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• Classical limit for observables in General Relativity

• Heavy-mass Effective Field Theory (HEFT)  
for classical General Relativity  (Brandhuber, Chen, GT,  Wen)

‣ Diagrammatic extraction of the classical limit  

• One-loop gravitational bremsstrahlung   
(Brandhuber, Brown, Chen, De Angelis,  Gowdy, GT)

‣ Unbound binaries/eccentric orbits

‣ KMOC & HEFT

‣ Newman-Penrose scalar 

‣ Scattering waveforms in the frequency/time domain
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• Based (mostly) on 2303.06111  
with Andi, Graham, Gang, Stefano & Joshua 

• Related works: 

‣ Herdershee, Roiban & Teng 2303.06112       

‣ Elkidir, O’Connell, Sergola & Vazquez-Holm 2303.06211

‣ Georgoudis, Heissenberg & Vazquez-Holm  2303.07006



• A key question is how to extract efficiently the 
classical contribution from a loop computation

‣ loop diagrams contain classical contributions

‣  expansion is not the same as the loop expansion (Holstein & Donoghue)

• What does “efficient” mean?

‣ Expand as little as possible and as soon as possible…

‣ …in particular before performing loop integrations

‣ Ideally separate out different orders in  at the diagrammatic level 

ℏ
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Extracting the classical limit



• Classical physics from large-charge limit

‣ Large masses and large angular momenta (in  units) limit 

‣ Equivalent to scaling the momenta of external / internal massless 
particles and momentum transfers by  (Kosower, Maybee, O’Connell)

‣ In addition also scale  

• Example: two-to-two scattering of heavy scalars 

‣ Amplitude (discarding local terms)  

‣ Newton’s potential:  
 
 

ℏ

ℏ
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• Small -expansion equivalent to large-mass expansion

‣ Recall that the Klein-Gordon equation is 

• Heavy-mass Effective Field Theory (Brandhuber, Chen, GT,  Wen)

‣ Black holes exchange momenta that are much smaller than their masses 

‣ similar to Heavy-Quark Effective Theory (Georgi)

‣ Earlier work by Aoude, Damgaard, Haddad, Helset

• How can this become (more) powerful? 

‣ Use the amplitude arsenal for the calculation of HEFT amplitudes!

‣ Double copy, recursion relations, unitarity, plus diagrammatic separation 
of different orders in the mass expansion…
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Classical limit & the HEFT


⇤+

⇣mc

~

⌘2
�
� = 0

<latexit sha1_base64="euk9PEx/g9uUGDChH4JB/jN1X9k="></latexit>



• Generate gravitational HEFT amplitudes efficiently 

‣ BCJ numerators of HEFT amplitudes in YM with two scalars + gluons from  
a kinematic quasi-shuffle Hopf algebra (Brandhuber, Chen, GT, Johansson, Wen)

‣ # terms in a BCJ numerator is Fubinin-1 for n gluons 

‣ Gravitational HEFT amplitudes via the double copy 

• D-dim’l HEFT recursions with 4 scalars + gravitons  
(Brandhuber, Brown, Chen, De Angelis, Gowdy, GT)

‣ Shifts chosen to leave linearised massive propagators unmodified, inputs: 
D-dim HEFT amplitudes with 2 scalars & factorisation on massless propagators

•  counting in HEFT manifest at the diagrammatic level

‣ Pick only classically-relevant terms in the HEFT expansion of amplitudes,  
hyper-classical & quantum contributions dropped from the get go

• Unitarity to compute non-analytic terms in amplitudes 

ℏ

Our strategy
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• Hard and soft particles  

‣ Incoming heavy particle:    

‣ After the interaction with a graviton:       

‣ In QCD, the momentum transfer q is of order 

‣ For classical gravitational physics:   ,  with   fixed as  

‣                

• To see how HEFT amplitudes arise, perform a  
heavy-mass expansion on the amplitudes

‣ For explanation only, in practice we derive them using recursive techniques 
and the double copy without reference to exact amplitudes 

p′ 1 = p1 + q

ΛQCD ≪ m

ℓ1,2 = ℏ ̂k1,2 ̂k1,2 ℏ → 0

 The idea of the HEFT

at tree level; and then to the Weinberg soft factor for the emission of a soft graviton in
a two-to-two scattering – the process which is the main focus of this paper. We then
outline the computational strategy used to compute loop corrections to classical quan-
tities in general relativity, following [2]. A final, related application will be discussed in
Section 9 in connection with the structure of infrared divergences of loop gravitational
amplitudes.

4.1 The gravitational Compton amplitude and its HEFT ex-
pansion

{sec:4.1}

Our first example is the gravitational Compton amplitude, which was derived e.g. in [3].

p1 AGR

4
p2

`1 `2

(4.1) {compton}{compton}

Note: full amplitude hence no H in the blob We introduce the momenta p1=p2+`1+`2,
with q=`1+`2 and p2

1
=p2

2
=m2. The four-point Compton amplitude in the full theory

can be written in a way that makes its double-copy structure manifest:

M4 =
i2

16

 
N2

12

D12

+
N2

21

D21

+
N2

[23]

D

!
, (4.2) {4ptcin}{4ptcin}

where the denominators are

D12 = �2(p1·`1) + i✏ ,

D = q2 + i✏ ,

N12 = 2
h
2(p1·"1)(p1 � `1)·"2 + (p1·`1)("1·"2)

i
,

(4.3)

where (D21, N21) = (D12, N12)2$3 and N[23] = N23 �N32. It is also useful to note that
(D12 +D21)✏=0=� q2 = D✏=0.

Remarkably, one can combine the terms in (4.2) into the compact expression

M4 =
i2

16

(D12N21 +D21N12)2

D12D12D
= i 42

(p1·F1·F2·p1)2

D12D21D
. (4.4) {2.3}{2.3}

– 4 –

p1 p′ 1

ℓ1 ℓ2

q = ℓ1 + ℓ2
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• Start from exact amplitude 

‣ ,  F = field strength

• Expand massive propagators

‣ Introduce barred variables:                                                  with   
 
                     
 
 

• Result: 

‣ Unbarred variables spoil this by adding  terms from 

‣ Set                                            and count mass powers (m and  coincide at large m)

D12 = − 2(p1⋅ℓ1) + iε, D21 = − 2(p1⋅ℓ2) + iε, D = q2 + iε

p̄⋅q = 0

δ′ p⋅q = q2 /2 = ,(ℏ2) ≠ 0

m̄

At one loop, this expansion is given by

M(1)
HEFT = M(1)

m̄3
1m̄

3
2
+M(1)

m̄2
1m̄

3
2
+M(1)

m̄3
1m̄

2
2
. (5.1)

Reinserting powers of !, one immediately sees that the first term corresponds to the

hyper-classical part of the amplitude while the second and third to the classical part.
Remaining quantum corrections are beyond the scope of this paper.

The hyper-classical part is computed from the following HEFT diagram:

M(1)
m̄3

1m̄
3
2
=

p1 p4

p2 p3

!1 !2 = i
(32πGN)2

2!(4π)D/2

∫
dD"1
πD/2

π2 δ(−m̄2v̄2·"1)δ(m̄1v̄1·"1)

×
(∑

h1,h2

Ah1
3 ("1, v̄1)A

h2
3 ("2, v̄1)A

−h1
3 (−"1, v̄2)A

−h2
3 (−"2, v̄2)

"21"
2
2

)

= i
(32πGN)2

2(4π)D/2
π2m̄3

1m̄
3
2

(
ȳ2 − 1

D − 2

)2 ∫ dD"1
πD/2

δ(v̄2·"1)δ(v̄1·"1)
1

"21"
2
2

, (5.2)

where ȳ = v̄1·v̄2.

As discussed earlier in (4.7), the top part of the figure, involving two three-point
vertices, represents the sum of the two possible diagrams

p2 p3

!1 !2

+

p2 p3

!2!1
(5.3)

Each of the three-point vertices here is O(m̄2
2), however similarly to [93] in the sum we

obtain the combination

i

2m̄2v̄2·"1 + iε
+

i

−2m̄2v̄2·"1 + iε
= 2πδ(2m̄2v̄2·"1) . (5.4)

As a consequence, the massive propagator in (5.2) is effectively put on shell (as de-

picted by the continuous red line), and hence this term is of O(m̄3
2). Note that this

corresponds to the first term in (4.10) in the expansion of the full four-point tree am-
plitude. Furthermore, symmetrising the integrand over the two loop legs leads to the

remaining delta function in (5.2). In fact the symmetrisation argument of [93] is not
needed to argue for the second delta function. In order to obtain the cut integrand
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Example:   Compton amplitude 

Expand for small q:

at tree level; and then to the Weinberg soft factor for the emission of a soft graviton in
a two-to-two scattering – the process which is the main focus of this paper. We then
outline the computational strategy used to compute loop corrections to classical quan-
tities in general relativity, following [2]. A final, related application will be discussed in
Section 9 in connection with the structure of infrared divergences of loop gravitational
amplitudes.

4.1 The gravitational Compton amplitude and its HEFT ex-
pansion

{sec:4.1}

Our first example is the gravitational Compton amplitude, which was derived e.g. in [3].

p1 AGR

4
p2

`1 `2

(4.1) {compton}{compton}

Note: full amplitude hence no H in the blob We introduce the momenta p1=p2+`1+`2,
with q=`1+`2 and p2

1
=p2

2
=m2. The four-point Compton amplitude in the full theory

can be written in a way that makes its double-copy structure manifest:

M4 =
i2

16
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D12
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N2

21

D21

+
N2

[23]

D

!
, (4.2) {4ptcin}{4ptcin}

where the denominators are

D12 = �2(p1·`1) + i✏ ,

D = q2 + i✏ ,

N12 = 2
h
2(p1·"1)(p1 � `1)·"2 + (p1·`1)("1·"2)

i
,

(4.3)

where (D21, N21) = (D12, N12)2$3 and N[23] = N23 �N32. It is also useful to note that
(D12 +D21)✏=0=� q2 = D✏=0.

Remarkably, one can combine the terms in (4.2) into the compact expression

M4 =
i2

16

(D12N21 +D21N12)2

D12D12D
= i 42

(p1·F1·F2·p1)2

D12D21D
. (4.4) {2.3}{2.3}
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p1 p′ 1

ℓ1 ℓ2
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= i 42 (p1 ·F1 ·F2 ·p1)2

D12D21D

1
D12

= 1
−2( p̄⋅ℓ1) + iε

+ q2

2(−2p̄⋅ℓ1 + iε)2 + ⋯,

1
D21

= 1
2( p̄⋅ℓ1) + iε

+ q2

2(2p̄⋅ℓ1 + iε)2 + ⋯
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p1 = p̄+
q

2
, p01 = p̄� q

2

1
D12D21D

= − 1
(q2)2 ( 1

D12
+ 1

D21
) = 1

(q2)2 [iπ δ( p̄⋅ℓ1) − q2

(2p̄⋅ℓ1)2 ] + ⋯

<latexit sha1_base64="5nSvYFDez8z20+aC5kJhSwGVuMA="></latexit>

p̄=m̄v, m̄=
⇣
m2� q2

4

⌘ 1
2



‣ three-point: 

‣ — = cut massive propagator from , important also at tree level !      
dots = higher-order terms in the masses 

• HEFT neatly separates different orders in masses and  !

‣ First term:      hyper-classical, scales as  and   

‣ Second term:  HEFT amplitude, classical, scales as  and  

‣ Generalises to higher points, HEFT amplitude is the term without delta functions

iε

ℏ
ℏ−1−1 = ℏ−2 ,(m̄3)

ℏ−1−2+2 = ℏ−1 ,(m̄2)
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AGR
4 ! �i2

h
� (i⇡) m̄3�(v ·`1) (v ·"1)2(v ·"2)2 +

m̄2

`212

⇣v ·F1 ·F2 ·v
v ·`2

⌘2
+ · · ·

i

❲HEFT amplitude
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AGR
3 =

obtainedfromtheproductoftwocopiesoftheexpandedfour-pointamplitude(4.10)
–oneforparticle1(lowerline),theotherforparticle2(upperline).

Thefirstdiagramistwomassiveparticlereducibleandgivesahyper-classicalcon-
tribution(O(!

−1
)comparedtotheclassicalterms).Thelastdiagramgivesriseto

quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
twodiagramsarerelevantforclassicalscattering,andwillbecomputedinSection5.

Attwoloops,theintegrandisexpandedintermsofahyper-classical,classicaland
quantumpart.Thehyper-classicalgraphsare

m̄
4
1m̄

4
2m̄

3
1m̄

4
2m̄

4
1m̄

3
2

p1p4

p2p3

p1Hp4

p2p3

p1

p2Hp3

p4

(4.13)

AswewilldiscussinSection4.5,thesediagramsfactoriseinimpactparameterspace,

andhenceexponentiate.Thereforetheydonotneedtobecomputedandwecandrop
themdirectlyatthediagrammaticlevel.

Theclassicalpiecesareobtainedfromthe2MPIdiagrams:

m̄
2
1m̄

4
2m̄

4
1m̄

2
2

p1Hp4

p2p3

p1

p2Hp3

p4

(4.14)

and

m̄
3
1m̄

3
2

p1Hp4

p2Hp3

p1Hp4

p2Hp3

p1p4

p2p3

GR

(4.15)

–13–
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= �i m̄2("1 ·v)2

Its expansion in terms of 1/m̄2 is

A(GR)

4
! �(i⇡) m̄3

2
�(v̄2·`1)(v̄2·"1)

2(v̄2·"2)
2 +

m̄2

2

`2
12

⇣ v̄2·F1·F2·v̄2
v̄2·`2

⌘2

+ · · · (4.10)

where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2
), while the HEFT amplitude is of O(m̄2

2
), and the dots represent terms of

O(1) in the mass.

Similarly, the expansion of the five-point amplitude in the heavy-mass limit is

A(GR)

5
! (�i⇡)2 m̄4

2
�(v̄2·`1)�(v̄2·`2)(v̄2·"1)

2(v̄2·"2)
2(v̄2·"3)

2

�
i⇡ m̄3

2

`2
12

�(v̄2·`12)
⇣ v̄2·F1·F2·v̄2

v̄2·`2

⌘2

(v̄2·"3)
2
�

i⇡ m̄3

2

`2
23

�(v̄2·`23)
⇣ v̄2·F2·F3·v̄2

v̄2·`3

⌘2

(v̄2·"1)
2

�
i⇡ m̄3

2

`2
13

�(v̄2·`13)
⇣ v̄2·F1·F3·v̄2

v̄2·`3

⌘2

(v̄2·"2)
2 + A5(234, v̄2) + · · · ,

(4.11)

where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as

m̄3

1
m̄3

2
m̄2

1
m̄3

2
m̄3

1
m̄2

2
m̄2

1
m̄2

2

p1 p4

p2 p3

p1 H p4

p2 p3

p1

p2 H p3
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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Its expansion in terms of 1/m̄2 is

A(GR)
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2(v̄2·"2)
2 +

m̄2
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`2
12

⇣ v̄2·F1·F2·v̄2
v̄2·`2

⌘2

+ · · · (4.10)

where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2
), while the HEFT amplitude is of O(m̄2

2
), and the dots represent terms of

O(1) in the mass.

Similarly, the expansion of the five-point amplitude in the heavy-mass limit is

A(GR)

5
! (�i⇡)2 m̄4

2
�(v̄2·`1)�(v̄2·`2)(v̄2·"1)

2(v̄2·"2)
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2

�
i⇡ m̄3
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`2
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�(v̄2·`12)
⇣ v̄2·F1·F2·v̄2

v̄2·`2
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2
�
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23

�(v̄2·`23)
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v̄2·`3

⌘2
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2

�
i⇡ m̄3

2

`2
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�(v̄2·`13)
⇣ v̄2·F1·F3·v̄2

v̄2·`3

⌘2
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2 + A5(234, v̄2) + · · · ,

(4.11)
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`2

at tree level; and then to the Weinberg soft factor for the emission of a soft graviton in
a two-to-two scattering – the process which is the main focus of this paper. We then
outline the computational strategy used to compute loop corrections to classical quan-
tities in general relativity, following [2]. A final, related application will be discussed in
Section 9 in connection with the structure of infrared divergences of loop gravitational
amplitudes.

4.1 The gravitational Compton amplitude and its HEFT ex-
pansion

{sec:4.1}

Our first example is the gravitational Compton amplitude, which was derived e.g. in [3].

p1 AGR

4
p2

`1 `2

(4.1) {compton}{compton}

Note: full amplitude hence no H in the blob We introduce the momenta p1=p2+`1+`2,
with q=`1+`2 and p2

1
=p2

2
=m2. The four-point Compton amplitude in the full theory

can be written in a way that makes its double-copy structure manifest:

M4 =
i2

16

 
N2

12

D12

+
N2

21

D21

+
N2

[23]

D

!
, (4.2) {4ptcin}{4ptcin}

where the denominators are

D12 = �2(p1·`1) + i✏ ,

D = q2 + i✏ ,

N12 = 2
h
2(p1·"1)(p1 � `1)·"2 + (p1·`1)("1·"2)

i
,

(4.3)

where (D21, N21) = (D12, N12)2$3 and N[23] = N23 �N32. It is also useful to note that
(D12 +D21)✏=0=� q2 = D✏=0.

Remarkably, one can combine the terms in (4.2) into the compact expression

M4 =
i2

16

(D12N21 +D21N12)2

D12D12D
= i 42

(p1·F1·F2·p1)2

D12D21D
. (4.4) {2.3}{2.3}
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• Two-to-two scattering of spinless heavy objects:  
 
 
 
 
 

‣ Four diagrams, different dependence on the masses and hence 

‣ What happens to the hyper-classical term?  

• Go to impact parameter space: 

‣ relevant to compute the scattering angle  

ℏ

Example: one-loop scattering angle 

hyper-classical classical quantum

 m3
1m3

2

At one loop, the amplitude integrand is expanded as

m3

1
m3

2
m2

1
m3

2
m3

1
m2

2
m2

1
m2

2

p1 p4

p2 p3

p1 H p4

p2 p3

p1

p2 H p3

p4 p1 H p4

p2 H p3

Hyper Classical Classical Classical Quantum

Each sub-graph is inserted by the leading terms in the HEFT amplitude.

Then for the two loop amplitude, the integrand is expanded as hyper-classical,
classical and quantum part. The hyper-classical graphs are

(m4

1
m4

2
) (m3

1
m4

2
) (m4

1
m3

2
)

p1 p4

p2 p3

p1 H p4

p2 p3

p1

p2 H p3

p4

(3.7)

The classical pieces are

(m2

1
m4

2
)

p1 H p4

p2 p3

(m4

1
m2

2
)

p1

p2 H p3

p4

(3.8)

and

(m3

1
m3

2
)

p1 H p4

p2 H p3

p1 H p4

p2 H p3

p1 p4

p2 p3

GR

(3.9)
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 m2
1 m3

2  m3
1m2

2  m2
1 m2

2

   - - - -  = unitarity cut 
                in -channel 
 
        — = HEFT cut

q2

 (Brandhuber, Chen, GT,  Wen)



• In impact parameter space,  convolution ⟹ product: 
 
 
 

‣ Hyper-classical diagrams are two-massive-particle reducible 

• Reconstruct exponentiation of tree-level phase ….

‣

‣ manifest in HEFT, no need to check it. Simply drop hyper-classical diagrams! 

• HEFT allows to compute the exponent diagrammatically

‣ Compute only two-massive-particle irreducible diagrams

‣ One- and two-loop scattering angle checked (Brandhuber, Chen, GT,  Wen ’21)

δ(0)
HEFT

ei(δ(0)
HEFT+δ(1)

HEFT+⋯) = 1 + i δ(0)
HEFT + (δ(1)

HEFT − 1
2 (δ(0)

HEFT)2) + ⋯

obtained from the product of two copies of the expanded four-point amplitude (4.10)
– one for particle 1 (lower line), the other for particle 2 (upper line).

The first diagram is two massive particle reducible and gives a hyper-classical con-
tribution (O(!−1) compared to the classical terms). The last diagram gives rise to

quantum corrections, which we will not compute in this paper. Only the remaining
two diagrams are relevant for classical scattering, and will be computed in Section 5.

At two loops, the integrand is expanded in terms of a hyper-classical, classical and
quantum part. The hyper-classical graphs are

m̄4
1m̄

4
2 m̄3

1m̄
4
2 m̄4

1m̄
3
2

p1 p4

p2 p3

p1 H p4

p2 p3

p1

p2 H p3

p4

(4.13)

As we will discuss in Section 4.5, these diagrams factorise in impact parameter space,

and hence exponentiate. Therefore they do not need to be computed and we can drop
them directly at the diagrammatic level.

The classical pieces are obtained from the 2MPI diagrams:

m̄2
1m̄

4
2 m̄4

1m̄
2
2

p1 H p4

p2 p3

p1

p2 H p3

p4

(4.14)

and

m̄3
1m̄

3
2

p1 H p4

p2 H p3

p1 H p4

p2 H p3

p1 p4

p2 p3

GR

(4.15)
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Its expansion in terms of 1/m̄2 is

A(GR)
4 → −(iπ) m̄3

2 δ(v̄2·#1)(v̄2·ε1)2(v̄2·ε2)2 +
m̄2

2

#212

( v̄2·F1·F2·v̄2
v̄2·#2

)2
+ · · · (4.10)

where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2), while the HEFT amplitude is of O(m̄2
2), and the dots represent terms of

O(1) in the mass.

Similarly, the expansion of the five-point amplitude in the heavy-mass limit is

A(GR)
5 → (−iπ)2 m̄4

2δ(v̄2·#1)δ(v̄2·#2)(v̄2·ε1)2(v̄2·ε2)2(v̄2·ε3)2

− iπ m̄3
2

#212
δ(v̄2·#12)

( v̄2·F1·F2·v̄2
v̄2·#2

)2
(v̄2·ε3)2 −

iπ m̄3
2

#223
δ(v̄2·#23)

( v̄2·F2·F3·v̄2
v̄2·#3

)2
(v̄2·ε1)2

− iπ m̄3
2

#213
δ(v̄2·#13)

( v̄2·F1·F3·v̄2
v̄2·#3

)2
(v̄2·ε2)2 + A5(234, v̄2) + · · · ,

(4.11)

where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as

m̄3
1m̄

3
2 m̄2

1m̄
3
2 m̄3

1m̄
2
2 m̄2

1m̄
2
2

p1 p4

p2 p3

p1 H p4

p2 p3

p1

p2 H p3

p4 p1 H p4

p2 H p3

(4.12)

Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts δ(l2i ), while the continuous vertical red lines represent

the delta functions δ(2p̄i·
∑

lj) of the massive lines – these are not unitarity cuts but
arise from linear propagators as in (4.7). More concretely the four cut diagrams are

– 12 –

<latexit sha1_base64="gjH4IZMs/juoo9OmLKq1DCM6i1I=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbBU8mWUttb0YvHCrYW2qVk07QNTbJLkhXK0r/gxYMiXv1D3vw3ZtsKKvpg4PHeDDPzwlhwYzH+8HJr6xubW/ntws7u3v5B8fCoY6JEU9amkYh0NySGCa5Y23IrWDfWjMhQsLtwepX5d/dMGx6pWzuLWSDJWPERp8RmUp8JMSiWcBk71GooI34d+440GvVKpYH8hYVxCVZoDYrv/WFEE8mUpYIY0/NxbIOUaMupYPNCPzEsJnRKxqznqCKSmSBd3DpHZ04ZolGkXSmLFur3iZRIY2YydJ2S2In57WXiX14vsaN6kHIVJ5Ypulw0SgSyEcoeR0OuGbVi5gihmrtbEZ0QTah18RRcCF+fov9Jp1L2a+XqTbXUvFzFkYcTOIVz8OECmnANLWgDhQk8wBM8e9J79F6812VrzlvNHMMPeG+fZ5mOgQ==</latexit>

`
<latexit sha1_base64="jHp48M150zH/AKsJlm7g77q/gPs="></latexit>

⇠
Z

dD`

(2⇡)D�2
�(2p̄1 ·`)�(2p̄2 ·`) eiq·b ML(`)MR(q � `)

IPS��! fML(b)fMR(b)

hyper-classical

b=impact parameter
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tribution (O(!−1) compared to the classical terms). The last diagram gives rise to

quantum corrections, which we will not compute in this paper. Only the remaining
two diagrams are relevant for classical scattering, and will be computed in Section 5.
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and hence exponentiate. Therefore they do not need to be computed and we can drop
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• Scattering of two spinless black holes

‣ Newman-Penrose scalar 

‣ Spectral and far-field time-domain gravitational waveforms

‣ Main computation is the five-point HEFT amplitude at one loop  

• Combine the HEFT expansion with the KMOC approach 

• Kinematics:  

‣                                    relative velocity

‣                        momentum transfers 

‣                            
 

ψ4

q2
1,2 ≤ 0

≥ 0

Gravitational Bremsstrahlung
(Brandhuber, Brown, Chen, De Angelis, Gowdy, GT)

2 Kinematics of the five-point scattering process

We are interested in computing the scattering amplitudes of two heavy scalars of masses

m1 and m2, accompanied by the emission of a graviton of momentum k:

p1 = p̄1 +
q1
2

p2 = p̄2 +
q2
2

p′2 = p̄2 −
q2
2

p′1 = p̄1 −
q1
2

k = q1 + q2 (2.1)

Here we have introduced the convenient “barred” variables [19, 167], defined as

p1 = p̄1 +
q1
2
, p′1 = p̄1 −

q1
2
,

p2 = p̄2 +
q2
2
, p′2 = p̄2 −

q2
2
.

(2.2)

The advantage of this parameterisation is that, using the on-shell conditions, one can

show that

p̄1·q1 = p̄2·q2 = 0 , (2.3)

i.e. the momentum transfers q1,2 are exactly orthogonal to the barred momenta p̄1,2 of
the heavy scalars. It is also useful to introduce barred masses,

m̄2
i := p̄2i = m2

i −
q2i
4
, (2.4)

where i runs from one to the number of heavy particles (two in this case), and p̄i:=m̄iv̄i.
As we shall see in Section 3, the HEFT perturbative expansion is organised in powers

of the m̄i. We also mention that it will sometimes be useful to write the qi in terms of
the radiated momentum k and a single, average momentum transfer q as

q1 = q +
k

2
, q2 = −q +

k

2
, with q :=

q1 − q2
2

. (2.5)
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p1

p2 p′ 2

p′ 1
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w1,2 := v1,2 ·k m1

m2



• KMOC approach allows to relate scattering data  
to observables in classical gravity (Kosower, Maybee, O’Connell)

‣ For some operator O, compute       

‣ We will be interested in  or 

‣   where

‣
‣ BH Initial state:  

 
 

‣  impact parameters

‣ Wavepackets sharply localised:  

⟨Oout⟩ψ := out⟨ψ |O |ψ⟩out

Rμνρσ(x) hμν(x)

|ψ⟩out = S |ψ⟩in

⟨Oout⟩ψ := in⟨ψ | (3 − i T†)O(3 + i T ) |ψ⟩in

b1, b2 =

From amplitudes to classical observables 

<latexit sha1_base64="lMWsroRagM/CJ6uzA/59z8Uw0t8="></latexit>

�Compton
1,2 ⌧ `�1,2 ⌧

p
�b2
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| iin :=

Z
d�(p1)d�(p2)e

i(p1·b1+p2·b2)�(p1)�(p2)|p1p2iin
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d�(pi) :=
dDpi

(2⇡)D�1
�(+)(p2i �m2

i ) , |pi := a†(~p)|0i
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• For the linearised Riemann curvature 
 
 
 
 

‣ From now on omit the spectator red part

‣ A certain subtracted five-point amplitude  
has appeared…

‣ …transformed to impact parameter space 
 momentum transfers,  q1,2 = q1+q2 =k

<latexit sha1_base64="/3LNPbb//XVvSsGxsCub/8Ie9Ro="></latexit>

hRout
µ⌫⇢�(x)i =Re

nZ 2Y

j=1

d�(pj) |�(p1)|2|�(p2)|2
X

h

Z
d�(k)e�ik·x k[µ"

(h)⇤
⌫] (~k)k[⇢"

(h)⇤
�] (~k)

Z 2Y

j=1

dDqj
(2⇡)D�1

�(2p̄1 ·q1)�(2p̄2 ·q2)ei(q1·b1+q2·b2)
h
hp01p02kh|i T |p1p2i+ hp01p02|T †ah(~k)T |p1p2i

io

2 Kinematics of the five-point scattering process

We are interested in computing the scattering amplitudes of two heavy scalars of masses

m1 and m2, accompanied by the emission of a graviton of momentum k:

p1 = p̄1 +
q1
2

p2 = p̄2 +
q2
2

p′2 = p̄2 −
q2
2

p′1 = p̄1 −
q1
2

k = q1 + q2 (2.1)

Here we have introduced the convenient “barred” variables [19, 167], defined as

p1 = p̄1 +
q1
2
, p′1 = p̄1 −

q1
2
,

p2 = p̄2 +
q2
2
, p′2 = p̄2 −

q2
2
.

(2.2)

The advantage of this parameterisation is that, using the on-shell conditions, one can

show that

p̄1·q1 = p̄2·q2 = 0 , (2.3)

i.e. the momentum transfers q1,2 are exactly orthogonal to the barred momenta p̄1,2 of
the heavy scalars. It is also useful to introduce barred masses,

m̄2
i := p̄2i = m2

i −
q2i
4
, (2.4)

where i runs from one to the number of heavy particles (two in this case), and p̄i:=m̄iv̄i.
As we shall see in Section 3, the HEFT perturbative expansion is organised in powers

of the m̄i. We also mention that it will sometimes be useful to write the qi in terms of
the radiated momentum k and a single, average momentum transfer q as

q1 = q +
k

2
, q2 = −q +

k

2
, with q :=

q1 − q2
2

. (2.5)

– 8 –

p1

p2 p′ 2

p′ 1



• Subtracted amplitude: 
 

• 1st term is the complete (one-loop) amplitude

‣ contains everything from hyper-classical to quantum 

• 2nd term on RHS at one loop:

‣  scalars

‣ 2-massive particle reducible

‣  and thus hyper-classical

‣ Factorises in IPS

r1, r2

,(m̄3
1m̄3

2)

From KMOC to HEFT

<latexit sha1_base64="E46FnlHQi95uJmITf+RB1u4RYFs="></latexit>

hp01p02kh|i T |p1p2i+ hp01p02|T †ah(~k)T |p1p2i = hp01p02kh|i T |p1p2i +
X

n

hp01p02|T †|nihn, kh|T |p1p2i

<latexit sha1_base64="3CyDpviuZbkUDhkAB3sAcYr/Ee8="></latexit> X

r1,r2

hp01p02|T †|r1, r2i(0)hr1, r2, kh|T |p1p2i(0)

at one loop in the PM expansion. The first term is the complete amplitude, where we
note that in our conventions

〈p′1p′2kh|i T |p1p2〉 := (2π)Dδ(D)(q1 + q2 − k)M5(q1, q2; h) , (8.14)

where we have also indicated the dependence on the polarisation h of the graviton.

Next we insert a sum over intermediate states in the second term in (8.13),

〈p′1p′2|T †ah(#k)T |p1p2〉 =
∑

n

〈p′1p′2|T †|n〉〈n|ah(#k)T |p1p2〉 =
∑

n

〈p′1p′2|T †|n〉〈n, kh|T |p1p2〉 .

(8.15)

The first intermediate state contributing at one loop is |n〉 = |r1r2〉 with r1, r2 being

two scalars,

∑

r1,r2

〈p′1p′2|T †|r1r2〉(0)〈r1r2kh|T |p1p2〉(0) , (8.16)

where the superscripts in (8.16) denote the loop order. This contribution is (after an
expansion in m̄i) nothing but a two massive particle reducible diagram, shown below

in (8.17):

p1

p2

H

p2′

H

p1′

k

(8.17)

This contribution is of O(m̄3
1m̄

3
2) and is thus hyper-classical compared to the classical

one-loop amplitude computed in Section 5. Therefore subtracting the expression in
(8.15) from (8.13) has the effect to peel the hyper-classical contribution off the complete

one-loop five-point matrix element. In our HEFT approach, the subtraction of such
terms is achieved by simply dropping all two massive particle reducible diagrams, very

similarly to what was done in [130] in the elastic case; in other words, the HEFT
directly computes the classical part of (8.13). This is clearly one of the strengths of
the HEFT.

One could also consider the case where |n〉 = |r1r2k̃h̃〉, with an additional inter-
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p1

p2 p′ 2

p′ 1

k



• Subtracted amplitude is the one-loop HEFT amplitude! 
 
 

• Result:  

•  spectral waveform  
 

‣ Waveform from five-point HEFT amplitude in Impact Parameter Space (IPS)

‣ IPS measure   

‣ Under a shift , we have   hence we can set 

W̃ =

b1,2 → b1,2 + a W̃ → eik⋅aW̃ b2 → 0

<latexit sha1_base64="rw0/b36UyzkbLKsun0gSmesNFV0="></latexit>
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fW (~b, kh) := �i

Z
dµ(D) ei(q1·b1+q2·b2) M5,HEFT(q1, q2;h) q1 + q2 = k
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X
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• Tree-level from recursion: (Brandhuber, Brown, Chen, De Angelis, Gowdy, GT) 
 
 
 

‣ Conditions on shifts:   1.      
                                 2.                                            

‣ 1.  for linear poles in z,    2.  for shifts to appear only in polarisation vectors  

‣ Need HEFT amplitudes with 2 scalars and many gravitons in arbitrary 
dimension (known from double copy and kinematic algebra construction) 

‣ Result:  
 

‣ agrees with Luna, Nicholson, O’Connell & White

r2 = 0

  Five-point HEFT amplitude

There is a single on-shell diagram in the q2-channel and the ingredients are the
three-point amplitudes

M
(i)
3

= �i(p̄i · "q̂)
2 , i = 1, 2 , (5.4) {3ptampG}{3ptampG}

and this diagram can be evaluated instantly as

M
(1,2)
4

=
X

h

(�i)(p̄1 · "q̂)
2
i

q2
(�i)(p̄2 · "�q̂)

2

=
�i2m̄2

1
m̄2

2

q2

X

h

(v̄1 · "q̂)
2(v̄2 · "�q̂)

2

= �i2
m̄2

1
m̄2

2
(ȳ2 � 1

D�2
)

q2
,

(5.5)

where in the last step the sum over internal graviton polarisations was performed using6

X

h

"µa
�q"̄

⌫a
�q"̄

µb
q "⌫bq =

1

2

h
⌘µaµb⌘⌫a⌫b + ⌘µa⌫b⌘⌫aµb �

2

(D � 2)
⌘µa⌫a⌘µb⌫b

i
, (5.6)

from which it follows that
X

ha

("̄�q·v)
2f("q) = f |v �

1

D � 2
f |⌘ , (5.7) {eq:spinSum}{eq:spinSum}

where by f |v, f |⌘ we denote replacing "µq "
⌫
q inside f by vµv⌫ and ⌘µ⌫ , respectively.

5.4 Five-point amplitude: process with one radiated graviton
{sec:5ps}

D1 =

p1

p2 H p20

p10

kq̂1
, D2 =

p1

p2 p20

H p10

kq̂2 . (5.8) {5point-bcfw}{5point-bcfw}

In Figure (5.8) we have drawn the two recursive diagrams that contribute in this
case. The on-shell conditions give q̂2

1
= q2

1
+ 2z1q1·r = 0 and q̂2

2
= q2

2
� 2z2q2·r = 0

6For an interesting discussion of completeness relations see [16].
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q̂2 = q2 � zr
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M(k, p̄1, p̄2) = i
N1

q21
+ i

N2

q22
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N1,2 = ± 3m̄2
1m̄

2
2

(2k ·q)(v̄2,1 ·k)2

⇢h
ȳ(v̄2,1 ·Fk ·q) + (v̄2,1 ·k)(v̄1 ·Fk ·v̄2)

i2
� 1

D � 2
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• One-loop cut diagrams, to be merged:  
 
 
 

‣ Plus diagrams where graviton is emitted from an incoming leg, plus 1-2 flip

‣ Diagrams shown are of  (cfr. hyper-classical,  )

‣ Linearised massive propagators with PV prescription (from HEFT expansion)

‣ Infrared-divergent results, compare then with Weinberg’s 1965 formula

,(m3
1m2

2) ,(m3
1m3

2)

  One-loop five-point HEFT amplitude

   - - - -  = unitarity cuts 
 
        — = HEFT cut

sources outlined in Section 5. In any case they are manifestly gauge invariant and are
constructed using the linearised field strength tensor of the external leg Fk.

For binary black-hole scattering and computation of the waveform, we are con-
cerned with long-range e�ects. The identification of such e�ects can be done by Fourier
transforming the momentum variations qi to impact parameter space bi and identify-
ing non-local terms with no delta function support. For the amplitude in momentum
space, this corresponds to finding the non-analytic part in the products q2

1
or q2

2
since

the other variables y, w1, w2 are independent of qi. After computing the one-loop five-
point amplitude in terms of a basis of master integrals and their coe�cients we will
be able to identify those parts which are non-analytic in the products q2

1
or q2

2
, thus

contributing to long-range e�ects. these contributions are ...

The diagrams contributing at order m̄3

1
m̄2

2
and which contribute to the classical

amplitude/exponent are

C1 =

p1

p2 H p20

H p10

k
`1

`2
, C2 =

p1

p2 H p20

p10

k
`1 `3 , (6.1) {eq: 1loopDiagrams}{eq: 1loopDiagrams}

and the following cuts (forward limits but also double cuts counting the HEFT cuts)
which subsume the above cuts Point out here which of these diagrams contribute to
long range e�ects, possibly just the ones above?

C3 =

p1

p2

H

p20

H p10

k`2
, C4 =

p1

p2

H

p20

H p10

k

`3
. (6.2) {eq: 1loopSnails}{eq: 1loopSnails}

There are also the diagrams in the HEFT expansion where the graviton is emitted from
an incoming leg, for example the following swapped version of diagram C1 and similarly

– 21 –

We also mention in passing that the O(m̄3
1m̄

3
2) hyper-classical diagrams, corre-

sponding to two massive particle reducible HEFT diagrams, factorise when Fourier

transformed to impact parameter space. This was seen in the conservative case in [23],
and also happens in the presence of radiation, as we show in Appendix C.

The HEFT tree amplitudes that enter the unitarity cuts have either two or four
massive scalars plus several gravitons, and have been described in Section 3.4 and

Section 4, respectively. They are all manifestly gauge invariant since the dependence
on the graviton polarisations occurs only through the corresponding linearised field
strength tensors. The three-point HEFT amplitude (3.5) is an exception which depends

directly on the polarisation tensor, but it is nevertheless gauge invariant.

The cut diagrams contributing to the classical amplitude at O(m̄3
1m̄

2
2) are

C1 =

p1

p2 H p2′

H H p1′

k
!1 !2

, C2 =

p1

p2 H p2′

H H p1′

k
!1 !3

, (5.1)

and the following cuts which subsume the above cuts

C3 =

p1

p2

H

p2′

H p1′

k!2
, C4 =

p1

p2

H

p2′

H p1′

k

!3
. (5.2)

There are also HEFT diagrams where the graviton is emitted from an incoming leg, for

example the following swapped version of diagram C1 (and similarly diagram C3)

p1

p2 H p2′

H H p1′

k . (5.3)
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• Weinberg’s formula (schematically):                                             

‣ Exponent contains a real and imaginary part                                          

‣ Phase usually discarded for cross sections, but relevant for us!  

• HEFT-expand Weinberg’s formula:   
 
 
 

‣ Real part of exponent vanishes at this order 

‣ Our result perfectly agrees with HEFT-expanded Weinberg’s formula

Hyperclassical Classical

<latexit sha1_base64="UVuwO72/rUYfS2butNQEcvbXdPY="></latexit>
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ȳ2�1
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M (0)
5
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• Infrared divergences are a useful sanity check… 
…but what do we do with them?  

‣ KMOC contains amplitudes, not |A|2 

• IR divergences removed by re-defining observer’s time: 

‣                                   with   

‣ Recall  

‣ Shift is irrelevant since we measure time intervals (Porto, Ross & Rothstein 2012) 

• Henceforth use  

‣ Set D=4, and take finite part of the amplitude 

kμ = ω nμt → t − G(p1 + p2) ⋅ n
ϵ

<latexit sha1_base64="Xs2o2IdLwaAioO5yV3qvRxZINzI="></latexit>

W (1)(b, kh) := �i

Z
dµ(4) eiq1·b M(1)

5,HEFT,fin(q1, q2;h)
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• Asymptotic waveforms at large observer distance  

‣ At large distances  and , with fixed retarded time  
,  integration over angular directions of emitted graviton localises 

 
 
 

‣ angular direction of the graviton localises along observer’s direction 

• Newman-Penrose null tetrad formalism (Newman & Penrose 1969)

‣ project on a basis of null complex vectors  

‣  reference vector,  with  

‣  are frequency-independent

r = | ⃗x | → ∞ |x0 | → ∞
u := t−r

x̂

Lμ =nμ, Nμ =ζμ, Mμ =ε(+)
μ , M*μ =ε(−)

μ

k = ωn, ζ= ζ⋅ε(±) =0, ζ⋅n =1

(Lμ, Nμ, Mμ, M*μ )
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X
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Z +1
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h
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i
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Far-field limit of waveforms



• Newman-Penrose scalar  

‣ Of the NP scalars,  has the slowest decay at large  , 
 
 

• NP scalar in terms of waveforms in the far-field domain:   
 

‣ Far from the sources, it is related to the second (retarded-)time derivative  
of the two polarisation of the gravitational wave 
 

‣   (plus and cross polarisations)

Ψ4(x) = NμMν *NρMσ *⟨Wout
μνρσ(x)⟩

Ψ4(x) | ⃗x |

ε++,−− ∼ ε+ ± iε×

<latexit sha1_base64="JADf5z3UwGz1yXuAinyTV4CHOXw="></latexit>
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• Earlier computations: 

‣ Time domain, asymptotic metric computed by Kovacs and Thorne (1978)

‣ Analytic computation with worldline formalism by Jakobsen, Mogull, Plefka and 
Steinhoff  ’21(see also Mougiakakos, Riva  &  Vernizzi for a semi-analytic result)  
 

• Time-domain:                         Frequency domain:  
 
 
 
 
 
 

Tree-level waveforms

�5�4�3�2�1 0 1 2 3 4 5

�5

0

5
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u/
p
�b2

 0

4

Re
Im

Figure 2: Newman-Penrose scalar  0

4
in the time domain at tree level as a function

of the rescaled retarded time u/
p
�b2.

Penrose scalar in the time domain given in (8.34) (up to a factor of 4
(m1+m2)

2�(1��)
(4⇡)4(�b2)3/2

),
as a function of u/

p
�b2, where u is as usual the retarded time.

At tree level the waveforms depend on the mass ratio � only through the prefactor
�(1� �) in (8.47). Thus, they are maximised when both masses are equal, for a given
total mass. As such we have only plotted the equal-mass case in Figures 1 and 2.

Finally, we mention that tree-level waveforms for non-spinning objects were derived
in [79, 144] in the time domain, see also [22] for a derivation in the frequency domain
and [80] for a one-parameter integral representation of the time-domain waveform.

8.6.2 One loop

In the present section we evaluate numerically the following quantity,

cW (1)(b, kh) := �i

Z
dµ(4) eiq1·b

h
M

(1)

m̄3
1m̄

2
2
+M

(1)

m̄2
1m̄

3
2

� iG

✓
m̄1w1 log

w2

1

µ2

IR

+ m̄2w2 log
w2

2

µ2

IR

◆
M

(0)

m̄2
1m̄

2
2

i

fin

,
(8.49)

where the subscript “fin” means that we are dropping all infrared divergences in the
corresponding amplitudes, as discussed near (8.27). This corresponds to isolating the
new contributions of the one-loop amplitude from the lower order in the PM expansion
and the tails [146, 150]:

ei✓tail(µIR,!)
M

(0)

m̄2
1m̄

2
2
, (8.50)
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Figure 1: Spectral version of the Newman-Penrose scalar at tree level. The two plots
show different circular polarisations of the graviton.

8.6.1 Tree level

At tree level the waveform is given by

W (0)

± = �i

Z
dµ(4) eiq1·b M(0)

m̄2
1m̄

2
2
:= m1m2W

(0)

±,m1m2

= (m1 +m2)
2�(1� �)W (0)

±,m1m2
,

(8.47)

where M
(0)

m̄2
1m̄

2
2

is the classical tree-level five-point amplitude, obtained by taking the
m̄2

1
m̄2

2
term in the HEFT expansion which was computed in Section 4.5. W± is short-

hand for W (b, h±), and the subscript m1m2 indicates the mass dependence of the
corresponding term. We have also introduced

� :=
m2

m1 +m2

, (8.48)

which parameterises the relative mass ratio of the two massive objects. The hyper-
classical terms at tree-level in (4.3) are subtracted in the calculation of the waveform,
as explained in Section 8.2. This has also been noted in [194]. As mentioned previously,
this allows us to work with mi and vi instead of their barred versions, since any feed-
down terms we generate will be quantum.

In Figure 1 we plot the quantities !2W (0)

± (!, n̂) at ✓ !
⇡
4
, � !

⇡
2
, y ! 2, where

we stripped off an overall dimensionful factor of 3
(m1+m2)

2�(1��)
(4⇡)2(�b2) ; these appear in the

integrand of the Newman-Penrose scalar (8.34). In Figure 2 we then plot the Newman-

– 58 –



• One-loop frequency-domain (or spectral) waveform: 
 

‣                              proportional to 

‣ Exponentiation of the “tails” (Blanchet & Schaefer ’93; Porto, Ross, Rothstein 2012)  
 
 
 
 
with  

‣ Natural from the QFT viewpoint

‣ IR pole always accompanied by a log 
 
 
 
 

ω

One-loop waveforms
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• Frequency domain: 

‣ Introduce mass ratio                          ,  and plot for various values of ! 
 
 
 
 
 
   
 
 
 
 

• Time domain (for ): m1 =m2

with21

✓tail(µIR,!) = G
⇣
m̄1w1 log

w2

1

µ2

IR

+ m̄2w2 log
w2

2

µ2

IR

⌘
. (8.51)

We now present the result of the waveform22

cW (1)

±
:= m2

1
m2

cW (1)

±,m2
1m2

+m1m
2

2
cW (1)

±,m1m2
2

= (m1 +m2)
3 �(1� �)

h
(1� �)cW (1)

±,m2
1m2

+ �cW (1)

±,m1m2
2

i
.

(8.52)

As before, W± is shorthand for W (b, h±) and the subscripts m2

1
m2, m1m2

2
indicate the

mass dependence of the corresponding terms. In the plots displayed below we will show
results for several values of �.

We begin by plotting the quantity !2W± which is the spectral version of the
Newman-Penrose scalar (8.34), for various choices of �. For the positive-helicity wave-
form at ✓ !

⇡
4
, � !

⇡
2
, and y ! 2 this is shown in Figure 3, where we stripped off a

dimensionful factor of 5
(m1+m2)

3

(4⇡)4(�b2)3/2
.
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Figure 3: Spectral version of the Newman-Penrose scalar at one loop for positive-
helicity graviton, and for mass ratios � = 0.1, 0.5, 0.9.

The corresponding negative-helicity waveform is shown in Figure 4. In the fre-
quency domain, the most interesting part of the spectrum is contained in the region
!
p
�b2 2 [0, 20]. Beyond that, the amplitude is very small and tends to zero as ! ! 1.

At one loop, the dependence on the mass ratio � follows the same pattern as at tree

21
From the field theory viewpoint such exponentiation is natural. Indeed, we know from [163] that

the infrared divergences exponentiate as per (7.3) and we expect them to be accompanied by an

infrared-running logarithm, i.e. schematically
1
✏ !

1
✏ � log

⇣
�

!2

µ2
IR

⌘
.

22
Recall that dµ

(4)
is proportional to (m1m2)�1

.
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Figure 4: Spectral version of the Newman-Penrose scalar at one loop for negative-
helicity graviton, and for mass ratios � = 0.1, 0.5, 0.9.

level, in that the equal-mass case has the largest waveform due to the prefactor �(1��)

in (8.52). However, due to the two terms in (8.52) the �-dependence of the waveform
is not as simple, as Figures 3 and 4 show. This is a new feature at one loop.
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Figure 5: The one loop contribution to the Newman-Penrose scalar  0

4
in the time

domain for equal masses as a function of the rescaled retarded time u/
p
�b2.

The time-domain waveform is obtained using (8.34) by performing a numerical
Fourier transform. For example, in the equal-mass case, corresponding to � = 0.5, the
result is shown in Figure 5 (up to an overall factor of 6

(m1+m2)
3

(4⇡)6(�b2)2 ). The small oscillations
are due to the use of a finite frequency domain in the numerical computations and vanish
when the range of frequencies is enlarged.
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is not as simple, as Figures 3 and 4 show. This is a new feature at one loop.
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The time-domain waveform is obtained using (8.34) by performing a numerical
Fourier transform. For example, in the equal-mass case, corresponding to � = 0.5, the
result is shown in Figure 5 (up to an overall factor of 6

(m1+m2)
3

(4⇡)6(�b2)2 ). The small oscillations
are due to the use of a finite frequency domain in the numerical computations and vanish
when the range of frequencies is enlarged.
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• Heavy-mass Effective Field Theory allows  
for an efficient extraction of the classical limit

‣ No “artistic” element in combining diagrams, no cancellations to be found 

‣ Hyper-classical / quantum terms identified and dropped before integrations

‣ HEFT amplitude even have their own double copy and can be computed by 
recursions or the algebra

‣ Kinematic algebra of the HEFT and Yang-Mills theory

• One-loop scattering waveforms 

‣ KMOC approach leads naturally to the HEFT

Conclusions & open problems



• (Some) questions 

‣ Analytic waveforms (important to clarify shape of time-domain waveform)

‣ Analytic continuation for bound orbits?

‣ Apply HEFT to higher PM orders calculations

‣ Spin, tidal effects

‣ Similarities with the worldline formalism(s)

‣ ……

Thank you!


