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Review: The B Model



The B Model

topological twist of 2d N “ p2, 2q NLSM using Up1qA [Witten ’91]

ù topological SM w/ supersymmetry �, �2 “ 0

governs maps � : ⌃ Ñ X, here:

“physical” observables related to holomorphic quantities (e.g. H‚pX, B̄q)

correlators probe moduli space of complex structures on X

dual to A model: complex structure –Ñ Kähler structure



The B Model

local formulation: � ù �
ip#,'q, �īp#,'q

other fields: ⇢i, ⌘ ī, ✓ī, ⌃i
, �

ī (��i “ 0, ��ī “ ⌘
ī
, �⇢

i “ d�i
, . . . )

B model Lagrangian: LB “ �V, V “ igīi⇢
i ^ ‹d�ī ´ 1

2⌃
i
✓i

has fermionic zero-modes in ⌘ī and ✓i ù ZB “ 0

insert observables to soak them up ù H
‚pX, B̄q

compute via localisation: locus “ tconst. maps �0u



Adding Superpotentials W

consider W : X Ñ C, holomorphic in �

Landau-Ginzburg: LB ` 1
2BiW⌃i ` i

4DkBlW⇢
k ^ ⇢

l ` �p1
2BīÄW✓

īq [Vafa ’91]

lifts zero-modes ù ZLG ‰ 0

observables: R “ tF p�qu{pBiW q chiral ring (�✓i “ BiW )

e.g. structure constants of R: Cabc “ xfap�qfbp�qfcp�qy (fa generators)

compute via localisation: locus “ tconst. maps �0 s.t. BiW p�0q “ 0u



Equivariance



Why Equivariance?

equivariance provides refinement of theory; e.g. Z ù Zp✏q

can simplify computations; e.g. ZNek

allows for more general observables O “ Op#q

examples: – superpotential W p�,#q (this talk)

– complex structure deformation µp�, �̄,#q (see preprint)

(construct funky theories: B{B̄, see outlook)



The Equivariant B Model



SUSY and Lagrangian

isometry Up1q œ

S
2 via v “ ✏B',  “ gS2pv, ¨q

�✏ “ �`v
µ
�µ ù �

2
✏ “ ´2iLv cf. [Yagi ’14]

�
2 “ 0

acts as e.g. �✏�
i “ ◆v⇢

i
, �✏⌘

ī “ ´2iLv�
ī

��
i “ 0, �⌘

ī “ 0,

Lagrangian: �✏V “ LB“ �V

ù B model invariant under family of deformations

v



Observables

build observables in twisted theory via descent equations: [Witten ’88]

�O0 “ 0, dO0 “ �O1, dO1 “ �O2

Ci i-cycle: �
≥
Ci
Oi “

≥
Ci
dOi´1 “ 0

equivariance: �✏O0 “ ◆vO1 , �✏O1 “ ◆vO2 ´ 2idO0 , �✏O2 “ ´2idO1

take any polyform !0 ` !2 P ⌦˚
⌃ such that 2id!0 “ ◆v!2

ù Õ0 “ !0p#qO0, Õ1 “ !0p#qO1, Õ2 “ !0p#qO2 ` !2p#qO0

C0
C1

C2
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C0
C1

C2



Example: Superpotential

generalised superpotential: W p�q ù W p�,#q

O0 “ i
2W p�,#q descent eqnsù O2 “ . . .

new action: SB `
≥
⌃ O2

e.g. W p�,#q “ W1p�q ` cosp#qW2p�q, BWN,SpyN,Sq “ 0

localisation ù locus “
!
�0p#q s.t.

yN,1

yN,2

yN,3 yS,3

yS,2

yS,1

...
...

)

WN “ W1 ` W2

WS “ W1 ´ W2



Example: Superpotential

compute correlators of fp�q at N & S:

two chiral rings RN , tfip�qu & RS, tf̃ip�qu

“topological metric” and structure constants:

⌫
N
ij “ xfip�q|#“0fjp�q|#“0y

pCNqijk “ p⌫´1
N qilxflp�q|#“0fjp�q|#“0fkp�q|#“0y

can do more:  
i
j “ p⌫´1

N qikxfkp�q|#“0f̃jp�q|#“⇡y

RN

RS



Example: Superpotential

compute correlators of fp�q at N & S:

two chiral rings RN , tfip�qu & RS, tf̃ip�qu

“topological metric” and structure constants:

⌫
N
ij “ xfip�q|#“0fjp�q|#“0y

pCNqijk “ p⌫´1
N qilxflp�q|#“0fjp�q|#“0fkp�q|#“0y

can do more:  
i
j “ p⌫´1

N qikxfkp�q|#“0f̃jp�q|#“⇡y

ù  gives ring homomorphism RN Ñ RS

⌫
N

⌫
S

 

RN

RS

C
N

C
S

 



Summary and Outlook



Sumary

introduced equivariant deformation of B model:

standard B model equivariant B model

�
2 “ 0 �

2
✏ “ ´2iLv

LB “ �pigīi⇢i ^ ‹d�ī ´ 1
2⌃

i
✓iq LB “ �✏pigīi⇢i ^ ‹d�ī ´ 1

2⌃
i
✓iq

W p�q ù R W p�,#q ù RN,S

locus “ tconst. �0|BW p�0q “ 0u locus “ ttracking sol.u

ù equivariance yields interesting extension



Outlook: B{B̄

di�erent twist of N “ p2, 2q NLSM:

B model: ⇢
i
, ⌃i

, ⌘
ī
, ✓

ī
, �

ī

B̄ model: ⇢
ī
, ⌃ī

, ⌘
i
, ✓

i
, �

i

equivariance ù theory T r#s s.t.

X can be any Kähler manifold

generalised version of topological/anti-topological fusion

T r0s “ B

T r⇡s “ B̄
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