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Overview

Recently, the factorisation puzzle in holography has motivated the idea of
ensemble averaging [Saad, Shenker, Stanford 2019]. It is important to exhibit explicit
instances of this proposal, and understand better why they work

Narain ensemble Code CFT ensemble

[Afkhami-Jeddi et al 2020; Maloney, Witten 2020]∫
Z(µ,Ω)dµ =

E n
2 ,

n
2
(Ω)

Φ(Ω)n

Continuous Narain moduli space, Zamolod-
chikov metric

Infinite sum over modular images
E n

2 ,
n
2
(Ω)

Φ(Ω)n
=

∑
γ∈Γ\Sp(2g,Z)

χ
U(1)
vac (γΩ)

Equality follows from Siegel–Weil formula
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ensemble averaging [Saad, Shenker, Stanford 2019]. It is important to exhibit explicit
instances of this proposal, and understand better why they work

Narain ensemble Code CFT ensemble

[Afkhami-Jeddi et al 2020; Maloney, Witten 2020]∫
Z(µ,Ω)dµ =

E n
2 ,

n
2
(Ω)

Φ(Ω)n
1
N

∑
i

ZCFTi (Ω) =
∑

γ∈Γ\Sp(2g)

ψ0⃗(γΩ)

Continuous Narain moduli space, Zamolod-
chikov metric

Discrete ensemble, equal weights

Infinite sum over modular images
E n

2 ,
n
2
(Ω)

Φ(Ω)n
=

∑
γ∈Γ\Sp(2g,Z)

χ
U(1)
vac (γΩ)

Finite sum over modular images [JH, McPeak
2022; Aharony, Dymarsky, Shapere 2023]

Equality follows from Siegel–Weil formula Equality follows from Howe duality [Dy-
marsky, JH, McPeak 2025]
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Error-correcting codes

Code = collection of (binary/p-ary) vectors
E.g. {(00000000), (00001111), (00110011), (00111100),

(01010101), (01011010), (01100110), (01101001),

(10010110), (10011001), (10100101), (10101010),

(11000011), (11001100), (11110000), (11111111)}

Studied since the 1950’s (Voyager mission,
classification, good codes ↔ large distance/“gap,”

Siegel modular forms, . . . )

Two important aspects:

• Codes can be used to construct CFTs
[Dolan, Goddard, Montague 1990]

Code → lattice → CFT

• Codes come in natural ensembles ⇒
Averaging over codes [Pless, Sloane 1975]

Image: NASA
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Code CFTs

Today consider codes over Fp

Definition: C = {v |v ∈ F2n
p }

Code defines a (Lorentzian) lattice by embedding F2n
p in Z2n ⇒ Code CFTs

are discrete points in Narain moduli space

Enumerator polynomial

ΨC =
∑
v∈C

ψv ∈ H = span
{
ψv |v ∈ {0, . . . , p − 1}2n}, dimH = p2n

becomes CFT partition function under the substitution

ψv 7→ Ψv (τ, ξ, ξ̄) =
1

|η(τ)|2
∑
n,m

e iπ(τp2
L−τ̄p2

R )+2πi(pLξ−pR ξ̄)+
π

2τ2
(ξ2+ξ̄2)

Ψv non-holomorphic conformal blocks of abelian CS theory [Gukov et al 2004]

pL,R =
√

p
2

( 1
r (n + α/p)± r(m + β/p)

)
, v = (α, β)
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Ensembles of codes

Number of even self-dual codes grows with n and p

At small n, p, possible to list all even self-dual codes and compute average
explicitly

Example: n = 1, p = 3:

ΨC1 = ψ00 + ψ01 + ψ02, ΨC2 = ψ00 + ψ10 + ψ20

Average: Ψ = ψ00 +
1
2 (ψ01 + ψ02 + ψ10 + ψ20)

Next: recover this by a “holographic” computation
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Averaging over codes

Code average formulas can be rewritten as a sum of modular images of ψ0⃗

[JH, McPeak 2022; Aharony, Dymarsky, Shapere 2023]

Modular invariance [MacWilliams 1962]: ΨC invariant under

S : ψv 7→
1
pn

∑
v ′

e−
2πi
p vηv ′ ψv ′ T : ψv 7→ e

iπ
p vηv ψv η = ( 0 I

I 0 )

Example n = 1, p = 3. Seed ψ00

Ψ =
1
2

(
ψ00 + Sψ00 + TSψ00 + T 2Sψ00

)
=

1
2

(
ψ00 +

1
3
[ψ00 + ψ01 + ψ02 + ψ10 + ψ11 + ψ12 + ψ20 + ψ21 + ψ22]

+
1
3
[ψ00 + ψ01 + ψ02 + ψ10 + e2πi/3ψ11 + e4πi/3ψ12 + ψ20 + e4πi/3ψ21 + e2πi/3ψ22]

+
1
3
[ψ00 + ψ01 + ψ02 + ψ10 + e4πi/3ψ11 + e2πi/3ψ12 + ψ20 + e2πi/3ψ21 + e4πi/3ψ22]

)
= ψ00 +

1
2
(ψ01 + ψ02 + ψ10 + ψ20) =

1
2
(Ψ1 +Ψ2)

At genus g: Sp(2g) images of ψ0⃗,...,⃗0 (40 terms at g = 2)
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Average at any length and genus

By explicit computation, we can check

Ensemble average = sum over modular images

case by case in n, p and g. But can we prove it in general?

• Everything takes place inside finite-dimensional vector space

H(g) = span
{
ψv1···vg

∣∣∣ vi ∈ {0, ..., p − 1}2n
}
, dimH(g) = p2gn

• Two finite groups act on H(g)

– Sp(2g,Fp) modular transformations
– O(n, n,Fp): ψv1,...vg 7→ ψhv1,...hvg . Acts transitively on the set of codes

Rewrite equality in a more symmetric form

1
N ′

∑
h∈O(n,n)

UhΨC0
?
=

∑
γ∈Sp(2g)

Uγψ0⃗

If we can show that there is a unique one-dimensional subspace of H(g)

invariant under Sp ×O, then it follows that the two sides are proportional
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Howe duality

Howe duality/theta correspondence [Howe 1973, . . . ] explains certain structure of
paired representations. Ingredients:

• Reductive dual pair G×H ⊂ G mutually centralising. For us
Sp(2g)×O(2n) ⊂ Sp(4gn)

• ω oscillator representation: a certain “minimal” representation of Sp(4gn):
For us ω ∼= H(g)

Central statement: Irreps parametrised by joint label

ω|G×H =
∑

i

(ρi)G ⊗ (πi)H

Similar to Schur–Weyl duality

(Cn)⊗N =
∑
λ

(rλ)SN
⊗ (sλ)GLn

Example: Cn ⊗ Cn = S2 + Λ2, Mµν = M(µν) + M[µν]
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Outline of proof

We would like to prove

1
N ′

∑
h∈O(n,n)

UhΨC0
?
=

∑
γ∈Sp(2g)

Uγψ0⃗ (1)

Let us consider Howe duality with H = O(n, n,Fp), G = Sp(2g,Fp) and
ω ∼= H(g)

ω|Sp×O =
∑

i

(ρi)Sp ⊗ (πi)O = 1Sp ⊗ 1O + (non-invariant terms) (2)

⇒ One-dimensional vector space invariant under Sp ×O, must contain both
sides of (1)

Precise statements require Howe
duality over finite fields. Structure of
(2) follows from results conjectured in
[Aubert, Michel, Rouquier 1996] and proven in
[Pan 2024; Ma, Qiu, Zou 2024].
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Intermittent summary

• We have investigated “holography by averaging” following the Narain
ensemble blueprint:

ensemble average = sum over modular images

• We exhibited explicit instances using the ensemble of error-correcting
codes

• We proved equality using Howe duality over finite fields

H(g) = 1Sp ⊗ 1O + . . .

⇒ both sides of equality must lie in one-dimensional vector space
invariant under Sp ×O

Next: What does this have to do with “Chern–Simons gravity”?
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Interpretation as CS gravity

How to construct Chern–Simons gravity?

• Consider level-p abelian CS theory on B,
∂B = Σg

• Hilbert space H(g) = spanΨv1,...vg ,

vi charges of Wilson lines on

non-contractible cycles

• This TQFT has a global Zp × Zp 1-form
symmetry carried by the Wilson lines

• “No global symmetry:” gauge away symmetry
(maximal non-anomalous subgroup) [Benini,

Copetti, Di Pietro 2022]. Ψ =
∑

v Ψv

Maximal non-anomalous subgroup ↔ even self-dual code C

• No unique choice: Average over all
gaugings/codes with equal weight

1
N

∑
C

ΨC [Barbar, Dymarsky, Shapere 2023]
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v Ψv

Maximal non-anomalous subgroup ↔ even self-dual code C

• No unique choice: Average over all
gaugings/codes with equal weight

1
N

∑
C

ΨC [Barbar, Dymarsky, Shapere 2023]

Alternatively, one could
follow the logic

• Gravity implies a
sum over topologies

• Sum over all B with
∂B = Σg

(handlebodies)

• Sum reorganises to
sum over modular
images of fixed
topology (c.f.
[Maloney, Witten 2007])∑

γ

ZB0 (γΩ)

ZB0 (Ω) = Ψ0⃗,...⃗0(Ω)
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Summary and outlook

Summary

• We have seen an explicit instance of holography by averaging

ensemble average = sum over modular images (1)

• The ensemble arises naturally by gauging maximal subgroups of Zp × Zp 1-form
symmetry of abelian CS theory

sum over gaugings = sum over topologies

Thus (1) represents equality of two dual pictures of “Chern–Simons gravity”

• We proved (1) using Howe duality over finite fields

H(g) = 1Sp ⊗ 1O + . . .

Outlook

• Different manifestations of Howe duality: Siegel–Weil formulas, quantum
information (ω=qudit Hilbert space), spherical potential ψnlm = Rnl (r)Ylm(θ, φ)

[Ashwinkumar et al 2021], [Gross, Nezami, Walter 2017], [Rowe et al 2012; Basile et al 2020]

• Study other observables in ensemble averaging

⟨Oi · · · ⟩theories containing Oi

?
=

δ

δξi
· · ·

∑
γ

Uγ(Ψvac +ΨOi )
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Thank you for your attention!
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