03HtF3Tva4U6vVlHFlwBI5BEdigCurgCjSABzAIwQN4As+GMh6NF+N10ZoxljOH4AeMt09RTJAA</latexit>

G = S(U(1)n)

<latexit sha1_base64="RaTNTTVsAjjLCUg4gSKLJe+3TSY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbwUuPLZi20May2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmN3kfu+eCEljfqvmCfEjNOE0pBgpLXmtu7TjjcoVy7xuuM6VAy3TsupO1c2JU685VWhrJUcFrNEeld+H4xinEeEKMyTlwLYS5WdIKIoZWZSGqSQJwjM0IQNNOYqI9LPlsQt4oZUxDGOhiyu4VL9PZCiSch4FujNCaip/e7n4lzdIVdjwM8qTVBGOV4vClEEVw/xzOKaCYMXmmiAsqL4V4ikSCCudT0mH8PUp/J90HdN2TbdTqzSb6ziK4Aycg0tggzpoghZoAw9gQMEDeALPBjcejRfjddVaMNYzp+AHjLdP1fyOug==</latexit>

H
u
QU

<latexit sha1_base64="+Q2rnZjxv6TekKPaQQ5+MZqhuCw=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuyoxodVlw02ULTlvojEMmk7ahmWRIMkIZ+iVu/BU3LhQRXOnfmLazqK0HLpyccy+590Qpo0o7zo+1tr6xubVd2inv7u0fHNpHx20lMomJhwUTshshRRjlxNNUM9JNJUFJxEgnGt1N/c4jkYoKfq/HKQkSNOC0TzHSRgrta58hPmDET4c0dH05f+BYaAUXrVFhwcZD1vJCu+JUnRngKnELUgEFmqH95ccCZwnhGjOkVM91Uh3kSGqKGZmU/UyRFOERGpCeoRwlRAX57LwJPDdKDPtCmuIaztTFiRwlSo2TyHQmSA/VsjcV//N6me7fBjnlaaYJx/OP+hmDWsBpVjCmkmDNxoYgLKnZFeIhkghrk2jZhOAun7xK2pdVt1atta4q9XoRRwmcgjNwAVxwA+qgAZrAAxg8gRfwBt6tZ+vV+rA+561rVjFzAv7A+v4FJZSjHA==</latexit>

h�1i · · · h�kiHu
QU

(string Froggatt-Nielsen)

Realistic mass models at the line bundle locus in moduli space unlikely, 
due to            symmetry. 

<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>

S(U(1)5)



Non-Abelian models from line bundle models

sketch of bundle moduli space       : 
<latexit sha1_base64="ARnEcj8bHx64Yi83kSoZm51OMXI=">AAAB/3icbZBNS8NAEIYn9avWr6jgxUuwCJ5KIlI9Fr14rGA/oAlls522SzebsLsRSuzBv+LFgyJe/Rve/Ddu2xy09YWFh3dmmNk3TDhT2nW/rcLK6tr6RnGztLW9s7tn7x80VZxKig0a81i2Q6KQM4ENzTTHdiKRRCHHVji6mdZbDygVi8W9HicYRGQgWJ9Roo3VtY/8zOdEDDj6yZD5co6Trl12K+5MzjJ4OZQhV71rf/m9mKYRCk05UarjuYkOMiI1oxwnJT9VmBA6IgPsGBQkQhVks/snzqlxek4/luYJ7czc3xMZiZQaR6HpjIgeqsXa1Pyv1kl1/yrImEhSjYLOF/VT7ujYmYbh9JhEqvnYAKGSmVsdOiSSUG0iK5kQvMUvL0PzvOJVK9W7i3LtOo+jCMdwAmfgwSXU4Bbq0AAKj/AMr/BmPVkv1rv1MW8tWPnMIfyR9fkDoFyWgw==</latexit>

{h�i}

Abelian

locus

<latexit sha1_base64="oBOWj6W1asoJhxKHFlYPsIRkM2M=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMYBKuwKxItAzaWEcwFskuYnZwkQ2Zn15lZISyx8VVsLBSx9S3sfBsnl0ITfxj4+M85nDl/mAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelJvPqDSPJZ3ZpRgENG+5D3OqLFWp3jkCyr7Av1kwH01Q4n3xO0US27ZnYosgzeHEsxV6xS//G7M0gilYYJq3fbcxAQZVYYzgeOCn2pMKBvSPrYtShqhDrLpBWNyap0u6cXKPmnI1P09kdFI61EU2s6ImoFerE3M/2rt1PSugozLJDUo2WxRLxXExGQSB+lyhcyIkQXKFLd/JWxAFWXGhlawIXiLJy9D47zsVcqV24tStTqPIw/HcAJn4MElVOEGalAHBo/wDK/w5jw5L8678zFrzTnzmUP4I+fzB1xiltU=</latexit>

h�i 6= 0
<latexit sha1_base64="goUbxD94cG26akTbSlS2AyiPDWI=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGpLqsuNBlBfuAtpRMmmlDM8mQZMQ6FH/FjQtF3Pof7vwb03YW2nrgwuGce5N7TxBzpo3nfTsLi0vLK6u5tfz6xubWtruzW9MyUYRWieRSNQKsKWeCVg0znDZiRXEUcFoPBldjv35PlWZS3JlhTNsR7gkWMoKNlTru/nUrCuRDioQUJ5eBfQeLUccteEVvAjRP/IwUIEOl4361upIkERWGcKx10/di006xMoxwOsq3Ek1jTAa4R5uWChxR3U4n24/QkVW6KJTKljBoov6eSHGk9TAKbGeETV/PemPxP6+ZmPCinTIRJ4YKMv0oTDgyEo2jQF2mKDF8aAkmitldEeljhYmxgeVtCP7syfOkdlr0S8XS7VmhXM7iyMEBHMIx+HAOZbiBClSBwCM8wyu8OU/Oi/PufExbF5xsZg/+wPn8AS7/lRE=</latexit>

G non-Abelian

<latexit sha1_base64="7eDKjsk8tnUKUc7iPRgssQxfeFg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CmNa0LoeDGZQXbCk0ok+mkHTqZhJmJUEPxV9y4UMSt/+HOv3HSVlDRAxcO59zLvfcECaNS2faHUVhaXlldK66XNja3tnfM3b2OjFOBSRvHLBY3AZKEUU7aiipGbhJBUBQw0g3GF7nfvSVC0phfq0lC/AgNOQ0pRkpLffPAY4gPGfGSEfXEjJ7bfbNsW2cN1zl1oG3Zdt2pujlx6jWnCitayVEGC7T65rs3iHEaEa4wQ1L2Knai/AwJRTEj05KXSpIgPEZD0tOUo4hIP5tdP4XHWhnAMBa6uIIz9ftEhiIpJ1GgOyOkRvK3l4t/eb1UhQ0/ozxJFeF4vihMGVQxzKOAAyoIVmyiCcKC6lshHiGBsNKBlXQIX5/C/0nHsSqu5V7Vys3mIo4iOARH4ARUQB00wSVogTbA4A48gCfwbNwbj8aL8TpvLRiLmX3wA8bbJ71mlW4=</latexit>

h�i = 0
<latexit sha1_base64="b2EXmXM4cCAa1wRdIBGcNbtliyE=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahvYQkrWk9CAUPeqxo2kJby2a7bZduNmF3I5TQn+HFgyJe/TXe/Ddu2goq+mDg8d4MM/P8iFGpLOvDyKysrq1vZDdzW9s7u3v5/YOmDGOBiYdDFoq2jyRhlBNPUcVIOxIEBT4jLX9ykfqteyIkDfmtmkakF6ARp0OKkdJS5/L8pugV7dIdL/XzBcs8q7nOqQMt07KqTtlNiVOtOGVoayVFASzR6Offu4MQxwHhCjMkZce2ItVLkFAUMzLLdWNJIoQnaEQ6mnIUENlL5ifP4IlWBnAYCl1cwbn6fSJBgZTTwNedAVJj+dtLxb+8TqyGtV5CeRQrwvFi0TBmUIUw/R8OqCBYsakmCAuqb4V4jATCSqeU0yF8fQr/J03HtF3Tva4U6vVlHFlwBI5BEdigCurgCjSABzAIwQN4As+GMh6NF+N10ZoxljOH4AeMt09RTJAA</latexit>

G = S(U(1)n)

Two options: 1) Construct non-Abelian bundles and generalise Yukawa 
                  calculations to this case.

               2) Deform line bundle models by switching on VEVs for 
                  bundle moduli   .  

<latexit sha1_base64="I05fGF1V7M6ACFt+OqVm9VSH3YA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnUjBTcuK9gHtKFMppN26MwkzEyEEvoLblwo4tYfcuffOGkrqOiBC4dz7uXee8KEUaUd58MqrK1vbG4Vt0s7u3v7B+XDo46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fQ697v3RCoaizs9S0jA0VjQiGKkc2mQTOiwXHHsy4bvXXjQsR2n7lX9nHj1mleFrlFyVMAKrWH5fTCKccqJ0Jghpfquk+ggQ1JTzMi8NEgVSRCeojHpGyoQJyrIFrfO4ZlRRjCKpSmh4UL9PpEhrtSMh6aTIz1Rv71c/MvrpzpqBBkVSaqJwMtFUcqgjmH+OBxRSbBmM0MQltTcCvEESYS1iadkQvj6FP5POp7t+rZ/W6s0r1ZxFMEJOAXnwAV10AQ3oAXaAIMJeABP4Nni1qP1Yr0uWwvWauYY/ID19gl4z46K</latexit>

�

<latexit sha1_base64="RaTNTTVsAjjLCUg4gSKLJe+3TSY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbwUuPLZi20May2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmN3kfu+eCEljfqvmCfEjNOE0pBgpLXmtu7TjjcoVy7xuuM6VAy3TsupO1c2JU685VWhrJUcFrNEeld+H4xinEeEKMyTlwLYS5WdIKIoZWZSGqSQJwjM0IQNNOYqI9LPlsQt4oZUxDGOhiyu4VL9PZCiSch4FujNCaip/e7n4lzdIVdjwM8qTVBGOV4vClEEVw/xzOKaCYMXmmiAsqL4V4ikSCCudT0mH8PUp/J90HdN2TbdTqzSb6ziK4Aycg0tggzpoghZoAw9gQMEDeALPBjcejRfjddVaMNYzp+AHjLdP1fyOug==</latexit>

H
u
QU

<latexit sha1_base64="+Q2rnZjxv6TekKPaQQ5+MZqhuCw=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuyoxodVlw02ULTlvojEMmk7ahmWRIMkIZ+iVu/BU3LhQRXOnfmLazqK0HLpyccy+590Qpo0o7zo+1tr6xubVd2inv7u0fHNpHx20lMomJhwUTshshRRjlxNNUM9JNJUFJxEgnGt1N/c4jkYoKfq/HKQkSNOC0TzHSRgrta58hPmDET4c0dH05f+BYaAUXrVFhwcZD1vJCu+JUnRngKnELUgEFmqH95ccCZwnhGjOkVM91Uh3kSGqKGZmU/UyRFOERGpCeoRwlRAX57LwJPDdKDPtCmuIaztTFiRwlSo2TyHQmSA/VsjcV//N6me7fBjnlaaYJx/OP+hmDWsBpVjCmkmDNxoYgLKnZFeIhkghrk2jZhOAun7xK2pdVt1atta4q9XoRRwmcgjNwAVxwA+qgAZrAAxg8gRfwBt6tZ+vV+rA+561rVjFzAv7A+v4FJZSjHA==</latexit>

h�1i · · · h�kiHu
QU

(string Froggatt-Nielsen)

Realistic mass models at the line bundle locus in moduli space unlikely, 
due to            symmetry. 

<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>

S(U(1)5)



Non-Abelian models from line bundle models

sketch of bundle moduli space       : 
<latexit sha1_base64="ARnEcj8bHx64Yi83kSoZm51OMXI=">AAAB/3icbZBNS8NAEIYn9avWr6jgxUuwCJ5KIlI9Fr14rGA/oAlls522SzebsLsRSuzBv+LFgyJe/Rve/Ddu2xy09YWFh3dmmNk3TDhT2nW/rcLK6tr6RnGztLW9s7tn7x80VZxKig0a81i2Q6KQM4ENzTTHdiKRRCHHVji6mdZbDygVi8W9HicYRGQgWJ9Roo3VtY/8zOdEDDj6yZD5co6Trl12K+5MzjJ4OZQhV71rf/m9mKYRCk05UarjuYkOMiI1oxwnJT9VmBA6IgPsGBQkQhVks/snzqlxek4/luYJ7czc3xMZiZQaR6HpjIgeqsXa1Pyv1kl1/yrImEhSjYLOF/VT7ujYmYbh9JhEqvnYAKGSmVsdOiSSUG0iK5kQvMUvL0PzvOJVK9W7i3LtOo+jCMdwAmfgwSXU4Bbq0AAKj/AMr/BmPVkv1rv1MW8tWPnMIfyR9fkDoFyWgw==</latexit>

{h�i}

Abelian

locus

<latexit sha1_base64="oBOWj6W1asoJhxKHFlYPsIRkM2M=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMYBKuwKxItAzaWEcwFskuYnZwkQ2Zn15lZISyx8VVsLBSx9S3sfBsnl0ITfxj4+M85nDl/mAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGqGNZZLGLVCqlGwSXWDTcCW4lCGoUCm+HwelJvPqDSPJZ3ZpRgENG+5D3OqLFWp3jkCyr7Av1kwH01Q4n3xO0US27ZnYosgzeHEsxV6xS//G7M0gilYYJq3fbcxAQZVYYzgeOCn2pMKBvSPrYtShqhDrLpBWNyap0u6cXKPmnI1P09kdFI61EU2s6ImoFerE3M/2rt1PSugozLJDUo2WxRLxXExGQSB+lyhcyIkQXKFLd/JWxAFWXGhlawIXiLJy9D47zsVcqV24tStTqPIw/HcAJn4MElVOEGalAHBo/wDK/w5jw5L8678zFrzTnzmUP4I+fzB1xiltU=</latexit>

h�i 6= 0
<latexit sha1_base64="goUbxD94cG26akTbSlS2AyiPDWI=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGpLqsuNBlBfuAtpRMmmlDM8mQZMQ6FH/FjQtF3Pof7vwb03YW2nrgwuGce5N7TxBzpo3nfTsLi0vLK6u5tfz6xubWtruzW9MyUYRWieRSNQKsKWeCVg0znDZiRXEUcFoPBldjv35PlWZS3JlhTNsR7gkWMoKNlTru/nUrCuRDioQUJ5eBfQeLUccteEVvAjRP/IwUIEOl4361upIkERWGcKx10/di006xMoxwOsq3Ek1jTAa4R5uWChxR3U4n24/QkVW6KJTKljBoov6eSHGk9TAKbGeETV/PemPxP6+ZmPCinTIRJ4YKMv0oTDgyEo2jQF2mKDF8aAkmitldEeljhYmxgeVtCP7syfOkdlr0S8XS7VmhXM7iyMEBHMIx+HAOZbiBClSBwCM8wyu8OU/Oi/PufExbF5xsZg/+wPn8AS7/lRE=</latexit>

G non-Abelian

<latexit sha1_base64="7eDKjsk8tnUKUc7iPRgssQxfeFg=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCq5CmNa0LoeDGZQXbCk0ok+mkHTqZhJmJUEPxV9y4UMSt/+HOv3HSVlDRAxcO59zLvfcECaNS2faHUVhaXlldK66XNja3tnfM3b2OjFOBSRvHLBY3AZKEUU7aiipGbhJBUBQw0g3GF7nfvSVC0phfq0lC/AgNOQ0pRkpLffPAY4gPGfGSEfXEjJ7bfbNsW2cN1zl1oG3Zdt2pujlx6jWnCitayVEGC7T65rs3iHEaEa4wQ1L2Knai/AwJRTEj05KXSpIgPEZD0tOUo4hIP5tdP4XHWhnAMBa6uIIz9ftEhiIpJ1GgOyOkRvK3l4t/eb1UhQ0/ozxJFeF4vihMGVQxzKOAAyoIVmyiCcKC6lshHiGBsNKBlXQIX5/C/0nHsSqu5V7Vys3mIo4iOARH4ARUQB00wSVogTbA4A48gCfwbNwbj8aL8TpvLRiLmX3wA8bbJ71mlW4=</latexit>

h�i = 0
<latexit sha1_base64="b2EXmXM4cCAa1wRdIBGcNbtliyE=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBahvYQkrWk9CAUPeqxo2kJby2a7bZduNmF3I5TQn+HFgyJe/TXe/Ddu2goq+mDg8d4MM/P8iFGpLOvDyKysrq1vZDdzW9s7u3v5/YOmDGOBiYdDFoq2jyRhlBNPUcVIOxIEBT4jLX9ykfqteyIkDfmtmkakF6ARp0OKkdJS5/L8pugV7dIdL/XzBcs8q7nOqQMt07KqTtlNiVOtOGVoayVFASzR6Offu4MQxwHhCjMkZce2ItVLkFAUMzLLdWNJIoQnaEQ6mnIUENlL5ifP4IlWBnAYCl1cwbn6fSJBgZTTwNedAVJj+dtLxb+8TqyGtV5CeRQrwvFi0TBmUIUw/R8OqCBYsakmCAuqb4V4jATCSqeU0yF8fQr/J03HtF3Tva4U6vVlHFlwBI5BEdigCurgCjSABzAIwQN4As+GMh6NF+N10ZoxljOH4AeMt09RTJAA</latexit>

G = S(U(1)n)

Two options: 1) Construct non-Abelian bundles and generalise Yukawa 
                  calculations to this case.

               2) Deform line bundle models by switching on VEVs for 
                  bundle moduli   .  

<latexit sha1_base64="I05fGF1V7M6ACFt+OqVm9VSH3YA=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnUjBTcuK9gHtKFMppN26MwkzEyEEvoLblwo4tYfcuffOGkrqOiBC4dz7uXee8KEUaUd58MqrK1vbG4Vt0s7u3v7B+XDo46KU4lJG8cslr0QKcKoIG1NNSO9RBLEQ0a64fQ697v3RCoaizs9S0jA0VjQiGKkc2mQTOiwXHHsy4bvXXjQsR2n7lX9nHj1mleFrlFyVMAKrWH5fTCKccqJ0Jghpfquk+ggQ1JTzMi8NEgVSRCeojHpGyoQJyrIFrfO4ZlRRjCKpSmh4UL9PpEhrtSMh6aTIz1Rv71c/MvrpzpqBBkVSaqJwMtFUcqgjmH+OBxRSbBmM0MQltTcCvEESYS1iadkQvj6FP5POp7t+rZ/W6s0r1ZxFMEJOAXnwAV10AQ3oAXaAIMJeABP4Nni1qP1Yr0uWwvWauYY/ID19gl4z46K</latexit>

� present talk

<latexit sha1_base64="RaTNTTVsAjjLCUg4gSKLJe+3TSY=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZbwUuPLZi20May2W7apZtN2N0IJfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCBhVCrL+jAKG5tb2zvF3dLe/sHhUfn4pCvjVGDi4ZjFoh8gSRjlxFNUMdJPBEFRwEgvmN3kfu+eCEljfqvmCfEjNOE0pBgpLXmtu7TjjcoVy7xuuM6VAy3TsupO1c2JU685VWhrJUcFrNEeld+H4xinEeEKMyTlwLYS5WdIKIoZWZSGqSQJwjM0IQNNOYqI9LPlsQt4oZUxDGOhiyu4VL9PZCiSch4FujNCaip/e7n4lzdIVdjwM8qTVBGOV4vClEEVw/xzOKaCYMXmmiAsqL4V4ikSCCudT0mH8PUp/J90HdN2TbdTqzSb6ziK4Aycg0tggzpoghZoAw9gQMEDeALPBjcejRfjddVaMNYzp+AHjLdP1fyOug==</latexit>

H
u
QU

<latexit sha1_base64="+Q2rnZjxv6TekKPaQQ5+MZqhuCw=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuyoxodVlw02ULTlvojEMmk7ahmWRIMkIZ+iVu/BU3LhQRXOnfmLazqK0HLpyccy+590Qpo0o7zo+1tr6xubVd2inv7u0fHNpHx20lMomJhwUTshshRRjlxNNUM9JNJUFJxEgnGt1N/c4jkYoKfq/HKQkSNOC0TzHSRgrta58hPmDET4c0dH05f+BYaAUXrVFhwcZD1vJCu+JUnRngKnELUgEFmqH95ccCZwnhGjOkVM91Uh3kSGqKGZmU/UyRFOERGpCeoRwlRAX57LwJPDdKDPtCmuIaztTFiRwlSo2TyHQmSA/VsjcV//N6me7fBjnlaaYJx/OP+hmDWsBpVjCmkmDNxoYgLKnZFeIhkghrk2jZhOAun7xK2pdVt1atta4q9XoRRwmcgjNwAVxwA+qgAZrAAxg8gRfwBt6tZ+vV+rA+561rVjFzAv7A+v4FJZSjHA==</latexit>

h�1i · · · h�kiHu
QU

(string Froggatt-Nielsen)

Realistic mass models at the line bundle locus in moduli space unlikely, 
due to            symmetry. 

<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>

S(U(1)5)



Non-Abelian models from line bundle models

<latexit sha1_base64="2hW/ayvNzm5l0GYcH2Rwss34WUI=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqQklEqhulkI1tNxXsQ9s0TCaTdujkwcxEKKEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPU5ECRe6/q0sLC4tr6xm1rLrG5tb2+rOboOHMUO4jkIaspYDOaYkwHVBBMWtiGHoOxQ3nYE59psPmHESBrdiGGHLh72AeARBISVbPWhe3tlJuVId5e+PzW7Z7FbMbvWkg9xQcFvN6QV9Am2eGCnJgRQ1W/3quCGKfRwIRCHnbUOPhJVAJgiieJTtxBxHEA1gD7clDaCPuZVMvhhpR1JxNS9ksgKhTdTfEwn0OR/6juz0oejzWW8s/ue1Y+FdWAkJoljgAE0XeTHVRKiNI9FcwjASdCgJRIzIWzXUhwwiIYPLyhCM2ZfnSeO0YBQLxZuzXOkqjSMD9sEhyAMDnIMSuAY1UAcIPIJn8ArelCflRXlXPqatC0o6swf+QPn8AfuBlvw=</latexit>

W = YIJK(Z)CICJCK + · · ·

complex 

structure

at Abelian locus



Non-Abelian models from line bundle models

<latexit sha1_base64="2hW/ayvNzm5l0GYcH2Rwss34WUI=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqQklEqhulkI1tNxXsQ9s0TCaTdujkwcxEKKEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPU5ECRe6/q0sLC4tr6xm1rLrG5tb2+rOboOHMUO4jkIaspYDOaYkwHVBBMWtiGHoOxQ3nYE59psPmHESBrdiGGHLh72AeARBISVbPWhe3tlJuVId5e+PzW7Z7FbMbvWkg9xQcFvN6QV9Am2eGCnJgRQ1W/3quCGKfRwIRCHnbUOPhJVAJgiieJTtxBxHEA1gD7clDaCPuZVMvhhpR1JxNS9ksgKhTdTfEwn0OR/6juz0oejzWW8s/ue1Y+FdWAkJoljgAE0XeTHVRKiNI9FcwjASdCgJRIzIWzXUhwwiIYPLyhCM2ZfnSeO0YBQLxZuzXOkqjSMD9sEhyAMDnIMSuAY1UAcIPIJn8ArelCflRXlXPqatC0o6swf+QPn8AfuBlvw=</latexit>

W = YIJK(Z)CICJCK + · · ·

complex 

structure

at Abelian locus

<latexit sha1_base64="nzlCn6FAzU7h30l6Fj1b5qvVgGU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqicpePFYwdZCG8pmu2mXbnbD7qZSQv+JFw+KePWfePPfuGlz0NYHA4/3ZpiZFyacaeN5305pbX1jc6u8XdnZ3ds/cA+P2lqmitAWkVyqTog15UzQlmGG006iKI5DTh/D8W3uP06o0kyKBzNNaBDjoWARI9hYqe+6PS7FULHhyGCl5FOl71a9mjcHWiV+QapQoNl3v3oDSdKYCkM41rrre4kJMqwMI5zOKr1U0wSTMR7SrqUCx1QH2fzyGTqzygBFUtkSBs3V3xMZjrWexqHtjLEZ6WUvF//zuqmJroOMiSQ1VJDFoijlyEiUx4AGTFFi+NQSTBSztyIywgoTY8PKQ/CXX14l7YuaX6/V7y+rjZsijjKcwCmcgw9X0IA7aEILCEzgGV7hzcmcF+fd+Vi0lpxi5hj+wPn8Aa8yk7E=</latexit>�!

<latexit sha1_base64="ZH6LlJNamNrbJVmo40IOgdAhE3g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj1JwIvHCHlBsobZSW8yZPbBzKwQlnyEFw+KePV7vPk3ziZ70MSChqKqm+4uLxZcadv+tgpr6xubW8Xt0s7u3v5B+fCoraJEMmyxSESy61GFgofY0lwL7MYSaeAJ7HiTu8zvPKFUPAqbehqjG9BRyH3OqDZSBx/Ti+asNChX7Ko9B1klTk4qkKMxKH/1hxFLAgw1E1SpnmPH2k2p1JwJnJX6icKYsgkdYc/QkAao3HR+7oycGWVI/EiaCjWZq78nUhooNQ080xlQPVbLXib+5/US7d+4KQ/jRGPIFov8RBAdkex3MuQSmRZTQyiT3NxK2JhKyrRJKAvBWX55lbQvq06tWnu4qtRv8ziKcAKncA4OXEMd7qEBLWAwgWd4hTcrtl6sd+tj0Vqw8plj+APr8weKTY8N</latexit>

e�T

<latexit sha1_base64="XoGcOxaRQ0BBNPmOCBZO9KAMBeY="></latexit>

W = YIJK(Z,�,�)CICJCK

| {z }+ · · ·

away from Abelian locus



Non-Abelian models from line bundle models

constrained by
<latexit sha1_base64="6Ft3jSvgctpbG0MAEOZ6HUubMCw=">AAAB8HicdVDLTsJAFJ3iC/GFunQzkZjApmkLFNwYEjcuMVrQQCXTYQoTpo/MTE1Iw1e4caExbv0cd/6NU8BEjZ7kJifn3Jt77/FiRoU0jA8tt7K6tr6R3yxsbe/s7hX3DzoiSjgmDo5YxG88JAijIXEklYzcxJygwGOk603OM797T7igUXgtpzFxAzQKqU8xkkq6vSo7ZbNyV68MiiVDP23aVt2Chm4YDatqZ8Rq1KwqNJWSoQSWaA+K7/1hhJOAhBIzJETPNGLppohLihmZFfqJIDHCEzQiPUVDFBDhpvODZ/BEKUPoR1xVKOFc/T6RokCIaeCpzgDJsfjtZeJfXi+RftNNaRgnkoR4schPGJQRzL6HQ8oJlmyqCMKcqlshHiOOsFQZFVQIX5/C/0nH0k1bty9rpdbZMo48OALHoAxM0AAtcAHawAEYBOABPIFnjWuP2ov2umjNacuZQ/AD2tsn4xKPLQ==</latexit>

S(U(1)5)

<latexit sha1_base64="2hW/ayvNzm5l0GYcH2Rwss34WUI=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqQklEqhulkI1tNxXsQ9s0TCaTdujkwcxEKKEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPU5ECRe6/q0sLC4tr6xm1rLrG5tb2+rOboOHMUO4jkIaspYDOaYkwHVBBMWtiGHoOxQ3nYE59psPmHESBrdiGGHLh72AeARBISVbPWhe3tlJuVId5e+PzW7Z7FbMbvWkg9xQcFvN6QV9Am2eGCnJgRQ1W/3quCGKfRwIRCHnbUOPhJVAJgiieJTtxBxHEA1gD7clDaCPuZVMvhhpR1JxNS9ksgKhTdTfEwn0OR/6juz0oejzWW8s/ue1Y+FdWAkJoljgAE0XeTHVRKiNI9FcwjASdCgJRIzIWzXUhwwiIYPLyhCM2ZfnSeO0YBQLxZuzXOkqjSMD9sEhyAMDnIMSuAY1UAcIPIJn8ArelCflRXlXPqatC0o6swf+QPn8AfuBlvw=</latexit>

W = YIJK(Z)CICJCK + · · ·

complex 

structure

at Abelian locus

<latexit sha1_base64="nzlCn6FAzU7h30l6Fj1b5qvVgGU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqicpePFYwdZCG8pmu2mXbnbD7qZSQv+JFw+KePWfePPfuGlz0NYHA4/3ZpiZFyacaeN5305pbX1jc6u8XdnZ3ds/cA+P2lqmitAWkVyqTog15UzQlmGG006iKI5DTh/D8W3uP06o0kyKBzNNaBDjoWARI9hYqe+6PS7FULHhyGCl5FOl71a9mjcHWiV+QapQoNl3v3oDSdKYCkM41rrre4kJMqwMI5zOKr1U0wSTMR7SrqUCx1QH2fzyGTqzygBFUtkSBs3V3xMZjrWexqHtjLEZ6WUvF//zuqmJroOMiSQ1VJDFoijlyEiUx4AGTFFi+NQSTBSztyIywgoTY8PKQ/CXX14l7YuaX6/V7y+rjZsijjKcwCmcgw9X0IA7aEILCEzgGV7hzcmcF+fd+Vi0lpxi5hj+wPn8Aa8yk7E=</latexit>�!

<latexit sha1_base64="ZH6LlJNamNrbJVmo40IOgdAhE3g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj1JwIvHCHlBsobZSW8yZPbBzKwQlnyEFw+KePV7vPk3ziZ70MSChqKqm+4uLxZcadv+tgpr6xubW8Xt0s7u3v5B+fCoraJEMmyxSESy61GFgofY0lwL7MYSaeAJ7HiTu8zvPKFUPAqbehqjG9BRyH3OqDZSBx/Ti+asNChX7Ko9B1klTk4qkKMxKH/1hxFLAgw1E1SpnmPH2k2p1JwJnJX6icKYsgkdYc/QkAao3HR+7oycGWVI/EiaCjWZq78nUhooNQ080xlQPVbLXib+5/US7d+4KQ/jRGPIFov8RBAdkex3MuQSmRZTQyiT3NxK2JhKyrRJKAvBWX55lbQvq06tWnu4qtRv8ziKcAKncA4OXEMd7qEBLWAwgWd4hTcrtl6sd+tj0Vqw8plj+APr8weKTY8N</latexit>

e�T

<latexit sha1_base64="XoGcOxaRQ0BBNPmOCBZO9KAMBeY="></latexit>

W = YIJK(Z,�,�)CICJCK

| {z }+ · · ·

away from Abelian locus



Non-Abelian models from line bundle models

constrained by
<latexit sha1_base64="6Ft3jSvgctpbG0MAEOZ6HUubMCw=">AAAB8HicdVDLTsJAFJ3iC/GFunQzkZjApmkLFNwYEjcuMVrQQCXTYQoTpo/MTE1Iw1e4caExbv0cd/6NU8BEjZ7kJifn3Jt77/FiRoU0jA8tt7K6tr6R3yxsbe/s7hX3DzoiSjgmDo5YxG88JAijIXEklYzcxJygwGOk603OM797T7igUXgtpzFxAzQKqU8xkkq6vSo7ZbNyV68MiiVDP23aVt2Chm4YDatqZ8Rq1KwqNJWSoQSWaA+K7/1hhJOAhBIzJETPNGLppohLihmZFfqJIDHCEzQiPUVDFBDhpvODZ/BEKUPoR1xVKOFc/T6RokCIaeCpzgDJsfjtZeJfXi+RftNNaRgnkoR4schPGJQRzL6HQ8oJlmyqCMKcqlshHiOOsFQZFVQIX5/C/0nH0k1bty9rpdbZMo48OALHoAxM0AAtcAHawAEYBOABPIFnjWuP2ov2umjNacuZQ/AD2tsn4xKPLQ==</latexit>

S(U(1)5)

<latexit sha1_base64="2hW/ayvNzm5l0GYcH2Rwss34WUI=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqQklEqhulkI1tNxXsQ9s0TCaTdujkwcxEKKEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPU5ECRe6/q0sLC4tr6xm1rLrG5tb2+rOboOHMUO4jkIaspYDOaYkwHVBBMWtiGHoOxQ3nYE59psPmHESBrdiGGHLh72AeARBISVbPWhe3tlJuVId5e+PzW7Z7FbMbvWkg9xQcFvN6QV9Am2eGCnJgRQ1W/3quCGKfRwIRCHnbUOPhJVAJgiieJTtxBxHEA1gD7clDaCPuZVMvhhpR1JxNS9ksgKhTdTfEwn0OR/6juz0oejzWW8s/ue1Y+FdWAkJoljgAE0XeTHVRKiNI9FcwjASdCgJRIzIWzXUhwwiIYPLyhCM2ZfnSeO0YBQLxZuzXOkqjSMD9sEhyAMDnIMSuAY1UAcIPIJn8ArelCflRXlXPqatC0o6swf+QPn8AfuBlvw=</latexit>

W = YIJK(Z)CICJCK + · · ·

complex 

structure

at Abelian locus

<latexit sha1_base64="nzlCn6FAzU7h30l6Fj1b5qvVgGU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqicpePFYwdZCG8pmu2mXbnbD7qZSQv+JFw+KePWfePPfuGlz0NYHA4/3ZpiZFyacaeN5305pbX1jc6u8XdnZ3ds/cA+P2lqmitAWkVyqTog15UzQlmGG006iKI5DTh/D8W3uP06o0kyKBzNNaBDjoWARI9hYqe+6PS7FULHhyGCl5FOl71a9mjcHWiV+QapQoNl3v3oDSdKYCkM41rrre4kJMqwMI5zOKr1U0wSTMR7SrqUCx1QH2fzyGTqzygBFUtkSBs3V3xMZjrWexqHtjLEZ6WUvF//zuqmJroOMiSQ1VJDFoijlyEiUx4AGTFFi+NQSTBSztyIywgoTY8PKQ/CXX14l7YuaX6/V7y+rjZsijjKcwCmcgw9X0IA7aEILCEzgGV7hzcmcF+fd+Vi0lpxi5hj+wPn8Aa8yk7E=</latexit>�!

<latexit sha1_base64="ZH6LlJNamNrbJVmo40IOgdAhE3g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj1JwIvHCHlBsobZSW8yZPbBzKwQlnyEFw+KePV7vPk3ziZ70MSChqKqm+4uLxZcadv+tgpr6xubW8Xt0s7u3v5B+fCoraJEMmyxSESy61GFgofY0lwL7MYSaeAJ7HiTu8zvPKFUPAqbehqjG9BRyH3OqDZSBx/Ti+asNChX7Ko9B1klTk4qkKMxKH/1hxFLAgw1E1SpnmPH2k2p1JwJnJX6icKYsgkdYc/QkAao3HR+7oycGWVI/EiaCjWZq78nUhooNQ080xlQPVbLXib+5/US7d+4KQ/jRGPIFov8RBAdkex3MuQSmRZTQyiT3NxK2JhKyrRJKAvBWX55lbQvq06tWnu4qtRv8ziKcAKncA4OXEMd7qEBLWAwgWd4hTcrtl6sd+tj0Vqw8plj+APr8weKTY8N</latexit>

e�T

<latexit sha1_base64="XoGcOxaRQ0BBNPmOCBZO9KAMBeY="></latexit>

W = YIJK(Z,�,�)CICJCK

| {z }+ · · ·

away from Abelian locus

<latexit sha1_base64="2HiMEnWYxCcETy9RY96wQvPWr4U=">AAACT3icbVHNS8MwHE3n1za/qh69BIcwL6NVmR4Hu3ic4D5wrSVN0y0sTUuSCqPsP/SiN/8NLx4UMduqzM0HgZf33o8kL37CqFSW9WoU1tY3NreKpfL2zu7evnlw2JFxKjBp45jFoucjSRjlpK2oYqSXCIIin5GuP2pO/e4jEZLG/E6NE+JGaMBpSDFSWvLMEFXvzxyG+IARJxlSz3bEfIODWEm4aI1y61dsreQXHfYTbz5ceGbFqlkzwFVi56QCcrQ888UJYpxGhCvMkJR920qUmyGhKGZkUnZSSRKER2hA+ppyFBHpZrM+JvBUKwEMY6EXV3CmLk5kKJJyHPk6GSE1lMveVPzP66cqvHYzypNUEY7nB4UpgyqG03JhQAXBio01QVhQfVeIh0ggrPQXlHUJ9vKTV0nnvGbXa/Xby0qjkddRBMfgBFSBDa5AA9yAFmgDDJ7AG/gAn8az8W58FfJowcjJEfiDQukbhz+1XQ==</latexit>

a(Z)h�1i · · · h�kih�1i · · · h�liC3Consider operators                                           as allowed by 
<latexit sha1_base64="VFxUjf/3c5Fg8L4EXC4KHVEwpC0=">AAAB8HicbVBNTwIxEJ31E/EL9eilkZjAhewaRY8kXjxidAEDK+mWLjS03U3bNSGEX+HFg8Z49ed4899YYA8KvmSSl/dmMjMvTDjTxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqCPVJzGPVCrGmnEnqG2Y4bSWKYhFy2gyH11O/+USVZrG8N6OEBgL3JYsYwcZKD3clv+SVHy/K3ULRrbgzoGXiZaQIGerdwlenF5NUUGkIx1q3PTcxwRgrwwink3wn1TTBZIj7tG2pxILqYDw7eIJOrdJDUaxsSYNm6u+JMRZaj0RoOwU2A73oTcX/vHZqoqtgzGSSGirJfFGUcmRiNP0e9ZiixPCRJZgoZm9FZIAVJsZmlLcheIsvL5PGWcWrVqq358VaLYsjB8dwAiXw4BJqcAN18IGAgGd4hTdHOS/Ou/Mxb11xspkj+APn8weAw47r</latexit>

S(U(1)5)



Non-Abelian models from line bundle models

constrained by
<latexit sha1_base64="6Ft3jSvgctpbG0MAEOZ6HUubMCw=">AAAB8HicdVDLTsJAFJ3iC/GFunQzkZjApmkLFNwYEjcuMVrQQCXTYQoTpo/MTE1Iw1e4caExbv0cd/6NU8BEjZ7kJifn3Jt77/FiRoU0jA8tt7K6tr6R3yxsbe/s7hX3DzoiSjgmDo5YxG88JAijIXEklYzcxJygwGOk603OM797T7igUXgtpzFxAzQKqU8xkkq6vSo7ZbNyV68MiiVDP23aVt2Chm4YDatqZ8Rq1KwqNJWSoQSWaA+K7/1hhJOAhBIzJETPNGLppohLihmZFfqJIDHCEzQiPUVDFBDhpvODZ/BEKUPoR1xVKOFc/T6RokCIaeCpzgDJsfjtZeJfXi+RftNNaRgnkoR4schPGJQRzL6HQ8oJlmyqCMKcqlshHiOOsFQZFVQIX5/C/0nH0k1bty9rpdbZMo48OALHoAxM0AAtcAHawAEYBOABPIFnjWuP2ov2umjNacuZQ/AD2tsn4xKPLQ==</latexit>

S(U(1)5)

           charges determined by topology of compactification.
<latexit sha1_base64="AX9iKkgQonPwZGb1v3HqVZ4yKt8=">AAAB8HicbVBNT8JAEJ3iF+IX6tFLIzGBC2mNoidD4sUjRgsYqGS7bGHD7rbZ3ZqQhl/hxYPGePXnePPfuEAPCr5kkpf3ZjIzL4gZVdpxvq3cyura+kZ+s7C1vbO7V9w/aKookZh4OGKRbAdIEUYF8TTVjLRjSRAPGGkFo+up33oiUtFI3OtxTHyOBoKGFCNtpIe7sld2K4/nlV6x5FSdGexl4makBBkaveJXtx/hhBOhMUNKdVwn1n6KpKaYkUmhmygSIzxCA9IxVCBOlJ/ODp7YJ0bp22EkTQltz9TfEyniSo15YDo50kO16E3F/7xOosNLP6UiTjQReL4oTJitI3v6vd2nkmDNxoYgLKm51cZDJBHWJqOCCcFdfHmZNE+rbq1auz0r1a+yOPJwBMdQBhcuoA430AAPMHB4hld4s6T1Yr1bH/PWnJXNHMIfWJ8/gCmO6Q==</latexit>

S(U(1)5)

For example:                        means            ,   
<latexit sha1_base64="xoLLv+PTvn+V70QSI16cumNACcs=">AAACEXicbVDLSgNBEJyNrxhfUY9eBoMQQcKuSBQCEvCSg4cI5gHZuMxOZpMhs7PLTK8SQn7Bi7/ixYMiXr1582+cPA6aWNBQVHXT3eXHgmuw7W8rtbS8srqWXs9sbG5t72R39+o6ShRlNRqJSDV9opngktWAg2DNWDES+oI1/P7V2G/cM6V5JG9hELN2SLqSB5wSMJKXzdfckitYAIp3e0CUih7cEnZl4iUul7hy5+SbJ9ceOfayObtgT4AXiTMjOTRD1ct+uZ2IJiGTQAXRuuXYMbSHRAGngo0ybqJZTGifdFnLUElCptvDyUcjfGSUDg4iZUoCnqi/J4Yk1HoQ+qYzJNDT895Y/M9rJRBctIdcxgkwSaeLgkRgiPA4HtzhilEQA0MIVdzcimmPKELBhJgxITjzLy+S+mnBKRaKN2e58uUsjjQ6QIcojxx0jsqogqqohih6RM/oFb1ZT9aL9W59TFtT1mxmH/2B9fkDydqcUw==</latexit>

U $ ⌫u 2 H
1(X,La)

<latexit sha1_base64="xHTT0jPVZpra1Tv/Ec53q2B74C4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQLyURqV6UghePFUxbaEPZbCft0s0m3d0IpfRPePGgiFf/jjf/jds2B219MPB4b4aZeUHCmdKO823l1tY3Nrfy24Wd3b39g+LhUUPFqaTo0ZjHshUQhZwJ9DTTHFuJRBIFHJvB8G7mN59QKhaLRz1O0I9IX7CQUaKN1BqVvfMb7JJuseRUnDnsVeJmpAQZ6t3iV6cX0zRCoSknSrVdJ9H+hEjNKMdpoZMqTAgdkj62DRUkQuVP5vdO7TOj9OwwlqaEtufq74kJiZQaR4HpjIgeqGVvJv7ntVMdXvsTJpJUo6CLRWHKbR3bs+ftHpNINR8bQqhk5labDogkVJuICiYEd/nlVdK4qLjVSvXhslS7zeLIwwmcQhlcuIIa3EMdPKDA4Rle4c0aWS/Wu/WxaM1Z2cwx/IH1+QP88Y9K</latexit>

q(U) = ea
<latexit sha1_base64="Bl+Rurz/E83bx5tMWqK2cZ53+wo=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJUKCURrW6UghuXFewDmjRMJpN2yOThzEQooUs3/oobF4q49RPc+TdO2yy09cCFwzn3cu89bsKokIbxrS0sLi2vrBbWiusbm1vb+s5uS8Qpx6SJYxbzjosEYTQiTUklI52EExS6jLTd4Hrstx8IFzSO7uQwIXaI+hH1KUZSSY5+cF+2GgPao8eX5cAxe7RiMS+WAlYC50ypjl4yqsYEcJ6YOSmBHA1H/7K8GKchiSRmSIiuaSTSzhCXFDMyKlqpIAnCAeqTrqIRComws8kjI3ikFA/6MVcVSThRf09kKBRiGLqqM0RyIGa9sfif102lf2FnNEpSSSI8XeSnDMoYjlOBHuUESzZUBGFO1a0QDxBHWKrsiioEc/bledI6qZq1au32tFS/yuMogH1wCMrABOegDm5AAzQBBo/gGbyCN+1Je9HetY9p64KWz+yBP9A+fwDlk5f+</latexit>

q(�i) = (ki1, . . . , k
i
5)

<latexit sha1_base64="2hW/ayvNzm5l0GYcH2Rwss34WUI=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqQklEqhulkI1tNxXsQ9s0TCaTdujkwcxEKKEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPU5ECRe6/q0sLC4tr6xm1rLrG5tb2+rOboOHMUO4jkIaspYDOaYkwHVBBMWtiGHoOxQ3nYE59psPmHESBrdiGGHLh72AeARBISVbPWhe3tlJuVId5e+PzW7Z7FbMbvWkg9xQcFvN6QV9Am2eGCnJgRQ1W/3quCGKfRwIRCHnbUOPhJVAJgiieJTtxBxHEA1gD7clDaCPuZVMvhhpR1JxNS9ksgKhTdTfEwn0OR/6juz0oejzWW8s/ue1Y+FdWAkJoljgAE0XeTHVRKiNI9FcwjASdCgJRIzIWzXUhwwiIYPLyhCM2ZfnSeO0YBQLxZuzXOkqjSMD9sEhyAMDnIMSuAY1UAcIPIJn8ArelCflRXlXPqatC0o6swf+QPn8AfuBlvw=</latexit>

W = YIJK(Z)CICJCK + · · ·

complex 

structure

at Abelian locus

<latexit sha1_base64="nzlCn6FAzU7h30l6Fj1b5qvVgGU=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqicpePFYwdZCG8pmu2mXbnbD7qZSQv+JFw+KePWfePPfuGlz0NYHA4/3ZpiZFyacaeN5305pbX1jc6u8XdnZ3ds/cA+P2lqmitAWkVyqTog15UzQlmGG006iKI5DTh/D8W3uP06o0kyKBzNNaBDjoWARI9hYqe+6PS7FULHhyGCl5FOl71a9mjcHWiV+QapQoNl3v3oDSdKYCkM41rrre4kJMqwMI5zOKr1U0wSTMR7SrqUCx1QH2fzyGTqzygBFUtkSBs3V3xMZjrWexqHtjLEZ6WUvF//zuqmJroOMiSQ1VJDFoijlyEiUx4AGTFFi+NQSTBSztyIywgoTY8PKQ/CXX14l7YuaX6/V7y+rjZsijjKcwCmcgw9X0IA7aEILCEzgGV7hzcmcF+fd+Vi0lpxi5hj+wPn8Aa8yk7E=</latexit>�!

<latexit sha1_base64="ZH6LlJNamNrbJVmo40IOgdAhE3g=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj1JwIvHCHlBsobZSW8yZPbBzKwQlnyEFw+KePV7vPk3ziZ70MSChqKqm+4uLxZcadv+tgpr6xubW8Xt0s7u3v5B+fCoraJEMmyxSESy61GFgofY0lwL7MYSaeAJ7HiTu8zvPKFUPAqbehqjG9BRyH3OqDZSBx/Ti+asNChX7Ko9B1klTk4qkKMxKH/1hxFLAgw1E1SpnmPH2k2p1JwJnJX6icKYsgkdYc/QkAao3HR+7oycGWVI/EiaCjWZq78nUhooNQ080xlQPVbLXib+5/US7d+4KQ/jRGPIFov8RBAdkex3MuQSmRZTQyiT3NxK2JhKyrRJKAvBWX55lbQvq06tWnu4qtRv8ziKcAKncA4OXEMd7qEBLWAwgWd4hTcrtl6sd+tj0Vqw8plj+APr8weKTY8N</latexit>

e�T

<latexit sha1_base64="XoGcOxaRQ0BBNPmOCBZO9KAMBeY="></latexit>
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Example:

CY                  with symmetry

4

in our framework, we now turn to the structure of the
low-energy e↵ective action that underlies these results.
The dynamics of heterotic line bundle models at low en-
ergies is governed by a four-dimensional N = 1 super-
gravity theory with superpotential

W = WY +WR + . . .
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(2.4)
where I, J = 1, 2, 3 are family indices, YIJ denote the ef-
fective Yukawa couplings, and µ is an e↵ective supersym-
metric mass term. Both YIJ and µ are holomorphic func-
tions of the moduli fields, constrained by selection rules
from the abelian symmetry G and any discrete symme-
tries. The µ term and typically many Yukawa couplings
are absent at the renormalisable level and arise e↵ectively
through insertions of singlet fields � and �, whose VEVs
spontaneously break G.

In addition to the abelian symmetry G, we assume
an R-parity symmetry that forbids all renormalisable R-
parity violating terms in the superpotential, WR. Cru-
cially, we also assume that R-parity remains unbro-
ken throughout moduli space, even when G is sponta-
neously broken, ensuring the absence of dangerous ef-
fective R-parity violating operators. Geometrically, R-
parity can originate from a discrete symmetry of the
quotient Calabi–Yau threefold X/�. The ellipsis in W

represents higher-dimensional operators, including those
contributing to proton decay, which are naturally sup-
pressed by the compactification scale.

The Kähler potential takes the standard form inN = 1
supergravity, depending on the Kähler moduli, complex
structure moduli, and matter fields. The moduli depen-
dence of the matter field Kähler metric leads to non-
trivial wavefunction normalisations and kinetic mixing,
modifying the e↵ective Yukawa couplings upon canoni-
cal normalisation. However, following the perspective of
Ref. [35], we regard these e↵ects as order one and absorb
them into the order one coe�cients multiplying the su-
perpotential operators. Similarly, any indirect impact of
the gauge kinetic function f , for example via RG evolu-
tion, can be absorbed into these coe�cients.

III. RESULTS

Geometry. Out of the 202 line bundle models con-
structed in Ref. [2], we identified 3 that reproduce the
observed quark and charged lepton masses and CKMma-
trix. Our search strategy is described in Appendix B. The
3 models are based on the CICY threefolds:

X6770 =

P1

P1

P1

P1

P1

2
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1 1

1 1

1 1

2 0

0 2

3

777775

5,37
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P1

P1

P1

P1

P1

2

666664

0 2

1 1

1 1

1 1

1 1

3

777775

5,45

(3.1)

where the superscripts on the configuration matrices indi-
cate the non-trivial Hodge numbers. Both manifolds are
realised as complete intersections of two hypersurfaces
{p1 = 0} \ {p2 = 0} ✓ (P1)⇥5. To describe the discrete
symmetries relevant for the two models discussed below,
we use the notation [xi,0 : xi,1] for the homogeneous co-
ordinates on the i-th P1 factor.

The first manifold, X6770, admits a free action of
� = Z2 defined by xi,0 ! �xi,0, xi,1 ! xi,1, p1 ! p1,
p2 ! �p2. The resulting quotient X6770/Z2 has Hodge
numbers (5, 21). The second manifold, X7487, admits a
freely acting � = Z2 ⇥ Z2 symmetry. The first generator
of this action maps xi,0 ! xi,0, xi,1 ! �xi,1, p1 ! p1,
p2 ! �p2, while the second generator swaps xi,0 $ xi,1

and maps p1 ! p1, p2 ! �p2. The resulting quotient
X7487/(Z2 ⇥ Z2) has Hodge numbers (5, 15).

The line bundle sums for the 3 models are given by

(V1 ! X6770) =
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BBBBB@
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0 1 0 �1 0

0 �2 0 1 1

0 0 �1 1 0

1

CCCCCA

(V2 ! X6770) =

0

BBBBB@

1 0 0 0 �1

�2 1 1 0 0

0 0 �1 0 1

1 �2 0 1 0

0 0 1 �1 0

1

CCCCCA

(V ! X7487) =

0

BBBBB@

1 1 0 0 �2

0 �2 1 0 1

�2 1 0 1 0

0 1 0 �1 0

1 �1 �1 0 1

1

CCCCCA

(3.2)

where the columns define the first Chern class vectors
ka = c1(La). In all 3 cases, all line bundles are individu-
ally equivariant with respect to the relevant freely acting
symmetry. The choice of equivariant structure for each
line bundle corresponds to an overall phase, encoded by
a one-dimensional � representation. All line bundles are
associated with the trivial representation, except for the
second line bundle in V1, the fifth line bundle in V2 and
the fourth line bundle in V , the latter being associated
with the (0, 1) representation. These choices are corre-
lated with the Wilson line, which is introduced to project
out the Higgs triplets while breaking SU(5) to GSM.
The Wilson line is specified by two one-dimensional �
representations, W2 and W3, with W2 6= W3. Specifi-
cally, we choose (W2,W3) = (0, 1) for the first and sec-
ond models, and (W2,W3) = ((0, 0), (0, 1)) for the third
model. Crucially, in all 3 models, the four gauge bosons
associated with the abelian symmetry G = S(U(1)5) ac-
quire masses at the compactification scale via the Green–
Schwarz mechanism. As a result, they do not give rise to
low-energy fifth forces.
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in our framework, we now turn to the structure of the
low-energy e↵ective action that underlies these results.
The dynamics of heterotic line bundle models at low en-
ergies is governed by a four-dimensional N = 1 super-
gravity theory with superpotential
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where I, J = 1, 2, 3 are family indices, YIJ denote the ef-
fective Yukawa couplings, and µ is an e↵ective supersym-
metric mass term. Both YIJ and µ are holomorphic func-
tions of the moduli fields, constrained by selection rules
from the abelian symmetry G and any discrete symme-
tries. The µ term and typically many Yukawa couplings
are absent at the renormalisable level and arise e↵ectively
through insertions of singlet fields � and �, whose VEVs
spontaneously break G.

In addition to the abelian symmetry G, we assume
an R-parity symmetry that forbids all renormalisable R-
parity violating terms in the superpotential, WR. Cru-
cially, we also assume that R-parity remains unbro-
ken throughout moduli space, even when G is sponta-
neously broken, ensuring the absence of dangerous ef-
fective R-parity violating operators. Geometrically, R-
parity can originate from a discrete symmetry of the
quotient Calabi–Yau threefold X/�. The ellipsis in W

represents higher-dimensional operators, including those
contributing to proton decay, which are naturally sup-
pressed by the compactification scale.

The Kähler potential takes the standard form inN = 1
supergravity, depending on the Kähler moduli, complex
structure moduli, and matter fields. The moduli depen-
dence of the matter field Kähler metric leads to non-
trivial wavefunction normalisations and kinetic mixing,
modifying the e↵ective Yukawa couplings upon canoni-
cal normalisation. However, following the perspective of
Ref. [35], we regard these e↵ects as order one and absorb
them into the order one coe�cients multiplying the su-
perpotential operators. Similarly, any indirect impact of
the gauge kinetic function f , for example via RG evolu-
tion, can be absorbed into these coe�cients.

III. RESULTS

Geometry. Out of the 202 line bundle models con-
structed in Ref. [2], we identified 3 that reproduce the
observed quark and charged lepton masses and CKMma-
trix. Our search strategy is described in Appendix B. The
3 models are based on the CICY threefolds:
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where the superscripts on the configuration matrices indi-
cate the non-trivial Hodge numbers. Both manifolds are
realised as complete intersections of two hypersurfaces
{p1 = 0} \ {p2 = 0} ✓ (P1)⇥5. To describe the discrete
symmetries relevant for the two models discussed below,
we use the notation [xi,0 : xi,1] for the homogeneous co-
ordinates on the i-th P1 factor.

The first manifold, X6770, admits a free action of
� = Z2 defined by xi,0 ! �xi,0, xi,1 ! xi,1, p1 ! p1,
p2 ! �p2. The resulting quotient X6770/Z2 has Hodge
numbers (5, 21). The second manifold, X7487, admits a
freely acting � = Z2 ⇥ Z2 symmetry. The first generator
of this action maps xi,0 ! xi,0, xi,1 ! �xi,1, p1 ! p1,
p2 ! �p2, while the second generator swaps xi,0 $ xi,1

and maps p1 ! p1, p2 ! �p2. The resulting quotient
X7487/(Z2 ⇥ Z2) has Hodge numbers (5, 15).

The line bundle sums for the 3 models are given by
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where the columns define the first Chern class vectors
ka = c1(La). In all 3 cases, all line bundles are individu-
ally equivariant with respect to the relevant freely acting
symmetry. The choice of equivariant structure for each
line bundle corresponds to an overall phase, encoded by
a one-dimensional � representation. All line bundles are
associated with the trivial representation, except for the
second line bundle in V1, the fifth line bundle in V2 and
the fourth line bundle in V , the latter being associated
with the (0, 1) representation. These choices are corre-
lated with the Wilson line, which is introduced to project
out the Higgs triplets while breaking SU(5) to GSM.
The Wilson line is specified by two one-dimensional �
representations, W2 and W3, with W2 6= W3. Specifi-
cally, we choose (W2,W3) = (0, 1) for the first and sec-
ond models, and (W2,W3) = ((0, 0), (0, 1)) for the third
model. Crucially, in all 3 models, the four gauge bosons
associated with the abelian symmetry G = S(U(1)5) ac-
quire masses at the compactification scale via the Green–
Schwarz mechanism. As a result, they do not give rise to
low-energy fifth forces.
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in our framework, we now turn to the structure of the
low-energy e↵ective action that underlies these results.
The dynamics of heterotic line bundle models at low en-
ergies is governed by a four-dimensional N = 1 super-
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where I, J = 1, 2, 3 are family indices, YIJ denote the ef-
fective Yukawa couplings, and µ is an e↵ective supersym-
metric mass term. Both YIJ and µ are holomorphic func-
tions of the moduli fields, constrained by selection rules
from the abelian symmetry G and any discrete symme-
tries. The µ term and typically many Yukawa couplings
are absent at the renormalisable level and arise e↵ectively
through insertions of singlet fields � and �, whose VEVs
spontaneously break G.

In addition to the abelian symmetry G, we assume
an R-parity symmetry that forbids all renormalisable R-
parity violating terms in the superpotential, WR. Cru-
cially, we also assume that R-parity remains unbro-
ken throughout moduli space, even when G is sponta-
neously broken, ensuring the absence of dangerous ef-
fective R-parity violating operators. Geometrically, R-
parity can originate from a discrete symmetry of the
quotient Calabi–Yau threefold X/�. The ellipsis in W

represents higher-dimensional operators, including those
contributing to proton decay, which are naturally sup-
pressed by the compactification scale.

The Kähler potential takes the standard form inN = 1
supergravity, depending on the Kähler moduli, complex
structure moduli, and matter fields. The moduli depen-
dence of the matter field Kähler metric leads to non-
trivial wavefunction normalisations and kinetic mixing,
modifying the e↵ective Yukawa couplings upon canoni-
cal normalisation. However, following the perspective of
Ref. [35], we regard these e↵ects as order one and absorb
them into the order one coe�cients multiplying the su-
perpotential operators. Similarly, any indirect impact of
the gauge kinetic function f , for example via RG evolu-
tion, can be absorbed into these coe�cients.

III. RESULTS

Geometry. Out of the 202 line bundle models con-
structed in Ref. [2], we identified 3 that reproduce the
observed quark and charged lepton masses and CKMma-
trix. Our search strategy is described in Appendix B. The
3 models are based on the CICY threefolds:
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where the superscripts on the configuration matrices indi-
cate the non-trivial Hodge numbers. Both manifolds are
realised as complete intersections of two hypersurfaces
{p1 = 0} \ {p2 = 0} ✓ (P1)⇥5. To describe the discrete
symmetries relevant for the two models discussed below,
we use the notation [xi,0 : xi,1] for the homogeneous co-
ordinates on the i-th P1 factor.

The first manifold, X6770, admits a free action of
� = Z2 defined by xi,0 ! �xi,0, xi,1 ! xi,1, p1 ! p1,
p2 ! �p2. The resulting quotient X6770/Z2 has Hodge
numbers (5, 21). The second manifold, X7487, admits a
freely acting � = Z2 ⇥ Z2 symmetry. The first generator
of this action maps xi,0 ! xi,0, xi,1 ! �xi,1, p1 ! p1,
p2 ! �p2, while the second generator swaps xi,0 $ xi,1

and maps p1 ! p1, p2 ! �p2. The resulting quotient
X7487/(Z2 ⇥ Z2) has Hodge numbers (5, 15).

The line bundle sums for the 3 models are given by
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where the columns define the first Chern class vectors
ka = c1(La). In all 3 cases, all line bundles are individu-
ally equivariant with respect to the relevant freely acting
symmetry. The choice of equivariant structure for each
line bundle corresponds to an overall phase, encoded by
a one-dimensional � representation. All line bundles are
associated with the trivial representation, except for the
second line bundle in V1, the fifth line bundle in V2 and
the fourth line bundle in V , the latter being associated
with the (0, 1) representation. These choices are corre-
lated with the Wilson line, which is introduced to project
out the Higgs triplets while breaking SU(5) to GSM.
The Wilson line is specified by two one-dimensional �
representations, W2 and W3, with W2 6= W3. Specifi-
cally, we choose (W2,W3) = (0, 1) for the first and sec-
ond models, and (W2,W3) = ((0, 0), (0, 1)) for the third
model. Crucially, in all 3 models, the four gauge bosons
associated with the abelian symmetry G = S(U(1)5) ac-
quire masses at the compactification scale via the Green–
Schwarz mechanism. As a result, they do not give rise to
low-energy fifth forces.
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in our framework, we now turn to the structure of the
low-energy e↵ective action that underlies these results.
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where I, J = 1, 2, 3 are family indices, YIJ denote the ef-
fective Yukawa couplings, and µ is an e↵ective supersym-
metric mass term. Both YIJ and µ are holomorphic func-
tions of the moduli fields, constrained by selection rules
from the abelian symmetry G and any discrete symme-
tries. The µ term and typically many Yukawa couplings
are absent at the renormalisable level and arise e↵ectively
through insertions of singlet fields � and �, whose VEVs
spontaneously break G.

In addition to the abelian symmetry G, we assume
an R-parity symmetry that forbids all renormalisable R-
parity violating terms in the superpotential, WR. Cru-
cially, we also assume that R-parity remains unbro-
ken throughout moduli space, even when G is sponta-
neously broken, ensuring the absence of dangerous ef-
fective R-parity violating operators. Geometrically, R-
parity can originate from a discrete symmetry of the
quotient Calabi–Yau threefold X/�. The ellipsis in W

represents higher-dimensional operators, including those
contributing to proton decay, which are naturally sup-
pressed by the compactification scale.

The Kähler potential takes the standard form inN = 1
supergravity, depending on the Kähler moduli, complex
structure moduli, and matter fields. The moduli depen-
dence of the matter field Kähler metric leads to non-
trivial wavefunction normalisations and kinetic mixing,
modifying the e↵ective Yukawa couplings upon canoni-
cal normalisation. However, following the perspective of
Ref. [35], we regard these e↵ects as order one and absorb
them into the order one coe�cients multiplying the su-
perpotential operators. Similarly, any indirect impact of
the gauge kinetic function f , for example via RG evolu-
tion, can be absorbed into these coe�cients.

III. RESULTS

Geometry. Out of the 202 line bundle models con-
structed in Ref. [2], we identified 3 that reproduce the
observed quark and charged lepton masses and CKMma-
trix. Our search strategy is described in Appendix B. The
3 models are based on the CICY threefolds:
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where the superscripts on the configuration matrices indi-
cate the non-trivial Hodge numbers. Both manifolds are
realised as complete intersections of two hypersurfaces
{p1 = 0} \ {p2 = 0} ✓ (P1)⇥5. To describe the discrete
symmetries relevant for the two models discussed below,
we use the notation [xi,0 : xi,1] for the homogeneous co-
ordinates on the i-th P1 factor.

The first manifold, X6770, admits a free action of
� = Z2 defined by xi,0 ! �xi,0, xi,1 ! xi,1, p1 ! p1,
p2 ! �p2. The resulting quotient X6770/Z2 has Hodge
numbers (5, 21). The second manifold, X7487, admits a
freely acting � = Z2 ⇥ Z2 symmetry. The first generator
of this action maps xi,0 ! xi,0, xi,1 ! �xi,1, p1 ! p1,
p2 ! �p2, while the second generator swaps xi,0 $ xi,1

and maps p1 ! p1, p2 ! �p2. The resulting quotient
X7487/(Z2 ⇥ Z2) has Hodge numbers (5, 15).

The line bundle sums for the 3 models are given by
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where the columns define the first Chern class vectors
ka = c1(La). In all 3 cases, all line bundles are individu-
ally equivariant with respect to the relevant freely acting
symmetry. The choice of equivariant structure for each
line bundle corresponds to an overall phase, encoded by
a one-dimensional � representation. All line bundles are
associated with the trivial representation, except for the
second line bundle in V1, the fifth line bundle in V2 and
the fourth line bundle in V , the latter being associated
with the (0, 1) representation. These choices are corre-
lated with the Wilson line, which is introduced to project
out the Higgs triplets while breaking SU(5) to GSM.
The Wilson line is specified by two one-dimensional �
representations, W2 and W3, with W2 6= W3. Specifi-
cally, we choose (W2,W3) = (0, 1) for the first and sec-
ond models, and (W2,W3) = ((0, 0), (0, 1)) for the third
model. Crucially, in all 3 models, the four gauge bosons
associated with the abelian symmetry G = S(U(1)5) ac-
quire masses at the compactification scale via the Green–
Schwarz mechanism. As a result, they do not give rise to
low-energy fifth forces.
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where I, J = 1, 2, 3 are family indices, YIJ denote the ef-
fective Yukawa couplings, and µ is an e↵ective supersym-
metric mass term. Both YIJ and µ are holomorphic func-
tions of the moduli fields, constrained by selection rules
from the abelian symmetry G and any discrete symme-
tries. The µ term and typically many Yukawa couplings
are absent at the renormalisable level and arise e↵ectively
through insertions of singlet fields � and �, whose VEVs
spontaneously break G.

In addition to the abelian symmetry G, we assume
an R-parity symmetry that forbids all renormalisable R-
parity violating terms in the superpotential, WR. Cru-
cially, we also assume that R-parity remains unbro-
ken throughout moduli space, even when G is sponta-
neously broken, ensuring the absence of dangerous ef-
fective R-parity violating operators. Geometrically, R-
parity can originate from a discrete symmetry of the
quotient Calabi–Yau threefold X/�. The ellipsis in W

represents higher-dimensional operators, including those
contributing to proton decay, which are naturally sup-
pressed by the compactification scale.

The Kähler potential takes the standard form inN = 1
supergravity, depending on the Kähler moduli, complex
structure moduli, and matter fields. The moduli depen-
dence of the matter field Kähler metric leads to non-
trivial wavefunction normalisations and kinetic mixing,
modifying the e↵ective Yukawa couplings upon canoni-
cal normalisation. However, following the perspective of
Ref. [35], we regard these e↵ects as order one and absorb
them into the order one coe�cients multiplying the su-
perpotential operators. Similarly, any indirect impact of
the gauge kinetic function f , for example via RG evolu-
tion, can be absorbed into these coe�cients.

III. RESULTS

Geometry. Out of the 202 line bundle models con-
structed in Ref. [2], we identified 3 that reproduce the
observed quark and charged lepton masses and CKMma-
trix. Our search strategy is described in Appendix B. The
3 models are based on the CICY threefolds:

X6770 =

P1

P1

P1

P1

P1

2

666664

1 1

1 1

1 1

2 0

0 2

3

777775

5,37

X7487 =

P1

P1

P1

P1

P1

2

666664

0 2

1 1

1 1

1 1

1 1

3

777775

5,45

(3.1)

where the superscripts on the configuration matrices indi-
cate the non-trivial Hodge numbers. Both manifolds are
realised as complete intersections of two hypersurfaces
{p1 = 0} \ {p2 = 0} ✓ (P1)⇥5. To describe the discrete
symmetries relevant for the two models discussed below,
we use the notation [xi,0 : xi,1] for the homogeneous co-
ordinates on the i-th P1 factor.

The first manifold, X6770, admits a free action of
� = Z2 defined by xi,0 ! �xi,0, xi,1 ! xi,1, p1 ! p1,
p2 ! �p2. The resulting quotient X6770/Z2 has Hodge
numbers (5, 21). The second manifold, X7487, admits a
freely acting � = Z2 ⇥ Z2 symmetry. The first generator
of this action maps xi,0 ! xi,0, xi,1 ! �xi,1, p1 ! p1,
p2 ! �p2, while the second generator swaps xi,0 $ xi,1

and maps p1 ! p1, p2 ! �p2. The resulting quotient
X7487/(Z2 ⇥ Z2) has Hodge numbers (5, 15).

The line bundle sums for the 3 models are given by

(V1 ! X6770) =

0

BBBBB@

1 0 0 0 �1

�2 1 1 0 0

0 1 0 �1 0

0 �2 0 1 1

0 0 �1 1 0

1

CCCCCA

(V2 ! X6770) =

0

BBBBB@

1 0 0 0 �1

�2 1 1 0 0

0 0 �1 0 1

1 �2 0 1 0

0 0 1 �1 0

1

CCCCCA

(V ! X7487) =

0

BBBBB@

1 1 0 0 �2

0 �2 1 0 1

�2 1 0 1 0

0 1 0 �1 0

1 �1 �1 0 1

1

CCCCCA

(3.2)

where the columns define the first Chern class vectors
ka = c1(La). In all 3 cases, all line bundles are individu-
ally equivariant with respect to the relevant freely acting
symmetry. The choice of equivariant structure for each
line bundle corresponds to an overall phase, encoded by
a one-dimensional � representation. All line bundles are
associated with the trivial representation, except for the
second line bundle in V1, the fifth line bundle in V2 and
the fourth line bundle in V , the latter being associated
with the (0, 1) representation. These choices are corre-
lated with the Wilson line, which is introduced to project
out the Higgs triplets while breaking SU(5) to GSM.
The Wilson line is specified by two one-dimensional �
representations, W2 and W3, with W2 6= W3. Specifi-
cally, we choose (W2,W3) = (0, 1) for the first and sec-
ond models, and (W2,W3) = ((0, 0), (0, 1)) for the third
model. Crucially, in all 3 models, the four gauge bosons
associated with the abelian symmetry G = S(U(1)5) ac-
quire masses at the compactification scale via the Green–
Schwarz mechanism. As a result, they do not give rise to
low-energy fifth forces.
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This model allows for viable quark masses, charged lepton masses

and CKM matrix for suitable VEVs     and     .  
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Conclusions



•  Calculating Yukawa couplings in geometric string models is hard - 
 it requires the Ricci-flat CY metric and related quantities.

•  For heterotic line bundle models, we have shown that these  
 quantities and the resulting Yukawa couplings can be calculated  
 numerically, using ML techniques.

•  The resulting Yukawa couplings are not yet realistic. This requires 
 moving away from the line bundle locus to non-Abelian bundles.

•  We have taken some steps in this direction by studying heterotic 
 Froggatt-Nielsen models. 

•  We have identified a few viable models of this kind.
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•  We need to understand how to perform the numerical computation 
 for non-Abelian bundles.

Thanks

•  We need to consider moduli stabilisation!


