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M
Einstein’s General Relativity: Sey = TPJ d*x/—g(R — 27)

Issues:

1. Theoretical: perturbatively non-renormalizable

2. Observational: cannot explain CMB anisotropies (early times physics)

Simplest model to explain 2. :

S =S8+ Sp+ -, S¢ = inflaton action
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Motivations

How to select fundamental Lagrangians?

 Guidance from Nature: experiments!

e Guiding principles: perturbative QFT (renormalizability criterion!)

‘Unique’ (strictly) renormalizable QFT of gravity in D = 4:
[Stelle, PRD (1977)]

S—1 4o A= MZ(R—ZA)+ER2—EC cHvVPO
) XNV=G\ Mp 6 > “uvpo
massive spin-0, a~ 1010 Spin-2 massive ghost
Natural explanation for inflation! [Salvio & Strumia 2015+;

Anselmi & Piva 2017+;
Donoghue & Menezes 2018+;
Holdom 2015+, etc...]

[Starobinsky, 1980+]
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Task

1 o ﬁ
s=3 4xv——g<M,§<R 2+ k2 - Ecﬂvp(,cuvpfr)

Question:
1. Identify the canonically normalized fields

2. ldentify masses and interaction couplings

3. Take the limit keeping the canonically normalized fields fixed
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Simpler example

1 o R A A -
S==37 J d*x EgForv, ES = 0,A% — 0,42 + febe Ab AS

Question:

lim S = ?
g—0

Canonically normalized field:
1

A% = =
g

A 1
f=-Ai = s=-7 J d*x EFok?,

F = 0,45 — 0,A% + gf *Pc Al AS

Limit: 1
gliLnOS = Ej d*x Al(m*Yo — 9#aYv)A3 (A = fixed)



Spectrum

1 a
S = Efd‘*xw/—g (M%(R — 20) +ER2 —

/

Massless graviton:

Juv (2 dofs)

/

Massive spin-0:

¢ (1 dof)
MZ

2 __D
mo 0

——

\

Massive spin-2 ghost:

fuv (5 dofs)

2 2 2
p = Mp +§A(2a+,8)



Spectrum

1 o ﬁ
s=3 4xv——g(M,§<R 2+ k2 - Ecm,,mcwm)

/ / \

Massless graviton: Massive spin-0: Massive spin-2 ghost:
Juv (2 dofs) ¢ (1 dof) fuv (5 dofs)
MZ MZ
2 __D 2 __D
mO a m; ’B
~ 5 2
My = My + §A(2a + [)

A=0: m5— 0 (massless limit)

A+0: mi;— %A (partially massless limit)



Action in canonical form

\7 2

M
19,611 == [ d*xy=g(R — 2) + Sy19, 8] + 5,10, 1]

2202

Solg, #] = j d*x+\=g [—%vucpvﬂcp - %3%(1 _ er_/sw,,)Z]

g_zf/Mp

R 1
S2l9.f1 = = Seelo. 11~ | d*xv=g [(qu”fpv ~ ffur)R™ + (A - E) (fm - ng)]

1 2
o [ @t g[S S = 4L o~ £

p

81 1 5P S,y

- 4 4 4 4
+ BMI% Mp d*xd Yd Z(Sguv(x)dgpa(y)dgaﬁ(z) fuv(x)fpa(Y)fa,B(Z) + O(f )

72 = M2 4o G2 o 2
Mpsz+§aA Mpsz+§(2a+ﬂ)A




Couplings

spin-2 sector coupling:

N[

1 1 ( 1 )
M, My\1+2AQa+ B)/3M}

spin-0 sector coupling:

(WY
| =

M,  M,\1+4Aa/3M2

Couplings dependence on A’ = additional dependence on o, 3 !



Features of the limit f — «

1 o ﬁ
s=3 4xv——g(M,§<R ~20) + SR - Ecﬂvp(,cuvpfr)
lim S =7
[ — oo

The limit distinguishes A = 0& A # 0
(couplings, particle spectrum, enhanced gauge symmetry)

Limitis regularonlyin D = 4

When A # 0 the resulting theory is much simpler
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Result of the limit f — o (A > 0)

* Massless spin-2 and +2, +1 helicities of massive spin-2 ghost decouple

«  Massive spin-0 (¢p) & helicity-0 (¥) of spin-2 ghost survive

~ A 2 m% - N2
V(g %) =—=5(¥*—p? —6M2)" + —=d*(¥ +
M2 = M2 * A
Constraint:

(6x) — (@X) —
T 0, THV \/— 591,”/




Ghost instability?

An exercise: Hamiltonian for purely time-dependent fields in de Sitter

A
ds? = —dt? + a(t)?dx?, a(t) = e\gt

1 ~ 1 ~
H = a(®)? |5 (306)" =5 (@D + v<¢,;z)]



Ghost instability?

An exercise: Hamiltonian for purely time-dependent fields in de Sitter

A
ds? = —dt? + a(t)?dx?, a(t) = e\gt

1 2 1 B =~ .
H = a()? |5 (008)" 5 0ol) + V(qb,x)]
Constraint:
1 -2 1 B ~
T0 =0 o S(304) - @0)? =2V($, D)

= H=3a()’V(®,7) =0



Summary

1 a B
S = EJ d4X\/—g (Mg(R — ZA) + ERZ — EC,uva'CuVPO)

Renormalizability + ghost-like nature of spin-2 = Ilimit f = o s
regular

The limit f — oo depends non-trivially on A

When A # 0: structure of degrees of freedom is different (but same
number); spin-2 sector decouples; the resulting theory is given by two
interacting scalar fields



Implications?

1 a B
S = EJ d4X\/—g (Mg(R — ZA) + ERZ — EC,uva'CuVPO)

Can the limit f — oo help understand the high-energy behavior of the
spin-2 ghost?

Current quantization approaches to Quadratic Gravity are formulated in
flat spacetime. Are they still valid when A = 0 ?

Role of the cosmological constant in quantum gravity?



Implications?

1 a I
S = ij d4X\/—g (Mg(R — ZA) + ERZ — ECHVPO-C“VPO)

* (Can thelimit f — oo help understand the high-energy behavior of the
spin-2 ghost?

e Current quantization approaches to Quadratic Gravity are formulated in
flat spacetime. Are they still valid when A = 0 ?

* Role of the cosmological constant in quantum gravity?

A nice formula:

, B —MZ/m3
*B +2M3 /m3

A_3
_Zm



...Extra Slides...



Quadratic Gravity as Quantum Gravity

Cosmological constant: A~10712 M

1 4 2 ey p uvpo
S =5 | d*xy=g | Mj(R = 20) + = R* == CuypsC

Natural candidate for inflaton: a~ 101°

[Starobinsky, 1980+]

In my opinion, if we accept these facts very important implications follow:

1.

The framework of perturbative QFT and the criterion of renormalizability (as a
tool to select theories) are quite successful also when applied to gravity!

CMB observations have provided for the first time a test of higher-curvature
gravity and an ‘indirect’ proof of quantized gravity (the scalar field is a
gravitational dof)!!

Contrary to some beliefs, Starobinsky inflation is not just a model!



Motivations

Obvious question: What about the spin-2 massive ghost?

1. Throw the entire theory away just because maybe we don’t know
how to deal with the spin-2 ghost?

2. Or, instead, after appreciating the achievements described before,

should we feel very motivated to understand the role of the ghost at a
deeper level?

| opt for the 2nd option!



Recent proposals to recover unitarity with ghost

S-matrix unitarity and optical theorem:

§*S =1, S=1+1T,
1= unitn = 2m{(@Tla)} = ) llTla)?
i )

Interesting approaches

* Quantize the ghost with negative norms (c,, < 0 for ghost states but
positive energies) [salvio, Strumia (2014+); Holdom (2021+); etc]

* Loop corrections make the ghost decay after times of order T~M§/m§:

treat the ghost as an unstable particle, unitarity restored fort > 1
[Donoghue, Menezes (2018+)]

* Replace the Feynman ie with the Fakeon prescription and convert the
ghost into a purely virtual particle (LHS=0 for ghost cuts and ¢,, = 0 for
ghost states) [Anselmi & Piva 2017+]



Additional spin-0 field

Mz
S[g: d)] — 729] d4x \/__g(R _ ZA) _ %f d4x \/__gCMVPGCI«WPG + SO [g, ¢];

2 02
Solg, o] = f d*x =g [—%Vﬂcpvﬂcp - %3%(1 - eﬁqs/zwp)z]

2
My
a

MZ—MZ fA 2
p = p+3“ my

Shifted Planck Mass when A + 0 Mass of the spin-0 field



Additional spin-2 field

Spin-2 field f,: [Kaku et al. (1977); Hindawi et al. (1996); Tekin (2016); Anselmi & Piva (2018)]

MZ
Slg, ¢.f1 = Jd4x\/ g(R — 2A) + Sylg, ]
2
B j d*x =g [MP(GMV + Aguv)f”v - % Fun fHY — f?)

: : 2
Diagonalizaton: g,, = gy — M_pf#"

SLg, . f1 = j d*x=G(R — 28) + Solg — 2f /i, 8] + S,1g, £,

2 — 2 2
M5 = M3+ (2a + B)A

Shifted Planck Mass when A # 0



Additional spin-2 field

R 1
521011 = = Spelg. £1 - [ a*xy=g | @ffp = ) + (8- 3) (s =572

1m2

i j A4 VTGS F = 419 £ fo — ]

§ii 41 d%n,]4 58 Sen
| O g OV o @
+O()

Sprlg, f1is the covariant Fierz-Pauli action for f,,, with mass m3

Mz M2 2( a ) 2
;= L= P — + A m >_A
ms; =—=—+—|2 1 2
2 g g 3\ fp 3
m A=0,>0
spin-2 ghost mass depends on A ! (A=0,p>0)




Action in canonical form

\7 2

M
19,611 == [ d*xy=g(R — 2) + Sy19, 8] + 5,10, 1]

2202

Solg, #] = j d*x+\=g [—%vucpvﬂcp - %3%(1 _ er_/sw,,)Z]

g_zf/Mp

R 1
S2l9.f1 = = Seelo.f1 = | d*xv=g [(qu”fpv ~ ffur)R™ + (A - E) (fm - ng)]

2
_lﬂ d*x —al5 v _ pAfFuv P _ f3
257 ) TGS fw M = AR foy = £
p
81 1 53PS,

+——— | d*xd*yd*z
3 Mg M, Y 5guv(x)59pa(Y)5gaﬁ (z)

fuv ) fpo ) fap(2) + O(f )

V2 = 2 4 72 — 2 2
Mpsz+§aA Mpsz+§(2a+ﬂ)A




Couplings

n-point interaction couplings for the spin-2 sector:

n-2

@) =) G
M, M, 1+2A(2a+p)/3M3

Couplings dependenceon A’ = additional dependence on [ !



Degrees of freedom

Linear analysis:

0S -
5FHv =0 < Mp(Guv + Agw) = m%(fuv — guvf)

4 Constraints: Vufvﬂ =V,f

g 05 =0 o M m%—zA f =
SgHv p 3

1 trace constraint: f=0 (m3 — 2A/3 # 0)




Degrees of freedom

Linear analysis:

5S
SfH

=0 & MP(GPW + Agw) = m%(fuv - guvf)

4 Constraints: V.fy =V, f

gt 02 =0 o M m%—zA f =
SgHv p 3

1 trace constraint: f=0 (m3 — 2A/3 # 0)

# dof f,,: 10—4—-1=5 =  massive spin-2 with 5 helicities



Degrees of freedom: remark

3

(o, 2 2
Mp mz__A f=0, mz__A=0

In this case the linear trace equation vanishes identically

Two possibilities:

1. A=0: m2 =0 (massless)

2. A#0: ms = %A (partially massless)

NB: _
, A _ My

These cases need a
separate discussion!




Case A=0

It is @ massless limit:

NB: typically, the massless limit in theories of Massive Gravity can lead to
strong coupling even below Mp. [Reviews by Hinterbichler (2011) and de Rham (2014)]



Digression on Massive Gravity with A =0

1 1
SMG — j d4x\/__g [_Evpf,uvvpfuv + fouvvufpv o Vufvvf”v + Evpfvpf
2L (= £2)+ 0()

Naively, the limit m5 — 0 seems to give a massless spin-2 with 2 dofs
2
s@) = j d4x\/_[ Vo fuy VP + Vo £ VHFPY — Y, YU, fHY + = vp fVPf

Gauge symmetry gives 2 dofs

6 fuv (1) = Viu&y () + Vo8 (),



Digression on Massive Gravity with A =0

1 1
Sme = j d4x\/__g [_Evpf,uvvpfuv + fouvvufpv - Vufvvf”v + Evpfvpf
2L (= 12) + 03]

Stlickelberg formalism: Gauge symmetries:
2 6,y =V, & +V, ¢,
fuv = Qv + (VA +VAN)+ AAD? wvo Ty YRR
2 614” - —mzfu + Vuf,
oy = —m, &,

Massless limit (2+2+1 = 5 dofs):
Suclo, A, x| = S(m2 0) fd‘*x\/ <——F”VF —3Vp)(Vp)(> + 0(f?)

Possible strong coupling from helicity-0 interactions: 0(f3)~mi0()(3) — 0
2

[Reviews by Hinterbichler (2011) and de Rham (2014)]



Case A=0

Stuckelberg formalism:

2
fuv = @y + (VA +V Au)+ AN
2

The limit is regularin D = 4

MZ
ﬁli_r)goS:ijd“x\/—gR—MpJd4xw/—g et +— jd‘*xw/ gF*En, + Sp [ 9, ¢, ]
1 57
S¢X[gl ¢1X] = f d4x vV—J [Ee_ Z/SX/MP(VHXVuX a Vﬂ¢vu¢)

2 202
_%31\2429 o—2v2/3 /My (1 _ e,/2/3qb/Mp)2]



Case A=0

Stuckelberg formalism:

2
fuv = @y + (VA +V Au)+ AN
2

The limit is regularin D = 4

MZ
'Bl,i_r)EOS =7pjd4x\/—gR —ijd‘*xw/—g et +— jd‘*xw/ gF*En, + Sp,[ 9, ¢, ]
1
S¢X[gl ¢1X] = f d4x V™9 [EE_JZ_/SX/MP(VHXV#X _ Vﬂ¢vu¢)
2 2
_%—312\429 e_z\/z_/?’)(/MP (1 - e\/2_/3¢/Mp)2]

fuv splits into 5 massless ghost-like dofs (+2, +1, 0)
[Saravani & Hinterbichler (2015)]



Limit f — oo with A = 0: massless limit

Does a strong coupling (below M,,) arise in quadratic gravity?
[first asked by Hinterbichler & Saravani (2016)]

A strong coupling in the limit m5 — 0 (i.e., B = ) can be avoided only in D = 4!

Stickelberg decomposition for A = 0 and in D dimensions:

~

3 1 N 5 1
fuv = fuv + — (v, 4, +V,4), A, =4, +—

Y,
m, X

2
= S3lg,f1 = v V=GR + | dDw—[ G + S o™ - fZ)]

j ax =GR + | de«—[ G+ T (1 —

1 ) _ _ o
+ 5 FW Ey + 2ma [P (VA = gy VP Ap) - ZR“VAﬂAv],

Possible strong coupling from R¥YA A, ~ # RMVV, XV, x ?2??
2



Limit f — oo with A = 0: massless limit

Make a field redefinition:

fuv = fuv + a A,A, + b g, A, AP

In the massless limit m3 = 0 (8 — o, A = 0) we get
2

MD_Z D D Fuv mz z Fuv F2 1 U
= Sz[ng] d“x+/[—gR + | d”x+\[—g uvf +7(fm,f —f)+§F Ey

+2my fH(V, 4, — gy VPAP) +m3a f¥A,A, + m5[b(1 — D) — a]fA,AP

D-2 D-2
- (aMpz - 2) RW A4, + M, ((1 -2)b - —) RA,AP
2

~ o~ -~ m ~ o~
—m,(2b(1 — D) — 3a)A, A, VFAY — 72 (b®D(1 — D) + 2ab(1 — D))(ApAP)Z

4 conditions to avoid strong coupling in the massless limit:

D—2 can be simultaneously satisfied
aM_? +2=0, 2b(1-D)—-3a=0, onlyin D = 4 Il

2
(1-2)b-%=0, b2D(1-D)+2ab(1-D)=0 a=-2=-2b,



Case A >0

It is NOT a massless limit:

= 2 M§+2A 2A
— 00 =—— 4+ AN > —
ﬁ m2 ﬁ 3 3

NB: In Massive Gravity theories this limit is known as partially massless limit
and in general may lead to strong coupling! [de Rham et al. (2018)]




Digression on Massive Gravity with A > 0

1 1
Sme = j d4x\/__g [_Evpf,uvvpf”v + fouvvufpv - Vufvvf”v + Evpfvpf

1 2
A (fuf ™ = 317) =2 (fuf* = £7) + 0|
Naively, the limit m5 — %A seems to give a partially massless spin-2 with 4 dofs

S(Z) _ jd4 1 p £UV U £pV Uv 1 p
MG — x\/__g _ivpfuvv f +vpfuvv f _Vufvvf +§fov f
A (funf™ =3 £2) =5 ™ = 9]

Scalar gauge symmetry (10-4-2=4 dofs)
A
5f/,w(x) = VMVVC(X) + §guv((x):

[Deser, Nepomechie (1984); Deser, Waldron (2001+); etc]



Digression on Massive Gravity with A > 0

1 1
Sme = j d4x\/__g [_Evpf,uvvpf”v + fouvvufpv - Vufvvflw + Evpfvpf

A (fuf ™ = 317) =2 (fuf* = £7) + 0|

Stuckelberg trick Gauge symmetries:
A
31 A o) =V, V,( +—= ,
fuv = Puv + \/; Z(vuvv)( + 9uv EX) Puv # V( 3 gW(
A
A=m3—IA 5X__\EM'

Partially massless limit A — 0 (4+1=5 dofs):

Wl

2
Swalo 2] = Sy "ol + 3jd4x “ (__VPXV’DX _TX ) +OU, my = -

Possible strong coupling from y interactions: 0(f3) ~ %0()(3) — 0

[de Rham, Hinterbichler, Johnson (2018)]



Case A >0

Stuckelberg formalism:

A
fuv = Quv t+ (Vuvv)( + 59/11/)()

VAm2 — 2A/3

'[}lm S = fd‘*x\/_(R —2A0)

4 v Uy A 14 2
+ | d*x\[—g —Mp(Guv+A9LW)‘P +§(¢W(p —¢?) R

Sexl 9, x1 = f d4x\/—_9E3_‘/2_/3X/Mp(VuXV“X - Vuch“qb)

—A M2 (1 _ e\/zmqb/zwp)2 _ %3’;4 o~ 2273/ My ( _ e\/2/3¢/Mp)2]

fuv splits into 1 partially massless graviton (4 dof) + 1 scalar dof



Case A >0

: : 1 1 : 1 :
Interaction couplings: —~ for spin-2 sector & —— for spin-0 sector

Mp  JAB Mp
: _ 2
* Expandin @y, and g,y = gy + M_phﬂ"

 Diagonalize kinetic term for hy,, and ¢,

Jim § = sAg,nl+ sP(g, ] lmg=2n + Spx19, 1]

Spin-2 sector completely decouples!

The only compatible metric background is

Ruv = Ag—uv



Case A >0

Resulting interacting theory:
1 _
S¢>X[9» ¢, x] = f d*x\—g [ze_\/Z_/BX/Mp(VuXV”X — qubV”(,b)

_ ~\2 m33M? _ _ 2
—A M2 (1 _ e,/2/3¢/Mp) _ TOTPG_Z‘/ZBX/MP (1 _ e,/2/3¢>/Mp) ]

72 = 12+ L
p = p+3a

Constraint:
0S 2 2 65
_ v 2 _ _ (Px) _ bx
gty 5 i =0 e M, <m2 — §A> Q= —37@X0), ©=9g" o, Ty =-— =T




Physical implications?

2
g3 EE
dg? 133 , 2 g2(0) 1
—— = ——~ Y2 gZ(T): 133 ’ 1= A1 ZIOg'u/‘u'O
dt 10 1+W95(0) ( )

g5 (B) decreases (grows) with the energy
[Avramidi & Barvinsky (1985); etc]



Physical implications?

2
g5 = E
dg 133 , , 93(0) 1
—= = ——g5, 9: () = : T= 2z 081/ ko
dT 10 1 +%g%(0)r (4‘7T)

g5 (B) decreases (grows) with the energy
[Avramidi & Barvinsky (1985); etc]

Limit f — oo as high (infinite)-energy limit ?



