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Active matter

• particles/entities that can consume energy from their

environment and use it to move persistently and

autonomously

• emerging collective behavior

(clustering, swarming, communication, ...)
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Modeling active matter at mesoscopic scales

• N interacting, spherical Brownian particles in d = 2 or 3

which convert energy from surroundings into directed motion

ẋ i (t) =
1

γ
Fi (x(t)) +

√
2D ξi (t) + v i (t)
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Modeling active matter at mesoscopic scales

• N interacting, spherical Brownian particles in d = 2 or 3

which convert energy from surroundings into directed motion

ẋ i (t) =
1

γ
Fi (x(t))Fi (x(t)) +

√
2D ξi (t) + v i (t)

• hard-core contact interactions via steep pair potential U(r),

F i (x) = −
∑
j( ̸=i)

F (x i − x j) , F (r) = −U ′(|r |) r
|r |

,

such that U(r) ≡ 0 if r > 2R (R: particle radius)

Fi (x(t))
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Modeling active matter at mesoscopic scales

• N interacting, spherical Brownian particles in d = 2 or 3

which convert energy from surroundings into directed motion

ẋ i (t) =
1

γγ
Fi (x(t)) +

√
2D ξi (t)

√
2D ξi (t) + v i (t)

• collisions with surrounding molecules lead to

– dissipation (friction coefficient γ)

– random forces (“thermal fluctuations”),

modeled by Gaussian white-noise processes:

⟨ξi (t)⟩ = 0

⟨ξµi (t) ξ
ν
j (t

′)⟩ = δijδµνδ(t − t ′)

→ fluctuation-dissipation relation: D = kBT/γ

– overdamped approximation:

inertia negligible compared to friction/dissipation

γ

√
2D ξi (t)
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Modeling active matter at mesoscopic scales

• N interacting, spherical Brownian particles in d = 2 or 3

which convert energy from surroundings into directed motion

ẋ i (t) =
1

γ
Fi (x(t)) +

√
2D ξi (t) + v i (t)v i (t)

• self-propulsion also erratic, but persistent

→ v i (t) independent random processes (“active fluctuations”)

with correlation function

⟨vµi (t) v
ν
j (t

′)⟩ = δij δµν
Da

τa
e−|t−t′|/τa

– τa: correlation time

– Da: “active diffusion coefficient” (speed/intensity of

self-propulsion)

→ effective, phenomenological model,

disregarding details of self-propulsion mechanism

v i (t)
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Irreversibility

• macroscopic processes are irreversible

• microscopic physical laws are (largely) reversible

• fundamental principle: second law of thermodynamics

∆S ≥ 0

entropy increases during macroscopic transitions between

equilibrium states

→ entropy introduces a (thermodynamic) “arrow of time”
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Thermodynamics of irreversibility: passive systems

• irreversibility: log-ratio of path probabilities for forward- and

backward-in-time trajectories/histories,

Σ := ln
P[{x(t)}τt=0]

P[{x̃(t)}τt=0]
, x̃(t) := x(τ − t)

→ purely dynamic measure a priori

• passive systems:

ẋ i (t) =
1

γ
Fi (x(t)) +

√
2D ξi (t) +���HHHv i (t)

→ Σ related to thermodynamic entropy S via stochastic

energetics and fluctuation theorems [Seifert, PRL 95 (2005)]:

kB ⟨Σ⟩ = Q

T
= S (Q: dissipated heat)

• how does Σ relate to thermodynamics in active matter?
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Irreversibility in active matter

• active systems:

ẋ i (t) =
1

γ
Fi (x(t)) +

√
2D ξi (t) + v i (t)

• v(t) is usually only an “effective model,”

underlying chemical processes are not observable

→ Σ = ln
P[{x(t)}τt=0]
P[{x̃(t)}τt=0]

is observable irreversibility

• explicitly known for active Ornstein-Uhlenbeck particles

(when v(t) is an Ornstein-Uhlenbeck process):

[LD, Bo, Eichhorn, PRX 9 (2019)]

Σ =
1

kBT

∫ τ

0
dt

∫ τ

0
dt ′

N∑
i=1

ẋ i (t)·Fi (t
′)
[
δ(t − t ′)− Γ(t, t ′)

]
+∆Ssys

• steady-state “irreversibility production rate”:

σ := lim
τ→∞

⟨Σ⟩
τ
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Irreversibility for AOUPs

• explicitly known for active Ornstein-Uhlenbeck particles

(when v(t) is an Ornstein-Uhlenbeck process):

[LD, Bo, Eichhorn, PRX 9 (2019)]

Σ =
1

kBT

∫ τ

0
dt

∫ τ

0
dt ′

N∑
i=1

ẋ i (t)·Fi (t
′)
[
δ(t − t ′)− Γ(t, t ′)

]
+∆Ssys

with Γ(t, t ′) ∼ τ∗Da/D
2τ2a

e−|t−t′|/τ∗ asymptotically (τ → ∞),

τ∗ =
τa√

1+Da/D

• partial integration and τ → ∞:

σ =
C

γ

∫ ∞

0
ds e−s/τ∗

N∑
i=1

[⟨x i (t0) · F i (t0+s)⟩ − ⟨x i (t0) · F i (t0−s)⟩] ,

where t0 is an arbitrary reference time and C := Da
2D2τ2a
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Pressure in active matter

• active systems:

ẋ i (t) =
1

γ
Fi (x(t)) +

√
2D ξi (t) + v i (t)

• pressure p: average force per unit area exerted by the

particles on the container walls

• caveat: not always a state function [Solon et al, Nat Phys 11 (2015)],

but here it is

• three contributions: p = po + pint + pa

– osmotic/ideal-gas pressure: po = NkBT/V

– interaction pressure: pint =
1
dV

∑
i ⟨x i · Fi (x)⟩

– active or swim pressure: pa =
γ
dV

∑
i ⟨x i · v i ⟩
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Irreversibility as a thermodynamic state function

main result:

• low density (ϕ ≪ 1):

σ =

(
2d−2Vp

kBτa

)
N pa
T

[1 + O(ϕ)]

(Vp: particle volume; ϕ =
NVp

V : packing fraction)

• high activity (MIPS regime): relation holds approximately

• low density and high activity:

σ =

(
2d−2Vp

kBτa

)
N p

T

[
1 + O(ϕ,Pe−1)

]
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Derivation

σ =
C

γ

∫ ∞

0
ds e−s/τ∗

N∑
i=1

[⟨x i (t0) · F i (t0+s)⟩ − ⟨x i (t0) · F i (t0−s)⟩]

key ingredients and assumptions:

• exactly known expression for σ for AOUPs

• particles are hard spheres (steep interaction potential)

• “most” interactions are pair collisions (ϕ ≪ 1)

main steps:

• replace interaction forces by self-propulsion in correlator:∑
i ⟨x i (t0)·F i (t0±s)⟩=−2d−2γ

d ϕ
∑

i ⟨x i (t0)·v i (t0±s)⟩ [1+O(ϕ)]

• evaluate s integral using Novikov’s theorem:∫∞
0 ds e−s/τ∗⟨x i (t0) · v i (t0 ± s)⟩ = τa√

1+Da
D
±1

⟨x i (t0) · v i (t0)⟩
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Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩

• recall: F i =
∑

j( ̸=i) F (x i − x j) with F (−r) = −F (r)

• difference vectors:

– positions: r ij := x i − x j

– fluctuations: αij := αi −αj with αi := v i +
√
2Dξi

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
∑

i<j⟨r ij(t0) · F (r ij(t0 ± s))⟩
and

ṙ ij = 1
γ [F i − F j ] +αij

• focus on pair collisions (e.g., low particle density):

at any given time, a fixed particle i interacts at most with one

other particle j

→ ṙ ij = 2
γF (r ij) +αij
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Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (2)

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
∑

i<j⟨r ij(t0) · F (r ij(t0 ± s))⟩

→ ṙ ij = 2
γF (r ij) +αij

• decompose into components parallel and orthogonal to r ij :

ṙ∥ij =
2

γ
F (r ij)+α

∥
ij , ṙ⊥ij = α⊥

ij i
j

rij

Fi
αi

αij

αj
Fj

• exploit hard-core character of

interactions: ṙ∥ij ≈ 0 during collision

→ 1
γF (r ij) ≈ −1

2α
∥
ij χ(rij) with χ(r) = Θ(2R − r)

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
−γ

2

∑
i<j⟨r ij(t0) ·α

∥
ij(t0 ± s))χ(rij(t0 ± s)⟩
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• before collision, particles move around freely, hence

orientations of r ij and αij approximately uncorrelated

• to initiate and maintain collision, need nij ·αij < 0
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ij(t0 ± s))χ(rij(t0 ± s)⟩

≈ 1
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Thermodynamic nature of irreversibility in active matter Nordita “Measuring and manipulating ...” · 12/18



Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (3)

i
j

rij

Fi
αi

αij

αj
Fj

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
−γ

2

∑
i<j⟨r ij(t0) ·α

∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

• inspect

⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

= ⟨[r ij(t0) · nij(t0 ± s)][αij(t0 ± s) · nij(t0 ± s)]χ(rij(t0 ± s)⟩

• before collision, particles move around freely, hence

orientations of r ij and αij approximately uncorrelated

• to initiate and maintain collision, need nij ·αij < 0

→ ⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

≈ 1
2d ⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩ up to errors O(

Vp

V )

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= − γ

4d

∑
i<j⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩

Thermodynamic nature of irreversibility in active matter Nordita “Measuring and manipulating ...” · 12/18



Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (3)

i
j

rij

Fi
αi

αij

αj
Fj

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
−γ

2

∑
i<j⟨r ij(t0) ·α

∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

• inspect

⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

= ⟨[r ij(t0) · nij(t0 ± s)][αij(t0 ± s) · nij(t0 ± s)]χ(rij(t0 ± s)⟩

• before collision, particles move around freely, hence

orientations of r ij and αij approximately uncorrelated

• to initiate and maintain collision, need nij ·αij < 0

→ ⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

≈ 1
2d ⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩ up to errors O(

Vp

V )

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= − γ

4d

∑
i<j⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩

Thermodynamic nature of irreversibility in active matter Nordita “Measuring and manipulating ...” · 12/18



Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (3)

i
j

rij

Fi
αi

αij

αj
Fj

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
−γ

2

∑
i<j⟨r ij(t0) ·α

∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

• inspect

⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

= ⟨[r ij(t0) · nij(t0 ± s)][αij(t0 ± s) · nij(t0 ± s)]χ(rij(t0 ± s)⟩

• before collision, particles move around freely, hence

orientations of r ij and αij approximately uncorrelated

• to initiate and maintain collision, need nij ·αij < 0

→ ⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

≈ 1
2d ⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩ up to errors O(

Vp

V )

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= − γ

4d

∑
i<j⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩

Thermodynamic nature of irreversibility in active matter Nordita “Measuring and manipulating ...” · 12/18



Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (3)

i
j

rij

Fi
αi

αij

αj
Fj

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
−γ

2

∑
i<j⟨r ij(t0) ·α

∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

• inspect

⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

= ⟨[r ij(t0) · nij(t0 ± s)][αij(t0 ± s) · nij(t0 ± s)]χ(rij(t0 ± s)⟩

• before collision, particles move around freely, hence

orientations of r ij and αij approximately uncorrelated

• to initiate and maintain collision, need nij ·αij < 0

→ ⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

≈ 1
2d ⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩ up to errors O(

Vp

V )

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= − γ

4d

∑
i<j⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩

Thermodynamic nature of irreversibility in active matter Nordita “Measuring and manipulating ...” · 12/18



Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (3)

i
j

rij

Fi
αi

αij

αj
Fj

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩ =
−γ

2

∑
i<j⟨r ij(t0) ·α

∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

• inspect

⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

= ⟨[r ij(t0) · nij(t0 ± s)][αij(t0 ± s) · nij(t0 ± s)]χ(rij(t0 ± s)⟩

• before collision, particles move around freely, hence

orientations of r ij and αij approximately uncorrelated

• to initiate and maintain collision, need nij ·αij < 0

→ ⟨r ij(t0) ·α
∥
ij(t0 ± s))χ(rij(t0 ± s)⟩

≈ 1
2d ⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩ up to errors O(

Vp

V )

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= − γ

4d

∑
i<j⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩

Thermodynamic nature of irreversibility in active matter Nordita “Measuring and manipulating ...” · 12/18



Rewriting
∑
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= − γ

4d

∑
i<j⟨r ij(t0) ·αij(t0 ± s))χ(rij(t0 ± s)⟩

• switch back to absolute positions and fluctuations:∑
i ⟨x i (t0) · F i (t0 ± s)⟩

= − γ
2d

∑
i<j [⟨x i (t0) ·αi (t0 ± s))χ(rij(t0 ± s)⟩
−⟨x i (t0) ·αj(t0 ± s))χ(rij(t0 ± s)⟩]

• ⟨· · ·⟩ is steady-state average over all pair configurations,

but χ(rij(t0 ± s)) picks out those where particles overlap

• to leading order (up to corrections O(
Vp

V )),

pair distribution is uniform

→ χ(rij) picks out “interaction volume” (sphere of radius 2R):

⟨x i (t0) ·αi/j(t0 ± s))χ(rij(t0 ± s)⟩
=

2dVp

V ⟨x i (t0) ·αi/j(t0 ± s))⟩[1 + O(
Vp

V )]
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Rewriting
∑

i⟨x i(t0) · F i(t0 ± s)⟩ (5)

•
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= − γ

2d

∑
i<j [⟨x i (t0) ·αi (t0 ± s))χ(rij(t0 ± s)⟩
−⟨x i (t0) ·αj(t0 ± s))χ(rij(t0 ± s)⟩]
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2dVp

V ⟨x i (t0) ·αi/j(t0 ± s))⟩[1 + O(
Vp

V )]

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= −2d−1Vpγ

dV

∑
i<j [⟨x i (t0) ·αi (t0 ± s))⟩

−⟨x i (t0) ·αj(t0 ± s))⟩] [1 + O(
Vp

V )]

• packing fraction: ϕ =
NVp

V

• first term: sum over j gives factor N−1
2

• second term: ⟨x i ·αj⟩ = O(
Vp

V ) → overall O(ϕ2)

→
∑

i ⟨x i (t0)·F i (t0±s)⟩=−2d−2γ
d ϕ

∑
i ⟨x i (t0)·αi (t0±s)⟩[1+O(ϕ)]
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=

2dVp

V ⟨x i (t0) ·αi/j(t0 ± s))⟩[1 + O(
Vp

V )]

→
∑

i ⟨x i (t0) · F i (t0 ± s)⟩
= −2d−1Vpγ

dV
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i<j [⟨x i (t0) ·αi (t0 ± s))⟩

−⟨x i (t0) ·αj(t0 ± s))⟩] [1 + O(
Vp

V )]

• packing fraction: ϕ =
NVp

V

• first term: sum over j gives factor N−1
2

• second term: ⟨x i ·αj⟩ = O(
Vp

V ) → overall O(ϕ2)

→
∑

i ⟨x i (t0)·F i (t0±s)⟩=−2d−2γ
d ϕ

∑
i ⟨x i (t0)·αi (t0±s)⟩[1+O(ϕ)]
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Integrate over time delay s

• recall: σ = C
γ

∫∞
0 ds e−s/τ∗

∑
i ⟨x i (t0) · [F i (t0+s)− F i (t0−s)]⟩

→ to leading order in ϕ,

σ = −2d−2C

d
ϕ
∑
i

∫ ∞

0
ds e−s/τ∗ [⟨x i (t0) ·αi (t0+s)⟩ − ⟨x i (t0) ·αi (t0−s)⟩]

• Novikov’s theorem [Novikov, Sov. Phys. JETP 20 (1965)]:

– unbiased Gaussian stochastic process α(t)

– functional F [α](t0) of α(t) up to time t0

→ ⟨F [α](t0)α(t)⟩ =
∫ t0
0
ds ⟨α(t)α(s)⟩

〈
δF [α](t0)
δα(s)

〉
→ with α(t) = αµ

i (t) and F [α](t0) = xµi (t0):∫ ∞

0
ds e−s/τ∗⟨x i (t0)·αi (t0±s)⟩ = τa√

1 + Da
D ± 1

⟨x i (t0)·v i (t0)⟩

→ σ = ϕ 2d−2

dτaD

∑
i ⟨x i · v i ⟩ =

(
2d−2Vp

kBτa

)
N pa
T
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High-activity limit

• main assumption:

irreversibility predominantly produced during pair collisions,

justified for small ϕ

• observation:

at high activity (Da ≫ D), particles form clusters at larger ϕ

(“motility-induced phase separation”, MIPS)

• particles in bulk essentially at rest, do not contribute to

irreversibility (since σ ∼ ⟨ẋ i · F i ⟩)
→ main contribution to irreversiblity from dilute regions

with dominating pair collisions

→ at high activity (MIPS regime), also expect

σ ≈
(
2d−2Vp

kBτa

)
N pa
T
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Numerical simulations

low density (ϕ ≪ 1):

σ = c
N pa
T

[1+O(ϕ)]

high activity (Pe ≫ 1/MIPS):

σ ≈ c
N pa
T

and σ = c
N p

T
[1+O(ϕ)]

(
c :=

2d−2Vp

kBτa

)
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Summary and outlook

• irreversibility is function of thermodynamic state variables:

σ =

(
2d−2Vp

kBτa

)
N pa
T

[1 + O(ϕ)]

• key ingredients and assumptions:

– exactly known expression for σ for AOUPs

– essentially hard-core interactions

– dominating pair collisions (ϕ ≪ 1 or Pe ≫ 1)

→ higher-order corrections?

→ similar relations for other models of active particles?

→ macroscopic description of thermodynamic processes involving

active matter?

arXiv:2308.03625 Thank you!
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Phase diagram (d = 2)


	Appendix

