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From Amplitudes to Gravitational Waves

75
o)

Amplitude techniques Gravitational wave observations

® Natural setting: scattering ® Need: Bound inspirals
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Bound-to-Boundary correspondence [kaiin&porto, 2019+]

Scattering angle and Periapsis precession are related...

'l,b(E, L) = X(E7 L) + X(E’ _L)
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Bound-to-Boundary correspondence [kaiin&porto, 2019+]

Scattering angle and Periapsis precession are related...

d)(Ea L7 a) = X(E7 La a) + X(E’ _L7 _a)
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Geodesics in Kerr

Why look at geodesics?

® All orders in G, %, M, and a

® "Oth order" in secondary mass m and
secondary spin s.

® |ntegrable system with explicit solutions
available.

Goals

® |mprove intuitive understand of B2B map

® Generalizations/alternative formulations

d%zH

dr2 thap dr dr
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Constants of Motion

First order form of geodesic equation:

ZQ(du)z = (& - a(£ - a&)u?)’

Norm 4-velocity

dr
Ly et det — (1 - 2GMu + a®u?) (1+(Q + (£ — a&)?)u?)
dr “" ar 9
=—a“Q(u —u1)(u —u2)(u —uz)(u —usg) = U(u)
dz\?
2 — 2201 _ e2y1 _ L2 2
#(5) 0= (w00 2 40)
— a2(1- (22— 22)(:2 - 23) = Z(2)
daH o\ do¢ E—a(lL— aS)u2 L
— — y>— = _ S
€= i e <3t) — ar "1 -20Mu +a2u? 1 —22 ac
dzH ( d )" at 1+ a?u?)(€ - a(L - a)u?)
= —9uw | 77 angular momentum nit _a28(1 - 22 r
dr " \og dr (1 —2GMu + a?u?)u? @€ =27 +alL,
with
Hidden symmetry and Carter constant v 1/r o cosd

Y= p2 + a? cos? 0
0 dz# da#
= Hy strong.
dr dr niels bohr
institute
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Mino Carter-Time

Decoupled equations:
New (non-affine) parameter

2

d\ = %d‘r dz\ 2
(£) =a*a-e96 - e - 4) = 2)
d¢ E—a(L —a&)u? L
2 _a
dx 1—-2GMu+a2u? 1—22
a A+ a2u2)(5 —a(l — aE)uQ)

dax (1 —2GMu + au?)u?

—af,

—a?6(1 - 2% + aL,
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Mino Carter-Time

Decoupled equations:
New (non-affine) parameter

2

d\ = %d‘l’ dz\ 2
(a) =a(1-E%)(2* - 2})(2* - 23) = Z(2)
. d¢ E—a(L —a&)u? L
do _ ~aé,
Crucial bonus feature DT o Murazez T2

Geodesics reach infinity in finite Mino time: a (1+ a?u?) (5‘ —a(C— aE)ug)

dA 1 1 - 20,2 )2
= =4 = + O(u) dA (1 -2GMu + a?u?)u
du VU@w) VEI-1

—a?6(1 - 2% + aL,
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Closed form solutions

Radial Solution Azimuthal solution
(uz — u1)us sn?(Agr|ky) — uz(ug —up)  P(46:4rs42) = dp + ¢r(ar) + ¢2(gz) with g5 = Yy + g4,0,and

(u2 — u1) sn?(Agr|kr) — (uz —u1) " . b (i
e i (am (<o Z k) ) = 222,

¢r(ar)
with
_ Luy (uz — ug)(ug — 2EMEYN(hy ;s &r|kr)
gr = TrA+ar0 Frlgny = —— 22t~ af e (G < =)

A(ug — u2)(“+ —ug)(u_ —uy)
Polar Solution

z = z1sn(Bg: k=)

ih Time solution

2z =TzA+¢z0 t(qe, gry g=) = gt + br(qr) + $=(gz) with g¢ = TeA + g¢,0,and

_ ug — u. 262 — 3 2 uy (4(GM)? — a(L/E + 2aGMuy)
£(60) :E(iJA ’(7n(h, s.\m—j{—* L - n(m.e,\hHHe—)})
I

uzus (€2 — 1) (u = ug)(uy — uz)(uy — ug)

asz(qz)::d?z( ( ))—@qz, &(em:—imzf;sz\kz).

A, B, kr,kz,TT,Tz,T¢,Tt Functions of a, GM, &, L,

and Q
® K(-), E(+), N(+|-): Complete elliptic functions an (E(s o sin &, cos &, 1 2g, ))
- o) = By oo
® F(-|-), E(-|-), N(-; -|-): Incomplete elliptic functions GM(E* — 1) T hysin2E
® sn(-|-),am(-|-) Jacobi elliptic sine and amplitude ) = £, (am (K(k:)i |k)) ACG) P ey 851 e,
™ « —
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Parametrizing geodesics

The Kerr background

Mass M and spin a °

]
Initial conditions o
z#(0) and %(O)

Constants of motion O
&, L, and Q plus initial phases gr,0, 2,0, q¢,0, and gg,0

Turning points

u1, uz, and 21 plus initial phases g- 0, gz,0, ¢t,0, and g4 o

- 2 L u2—uj o f _ 2
D= oius € uitug and z :=sign(£)/1 — 27

)

Scattering variables

Impact parameter b*, and velocity vh,

All parameters linked by analytic relationships
Geodesic solutions are analytic in all parameters
qt,0 and gy o can be freely fixed using global
symmetries

gr,0 can be fixed by letting A = 0 at periapsis
Relationship between (b#,vk,) and (€, £, Q)
features g. 0.

strong.
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From bound to scatter

® Bound and scatter solutions belong
to the same class of geodesic
solutions with root structure:

up <uz <uz <ut <u— < ug

® Can analytically deform
bound (u1 >0, <1, e<1)to

scatter (u1 <0, E>1,e>1) S 1= o N
i = v
solutions.
-0.1
-02
GM =1 foo]
a = 0.9 [foo)
—  £=09%0
£=5foo]
-03 2
Q=1 foof?
-0.02 0.00 0.02 0.04 0.06 0.08 010 012
GMu
(ﬁ strong.
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From scatter to bound

® Analytical continuation of bound
orbit consists of two scattering
events

® One event in u > 0 universe
® One event in u < 0 universe

® Need both to reconstruct bound
solution!

Z0.02 0.00 002 004 006 008

GMu
Question:
Given knowledge of scattering in u > 0, can we reconstruct scattering in u < 07
\ strong.
@ it
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Option 1: Analytic continuation in A

-03

004

GM =1 [foo]
a= 0.9 [foo]
£=1.030
£ =5 foo]

Q = 1 [foo]”

-0.02

0.00
GMu

® Solutions are analytic in A

® Given a partial solution on
some interval, full solution
can be recover through
analytic continuation

® Beware branch cut for ¢
(and 7) solution

M, a, & L, Q
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Option 1b: Analytic continuation on the (g, q,)-torus

® Solution not periodic in A

® Geodesics depends on A through
(at,ar, qz,40)

® (gt,qe) dependence from background
symmetry

® Scattering in u > 0 gives solution for
—Qr,00 < qr < Qr,co and 3_”¢Iz

® Full solution by anal. cont. on
(gr, gz)-torus

Fix
M,a, & L, Q

strong.
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Option 2: Exchange of the radial roots

04f
02f
S|=< o0
<=
_02f
—041
GM =1 a=09GM GM =1 a=09GM
p=20GM e=2 z=05 p=20GM e=+200 z =05
~0.05 0.00 0.05 0.10 0.15

GMu

Exchange

Ul <> U2

Equivalent

e < —e

M, a, z1
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Relating the universe to the anti-universe GM — —GM

04
02
S |=x
=S
-02
GM = 1 [foo] GM = +1.00 [foo]
a = 0.9 foo] a =09 [foo]
— s NN s £ = 1082
-04
£ = 4.469 [foo] £ = 4.469 [foo]
Q = 6.624 [foo]* Q = 6.624 [foo]*
-0.15 -0.10 -0.05 0.00 0.05 0.10 015
GMu

Fix
a, &, L, Q
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Option 4: Invert angular momenta (1/£ — —1/L and a — —a)

® Asin prescription
® Needs z1 — —=z; for precessing o
orbits
M, €
SIS o0
-02
GM = 1 [foo] GM =1 [foo]
=09 foo] = +0.900 [foo]
—_— E=1082  ~C e £=1.082
04 £ = 4469 [foo) £ = +4.469 [foo]
Q= 6.624 [foo]* Q = 6.624 [foo]”
-0.05 0.00 0.05 0.10 015
GMu
(ﬁ strong.
niels bohr
@ institute
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Periapsis precession for generic bound orbits

Demystifying the bound to boundary correspondence with Kerr geodesics

The accumulated azimuthal phase per radial period
depends on g at radial turning points. Not
coordinate independent!

Gauge invariant definition

d
b= A(SE)

A
= A, lim L %d
A—oo 2A A dA

Ar T[T de
- =% dgrd
(2#)2/_77/_7Td)\ Gl

A
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B2B relation for misalgined spins

Scattering angle B2B relationship

A ™ U
< d¢ Ar d¢
_ @ = — dg,d
X_/—A Y dX P (%)2/ / I, dar de-
T,00 2T —qr, 0o T
A'r qr,o00 d¢ q . > d¢
=2 4P G- 9% ag,d =~ dgr d
or ), ! (27r / d,\ EENCHEN MU I S
Define: —x(u>0)+xu<0)

AT‘ qr,co ™ dd’
X = — dgr d
X (27r)2/ / ar qr Aqz
—dr,co¥ —T
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Beyond geodesics: The GSF formalism

Gravitational Self Force (GSF) Formalism

Expansion of relativistic two body dynamics around geodesic solutions
dg =, = = = - =

B = YO +efi(B D) + ER(P,D + O()

dP

== 0 +eb1(P,q) + Fy(P,q) + O(e®)

® Geodesic results lift to general dynamics

® Possible obstruction: ﬁ and F‘; may not be analytic everywhere (tails?!)

strong.
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Example: Waveform

Waveform observed at null infinity at t(A) — r«(\):

1 Lo
h()\:eobqu)obs) = B Z -Almnk(P)e Z(nqr+qu+mq¢)—2nm(®obsvq)obs)

mnk

strong.
niels bohr
Z)) institute

)

g the bound to boundary correspondence with Kerr geodesics Maarten van de Meent



Summary

4-ways to relate (anti)-scattering

2 distinct relations: ® Analytic continuation of Mino time

® 1 relating bound and unbound ® Exchange of radial roots (e <> —e)

® 1 relating scattering and anti-scattering ® Inversion of gravitational constant (G — —G)
® Reversal of angular momenta
(1/£ = —-1/L, a — —a and z1 — —21)
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