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Amorphous materials

Very common in technology

Glass/liquid

No long range order

Short range correlations

Uniform chemical environments



Weaire-Thorpe model of amorphous silicon
[Weaire, Thorpe: Phys. Rev. B 4 2508 (1971)]

Explain band gap in amorphous silicon

Tetrahedral bonding environment

Replace every site with a tetrahedron
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Weaire-Thorpe model of amorphous silicon
[Weaire, Thorpe: Phys. Rev. B 4 2508 (1971)]

Explain band gap in amorphous silicon

Tetrahedral bonding environment

Replace every site with a tetrahedron V / W

Analytical „band structure“
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Previous results

Can spatial symmetries protect a topological insulator from disorder?



Can spatial symmetries protect a topological insulator from disorder?

Yes! If the symmetries are preserved on average.

Can we get this in amorphous systems?

Previous results



Can spatial symmetries protect a topological insulator from disorder?

In isotropic amorphous systems all boundaries are protected
Amorphous topological phases in 2D require particle-hole or chiral symmetry⇒ search in 3D.

Spring, Akhmerov, DV, SciPost Phys. 11, 022 (2021)

Previous results



• Not “no symmetry”

• Bulk is “homogeneous” and “isotropic”
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What is “spatial symmetry” in amorphous systems?



• Not “no symmetry”

• Bulk is “homogeneous” and “isotropic”

• Hamiltonian generated by a symmetric local rule

Prodan & Kohn, PNAS 2005

H[r] = H[envr] = UgH [Rg(envr)]U
†
g
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What is “spatial symmetry” in amorphous systems?

• Not “no symmetry”

• Bulk is “homogeneous” and “isotropic”

• Hamiltonian generated by a symmetric local rule

Prodan & Kohn, PNAS 2005

• Topological phases defined through deformations of the rule

DV,A. Lau, K. Pöyhönen, A. R. Akhmerov, D. I. Pikulin, I. C. Fulga, Phys. Rev. Lett. 123, 196401 (2019)

H[r] = H[envr] = UgH [Rg(envr)]U
†
g
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Effective continuum Hamiltonian

gap closing in Heff → gap closing in H

Obeys average symmetry

Allows use of symmetry indicators
at k = 0 and ∞

He↵(k) = UgHe↵(Rgk)U  
g
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„fake“ k-space Hamiltonian

DV et.al., Phys. Rev. Lett. 123, 196401 (2019)

Lessnich et.al., Phys. Rev. B 104, 085116 (2021)



Symmetry indicators

!"#$%&'%()*+,"#-).'''''''''' H(k) = H!"#$%&= const.

Atomic orbitals transform under symmetries
!"#$"#%#&'(')*&+,*&'#&'-

Bloch states at high symmetry momenta

Atomic insulator: all the same
!
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Symmetry indicators

!"#$%&'%()*+,"#-).'''''''''' H(k) = H!"#$%&= const.

Atomic orbitals transform under symmetries
!"#$"#%#&'(')*&+,*&'#&'-

Bloch states at high symmetry momenta

Atomic insulator: all the same

Topological: band inversion

Generalized to all space groups

Fu, Kane PRB 76, 045302 (2007)
Teo, Hughes PRL 111, 047006 (2013)
Bradlyn !"#$%&#Nature 547 298 (2017)
Po !"#$%&#Nature Communications 8, 50 (2017)
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!"# $%&'(%)*+,(-%#./&00#1,2%/0

Q. Marsal, DV, A. G. Grushin, PNAS 202007384 (2020)

Fixed coordination z

Allow time-reversal breaking (magnetic fluxes)

Voronization to get 3-fold coordination
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Chern insulator phases

“Band inversions“

3-fold rotation, bonding/antibonding character

Analytical phase diagram

!"# $%&'(%)*+,(-%#./&00#1,2%/0



3D continuum model with TR breaking

Key idea: Isotropy is a strong constraint → Minimal !"# model

H = (µ + ak2) σ0τ! "+ (bτ#"+ cτ$") $%· !



Key idea: Isotropy is a strong constraint → Minimal !"# model

Make phase ! -dependent to remove time-reversal.

H = (µ + ak2) σ0τ! "+ (bτ#"+ ck2τ$) $%· !

! Has inversion, full rotation, (all mirrors,) and nothing else.

! Topological invariant: parity of inversion eigenvalues (here: sign " ).

! Surface: a disordered critical Dirac cone.

 How to make it in tight-binding?

3D continuum model with TR breaking



Tight-binding model

We need #$%&%'(time-reversal symmetry 
breaking.

! & ! (or ' ): axial vector, breaks rotation.

! (%(or ) ): time-reversal symmetric,

breaks rotation

! (%*& : pseudoscalar, breaks inversion.

! (%*∇ +&%∼%(%* ,%: just right!

Ferrotoroidal order

Possible probe: ( ∼ -%(Poynting vector)
(Analyzed with pymablock)

[Araya Day et al. https://pymablock.readthedocs.io/]



Crystalline phase



Crystalline phase

!  Spin splitting only at low symmetry 
directions.



Amorphous phase

! Bulk gap



Amorphous phase

! Bulk gap
! Gapless surface



Amorphous phase

! Bulk gap
! Gapless surface
! Also with 2 Dirac cones (?)
! Amorphous mirror-Chern insulator

DV et al. PRL 123, 196401(2019)
Marsal, DV, Grushin PNAS 117 30260 (2020)



Amorphous phase

! Bulk gap
! Gapless surface
! Also with 2 Dirac cones (?)
! Amorphous mirror-Chern insulator
! Gapped by breaking reflection



Amorphous phase

! Bulk gap
! Gapless surface
! Also with 2 Dirac cones (?)
! Amorphous mirror-Chern insulator
! Gapped by breaking reflection
! / 0%-,&&#(1) +#&,+%2134 %)5-#"1&"16



Conclusions

" Average spatial symmetries provide topological protection
" Symmetry indicator invariant
" Making such a phase requires a scalar time-reversal 

symmetry breaking.
" Any surface of this phase is protected.
" Odd phases are critical, even localize.

Further questions:
" Is the C# = 2 phase’s surface gappable?
" Generalization with on-site symmetries?
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