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Strings in AdSsxS>

. . 5 N =4 SYM theory
type llb string theory in AdSs xS J = with SU(N) gauge group J

What is the worldsheet theory?

What is the 4 graviton tree level string amplitude?

o0 Oél k
AS, T) =Y <R2—> AR(S, T

k=0 AdS

Can we bootstrap it?



Part 0

Flat Space Review



The shopping list

STRING AMPLITpg
SHOPPING LTsT

- WORLDSHEET INTEGRAL
- REGGE BOUNDEDNESS

- PARTIAL wave EXPANSTON |

- LOW ENERGY EXPANSTON

| will review these first for
the Virasoro-Shapiro amplitude
(4 gravitons in the type IIb superstring):

r=5rEnrv)

AO) (S T) — _
(5.7) S+ (T+0)r(U+1)
O/ 2 O/ 2
S=—(p1tp), r=——,(p+ps)

S+T+U=0



World-sheet integral (flat space) STRING AWPLITuDE

SHOPPING L1sT

- WORLDSHEET INTEGRAL
- REGGE BOUNDEDNESS

- PARTIAL WAVE EXPANSTON
-LOW ENERGY EXPANSy,u p

The amplitude is the integral over the world-sheet (sphere)

AO)(S, T) = / 2 |2 72521 — 2| 2T-269)(5, T 2)

0 1/1 z[2 |1 —z[?
Gt(ot)(saTvz):g(m+|5_|2+| T2|)

The integrand is a single-valued function of z!



Regge boundedness (flat space) Tl weLiTuce I

- WORLDSHEET INTEGRAL

. X . - REGGE BOUNDEDNESS
String amplitudes have soft UV (Regge) bahaviour - PARTIAL WAVE EXPANSTON
- LOW ENERGY ExXpaNsTOM -

lim A(O)(s7 T) ~ Sa’T-i-aO

|S]|—o0

and higher spin resonances

m?, ¢ = Py(S) ="+ 0(5")

Regge bahaviour places strong constraints on the coefficients a5, in

asePi(S)

(6,0)



The spectrum (flat space)

The exchanged massive string
spectrum is extracted via the partial
wave expansion

ascPo(S)

A0S, T) = s

(6,0)

It forms linear Regge trajectories.

STRING AMPLIT(ipg
SHOPPING L15T

- WORLDSHEET INTEGRAL
- REGGE BOLNDEDNESS

- PARTIAL WAVE EXPANSTON
- LOW ENERGY ExpANSTON ¢




Low energy expansion (flat space) STRING AWPLTTpE

SHOPPING L15T

- WORLDSHEET INTEGRAL
- REGGE BOUNDEDNESS

) LPgRTIAL WAVE EXPANSTON
-LOW ENERGY EXPANS;OM 4

Low energy effective action (supergravity + derivative interactions)
— Low energy expansion:

1 [e.9]
A0S T) = i +2 3 (B(S2+ T2+ )(STU)" )
a,b=0

Wilson coefficients agot), are in the ring of single-valued multiple zeta values

[Stieberger;2013],[Browr;,Dupont;SchIotterer,Schnetz;Vanhove,Zerbini;2018]

a
Example: ag?g =((3+2a), ag?l) = Z C(3+21)C(3+ 2h)
i1,i=0
i11+%2:a



Plan for AdS

R2 ) AR T)

How do we determine AK)(S, T)? A(S,T) = Z (
—0 AdS

@ Ansatz (world-sheet):

AW(S.T) :/dzz 1272521 — 2| 27260 (5, T 2)

Part 1: Strings in AdS ~~ functions in Gt(cﬁ)(S, T,z) J

@ Fix the parameters of the ansatz (target space):

Part 2: The dual CFT J

© Compare with integrability and localisation results.



Part 1
Strings in AdS
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Toy model for strings in AdS

Polyakov action: AdS metric expanded around flat space:
Q v h v

Sp = 4ﬂa,/d20\/Eg ﬁﬁaX“aﬁX G”V(X) G,W(X):nlw—k#ds"f"“

1 82 82

= Sflat + lim Ve, +... N T iq-X
T Ry 920 0g10q” grav'ton(qz Py~ XuXy o~ i dqragr
=V

Amplitude:

_ _ v o1 Vv?
Aq(pi) ~ /DXDge %P Vigraviton = /DXDge St (1 Y- ) Vgraviton
AdS AdS

qi—0

; ) 2k 0
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Soft gravitons in flat space

) b 2k
Agk)(Pi) ~ 6||_r:‘|0 (ani> Afl(-?k(pia €qi)+ ... J

Soft graviton theorem:

A a 1 E,uup#p;j € Pi%%#w
n+1(P17--~aPn7‘5Q) :Z E . + . +O(€) An(Pla-”aPn)
“~\e pi-q pi-q

Flat space amplitude with k soft gravitons:
0 1 (o 1, . .0
A pivear) ~ AV (p) + 0" ALY () + .

o5 o {1 1
~ /d2z]z\ 25 2]1 — Z 2T -2 <€—k + s (# log ]z|2 + #log |l — z|2) 4+ 62k£|w_3k(z)>

= Gt(ol?(S, T,z) ~ single-valued multiple polylogs of weight < 3k J

12



Single-valued multiple polylogarithms

MPLs: SVMPLs:  [Brown;2004]

z

dt _
Lal...a|w|(z) = /t_—alLaz..,aW(t) ﬁw(z) = Z Cw,wi,wo LW1(Z)LW2(Z)
5 w1, Wa

)
[wi |+ w2 |=|wl

L(z)=1, a €{0,1}

Examples :
Lon(2) = 1 logP(z) Lop(z) = 1 logP |z|2
0P y g 0P y g
1 1 )
Lip(z) = ol logP(1 —z) Lip(z) = ol log” |1 — z|
Lop-11(2) = —Lip(2) Lo1(2) = Lia(z) — Liz(2) — log(1 — 2) log|z/?

\l/ Z = 1 \l/ Z = 1
MZVs: ((n1, ny,...) SVMZVs: ¢*(n1, na,...) [Brown;2013]
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Part 2
The Dual CFT
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The dual CFT correlator

4 graviton amplitude in AdSs x S° o (020,0,0,) in N =4 SYM theory

o o L o1 <1
Rids N VX

Oy = superconformal primary of stress-tensor multiplet

& <

(O2(x1)02(x2) O2(x3) O2(xa))
superconformal Ward identity

H(U,V) U= aelle—x) 1, _ a—a)lo—x)®

T Ga—xs)?0e—xa)? T T (a—x3)?(xe—xa)?

Mellin transform

M(s, t)
Borel transform (flat space limit [Penedones;2010])

AS,T) = i (%)k AW(s, T)

k=0
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Integral transforms

Mellin transform

0 dsdt | si2 ot s (4 s\°_ /4 t\° /4 u\?
0.0 = [ gt VIn(E=3) 1(5-5) T(5-3) Moo

Borel transform

A(S,T) =23 /

—ioco

ico o 2VAS 2VT
_M(ﬁ VA )

i « (0%
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Dispersion relation STRING AMPLITLIDE I
SHOPPING L1s5T

S :JORLDSHEET INTEGRAL

- REGGE BOUNDEWESS
M(s, t) has only OPE poles: - PARTIAL WAVE EXPANSTION

- LOW ENERGY EXPANSTOM/

poles ~

/
CR.1Qn.em(t) '
s'—(A—{0+2m)

&
[Mack;2009], [Penedones,Silva,Zhiboedov;2019] °

Regge bounded due to bound on chaos:

lim [M(s,t)| < |s| 72, Re(t) < 2
|s|—o0

[Maldacena,Shenker,Stanford;2015]

. ds’ M(S/, t) . Ci,gQA,Z,m(t) Cg’gQA,E,m(t)
M(S’t)‘féﬁ(sf—s) == 2 (s—(A—€+2m) U= (6 —tt2m)

operators



Spectrum of exchanged operators STRING AWPL I 11pe

SHOPPING L 15T

Exchanged operators: short single-trace operators of N = 4 SYM theory " WORLDSHEET INTEGRAL
- REGGE BOUNDEDNESS
- PARTIAL WAVE EXPANSTON
known from  LOWENERGY EXPANSTON,
L flat space
L
A data A data A®) data
8 1
0‘.(;(,)1)3 + )\_ﬁa(;l)) + /\_1(1‘(52)
6
A Nse=| ATAl) [+ A7EAl) |+ Al
_ 2(0 _1 21 —1,-2(2
5 G =| GO | a2 [ AP
0 OROING) i
1 2 3 4 5 5 @0 010 g known from localisation

A((sle), Agzz) on leading trajectory known from integrability
18



4

(@)}

Degeneracies in the spectrum STRING AWpL IT11pE I
SHOPPING L15T

; ; ; ; - WORLDSHEET INT
The amplitude encodes OPE data of multiple degenerate superprimaries. REGOE BOUNDEONLES
. . . . . - PARTIAL WAVE ExPANSTON
We determined the degeneracies starting from type llb strings in flat 10d: -LOW ENERGY EXPANSTON

SO(9) — SO(4) x SO(5) 5 so(4) x sO(6)

Number of superconformal long
multiplets with superprimary Os,

@ SO(6) singlet
o A =2V6)1 + O(\)

Example: Oy = Konishi ~ Tr(¢'¢)
The counting was confirmed for

0 < 3 with quantum spectral curve.
[Gromov,Hegedus, Julius,Sokolova;2023]
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Dispersion relation — Residues

Dispersion relation for M(s, t) ~~ A(k)(S, T) expanded around S =0 =1,2,...:

k 2(0 k 2(0 k 2(k
RS (T3, c&g ) . RM(T, 5, c&ﬁ, ). .,A((u), c&g )

(k) —
AYI(S, T) (5 — oy3kr +... < 5

+ reg.

(OPE data)(k_l) fixes most residues of A(k)(S, ! J

Next steps (order by order):
o Write world-sheet ansatz for AK)(S, T).

@ Compute its residues and match with the above to fix ansatz.

20



World-sheet — Residues

Q: How to compute the singularities at S =6 =1,2,... of
/d22 |Z|—25—2|1 o Z|_2T_2£W(Z)

A: Integrating near z ~ 0 using polar coordinates z = pe'® and

/Po dp p725+2671i |ng(P2) — _l; + reg
0 p! 2(S —o)Ptt '

Leading pole order 3k + 1 (predicted by dispersion relation)

= max order from weight 3k SVMPLs (predicted by string model):

1 1
Low(2) = gy log™ 12 = mgen

21



World-sheet correlator (ansatz) STRING AWPLITuDE

SHOPPING L 15T

Ansatz:

- WORLDSHEET INTEGRAL
- REGGE BOUNDEDNESS

AR(S, Ty = BW(S, T)+ BX(U, T) + BY(S, U) L ey

BK(S, T) = / d?z|z| 725721 — 2| 2T260(S, T, 2)

Assumed properties of G(9)(S, T z):
@ uniform transcendentality 3k (SVMPLs(z), SVMZVs)
@ rational function in S, T with homogeneity 2k — 2
@ denominator = U", n <2
e crossing symmetry: G(S, T z) = GUO(T, 5,1 - 2)

Recall (flat space):

22



World-sheet correlator (solution) STRING AWPLITuDE I
SHOPPING L1s5T

Symmetrised single-valued multiple polylogs: :Rhégzzp;gif‘;m;s&:m
- ;L:g;;’TIAL WAVE EXPANSTON

= _ a ENERGY "

L(2) = Lu(2) + Lu(1 = 2) + Lw(2) £ Lo(1 - 2) ez

k=1: weight 3 basis = 4 symmetric + 3 antisymmetric functions

Solution: 1 1
GM(S, T,2)= — 6,cgoo(z) + 0Ly, (2) — Z£0+10(z) +2¢(3)

S—-T 1. 1. 1.
+ m (_6['000(2) + §£001(z) + 65010(Z)>

k=2: weight 6 basis = 25 symmetric + 20 antisymmetric functions

We need to input the dimension of 1 operator (A:(f()) = Konishi) to fix A®)(S, T) completely.

)
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STRING AMPLITUDE I
_SHOPP:me LIsT
OPE data

- WORLDSHEET INTEGRAL
- REGGE BOLNDEDNESS
- PARTIAL wavE EXPANSION
We compute V4, ¢ #€Q - LOW ENERGY EXPANSTON-

k=0 < Plae=#
L Vo(CHOAW)s =g, (CPW)5, = #¢(3) + #
=1: ’
: 2. (c® (A‘”>2>u #
2000 A(2) 4 c2(1) >5,e #C(3) + #
\/S<C < >M #C(3)% + #C(5) + #C(3) + #
Leading Regge trajectory: 321100 +16,
A+1,0) =2 %+W—2+m
2104 + 1440 129202 1 800 — 128 1 96(¢ +2)°C(3) -3 | 3.
- 32(2(¢ +2))}

.- |
ith integrability result! . Valatka;2011] 24
/[Aégrees V\gzrban SﬁenderovichyVo“”?2011]’[Ba550’2011]'[Gromov' a
romoyv, !



World-sheet — Low energy expansion STRING AWpL I711pE I
SHOPPING L1s5T

) - WORLDSHEET INTEGRAL
The low energy expansion (S ~ T ~ 0) ,’ff;aliaﬁwfemxfss

. - ANSION
can be computed following [Vanhove,Zerbini;2018] “LOWENERGY EXPANSZONg

/d22|z]_25_2\1 o Z’_zT_ZEW(Z)

~poles + 3 (- / |z|2|1 2 LoD ()0 (2)

0 VT
Pa= S Lw(z)
WEOPLLIquLIW

=poles+ Y (=SP(-T)" > Low(l) - Liw(1)

[Single—valued multiple zeta values of weight 1+ p+ g + \w]}
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AW(S, T) = SUGRA®M) 12 3 (4(S? + T2 + U2))(STU) 0¥
a,b=0

We compute Va, b #e€Q

a 0 #( (K C(kn)
L ™

ol HC (ky, ko, k3)C(Ka) - .. C(kn) + - ..
L B
a? Z #C (ki, ko, k3, ka, ks)((ke) - - - C(kn) +
ki odd
In particular:

22 49
60=0. afj=-2¢G?, afy=7<¢6). off

Agrees with localisation result!

[Binder,Chester,Pufu,Wang;2019],[Chester,Pufu;2020],[Alday, TH,Silva;2022]

@) _ 4091

Wilson coefficients STRING AMPLITLE I
SHOPPING L1sT

- WORLDSHEET INTEGRAL

- REGGE BOUNDEDNESS

LPgRTIAL WAVE EXPANSTON
W ENERGY EXPANSTONS

5 ¢(7)



Amplitude
Recipes
STRING AMPLITpE
SHOPPING LTsT Ansatz in terms of
single—valued MPLs
- WORLDSHEET INTEGRAL
- REGGE BOUNDEDNESS
- PARTIAL WAVE EXPANSTON
-LOW ENERGY EXPAN?I,,O*'

ispersion relation

7

AdS Virasoro—Sh
single-valued MzVs

apiro
amplitude



Future directions

@ Open strings / AdS Veneziano amplitude
o Generalizations of KLT relations / single-valued map?

o Problem: no strong coupling OPE data known for
consistency checks. Integrability?

e Compute A(k)(S, T) directly from string theory?

o Ramond-Ramond background flux. ..

o Pure spinors?

28



Thank you!

Questions?
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