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Motivation

General principal : [Costello '13 ,
Costello-Witten-Yamazaki 118

,
119

,
...]

d-dimensional (d + 2) - dimensional

Integrable Field => topological/holomorphic
Theory on

M theory on MxCgange

Examples :

3d mixed BF 4d CS 5dphCS 6dhCS

on IRxC on IR2x( 5 & ICS on PT = RR" xCPY

This talk↑[Bin stone] ↑Kostelloki] I ↑iteston ..

Hitchin's
2d IFT on R2 3dIFT GdIFT on IR"

system
C of any genus g

C = CP' or Ez C = CP1 C = Cp1



Completely integrable Hamiltonian systems

Let M be an n-dimensional manifold.

A Hamiltonian system on T*M with Hamiltonian H : T
*
M -> R is

completely integrable (or Liouville integrable) if there exists

He
, ...,

Hn : TYM -> IR

that are : 1) conserved: Hi = [Hi , H3 = 0 i = 1, . . .,
n

2) in involution : (Hi , H
; 3 = 0 i

,j = 1, ..., n

3) functionally independent : dHe ... ndHn +0 a. e. on T
*

M
.

Remark : Usually take He = H
. Convenient/natural to treat

all Hi
,

i = 1, ..., n on an equal footing my integrable hierarchy !



Lagrangian multiforms

Provide a variational criterion for integrability. [Lobb-Nijhoff '09]

Individual Hamiltonian flow (fixed itG1, ..., n3)

Ai , A=
on TYM is encoded variationally in the first order Lagrangian
Ci(p, 9) := Pud-Hilp ,9) for a

map

(p, 9) : R -> T
*
M

,
+"> (Pu(ti) , gr(ti)) ·

Individual action : Si[p, q] =2: (p, 9) dtj
R &B : No sum !

&: How to encode [Hi , Hj3 = 0 variationally ?



Lagrangian 1-forms

key idea : [Lobb-Nijhoff, Candrelier, Singh , Sleigh , Stoppato, Suris, Vermeeren,
..)

Introduce the Lagrangian 1-form on T*MxIR" [Candelier-Harland'25]
t

2(p, 9 , t) := Pudar-H
,
/p , 9) dtif. summation
&

Now summed ! (convention.]
For any immersion from multitime

space
-L

[ : R-> T
*MXIR"

,
(vi) + (pp(u) , qr(u), ti(m)) .

consider the family of actions

S(I]= [N** 2 = [ (p - M(p ,a))

parametrised by curves ↑ : (0 , 1)-> R"
,

++ (n(s)).



Lagrangian 1-forms

Equations of motion : Find I s. t
. SzSp(E] = 0 for all N in I".

-
Also (1) + (2) => (e) is invertible since d =(E) is injectivat

Therefore,

& EH] =o



Ganged Lagrangian 1-forms

Let G be a Lie group acting on
T*M with moment

map M
: TYM + gY

Suppose &Hi
, ma3 = 0 for all i = 1, .... n and a = 1

, ..., ding . [EXc3 basis
Implement Hamiltonian reduction to pi/0)/G as follows :

(i) Enforce M(p , q) = 0 via Lagrange multiplier

S+ (I , AJ : = f ++ (2*2 + (2* r,t)
O

with g-valued 1-form field t = A
j
du = AXa

du El (RY , g).

(ii) Pass to quotient space by gauging G-symmetry :

[(u) ++ g(u) . [(u),
A promoted
gange field alon]- Atgtg-drugg for

any geC*M, G).



Ganged Lagrangian 1-forms

Equations of motion : Can be rewritten as

For A (0) M
"

(p, 9) = 0,

~ :=t

Foa
Fort" : (3) &Hi ,

H;] = 0 .

Crucially ,
if action of G is free then

6) + H= faXa.



Hitchin's completely integrable system

Let( be a Riemann surface of genus g>, 2 (for simplicity here) .
The Hitchin system is a completely integrable system on

Isomorphism classes of stable[ 7.T*

Bung (holomorphic principal G-bundles

of dimension 2(g-1) ding .
Hamiltonians given by Hitchin fibration

p : TBun()=H,"Ci)-indt o
[Pr : g

*
-> k] Bro -> (P- (Bro) , ..., Prig (Broll)

Remarkable fact :

# Hamiltonians = me = (g-1(d + 1) = ( - 1) ding =in



Holomorphic structures on principal G-bundles

Fix a smooth principal G-bundle P-C .

Let M be affine space of g-valued 10, 1)-connections A "on B
,

:. e.

family AE) dEE""(UF,g) s .
t.

A de = gitAgde-Egg on U+ 0

· Any A"EM defines a unique holomorphic structure on P :

o de =hd-h => =5
= 0

.

· Any A", "EM define isomorphic holomorphic structures iff

" = gA"g" -Egg for some geG := And I
.



Hitchin phase space as symplectic quotient

Action GGM Lifts to Hamiltonian action GGT
*

M with moment map

M : TFM - Lief)*, M(B
,
A")(x) = ES

,

<B ,
EA"X

Notation: A"EM

· BetMer(C,
1

"

Cog) ,
i . e

.Badze+ , g
*) s.

t
.

Bzdz = AdBde on U

· XLie(g) =↑ (C, 91) ,

i
.e
. Xe (

*

(4119) St

X
ze

= git Xz
+
gi on U1Uy + 0.

· jA"X = EX + [A", X]Er(2 ,
1
"

( * 9) ·

We then have ↑* Bung(2) =m(0)/



Lagrangian 1-form on T
*M

Recall Hitchin fibration

p : TBun()=H,"Ci)-indo
Bro -> (P- (Bro) , ..., Prig (Broll)

Now instead have

: M = (c,"Cogi)-( ,
(10(

* (d+

1)1

-
smooth sections>(p, (B) , . . ., Prig(B)

For each r = 1
, ..., rkg pick points 90

,
1)" / M, my

EC
.

Xi
= (r, e)

Define n Hamiltonians Hi : T
*

M +> & as Hi (B) : = Pr(B(ar
,
es)

v = 1, ..., r4g
Then 2= S

,

<B , SA") - H
: (B) del l = 1

...., mr



Gauged Lagrangian I form on mir(0)/E

Given an immersion [ : /"-> T
*

MXIR"
, (vi) +> (B(u), A "(u) , t"(u)

we have - Mu
:= dus2
anima

L

[
*Y =J

,

(BA ,
E

, u) , dirA"(z ,
E
, u)) - Hi/Blae, n)) drit" .

Since Hamiltonians are G-invariant (H ; (gBgc) = H : (B) ,

can form gauged action

~ g-valued connection

S
+ (I , AJ : = f ++ (2*2 + (2* r,t)

A = A
;duEn((XI, g) along IR2

B, dy-t") + ES
<

(B , JAA)
-HiSB) dt

sion of#5-

4) = (i *(i)
,

<B , F1) - Hi (B) dinut) ed mixed BF action !↓
CXI" C



Holomorphic description

Fix a pEC with neighbourhood U . Ep ,
and let U. :=< [p3. Then

= (I , Al) is holomorphically trivial
·

over both U
. and 41 .

· Move to a new local trivialisation in which A= A." = 0. Then

#P + CxI" is described by holomorphic (along C) transition function

0: (4,
14

,) XR-> G

· Solve constraint 0 = MBA (X) =- )c(*B , X) => IB = 0
,

so

Higgs field becomes holomorphic (along C) section

L : = BratHo(XRY,
"Cogie) , Lo = 02

,
0



Holomorphic description

Theorem : The action S
.
[I ,] (3d mixed BF action) becomes

Sn( ,
v, =( *() dru) - n,)ant)

Equations of motion :

For L : J Moit Ona(lo
, 9) , Mit Onal (4) Saib

.
19) s e t .

Mi = U MoiW-U"EiU
, resa, Me ,

= Xpi((i)
For U : WiLo = [Moi,Lo] - F2 = [M. i , <])
Fort" : GH;, H;] = 0 .

Stability => GiMoj - 2 Moi + [Moi , Moj] = 0
.

↳ Hitchin's system in Lax form
.



Conclusion

· Obtained 1d multiform action for Hitchin system ((with g >, 2)

T*M Manging, Mi(0)/ydomorphis an +* Bunj(C)
canonical action multiform 1d action for
"S =f(pdq -Hdt)" 3d mixed BF Hitchin's system

· Generalises to (with
g

= 0
,
1 and ramification points.

Examples : Rational/Elliptic Gaudin , Elliptic Spin Calogero-Moser.

Outlook. Quantisation ?

· Multiform versions of 4/5/6/... &CS actions ?

~ Lagrangian 2/3/4/... - form for 2/3/4/... d integrable hierarchies ?

· Higher genus C in 4/5/6/... d context ?


