Physical properties of the C PY~! model in the large N expansion
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1 General properties of Quantum Chromodynam-

ics (QCD)

QCD is described by the following Lagrangian:

1 a va s
L= —ZFWF“ + Y (iv" D, — m)y — fq(x) (1.1)
with
A, g’ > > 1
Dy = Ou=igAy 5 (Au)% = AU(T")% 5 0™ 5 qle) = o5 L B 5 B = ST Ey,
(1.2)

where 7% are the generators of the gauge group SU(3). The quark field ¢ has two
indices: « is a colour index of the fundamental representation of SU(3) and A is a
flavour index that runs from 1 to Ny. ¢(x) is the topological charge density.

L has the following properties:



e [t is conformal invariant at the classical level. Both g and 6 are dimensionless
quantities.

e Dimensional transmutation: at the quantum level g is replaced by an energy
scale A and the coupling constant is now running

xz

2:92_ . - _ 2 A% = 20 Foms %)
as(Q>—E_—76($)_ s 504’---7 = Qe Pocsis

AT
(1.3)
where ) = 11 — —2N; and A? is independent on the choice of 2.

e Asymptotic freedom at short distances (Q* — oo) and perturbation theory
can be used.

e The running coupling constant becomes large at large distances and one needs
non-perturbative methods to study the theory.

e Non-perturbative methods are the lattice gauge theory and the large N (num-
ber of colours) expansion.

e QCD is a matrix theory, the large N expansion corresponds to sum all planar
diagrams and such a sum cannot be performed explicitly.

e [t turns out that the quarks and gluons are confined and the only states that
one can produce are colour singlet states as the mesons and the baryons

e For massless quarks L is invariant at the classical level under the transforma-
tions U(Ny)r x U(Ny)gr. They act as follows

Y = By Yr— A¢p (1.4)
where ¢, = 1—_27—52# and 1Y = H%Q/J. A and B are matrices of U(Ny).
e The U(1)4 is broken in the quantum theory by the anomaly:
0" (Vyu15¢) = 2Ngq(z) (1.5)
e Only SU(Ny)y x SU(Ny)a x U(1)p is the symmetry in the quantum theory.

e Instanton solutions in Euclidean space:

~ 1
FH =Fm = EE“VPUF’” ; Dyz=ie,D,z (1.6)

In these lectures I will be discussing the large N expansion in the CPY~! model
that, unlike in QCD, can be explicitly performed obtaining very explicit results.
The C'PY~! model is a two-dimensional model that shares many of the properties



of QCD and has been very useful to understand non-perturbative properties of
QCD as for instance the solution of the U(1) problem. If I have time in the last
lecture, following what we have learned from the C'PN¥~! model, I will introduce
the low-energy effective Lagrangian in QCD for a large number of colours and I will
discuss its physical implications both for QCD and for its extension including QCD
axions.

2 The CPY! model

The manifold C PV~ is a complex manifold described by N complex coordinates
21,23 ... zy with the identification

21,20 .. 28N = Nz1,22...28) ;3 AEC (2.1)

It depends on N — 1 complex coordinates that are invariant under the previous
rescaling. They are the projective coordinates:

ZN-1

Zy =L Z, = AN = (2.2)
N’ ZN ZN
It can be regarded as a quotient of the 2N — 1 sphere in CV under the action of
. N-1 _ §2N-1
U(l): CPY-t = O

The Lagrangian of the CPY~! model is constructed in terms of N complex vari-
ables 2(i = 1... N) with the constraint 3%, |2/|> = 1 that eliminates the absolute
value of the extra variable and imposing U(1) gauge invariance that eliminates the
extra phase:

N
L= 2fD wiDyz 5 D, =0, + 1A, ; z:|zz|2 =1 (2.3)
i=1

After a convenient rescaling of the variables the Lagrangian is given by:
— i al N
L=D,:D,z ; D,=0,+—=A, ; z|? = — 2.4
et p nT N ; |i] 2f (2.4)

where f is a dimensionless coupling constant that is kept fixed for large N. We
work in euclidean space.
As in QCD the complete Lagrangian contains also the fermions and the #-angle:

L=D,zD,z+ 91" D, — Ma)y - 5o <<ww> wwv) Tig0  (25)
where the fermion field has two indices 1**4 where a = 1... N; is a flavour index
and A =1...Np is a colour index. ¢ is another dimensionless coupling constant
and ¢ is the topological charge density:

q(r) = —=€uw0.A, (2.6)

27r\/_
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A" are the generators of U(N;) normalised as follows:
Tr(A'N) = §Y (2.7)

and the Dirac v matrices are chosen to be

0 — 01 1 0
— . 0 __ . 1 _ . 0.1 __
{fy#”yl/} - 25}“’ V= ( i 0 ) Y= ( 1 0 ) Z’75 W Y= ( 0 —1 )

Some properties of the previous Lagrangian are:

e No dimensional coupling constant: conformal invariance at the classical level

e Conformal invariance is broken at the quantum level: non-zero  function,
running coupling constant and asymptotic freedom as in QCD.

e U(Ny) x U(Ny) chiral invariance:

b= o By =t Ayg (2.9
with A and B being matrices of flavour U(Ny).
e U(1) axial vector current has an anomaly:
O (P957"9) = 2Npq(z) 3 A=Bl=eo (2.10)

3 Integrating the fundamental degrees of free-
dom: the generating functional

We have to compute the generating functional:

N
Z(J, J;n, 1) /DzDzszD@Z)DA 5(]2|* — 2f)
X exp —S+/d2x<Jz+JZ+T_]¢+¢_)7]> (3.1)
By using the following identities:
5|2 — /Dae v (eP=2p)
f = (ww&—l(qsi)?)
9 (T . VNp 29

ol Cray N / dg'e ’ (3.2)



we can rewrite the Lagrangian as follows:

%

VNr
— i (3P = ) (33)

_ _ . . 1 . .
L= DDy + milef + 907" D= My = (¢ + 70000+ 56+ (65)°)

The action is now quadratic in the fundamental fields. We can integrate them and
obtain an effective Lagrangian for the composite fields. We get:

2(3.7in.0) = [ DADaDs DG

xexp{ eff+/dx/d2

where

)\i
VvV Ng

AB = _DMDN —l—m2 — LOZ

\/N ) AF:’}/MDM_MB_

(@' +7505)  (3.5)

and

Sers = NTrlog Ap — NpTrlog Ap + /d z [Z\g——;\fa + o (0'¢" + ¢ fb’)] (3.6)

Notice that in Ap we have introduced a term with m? that is a constant since |z|?
is a constant. This term will be important to regularise the infrared divergences
occurring in the case of a massless propagator.

From Eq. (3.2) we get the relation::

R W) _ ¢ %
N g :NNF\/W g = /NeN; Mg = () = (3.7)

where we have assumed that all the components of (1)) have the same value.

4 Large N and Ny expansion

The leading bosonic terms for large N are given by:

29 1 ' v N
NTrlog (—82+m2——ZA 0 +—A2—£> —l—/d%“/_a

JN TN VN

~ NTrlog(—0* + m*) — NTr ((—82 + m2)_1z—\/aﬁ +.. ) + /deZ\/Na

= T 10, 2 m 1 2IO[ dzp—l
= NTrlog(—0* + )+\/_/d <f /( >+ (4.1)

21)2 p? + m?




where we have used

(=08 =)y = [ e (42)

Using Pauli-Villars regularisation:

d*p 1 d*p 1 1 1 A2
—_— — = —log— 4.
/ (27)2 p2 + m2 e / (2r)2 <p2 Tmz P +A2> i 082 (4.3)

the saddle point equation implies:

1 1 A?

2FA) ~ dm %8 (4.4)

One can introduce a renormalised coupling constant fr(u?) function of the renor-
malisation scale 2 through the relation:

27 27 A?
TN ) % )

and one can use it to eliminate the cutoff A getting:

2T | >
fr(p) m?

It turns out that the renormalised coupling constant is running and the quantity m?
is the dimensional renormalisation invariant scale that replaces the dimensionless
coupling constant f. This can be seen by changing the scale u to /. The coupling
constants at the two different scales are related through the following relation:

—> m2 = //(/26_% (46)

2m 2w . A2 2m Tl A2
A 0g — = 0g
fN) - Trp) w o fr(i) (u')?
that implies that m? is independent on the value of u chosen. From Eq. (4.5) we
can compute the S-function:

_ 27 _ 2w
— (M/>26 fRW) — ,u2e Fr(K) (47)

20fr(1) _ fR(n)

B(fr) = n oz~ om

(4.8)

that is negative. This theory is asymptotically free as QCD.
In order to get the cancellation of the term of order /N in the fermionic part of
the effective Lagrangian we need to give a vacuum expectation value to the flavour



singlet field ¢° given by (¢”) = Mg\/NpN; and then the leading term is given by

- A i A
— NpTrlog(v,0, — M) — NpTrlog (1 — (9,0, — M)™! <\/N_F(¢ + 50%) + \/NM»

+ % /dQ:C <2¢0Ms NpNyp+ (¢')? + <¢é)2> = ~NeTr log(3.0, = M)

-1 N i i VA,
+NFTT((7uaM_M) (\/N_F(¢ +’75¢5)+ m))
1 2 0 i\2 i\2
+%/dx<2¢ Mg NFNf+(¢) +(¢5) > (4.9)

where M = Mp+ Mg and the trace involves also a trace over the flavour. The trace
over the flavour and over the Dirac matrices eliminates the terms with ¢* with ¢ # 0
and the terms with ¢ and A,. One is left with

— NpTrlog(v,0, — M) + \/NpN;Tr ((%a# — M)—1¢0>
1 2 0 i\2 i\2
The saddle point equation is then given by
M d*p 1
2/NpN; | d*z¢” —S—M/—— = 411
Ny [ oo (29 erppear) =0 W

where we have used the following fermion propagator

_ p =P = M
(7,0, — M) 1(x—y)—/(27r)2 p2H+uM2 eP@=Y) (4.12)

Using again Pauli-Villars regularisation we get

Mg M. A2
— Aog s M= Mg+ M 413
29(N)  4r B s+ Mp (4.13)

The previous equation can be satisfied if we impose that

27TMS

Mp ~ e———~ 4.14
o log AA4—22 ( )
Then the previous equation becomes:
2m A?
—— —log— —2me =0 4.15
oh) P T (1)
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Also in this case we can introduce a renormalised coupling constant through the

relation: ) A2 )
T T 2 oo
= log— + —— = M? = ple TR (4.16)
g(A) p?r o g(p)

Having eliminated the terms proportional to v'N and /Ny by means of the two
saddle point equations, we can in the next section compute the terms of order 1 as
N , N f — OQ.

The vacuum expectation value given to the scalar singlet field ¢° breaks spon-
taneously chiral invariance and one is left with only the vector symmetry U(Ny)
broken explicitly by a small mass term. This appears in the spectrum as we are
going to show in the next section.

5 Term of order 1 for large N and Np

Here we compute the terms of order 1 for large N and Np that give the kinetic
terms of the composite fields. We get:

S% = /dQ /d2 { )Tz — y)a(y) + Au (@)L, (z — y) A (y)

+ ¢ (@)T?(z — y)¢' (y) + o5 (@)1 (x — y)dk (y) + 24,14 (z — y)cbg} (5.1)

where

. 1 w/ \/ 2 1 2p?
I = A(p;m?) = VP Am 11— p2+...
27r\/p2(p2~|—m2) \/p +m?2 — \/p? = dmm 12m

(5.2)
= Pubv L9 1 NgpN 2 2
I, = (5#,, o > (p* +4m )A(p,m)—;—Tf<4MA( M)—— ]
(5.3)
F¢ =0y (6 + (p* + 4M?*) A(p; MQ)) (5.4)
r¢5 = 0ij (e + P*A(p; M2)) (5.5)
D1 = —eup 2/ N My [ == A(p; M?) (5.6)



At the end of this section we give some detail on how to reach some of the previous
results. The terms of order 1 in the bosonic theory are given by:

Tr((—0% +m?) 1 A?) — 1T'r’ ((—02 +m?) 7 (20A4,0, +i0,A, +ia) (—0* + m?)7!

X (2iA,0, +10,A, + ia) > (5.7)

One gets two quadratic terms. The first one contains the field a and is given by

o o] | )
= 2/d2$a( )/dzya( )/%e"(r—y)/ (dzq 1

2m)% (¢* +m?)((q +r)* + m?)

- %/d%a(x)/d@a(y)/ (;ZWSQeir(x_y)fa(r) (5.8)
where P
[z —y) = /@Tp;eip(x_y)fa(r) : f‘o‘(r) = A(r) (5.9)

where A(r) is given in (5.6).
The second term is

Tr((—0% +m?) 1A% + %TT ((—82 +m?) (24,0, + 0,A,)(=0* + m*)7!

(24,0, +0,A,) | = Tr((—0* + m?)tA%) + /d2 /d2 / d2p eP(@—y)
o 2p2 + m?2

d2q elalv—2) . .
X (24,09 + 04A,) (y)) / re o GO+ OA) ()

ip(z—y)
=Tr((—0* + m?)~14%) + /d2 / p £

(2quA (y )+82Aﬂ(y))
d*q e : x 2 2—1 42

2 eilr—a)(z—y)
B _/d2 /d2 p d )2 (p* +m?)(¢* + m?) (2% +o- Q)M)Au(y)
(2pu - ( - Q)V)Au( )

(5.10)
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that is equal to

d2q ellr=y)
d?x A? / -
/ zAN(z) (2m)2 ¢ + m?

Y e [ o [ BT ey [ Pa (0t r) (20 1)
2/ d / Fyduy) A >/ (22 / @2 (g + 2 + m2)(@ + )

(5.11)
where r = p — ¢. Let us use the following identity:
44,4, Mg — 59%0w) N 26,
)+ @2 ) (@) (@) | (g
- 20y (5.12)

(2 +m?)((r + q)* +m?)

The second term in the right-hand-side cancels the first divergent term and one is
left to compute the following quantity:

1 d27” ir(x—
3 [ o [ Euamal [ GG, (5.13)
where
Gun(r) = = / P A0 Z 500 £ 2t L) e = P e (5.14)
(2m)? ((q+7)* +m?)(¢> + m?)
This quantity is computed in App. A with the following result:
Tulv 2 2 2 1
G (r) = (0 — 7“_2) ((7“ + 4m*)A(r,m*) — ;) (5.15)

6 The low-energy of Sgc)f

The low-energy limit of the kinetic term of the composite fields is given by
Ly = 5 (OuII)? + mZ(I1)?) + 2 ((9u0")” + (m2 + 4M?)(0")?)
a’ F?2 2Ny 1

S 6.1
* 8mm? + 247m?2 e N 2nF, (6.1)
where
‘ i ‘ &'
F=¢,0,A, ; II'= > ;o= °=9
e VAT M VAT M
1

F,=—— : m2=4meM? 6.2
V2 " (6.2)

11



We can rewrite it in terms of the topological charge in (2.6):

1 ; ; 1 ; .
Ly = 5 D7 (@I + m2(I1)2) + 5 (Do) + (m2 + M) (0")?)
i#£0
o 1 s g 1, \/2N;
S ((0,5)* + m25%) + aq + ZTQS (6.3)
where - 1

TN \ 21

The last three terms of (6.3) can be written as follows:

2
1 1 X\ 2N
5 ((0,5)* + MZS?) +a (q+z B fS) (6.5)
with oy N
X
M2 =m?+ Wf (6.6)

We see that the singlet pseudoscalar meson gets an extra contribution to its mass
with respect to the other pseudoscalar mesons whose mass is instead entirely given
by m,. This follows from the fact that there is a non-vanishing two-point amplitude
involving S and the topological charge density that is a consequence of the anomaly
equation (2.10). In particular, at large N both the extra term in (6.6) and the axial
anomaly disappear.

From the previous quadratic Lagrangian one can compute the two-point ampli-
tudes. One gets:

d’p P ip(z—y)

S@sw) = [ n (67

Then from the vanishing of the following propagator:

V2T 6y )5 () = 0 (6.8)

(g4 Fﬂ

and from (6.7) one gets:

2 eir(z—y)
(a@)S(y)) = — XVzN / & (6.9)

2m)% p? + M3

Finally, from the following two-point amplitude:

(a+ L) @) a4+ L)) = [ e a0

12



and from (6.7) and (6.9) one gets:

’p p? + m?
— iple—y) £ T T 11
(a(z)q(y)) = x / O P+ M3 (6.11)

that implies the following topological susceptibility:

2

<%@/fWWD=X%% (6.12)

that vanishes if m, = 0, while the same quantity in the theory without quarks is
given by:
3m?

<Q<I) /deQ<y)>No quarks = X = m (613)

It goes to zero at large N.
From Eq. (3.2) we get the relation::

7 0 yA 0
v ¢ :NfNFM — <¢_> — NFNf% — () = Ms

VNpNy g V/NpNg g g g
(6.14)
where we have assumed that all the components of (¢1)) have the same value. The
previous relation implies:

O Mp (i) = QMEMS - 21602;%]%5 % log 7{;—22 = 2eM2 ~ 2eM? (6.15)
On the other hand we can compute the quantity:
F?m?2 = 2eM? (6.16)
The last two equations imply:
2Mp () = F2m? (6.17)

The left hand side contains quantities of the fundamental Lagrangian, while the
right hand side those from the effective Lagrangian.

7 6O-vacua and Witten-Veneziano relation

Let us consider the effective Lagrangian in a theory without fermions and let us
add a non-zero 0 angle and an external source:

1
Lejs = ﬂq2 +ifq + Jq (7.1)

13



The equation of motion of ¢ is given by
q=—x(J+ 1) (7.2)
Inserting it back into the Lagrangian we get:
Lejs = —%(J +i0)? (7.3)
The generating functional is given by:
Z(Q, J) _ efd%g(wrie)? = o~ W(0.)) (7.4)

The vacuum energy is given by

E(9) = W(e’é =0 _ x29 - NB; (ﬁ) (7.5)

The one-point amplitude is given by:

1 VA4 , 3m?0
(g(x))o = mmbzo =ixt =1 N (7.6)
The two-point amplitude is given by:
1 62Z(0,J)
= ! — v (r — ]

in agreement with (6.13).
From the vacuum energy we can compute the WV relation. From (7.5) we get

LE(0) 3m?  F2M2
oo = x = TN N, (7.8)

where we have used (6.6). It implies the WV relation:

ON; 2Ny d’E(0)

2 _
Ms =" X= " 5

l6=0 (7.9)

Notice that, if we had considered the theory with fermions with m, = 0, we would
have obtained zero.

The fact that the singlet pseudoscalar meson gets an extra contribution with
respect to the pseudoscalars of SU(Ny) is a direct consequence of the axial anomaly.
In fact, both the axial anomaly and the extra term go to zero when N — oo.

14



8 Confinement

In the classical theory there is no kinetic term for the gauge field. This term is
generated in the quantum theory. From (6.13) we can extract the following two-
point amplitude:

A@) AW)y _ [ @p ey (5 Pupv) 1277
N VN / r)? (5‘” p2> Np? ®.1)

after having used the relation: €,,€65, = 0,50, — 0,04, Taking into account that,
in the non-relativistic limit, the Coulomb potential is given by:

12rm? [T dp 127rm?
VB)=-—F /_oo P (8.2)

A linear potential means confinement for the states that are charged with respect
to the gauge field. Unlike QC'D,, where there is already a linear potential at the
classical level, in this case confinement is a purely quantum effect.

9 Term responsible of the anomaly

In this section we extract the term responsible of reproducing the anomaly in the
effective Lagrangian. Let us consider for simplicity the massless case. Let us intro-
duce the following operators:

A=A"D'—y B—B'; Al=—"D'—~ B'—~,B (9.1)
where ] ]
B = )N BT = L st 9.2
and

AA" =~y (-D*+ BB'+ F) + v, (-D*+ B'B — F)
ATA =~ (=D?*+ B'B+ F) +~,(-D*+ BB' — F) (9.3)

Let us compute

6Trlog A = Tr(6AA™Y) = %TT[(SAAT(AAT)_l + ATSA(ATA) Y (9.4)

15



We get
ST ((7”51?” —¥-06B — 7 0B")(—+"D" — Bly_ — 4. B)(AA) ™!
+(—y"D" = B'y_ =, B)(y"6D" —v_0B — 7+5BT)(NA)_1>

1
=5Tr ((—7“7”5DMDV +~_6BB" + 4, 0B'B)(AAT) ™!

+ (="4"D,dD, +~v_B'B + 7+BcSBT)(NA)‘1>

(9.5)
that is equal to
5Tr< —"7,0D,D,[y_(—=D*+ BB'+ F) ' +4,.(-D*+ B'B - F)™]
—4"y'D, 6D,y (~D*+ B'B+ F)™' + v, (-~D*+ BB — F)™]
+~7_0BB'(-D*+ BB+ F)™' +~v,.6B'B(-D*+ B'B - F)™!
+v_B'6B(-D*+ B'B+ F)™' +~,BsB'(-D* + BB' — F)—1> (9.6)

Let us compute the terms in the first two lines. We get:
1

5T (7“7”(—5(DMD,,) + DD,y (—=D*+ BB' + F) ' + 4, (-D*+ B'B — F)™!]

— "4 D,6D,[y_(=D*+ B'B+ F)™' + v.(—=D? + BB' — F)]

(9.7)
The first term is equal to

377 (7“7”(—5(DHDV)[7-(—D2 + BB+ F)™ +~,(~D*+ B'B - F)*]) (9.8)

The remaining terms are:

5T (fy“y”DM(SDl,[fy (-D*+BB'+F)' —(-D*+ B'B+ F)™)
+7+ ((-D*+B'B—F)' - (-D*+ BB' — F)")] (9.9)

They vanish as we show now rewriting those in the square bracket as follows:

'y_/ dsTr(e? =P+ N Ty (e_SBBT - e_SBTB) =0 (9.10)
0

16



In a similar way one can show that also the second term is vanishing.
We are left with:

%Tr( (=6(D* + K)y;y — - (D* = K)) [y-(—=D*+ BB'+ F)™' +~v,.(-D* + B'B — F)7!|

+~_0BBY(-D*+ BB'+ F)™' +~4,0B'B(~D*+ B'B — F)!
+~_BY%6B(-D*+ B'B+ F)™' +~,(-D*+ BB' — F)1> (9.11)
that is equal to

1

5T (%5(—1)2 —~ K+ B'B)(-D*+B'B-F)"' +~.6(-D*+ K + BBY)(—=D*+ BB' + F)~!

+ 74 < —0(B'B)(~D*+ B'B—~F)"' +6B'B(~D*+ B'B - F)!
+6BB'(—~D?* + BB' — F)‘1> + - ( —0(BB"(—=D*+ BB + F)™!

+6BBY(~D*+ BB'"+ F)"' + B'$B(-D* + B'B + F)—l)

(9.12)
The two terms in the first line can be integrated getting:
%TT (5 log(—D? — F + B'B) + dlog(—D* + F + BBT)) (9.13)
After taking the trace over the v matrices the remaining terms are
%TT BB ((—D2 +B'B4+F)' - (-D?*+B'B - F)1>
+ B§BT ((—D2 +BBY — F)™' — (-=D? + BB + F)1> (9.14)

that can be written as follows:

5/ dsTr(e””) [(e_SF — )T (B'Be™*P) + (e — e_SF)Tr(B(SBTe_SBBT)]
0

Using the identity:

1 F's
Tr(es?” ——/CP s — 9.16
re) 4rrs xsinh(sF) (9.16)

17



we get

/ d%% / dsTr (BdBTesBB* — BT(SBesB*B>
T Jo

N (53*(3*)1 — 5BBl>
47

1
= 5<—FTr(log B" — log B) (9.17)
47
In conclusion we get:

1
TrlogA = STr <1og(—D2 — F 4+ B'B) +log(—D*+ F + BBT)>

1
~ i / d%F(logB —log BT> (9.18)
7

10 Computation of the TrlogA in the constant
field approximation

In this section we compute the bosonic and fermionic effective Lagrangian in the
approximation that the various fields are constant.

11 From the CP"~! model to QCD

The low-energy effective Lagrangian of QCD is the Lagrangian of the non-linear
o-model:
2

1 F F
L = L = — H T il T : 1‘: _m
B 28 Uo,u +2\/§TT(M(U+U ) ; UU 5

F

U_ﬂeiﬁfm" C Tr(NN) =89 M = 2y (11.1)

where the matrices A’ belong to the flavour U(Ny). II* are the fields of the pseu-
doscalar mesons. For N; = 3 they are the nonet of pseudoscalar mesons that have
the following masses:

my ~ 140MeV 5 mg ~49TMeV ; m, =547TMeV ; m, =957MeV (11.2)

The U(1) problem consists in the fact that the splitting of the quark masses
My, Mg, Mg is not sufficient to explain the splitting of the pseudoscalar mesons.

18



The fundamental Lagrangian is that of QCD that we write as follows:
Ly =¢(iv"9, — m)Y + Lip (11.3)

An important requirement for an effective Lagrangian is that it should have the same
symmetries of the fundamental Lagrangian. This is the case for the Lagrangian in
(11.1) as we are going to show.

Both have a vector and an axial vector current that satisfy the following equa-
tions:

O (V") =0 5 9y (V' ys51p) = 2imapysy)

_ 1 21—
0 (950 - mi——"2
_o1- 11— 1
On (W 2”5w):imw 2 — img—T2y (11.4)
and
0, (UOMU) = £ pAUT=U) ; 9, (UMUT) = b P2 (U — UM (11.5)
w 2\/§ Y 2\/5 :

We assume the following correspondence between the composites of the fundamental
Lagrangian and the fields of the effective Lagrangian:

o 1-
. g e iU gy o~ (11.6)
They imply
1+ 2 Fr -1 —; T F
m & ZU" . m — 11.7
e 2 =g o LU (11.7)
They are reminiscent of the bosonisation rules in D = 2. Using the GMOR relation:
—om(iu) = 2 F? (11.8)
that is obtained by imposing that the vev of the two mass terms are equal:
- F. F, 2F, 1
—m = "y ((U+UN) = —=p? == = —i’F? 11.9
(00) = 5ot (U +UN) = S5t 2 = SR (109)
we get
_ _ VU + Ut . - N2Ut-U
20 o (@) 2D gy o @20

QCD has also the axial anomaly that is not included in (11.1). How can we impose
it?
For the rest of these lectures follow Sect. 4 of [4] and Sect. 4 of [5].
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A Computation of Egs. (5.2) and (5.3)

Let us compute:

A 2)_/(;i) 2 (¢ +m?)(( pl+q) 24 m?) :/ / ds/ dte™ (T

[ et [ [aeen, i | e
0 (27)?

ds | dte ™0 e Al
/ 8/ ¢ e (5 +1) (A1)
Changing variables u = s + t,t = xu we get
o —-m*u 1 2 1 ! d
A(r,m?) = / du’ / dre " wel=e) — ’ (A.2)
0 T Jo At Jo [m? 4+ r2x(l — x)]

Changing variable again z =y + % we get

1 12 d 1 [i2 d
A(r,m?) = —/ Y = —/ Y
’ e T2 HAME —Arty? o m s (ViR 4 4m2 = 2vVr2y) (V2 + Am2 + 2V/ry

/ dy2v/r? 1 N 1
27r\/_ 12 2Vr2 +4mZ \ VrZ £4m? — 22y Vr? 4+ 4m? 4 2Vr2y

(A.3)

1 1 1
= dz +
Am\/12(r? + 4m?) /1/2 (x/r2+4m2 -z \/7’2+4m2+x>
The integral can be performed and one gets:

1 log V12 + V1?2 4+ 4m?
0
274/1r2(r?2 4+ 4m?) —Vr2 /12 4+ 4m?

In the following we compute the following quantity:

A(r,m?) =

?q 4quq0 — 50%0um) + 2(qury + qury) + rur — 2m36,,
Gu(r)=— (

o) ((a+ 7+ ) ) A2

that can be written as follows:
d?q 0? 1 0?
dt dse ™" (511 / 4 — =0, =
/ / * <2w>2[ (&m@ 2" &szaqbp)

(Tu(% +7,V 3 )—i—nﬂ‘u 2m (;W]e q (s+t)*r2t72tqr+¢>(1|¢:0 (A.6)
v H

+
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We can now compute:

q?(s+t)—r2t—2tqr+o¢q _ €r2t/ d q

%) r 2)2
o~ (sH)(a g+ Q(SH))Q (rooid)

27?)
et g2
R A
misr . (A7)
Then we get
/ dt / dse ™ (s = 4( > __1 8—2)
00,00, 2 W@@,@@)
1 (tr—g/2)2
2m? — e st _ A.
+ (T“&ﬁ,, +r, d)#) +r,r, —2m 5W] G +t)6 o | p=o (A.8)

It is equal to

tsr2
0 oo T s+t

Gu(r)=— [ dt | dse 05
wlr) == [ [ ase (1 0)

t 2
— 4rurV8—H +rury, —2m (5,“,]

that can be written as follows:

6 s+t

(s — 1)

4t* 1,
s (e 37w

(A.9)

2212

/ dt / dse™" 00— ——

Introducing the quantity u =t + s we get:

dr(s+6) | " (s + 1)

"~ (s+1t)

5 O — 2m25,w]

(A.10)

2t%r?

t(u—t) 92
S (u — 2t)?
GW(T) = —/0 due /0 dt . [Tur,, = _

1 o] 1
= —— i du/o dype~u(m*+riz(1-z)) [r,ﬂ“,,(l —21)? — 29627‘25W — 2m25W]

47

_ 1 ! dxrurl,(l — 22)% — 22r%6,, — 2m?5,,
4 J, m? 4+ r2z(1 — z)

_ 1 ! dxrur,,(l —2x)? — 22°r%68,, — 2m?5,,
T 72 4+ 4m?2 — 4r2(x — 1)2

0 2

_ 1 /1/2 dyruryllyZ — 2r%0,,(y + 5)* — 2m?6,,

T J 1 r2 4+ 4m? — 4r2q?

21

y=x—3

O — 2m25m,]

u2

(A.11)



The term proportional to r,r, is equal to

m

r2 T _1/2 y r2 4+ 4m? — 4r2y? 72

(A.12)

The term proportional to d,, is given by:

%/Wd 2r3(y + 3)* + 2m? O 1/2d 2r2y? + 2rty + 3 (r? + 4m?)
T

_1/2 r2 +4m? — 4r2y? o7 _1/2 r2 4+ 4m? — 4y?r?

1 v
= 8= (r* + 4m*) A(r,m?) + 2~

S /1/2 dy%(élrzyz —r2—4m?) + %(TQ +4m?) + 2r?y

2 T Joip r2 + 4m? — 4y3r?
1
= 8, (r* + 4m?) A(r,m?) — (5W2— (A.13)
T
In conclusion we get
rury 1 r,r, O
Gu(r) = (0 — ‘;2 )(r? + 4m?) A(r, m?) + ;( ‘;2 — %) (A.14)

In principle we should add to the previous expression a term proportional to d,, of

the type ad,, because in the previous expression we have cancelled two infinities. a

can then be fixed by imposing gauge invariance. This is obtained by fixing a = — ==

2w
arriving at the following expression:
Tulv 2 2 2 1
G (r) = (0 — 7“_2> (r* 4+ 4m*)A(r,m*) — - (A.15)

B Computation of the string tension

We start from Eq. 83 of Ref. 18 of your paper that we rewrite here putting

e? = N =1 and calling A? what in that paper is called m?. We divide it with the

number of colours of the bosonic field that we call N. Then from Eq. 83 we get
1272 A2 eM?

=T = B.1
¢ N 3A% 1 me(M? + 2A2) (B-1)

Then introducing the variables

c="1 s M=A+my ; e=

M 1

3 |

we get
_127A2 (1+ x)*log(1l + =)

I= N 3+log(l+z)((1+x)*+2)
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This is your equation 5.14 if you take away the factor 7 in the denominator.
For x small the previous equation gives:

477Amf
T ~ B.4
N (5.4)
that is the susy soft breaking result, while for x — oo one gets:
12wA
T~ — (B.5)

N
that is the result of the large N expansion.
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