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Four~l:>oi nt correlators

. SuPercomCormal Primaries in N=4 SuPer Yang——Mi”s (SYM)

L1 pi
)Tpl---Pn(X7 Y) — Zp TPl(X7 Y) T TPn(X7 Y)
| 1

To(x,Y) = Etr(@l (x)... ¢, (x)Y"...Y"

¢/(X) are scalars, and YI are SO(6) R—-vsgmmetry null vectors.

» We denote linear combinations of Tp..p, with charg@l:) as (’)g) ;
Theg are 1/2 BPS operators.



I:our~|:>oi nt correlators

Two and three~Point functions are Protected; we will consider four-

POint FU ﬂCtiO NS: {Eden, Petkou, Schubert, Sokatchev; Nirschl, Osborn

(ORI OFOPOW) = free part £ Tuloe, V) HU, Vit 57, 7)

N

Fixed bg sgmmetrg 516(Q) Our Foc:us

U, Vv and Q, 6 are cross ratios ot x_iand Y_j, respectivelg.

T = Zeﬂ - i3 s complexiﬁecl YM coupling , transtorms under SL.(2, 7).

gYM
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Correlators in the Planar limit

 Perturbative integrancls for D020 ) can be representecl

bg 54 , Permutation invariant 1C~gra[:>hs

i/@ A
X2

U FO 72

1

Eden, Heslopj Korchemskgj Sokatchev

+ 256 LoGf; + 32LoG | 5 + 64L0Gy, 1 + 96LoGy | 1 + 32LoG; | + 96 LG

21,2 2,2,1 31,1 3,1,1 3,1,1

— 64LoGY, | 1+ 64LoGY 1 | — 32L1G, — 128L,GL; — 16L,G;

2,1,1,1 2,1,1,1 2,12

32
+32Ly5Gyy — o HY Hi, — 64HS Hyf | — 128 Hy Hf — 64H; LoG;

3 2,1,1
— 32L5Gy 1 — 32L5GT 1 1 +32L5GT | | 1 + 32L1 LG5 + 16L1 LGy ¢

21,1
80
+ 16L, LoG+

211~ 5 Hi LoLaz = 48Hy LoLoya +12H; LiLyy + 16L3HS,

640
+ 32L§H;j171 — 64H; LyLo + 16H; L1 Ly + 64L3GI1,1 — TH;H;1

+64(H,,)? + 128(Hy)? + 32LoLyGy 1 — 32LoLaGy 1 — 161 LyGy
16 112

— 48H{ LsLy + 32H LoLs + 16Hy Ly Ly + 32H; LG ; — 16H; L LGy,

T l,] l t @ l ¥ LG + S IAGE, ; ~ 8L — 8LAGT, 1 + 5 Hy L3Hy,
’ C CO rre a O r OO PS H(z,z) = _128GZ§ — 512G;1 — 64G;;1,§ + 64G E’:T,i — 128(?;;21 16(H[)?LoLy, — 32H; Hy L2 + g(Hl‘)QLgLO — 12(H{ )Ly Ly + 28 Hy L2

+64G,, ; — 64G 7, — 448G 1 +64G; 164Gy, +64G5, 1, 4 SR 6130,Gr — SLoLiLaGry + O HT B Lyl — SH; H 1L,

— 646’;2,1,i -+ 128G;’§7171 + 12861';21,i + 256G + 128G;1,I,1 — 128G§r,1,1,1 + 8(HT)2L2 + 8(H; )2L2 + 8(H Lo Ly + ?(H;FH;Lg — A(H7)?Hy LoLy
Drummoncl, Duhr) Eclen, Heslop, Fennington, Smirnov +192G 1, , — 64G; | ; — 64G, 1, + 192G, + 128Hy, — 128H], OB (H Ly + SO (HD) Lol + 22 L3 + 4 oL

640 64 256 + AHTL2L,Ly + Hi LoL? + gJar;LgLf — 8HFL3L, + 1i‘S(H;)‘*Lg
+ o Hy) 3 — 7 Hizy — —Hiyp +64H3, 1 5 — 64H35 5 +64L0Gy (5 0, AT ’
3 3 3 ’ + 5 (7P Ly+ 5(H] )P LELE — 5 (Hp)*LYLy — 128G:G; — 128G:6 ¢
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Correlators in the Planar limit

o Ten-dim hidden sgmmetrg 18 Planar limit: |Caron-Huot, Coronado; Caron-Huot, Trinh

Smgle trace

-
lntegrancls of <Opl .05, 0,,0,,) can be obtained from (020,00, 05) via

pmm——  E— o

X —' X 3 \/, . \/J:/ > Ten-dim’l distance

_— e o

Expansion to ( yl.)Pi—Z leads to correlators involving operator ) D;
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lntegrated fou r~Poi nt correlators

i, o o HOU Vi, B, 7]y
C,(,:.)(T, T) = 72T/o drr3/0 d@sinz(ﬁ) i v Ya Vb=

withU =1+ r? — 2rcos(0),V = r?.

* Orngma”g For(OQOQO( )O(J)> for which H is mdependent of o, .

Bmcler Chester Pumcu Wang

* We generalised it for (OO0 ) with Y; - Y = XJ

(tcn~cl1m IIght-llke limit)

7/23



Integratecl correlators as f:egnman integral Periods

o [or the Perturbative contribution integrated correlators are sum

O{: PCriOClS OF ‘tl")@ {:~graP]")5 Brown; Panzer; Schnetz;....

7T2L!(i47T2)L / vol (:;Iaf) ) % A """

+ Fach graph (with | >4) genera”g contains MZVs, which cancel out in

the mtegratecl corrclator the cance”atlon happens i+ Yi- Y = U
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lntegrated correlators in the Planar limit

This leads to an all-order expression (conjectured) for Planar

mtegratecl correlators ot (0, 05,0, Op,) with Y; - Y = U

't Hoomct coupllng
/

aZC (2€+11>‘ Z 7T2£+1r(£+2 p)I(p

p2

1)

//\2+1 4(— 1)P+£+1|‘(€ %)2 Sp—2,p—2,0,0(81) — Sp—2,p-2,1,1(&i)
14

2
Hi<j§4(gigj — 1) &

where S are Schur Polgnomlals.

For (02,0,0,0,), the result was known.
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lntegrated correlators in the Planar limit

o One can re-sum the Perturbative results, and obtain strong

coupling expansion:

O

1 AR ) (rted) | ey
(; 2(p—1)p | ; /\B‘ft%\ﬁr(")r (p+%_n) - O )_

Sp—2,p—2,00(8g) — Sp—z,p—z,l,l(gi))
X | p1—2 P2—2 P3—2 pa—2 |

Hi<1§4(gi87_1) | s & & &

S Strong—-coupling result agrees known tgpe 115 string ampli’cucles on
AdS (known up to \72/2 ). and Provicle constraints for the unknowns.

Abl, Heslop, Lipstein; Aprile, Drummond, Paul, Santagata
P> =P P &
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Fxact results of !ntegrated correlators

+ Having seen the simplicitg in the Planar limit, we now consider

integratc—:cl correlators at finite 7 = 297T | AT

Bon
o Thisis necessary for stuclging the 5~clualit9 of N=4 SYM.
Finite coupling s dithicult!

o Localisation to rescue: the integratecl correlator associated

Wl’tl’} <02020( )O(J)>
s related to derivatives actmg on the Par‘c!tlon function of N=2* SYM

(mass deformation of N=4 SYM) that can be computecl bﬂ localisation.
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l ntegratecl correlators and Susic localisation

|

vt Y O 1 O/ 82 IogZN('r TA; m)|

,J)(T F) =

Vp"uVJ O, 8 / |0gZ/\/(T TA,

Binder, Chester, Pufu, Wang

the Partlt:on ‘FUﬂCthﬂ of N=2* SYM (dexcormed bg hlgher»-vclnm

operators) on S*4 from sul:)ersgmmetrlc localisation

Festun; Nekrasov

Zn(T, TA: m) = //d

N

N—1>

d)

7

N
- 2
EXP | ITTT E d;

A loop(a m)

iZWP/ 'Za

p>2

)

X

a finite-dim integral, rather than a Path lntegral !
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| ntegratecl correlators and Susic localisation

Schematicallgz

. @,%7 brings down two f Oy . vy 0% and \7{,”/8;; lead to

@, ,(gi) and Og) at north and south Poles of 5*4.

. V;,”u are introduced due to operators with ditferent dims on

S74 can mix; theg are determined 139 a Gram-Schmidt Proceclure.

Gerchkovitz,Gomis,lshtiaque,Karasik, Komargoclski,PumCu
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Fxact results of !ntegrated correlators

o Localisation formula is NOT easy: Linst(7,7',a; m) isnot well-

understood; many properties (especiaug S1L.(2, 7)) are not manitest.

* We hope to do better! | ndeed, we found integrated correlators

can be written as a 2-dimensional lattice sum

7./)(7_ 7_) _ Z / —tYm n(7,7) B(I,J)(t) dt

(m,n)€Z?

WIth Y, o (7, 7) = w'm”’r' . the formula is man:?estlg SL.(2, Z) invariant; all

tl")@ II’TFOFmaJEIOﬂ IS contamecl ir B(U)( )
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Fxact results of !ntegrated correlators

o One can further introduce generating functions }39 resuming N or

Chargel:)
BUJ) (. +) — S gl ,N gl 1) — S BUY) (1) /P
p " (z; t) Z N,p()z : v (wit) Z N,p()W :
N=2 ? ] p:?

o The generating functions contain all the information, and are

extremely USC]CUI ‘FOF larg@-—N or large~l:> CXPBHSiOﬂS.



Fxact results of !ntegrated correlators

ExamPICS:

* (020,0,05) of SUN), atter resuming N:

3tz* [(t — 3)(3t - 1)(t +1)2 — z(t +3)(3t + 1)(t — 7]
2(1 — 2)2 [(t+1)% —(t - 1)2212

‘épzz(z; t) =

Ty,

, N
. <02A%C?2)p/2)(02)p/2> of SUQ2), atter resuming p:

Unique Independent | _ t —1)2(3t2 — 2t +3) w — (t + 1)? (3t2 — 10t + 3
oporsersforSi) - [Puzlwit) = 4t( )(t(+ 1)3(w — 1))[(t + (1)2 - it(_ 1)2w]? )
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Laplace-dhqerence equations

Generating functions obeg ditterential equations) which implg
Laplace»-—clhcmcerence equations for integratecl correlators. E‘.xamples:
* InN-space for (O20,0,07)
(Ar —2)Cn2 = N(N —1)(Crns+1,2 — Cn2) + N(N +1)(Cn2 — Cn-12)|
with A, = 4750,0-
o In p-space For <@2@2(@2)p/2(@2)/0/2> see also: Paul, Perlmutter, Raj

ArCop=(p+1) (p+ N°/2=1/2) (Coppis — Cap)

+p (p T Nz__/2 — 3/2) (@,p —"_52,10—1) —4Cn.2
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Seel ng, suPerstri ng, amplitudes

*» Large-N expansion (with fixed YM coupling): 1/\/N ~ o

SUP6@§BW@5

N\

M
2[\)
|

See also: Chester, Green, Pmcu, Wang, C.W.1

/ ,
O corrections
- Lr/2] RN
1_ N
N2 br,mE(246,+2m; T, T)
=~ ~ - m:_() ————————— _ - - -
r - = - o= ~
~ 3r IR
dr mDN(zm ;T,T)\.
\ 2 y,
N
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(P,c]) -string world-sheet instantons



Seemg suPerstrl ng amPlltudes

7T | I . n
° Non~holomorphlc Eisenstein series T=gr 2 T XT g =TNTIn
_ ]
E(s;7,T) =
4 sm)= 2 ws|p 4 qr[*
(p,q)#(0,0) v
2 25 2 25 1 I_ S_]' —S 7.”' T
C( ) | q S__) ( )7_21 +ka(s;72)e2 kT
\ / ° r(s) k0 l
Strmg genus CXPaﬂSIOﬂ D-instantons | Green, Gutperle + Vanhove; ...

* £(3/2;7,7) Is the coeHicient of R4, E(5/2;7,7) coeticient of d*R*.
Precision ACJS/ CFT: begoncl supergravitg & begond Perturbation.

Earlier work: Bianchi, Green, Kovacs, Rossi; Dorey, Ho”owoocl, Khoze, Mattis, Vandoren;. ..
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Seel ng, superstri ng, ampli‘cudes

o New non~holomorphic modular function

exponentia”g clecag In large~N 1/N expansion 1s not |

3orel summable

\ /’

_ = + qgT TS
DN(S; T, 7') — Z Z exp ( 4\/ €|p q ‘) o 2 o
T/ wS %S |p+ qT]
£=1 gcd(p,q)=1 -_-'
0 N
~ Z Z exp ( 47TL2€V) Ll q7'|)
\27‘(‘& 2
£=1 gcd(p,q)=1 AN\

(P, q) ~stri ng tension

o 't Hoott limit: it |

theg are related via resurgence.

behaves asexp(—2nv)\), while Eisenstein series ~ 3 A

See also: Hatsucla Okugama Co”ner Perlmutter:. ...
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Conclusion

| ntegratecl correlators may be viewed as the “simplest” (yet highlg
non-trivial) observable in N=4 SYM.
s Exact exl:)ression for <Op1 (’)p2 (’)p3 (’)p4> In Planar limit with Yi- Y= X,-JQ-
This is begond localisation!

. Manhcestlg SL(2,Z)~invariant exPression for <02020,€') O;(aj )>5

generating functions are obtained ]:)9 resuming N or charge p.

, , , / ,
+ Large-N EXPansion was stucllecl, and made contact with eXpansion

of striﬂg amplitucles.
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Outlook

lntegrated correlators for (Op, Op, Op, Oy, ) begoﬂcl the Planar limit?

lntegratecl correlators with other gauge groups, relevant for Goddard-

NUﬂtS~O|iVC Clualltﬂ . r:or <02 02 02 (/)2 >J see Alclag, Chester, Hansen; Dorigoni, Green, C.W.

| ntegrated correlators with a ditferent measure (0% log Z | 0 )7

Chester, Pufu; Chester, Green, Pufu, Wang, C.W.; Collier, Perlmutter;
Alclag, Chester, Dorigoni, Green, C.W.; in progress

Other observables? lower SUISY? ...
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