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Classical from quantummaps

Classical P-divisibility (stochastic matrices on

probability vectors)

pt = T (t)p , Ṫ (t) = L(t)T (t)
T (t) = T (t, s) T (s) , t ≥ s ≥ 0 ,

Tij(t, s) ≥ 0
∑

i

Tij(t, s) = 1,

if and only if Lij(t) ≥ 0 i 6= j,
∑

i

Lij(t) = 0

Quantum P-divisibility (CPTP maps)

Λt = Λt,s Λs , Λt,s PTP

Fix a maximally Abelian subalgebra

P = {Pi}d
i=1, PiPj = δijPj

∑
i

Pi = 1.

One can define a classical stochastic process out

of the quantum one in two-ways:

1. Classical reduction of the generator

Λ̇t = LtΛt  Lij(t) = Tr(Pi Lt[Pj])
Theorem (Kossakowski) Λt is P-divisible iff

Lij(t) ≥ 0 i 6= j ,
∑

i

Lij(t) = 0 , ∀ P .

2. Classical reduction of the dynamical map

Tij(t) = Tr(Pi Λt[Pj])  Ṫ (t) = L(t)T (t) (1)

Question: If the quantum process Λt is P-

divisible, will the classical process defined by (1)

be P-divisible?

Qubit unital dynamics

Quantum generator Lt[ρ] = −i[Ht, ρ] + Dt[ρ],

Dt[ρ] = 1
2

3∑
i,j=1

Kij(t)
(
σiρσj − 1

2
{σj σi, ρ}

)
Λt[1] = 12 ⇐⇒ K(t) = KT (t) ∈ M3(R) .
Classically reduce on P ⊂ M2(C)

T (t) =
 T00(t) 1 − T00(t)

1 − T00(t) T00(t)

 , P1 = 1 − P0

Classical generator:

L(t) = Ṫ (t)T (t)−1 = Ṫ00(t)
2T00(t) − 1

 1 −1
−1 1

 ,

T (t) P-divisible ⇐⇒ ft := Ṫ00(t)
2T00(t) − 1

≤ 0

Matrix representation Λ̃ij(t) = Tr(σiΛt[σj]),
P0 ≡ 1

2(1 + n · σ) 2T00(t) − 1 = 〈n|Λ̃(t)|n〉

4 Quantum P-div. −(L̃(t) + L̃T (t)) ≥ 0 ,

4 Classical P-div. ft = 1
2
〈n|L̃(t)Λ̃(t)|n〉

〈n|Λ̃(t)|n〉
≤ 0

Unitary vs. dissipative

1. Unitary qubit dynamics H = 1/2ω · σ,

L̃ = −L̃T =⇒ etL̃ = 1+ sin(ωt)
ω L̃ + 1−cos(ωt)

ω2 L̃2 .
where ω = ‖ω‖1. Let ω̂ · n = cos(θ).

ft = −ω

2
sin(ωt) sin2(θ)

cos2(θ) + cos(ωt) sin2(θ)
6≤ 0

for all θ ∈ (0, π) =⇒ T (t) is not P-divisible
2. P-divisible Pauli dynamics

L̃ij(t)[ρ] = −Γi(t) δij , Λ̃(t) = e
∫ t

0 dsL̃(s)

ft = −1
2

〈n|
√

Λ̃(t)(−L̃(t))
√

Λ̃(t)|n〉
〈n|Λ̃(t)|n〉

≤ 0 .

T (t) is P -divisible ⇐⇒ Λt is P -divisible.

A qubit dynamics is purely dissipative Lt = Dt if

and only if the generator is self-dual Lt = L‡
t .

Proposition. Let Λt = Λ‡
t , be a self-dual, purely

dissipative, invertible qubit dynamics. Then, the

associated classical stochastic process T (t) is
P -divisible if and only if Λt is P -divisible.

Remark. Λt = e
∫ t

0 dsLs Time ordering drops out!

Question: Can a purely dissipative P-divisible

dynamics have a non P-divisible classical

reduction? We must consider a non-self dual

dynamics (non-trivial time ordering)

A class of orthogonally covariant
qubit dynamics

Eij = |i〉〈j| on the eigenbasis of σz and

O =
∑

i

oiEii, oi = ±1

Then Φ[OρOT ] = OΦ[ρ]OT has the form

Φ(A,λ,µ)[ρ] :=
1∑

i,j=0
AijEijρEji + λE00ρE11

+ λ E11ρE00 + µ E00ρ
TE11 + µ E11ρ

TE00 ,

CPTP dynamics in this class Λt = Φ(A(t),λt,µt)

A(t) =
 at 1 − bt

1 − at bt

 , at, bt ∈ [0, 1]

|λt| ≤
√

atbt , |µt| ≤
√

(1 − at)(1 − bt) .

Lt = Λ̇tΛ−1
t = Φ(B(t),`t,mt), with

B(t) = Ȧ(t)A(t)−1 =
−γ−(t) γ+(t)

γ−(t) −γ+(t)


Transversal and longitudinal rates:

ΓT (t) := − Re(`t) , ΓL(t) := γ+(t) + γ−(t) .

Λt is P -divisible if and only if γ±(t) ≥ 0 and

ΓT (t) − ΓL(t)
2

+
√

γ+(t)γ−(t) ≥ |mt| (2)

Non-self-dual dynamics from self-dual generator

Self-duality: Φ(A,λ,µ) = Φ(AT ,λ,µ).

Let λt = |λt|eiϕt and µt = |µt|eiθt,

Dissipativity (Lt = L‡
t ) iff γ+(t) = γ−(t) and

`t = −ΓT (t) ⇐⇒ ϕ̇t|λt|2 = θ̇t|µt|2 .

Define gt := |λt| + |µt| , ht := |λt| − |µt| ,
with 0 < ht ≤ gt, g0 = h0 = 1. Then, P-divisibility
condition (2) is recast as

|θ̇t|2
(

gt − ht

gt + ht

)2
≤ ġt

gt

ḣt

ht
.

Example

Pick ht = e−3t and gt = e−t

Non self-dual map given by

|λt| = e−2t cosh(t) , ϕt = C tanh3(t) ,

|µt| = e−2t sinh(t) , θt = 3C tanh(t) ,

at = bt = e−t cosh(t) ,

P -divisible iff 0 ≤ C ≤ 3/2.
Self-dual generator given by

`t = −ΓT (t) = −2 , mt =
√

1 + r2
t ei(θt+ϕt) ,

γ+(t) = γ−(t) = 1 ,

Classical reduction on P±n, n = (cos(ξ), sin(ξ), 0)
2T00(t) − 1 = |λt| cos(ϕt) + |µt| cos(θt + 2ξ) .

For ξ = π/4 and C = 3/2, loss of classical P-divisibility
for a purely dissipative evolution (see Figure 1.)

2T00(t) − 1 ≥ 0, Ṫ00 6≤ 0 =⇒ ft 6≤ 0
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Figure 1. T00(t) for n = ( 1√
2,

1√
2, 0) and C = 3/2

Coherence-assisted backflow of
information

Breuer-Laine-Piilo (BLP) approach:
4 Internal and External information:

Iq
t (ρ, σ; µ) = ‖Λt[µρ − (1 − µ)σ]‖1 , µ ∈ [0, 1]

Eq
t (ρ, σ; µ) = Iq

0(ρ, σ; µ) − Iq
t (ρ, σ; µ) ,

4 no backflow of information (BFI):

∂tIq
t = −∂tEq

t ≤ 0 ,

4 Invertible Λt: P -divisibility ⇐⇒ no BFI

4 Information storage ρSE(t) = Ut ρS ⊗ ρE U †
t

Iq
t − Iq

s ≤ 2µ D(ρSE(s), ρS(s) ⊗ ρE(s))
+ 2(1 − µ)D(σSE(s), σS(s) ⊗ σE(s)) (3)
+ 2 min{µ, 1 − µ}D(ρE(s), σE(s))

ρr = ∑
i riPi ∈ P (encoding of probability

vector). Define the classical internal

information

Icl
t (r, s; µ) : = ‖DΛt[∆µ(ρr, σs)]‖1

= ‖T (t)(µr − (1 − µ)s)‖`1

where D[ρ] = ∑
i PiρPi (full decoherence), and

the coherent internal information

Ct(r, s; µ) := Iq
t (ρr, ρs; µ) − Icl

t (r, s; µ) ≥ 0.

Quantum P -divisibility yields

Icl
t (r, s; µ)+Ct(r, s; µ) ≤ Icl

s (r, s; µ)+Cs(r, s; µ) .

Upper-bound the difference of Icl
t

Icl
t (r, s; µ) − Icl

s (r, s; µ) ≤ Cs(r, s; µ)
≤ µ C`1(Λs[ρr]) + (1 − µ) C`1(Λs[ρs]) (4)

(C`1(ρ) := ∑
i 6=j |ρij| `1-norm of coherence).

Quantum coherences: information storages

acting like the environment in open systems.

Conclusions

Purely dissipative, self-dual dynamics always

have P -divisible classical reductions while
purely dissipative, non self-dual dynamics

may give rise to non P -divisible classical
reductions, similarly to unitary case.

Classical BFI interpretation: Quantum

coherences play an information storing role

as the environment does in the quantum

scenario (compare (3) and (4)).

Future directions : dynamics after

partial-decoherence and reduction to

non-maximally Abelian algebra
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