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4PM SCATTERING WITH SPIN
➤ Scattering of two spinning particles (black holes) at 4PM (G4):
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<latexit sha1_base64="rcBad+U1KLwhvBtBtlU/bNauyxo="></latexit>� = v1 · v2
<latexit sha1_base64="SGm2geVD/+MS3Zr44q+xzCgDvNM="></latexit>

�pµ1 = p1(⌧ = +1)� p1(⌧ = �1)
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�Sµ
1 = S1(⌧ = +1)� S1(⌧ = �1)

➤ Non-spinning 4PM dynamics: 

➤ [Dlapa, Kälin, Liu, Neef, Porto] (complete, 
using PM EFT) 

➤ [Damgaard, Hansen, Planté, Vanhove] 
(complete, using KMOC + exponential S-
matrix) 

➤ [Bern, Parra-Martinez, Roiban, Ruf, Shen, 
Solon, Zeng] (conservative only, KMOC) 

➤ Scattering observables encode 2-body problem: 
inform EOB models, c.f. [Damour, Rettegno]

<latexit sha1_base64="kBQZnunoCXyduR+1J6TF7DTsKgM="></latexit>

�pµ1 = G�p(1)µ1 +G2�p(2)µ1 +G3�p(3)µ1 +G4�p(4)µ1

Jakobsen, GM, Plefka, Sauer, Xu  2306.07104 
Jakobsen, GM, Plefka, Sauer  2307.xxxxx 

We now have full spin-orbit (S1) observables including radiation-reaction!



WORLDLINE QUANTUM FIELD THEORY

➤ Promote gravitons, deflections to propagating d.o.f ’s… with retarded i0 prescription!

<latexit sha1_base64="AyJl7vPEO4MpdRtupN2EWlOthdo="></latexit>

S = � 2

2

Z
d4x

p
�gR�

2X

i=1

Z
d⌧i

mi

2
gµ⌫ ẋ
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➤ Gravitons live in the bulk, carry momentum. 

➤ Deflections live on the worldline, carry energy.
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1.7 Feynman rules for perturbative quantum gravity 17

One indeed verifies that I↵�,�� P��,⇢ = �↵(⇢�
�
)

. The graviton self-interaction vertices
take an involved structure due to a proliferation of indices. Exemplary we exhibit the
three-graviton vertex [7]
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+ P3(k1⇢k2�⌘µ⌫⌘↵�) + P6(k1⇢k1�⌘µ⌫⌘↵�) � 2P6(k1⌫k2�⌘�µ⌘↵⇢)

+ 2P3(k1⌫k2µ⌘�⇢⌘�↵) � 2P3(k1 · k2⌘⌫↵⌘⇢�⌘µ�)] , (1.77) {3gravitonvertex}{3gravitonvertex}

with the symbol Pn denoting the symmetrisation in the index blocks (k1µ↵, k2⌫�, k3⇢�)
associated with the three legs and resulting in n distinct terms.

The higher point vertices take a schematic structure as

⇠
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p

G
4
k2 , . . . (1.78) {gravitonvertexscaling}{gravitonvertexscaling}

Through the Fadeev-Popov procedure one also picks up a ghost sector. The local
symmetry transformation are now the general coordinate transformations given in
eq. (1.71). Hence, the gravity ghosts carry a vector index: b⌫(x) and b̄µ(x). The ghost
contribution to the Lagrangian takes the form

LGH = �b̄µ(
�Gµ

�⇠⌫
)b⌫ . (1.79)

From the de Donder gauge fixing function of eq. (1.73) one deduces the di�erential
operator in the ghost sector


�Gµ

�⇠⌫
= ⌘µ⌫@

2+(@⇢hµ⌫@⇢+@⇢h⌫⇢@µ+@⇢(@⌫hµ⇢)�@µh⌫⇢@⇢� 1
2@µ(@⌫h)) , (1.80)

where the first term gives rise to the kinetic term of the ghost fields yielding the
propagator

↵ � =
i ⌘↵�

p2 + i0
. (1.81)

The remaining terms yield a graviton-ghost-anti-ghost interaction vertex

↵ �

⌫µ
(1.82)

However, ghosts will play no rôle in the modern approaches to scattering amplitudes
developed in this book. Therefore we do not need to spell out this involved vertex
here.

GM, Plefka, Steinhoff  JHEP 02 (2021)
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gµ⌫(x) = ⌘µ⌫ + hµ⌫(x)
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Pµ⌫;⇢� = ⌘µ(⇢⌘�)⌫ � 1

D � 2
⌘µ⌫⌘⇢� Theory trivially lifts to D=4-2ε dimensions

Tree-level one-point functions = Solutions to classical equations of motion



SCATTERING OBSERVABLES
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➤ For momentum impulse draw tree diagrams with 1 outgoing line:
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+ · · ·

➤ All graphs are trees. Loop integrals arise from lack of momentum 
conservation:
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hhµ⌫(k)i =

➤ Similar derivation of the gravitational waveform:



SUSY IN THE SKY WITH GRAVITONS
➤ First-quantized theory of a spin-N/2 particle in a flat background (D=4+1):

5

Jakobsen, GM, Plefka, Steinhoff  JHEP 01 (2022) 

➤ Coupling to a curved background possible up to N=2 (spin-1)
[Bastianelli, Benincasa, Giombi ’05]:
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➤ Theory enjoys an N-SUSY algebra (⍺=1,2,…,N):
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➤ Symmetries imply conserved charges:

GLOBAL SUSY ACTION
➤ Gauge fix action by setting e=1, Lagrange multipliers to zero:

6

spin degrees of freedom neutron star term

<latexit sha1_base64="POS8NrdcKBurnBP+IcXroLr8eb4="></latexit>

SBH/NS = �m

Z
d⌧

h
1

2
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Jakobsen, GM, Plefka, Steinhoff  Phys. Rev. Lett. 128 (2022)
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 a(⌧)

➤ Theory now enjoys a global SUSY:

Covariant SSC
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ẋ2 = 1 +Rabcd ̄
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 ̄ ·  = s

➤ Neutron star term preserves SUSY up to O(S2).
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Conserved spin length



SPINNING WQFT FEYNMAN RULES
➤ Inclusion of spin requires extended Feynman rules:

7

➤ Propagators:

➤ Equivalent to solving Mattison-Papapetrou-Dixon (MPD) EoMs. 

➤ Combine worldline modes into a “superfield”:
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IN-IN FORMALISM

8

➤ Formal path-integral description using Schwinger-Keldysh in-in (CTP) formalism:

➤ Path integral involves 2 copies of the theory:

<latexit sha1_base64="DTaLRQvchm23g2QDrvG0tx1dLQQ="></latexit>

hO(t,x)iin�in := inh0|U(�1, t)O(t,x)U(t,�1)|0iin

Jakobsen, GM, Plefka, Sauer  JHEP 10 (2022)
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KELDYSH BASIS
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➤ Huge simplification in the Keldysh basis, with advanced & retarded propagators:

➤ Upshot: calculate tree-level 1-point functions using in-out Feynman 
rules + retarded propagators. 

➤ But: we must now handle loop integrals with a retarded i0 prescription!

<latexit sha1_base64="uL7R4hRFZvB42EhoNFM6XfNRa4I="></latexit>
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�� = �1 � �2

structure of a rooted tree, i.e. take a form such as

� +
. (2.30)

From this structure it is immediately clear that inserting a vertex with three (or more)

minus-labeled (outgoing) legs in the shaded box inevitably leads to a loop-level graph,

as we just have a single outgoing leg. So we learn that at tree level only single-minus

vertices may contribute to the one-point functions. Similarly, the h�+�+i Hadamard

propagator cannot make an appearance, as conecting to plus labeled (ingoing) legs

of a vertex inevitably yields a loop diagram as every vertex has at least one minus

labeled leg. The consequence is that exclusively retarded propagators appear in the

computation if one assigns a momentum flow according to causality from Q sources

to the outgoing operator line. Therefore, in practical computations of one-point

functions in a background field theory one may e↵ectively forget about the in-in

formalism altogether. One simply applies the usual (in-out) Feynman rules and uses

retarded propagators everywhere, with the direction of causality always pointing

towards the outgoing line.

In hindsight, this fact is not surprising. As we showed in eq. (2.25), it is a

well-known fact that at tree level the path integral is dominated by solutions to the

classical equations of motion of the theory (the saddle-point approximation). The

sum of rooted tree diagrams is then simply a visual interpretation of a perturbative

expansion of the classical solution in powers of the coupling constant. From a purely

classical perspective, using retarded propagators is then necessary to ensure fixing of

boundary conditions at past infinity.

2.4 In-in formalism for WQFT: observables

We now implement the in-in formalism for the WQFT. In the non-spinning case there

are two key observables to be computed which we typically evaluate in momentum

space: The impulse and the waveform. In the spinning case this is augmented by the

spin-kick. For the worldline coordinate we expand x
µ

i
(⌧i) = b

µ

i
+ v

µ

i
⌧i + z

µ

i
(⌧i) with

i = 1, 2 denoting the two compact objects. In the in-in path integral we are led to

double the fluctuation field z
µ

i
! {z

µ

i+
, z

µ

i�} but we do not double the background

b
µ

i
+ v

µ

i
⌧i. This is justified, as in the end of the calculation the expectation value of

the minus fields are set to zero, cp. (2.25). We proceed analogously in the spin case

[49, 50], where we have the background field expansion  µ

i
=  µ

i
+  

0µ
i
, and double

according to  0µ
i

! { 
0µ
i+
, 

0µ
i�} in the Keldysh basis. Finally, the graviton field is

doubled according to h
µ⌫

! {h
µ⌫

+ , h
µ⌫

� }.
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k

The generating functional W [J1, J2] has a path integral representation upon dou-

bling the fields. It is established by inserting the unit operator 1 =
P

| i | i h | into

eq. (2.16) using eq. (2.12):

e
i
~W [J1,J2] =

X

| i

h0|ÛJ2(�1,1) | i h |ÛJ1(1,�1)|0i (2.18)

=

Z
D[�1,�2] exp

n
i

~

h
S[�1]� S[�2] +

Z
d4
x

⇣
J1(x)�1(x)� J2(x)�2(x)

⌘io
.

The �1 field propagates forward in time, the �2 field backwards. Importantly, in the

path integral above the two fields are linked via the boundary condition at future

infinity �1(t = +1,x) = �2(t = +1,x), while at past infinity both fields vanish

�1(t = �1,x) = �2(t = �1,x) = 0. This is a consequence of the sum over all

states | i in the first line above.

In order to set up the in-in perturbation theory we need to establish the propa-

gator structure in the free theory. We encounter a 2⇥2 propagator matrix D
AB(x, y)

related to the doubled fields. It is most easily derived from the free-field generat-

ing functional W0[J1, J2] in the operator representation (2.16) [11, 93, 94] — see

Appendix A for a derivation (A,B = 1, 2):

h�A(x)�B(y)i =

✓
h0|T �(x)�(y)|0i h0|�(y)�(x)|0i

h0|�(x)�(y)|0i h0|T ⇤
�(x)�(y)|0i

◆
=

✓
DF (x, y) D�(x, y)

D+(x, y) DD(x, y)

◆
,

(2.19)

with the Feynman DF (x, y) and Dyson (or anti-time-ordered) DD(x, y) Green’s func-

tion appearing on the diagonal. The o↵-diagonal entries are known as the Wightman

Green’s functions, D+(x, y) = h0|�(x)�(y)|0i = D�(y, x). Note that here |0i is the

Fock vacuum of the free theory which is stationary under time evolution.

We find it convenient to adopt the Keldysh basis [46] by introducing the sum

and di↵erence of the two fields and sources:

�� = �1 � �2 , �+ = 1

2
(�1 + �2) ,

J� = J1 � J2 , J+ = 1

2
(J1 + J2) .

(2.20)

The propagator matrix in the Keldysh basis then becomes (a, b = +,�) [11]

h�a(x)�b(y)i =

✓
1

2
DH(x, y) Dret(x, y)

�Dadv(x, y) 0

◆
, (2.21)

with the advanced Dadv(x, y) and retarded Dret(x, y) Greens’s functions as well as

the symmetric Hadamard function DH(x, y) = h0|{�(x),�(y)}|0i. In the Keldysh

basis the generating functional of the interacting theory takes the form

e
i
~W [J+,J�] (2.22)

=

Z
D[�+,��] exp

n
i

~

h
S[�+ + 1

2
��]� S[�+ �

1

2
��] +

Z
d4
x

⇣
J+�� + J��+

⌘io
.

8

The true vacuum expectation value of the Heisenberg field operator may now be

computed from the one-point function of �+ at vanishing sources J± by

h�̂H(t,x)iin-in = h�̂H +(t,x)iin-in
���
J±=0

=
�W [J+, J�]

�J�

���
J±=0

(2.23)

=

Z
D[�+,��]�+(t,x) exp

n
i

~

h
S[�+ + 1

2
��]� S[�+ �

1

2
��]

io
,

using h�1iin-in|Ji=0 = h�2iin-in|Ji=0 in the Schwinger basis. Importantly, the in-in e↵ec-

tive action �[h�±i] is obtained as the Legendre transform of the generating functional

�[h�+i, h��i] = W [J+, J�]�

Z
d4
x (J�h�+i+ J+h��i) . (2.24)

Finally, at tree level the in-in e↵ective action gives rise to the classical equations of

motion that are solved by the expectation value (2.23):

0 =
��

�h��i

���
h��i=0, h�+i=�class, J±=0

. (2.25)

Note that at tree level the h�+�+i component DH(x, y) of the Keldysh propagator

matrix (2.21) does not contribute — in momentum space it is D̃H(k) = �
�(k2) and only

has on-shell support — as we will show this in the next section. Hence, the tree-level

or classical physics result can only depend on advanced and retarded propagators.

This is the key relation to exploit for our purposes: applying the in-in formalism

to the computation of the one-point functions hz
µ

i
i and hhµ⌫i of WQFT yields a

PM perturbative, diagrammatic procedure to establish the solutions zclass(⌧) and

h
µ⌫

class
(t,x) to the equations of motion of the classical two-body scattering problem.

2.3 In-in one-point functions in background field theory

Evaluating the in-in path integral can be quite laborious due to the need to establish

“doubled” Feynman rules from eq. (2.22) — now adopting the Keldysh basis. These

involve vertices dressed with plus- and minus-labeled legs and novel symmetry factors

(the tensorial structure of the vertices remains inert with respect to the standard in-

out Feynman rules). As for the propagators, in momentum space the retarded and

advanced propagators are

eDret(k) =
� +

=
�i

(k0 + i0)2 � k2
,

eDadv(k) = + �
=

�i

(k0 � i0)2 � k2
,

(2.26)

with the direction of the arrow above indicating the direction of causality flow — i0

denotes a small positive imaginary part. However, for the special case of tree-level

one-point functions in a background field theory the in-in diagrammatics are very

9

➤ Diagrams conspire to ensure forward-in-time flow of causality:

Absorbs the cuts present in e.g. 
KMOC formalism



4PM MOMENTUM IMPULSE

➤ With the retarded prescription, causality flows towards the outgoing line.

10
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Passarino-Veltman reduction yields scalar integrals — no irreducible numerators



INTEGRAND CONSTRUCTION

➤ All graphs are nested trees, so we can use Berends-Giele recursion to 
conveniently obtain all contributions. We get 529 distinct graphs! 

➤ Fast implementation with FORM, which is also good for handling anti-
commuting spin variables.
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➤ All contributions will reduce to scalar integrals, so having a 
messy loop integrand doesn’t matter!



METHOD OF REGIONS: A FIRST GLIMPSE

➤ Loop momenta are characterised by 2 possible scalings:

12

➤ We distinguish between active & passive propagators. These 
can & can’t go on-shell over the domain of integration:

If a propagator is passive, then we don’t care about its i0 prescription!
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INTEGRAL FAMILIES

➤ At 4PM we need 2 integral bases to handle all contributions:
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➤ Two active gravitons per graph define regions: (PP), (PR), (RP), (RR) 

➤ Integration-by-parts relations (IBPs) [FIRE,LiteRed] don’t care about 
the i0 prescription; symmetries care! 

➤ All integrals are strictly real/imaginary (b-type/v-type)
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Number of masters integrals: J: 64+66, I: 23+23



DIFFERENTIAL EQUATIONS
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➤ We seek a canonical basis of integrals c.f. [Dlapa, Kälin, Neef, Liu, Porto]:
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➤ This is a highly non-trivial task! A few hints… 

1. Organise into block diagonals, using top-level sectors 

2. Most useful algorithms: INITIAL, CANONICA          
(we also used Fuchsia, Libra, Epsilon) 

3. Elliptic K/E 3x3 block in the canonical transformation 
—  solves a degree-3 Picard-Fuchs equation 

➤ Canonical basis enables an order-by-order solution to DEs.
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➤ Remaining task, to fix the boundary constants. Here the i0 matters!



BOUNDARY FIXING
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➤ In the slow-velocity limit, re-express master integrals in terms of those with a simpler 
velocity dependence:

➤ Simpler boundary integrals are handled using IBPs, with top-level sectors:

PP

RR

RP

PR

➤ Passive worldline propagators don’t appear in the masters!  

➤ Graviton bubbles are integrated out yielding more worldline propagators:
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ASSEMBLING RESULTS, CONSISTENCY CHECKS
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➤ Dimensional regularisation 1/ε poles cancel between PP/RR, implying a logarithmic 
velocity dependence (non-localities):
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➤ Two N=1 supercharges are conserved: 

➤ Change in the spin tensor, spin vector given by:
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FINAL RESULTS
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➤ Momentum impulse:
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➤ Expanded on basis of weight-0,1,2 functions, and elliptic E/K:

➤ Spin kick:        
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CONCLUSIONS & OUTLOOK
State-of-the-art 4PM spinning observables demonstrates power of worldline-
based methodology: 

➤ Avoids quantum corrections: classical observables from tree-level diagrams  

➤ Supersymmetric encoding of spin degrees of freedom 

➤ Flow of causality assured by use of retarded propagators, in-in formalism 

➤ Energy conservation on the worldline controls regions of integration 

18

•Spin2: calculations on the way! 

•Spin>2: must first overcome theoretical limitations 

•5PM: work begun by [Bern, Herrmann, Roiban, Ruf, 
Smirnov, Smirnov, Zeng] 

•EOB Resummation for large scattering angles, mapping 
to bound orbits



THANKS FOR LISTENING!
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SCATTERING ANGLE
➤ For aligned spins, introduce a scattering angle:

20
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➤ Defined with respect to the centre-of-mass frame at t=-∞
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AMPLITUDES MEETS GRAVITATIONAL WAVES

➤ Can ideas and techniques from quantum particle scattering be used to describe the 
classical 2-body problem? 

➤ Can we make high-precision GW predictions? Needed for upcoming LIGO/Virgo/
KAGRA runs, 3rd generation detectors (Cosmic Explorer, LISA, Einstein Telescope)

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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➤ In the meantime, amplitudes was shifting its focus to black holes… the 
most perfect macroscopic objects in the Universe.

First detection of a binary merger event 
by GW emission GW150914
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STATE-OF-THE-ART PM CALCULATIONS
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EFFECTIVE-ONE-BODY (EOB)
➤ Ongoing work with Alessandra Buonanno, Raj Patil (AEI). 

➤ Achieve better agreement with NR close to merger (strong-field regime) by resumming 2-body motion. 

➤ Map real 2-body motion to a test particle in a deformed Kerr background.
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EOB BINDING ENERGIES

➤ Binding energy plots show a big improvement over non-
resummed counterparts!
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➤ Work still to be done: include 4PM in the EOB model, and 
higher-PN information. 

➤ My ultimate goal is to complement PN waveform models


