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The local Chern marker and its odd dimensional analogues

Key object: pPii = (D | C;Cj | D)

Characterise states Spectral gap not necessary Interacting states
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Amorphous materials are defined by their lack of long-range order




Why topological amorphous matter?

Crystalline

Topological
opologica Amorphous

Nearly all materials if cooled fast enough and far enough can be prepared amorphous’

Topological Amorphous matter

New properties!?



Topologically equivalent insulators

7‘[1(1{) ~ H- (k) Qleny
Keep gap open
ﬁductm

Preserve symmetries

T,P,S

Energy

Momentum space invariants



Translation invariance is not a requirement for topology
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X. Chen, £Z.-C. Gu, and X.-G.Wen, Phys. Rev. B 82, 155138 (2010)



Local topological markers are real space characteristics of topology
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Fourier transform

C(r) =2m Im (r||Qz, Pyl||r)

ne&eocc.

Amorphous Chern insulator

R. Bianco, R. Resta Phys. Rev. B 84,241 106(R) (2011)
Figure from: Q. Marsal, D.Varjas, A.G. Grushin Proc. Natl. Acad. Sci. US.A. 117,30260 (2020)



Quantisation by averaging over the bulk

Quantised invariant;

In practice:

Philosophy:

Coarse grained translation invariant lattice

Amorphous Chern insulator

R. Bianco, R. Resta Phys. Rev. B 84,241106(R) (2011)
Figure from: Q. Marsal, D.Varjas, A.G. Grushin Proc. Natl.Acad. Sci. US.A. 117,30260 (2020)



Chern markers are popular in the literature

N. P. Mitchell, et.al., Nat. Phys. 14 (2018)
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Phys. Rev. B 109, 174512 (2024)
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Why can we not do the same in three dimensions!

10

— 417T fBZ d3]{7 €ijk 1T (AiﬁjAk 231 .Ai.Aj.Ak)

4 Need a bit more vocabulary:

&
A

Vector bundles and bundle invariants.

N
d

Keep the coarse grained
picture in mind!
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Classification of vector bundles

Translation invariance

e —————————— ~— (b o1 = Tm|[p(K))]

complex
vector space

Smooth

p= > A\
Aefilled
bands

A. Kitaev, AIP Conf. Proc. | | 34,22 (2009)
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The local Chern marker as the Fourier transform of the Chern character

Chern number: Cn, = / chy, D =2n
BZ
n times
1 e N
Chern character: ch, = (zm,)nTr(f A A F) Fuv = —p[(Oup), (Oup)]p,
o = P8 T (1), (). (K) Dy, (1)
Cllp — : SRR & . .
(271)" ! P ki, P P kio, P
il ..... iD Xil X’LQXZD .« .o
Fourier transform C(r) = Z - PXirp Pl (r.0)

(D/2)!/(2mi)P/?
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| @) ~ |'F)

If: | D) = U|Y)
|U,0] =0

OelTl,C,S)}

pij — <CI) ‘ C;Cj ‘ (I)>

The single particle density matrix

p= > A\

Ncfilled
bands

Po and Py adiabatically connected

gapped

preserving symmetries
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The Chern marker is easy to use

C(I‘) Ny 81’2[pX pX /0] KA K A A A A A A
; 12K 1(r,a),(r,a) OO0 00O
o OO0 00O
p_<WO‘CiCJ‘W0> YOOV YOV YV VYRV
=> Characterisation of state
m— Spectral gap not necessary ¢
Task: E dd di ional i lant Ch h t //j\\ %V*
ask: Express o Imensional Invariant as a Chern character E“Z



Chern-Simons invariant:

CS(B) :/ cs, mod (1)

In terms of the Chern character:

CS(B) :/ CSn :/Chn
O\ A
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Odd dimensions

Chiral winding number

Z, invariant

not a function of p alone

BZ not a boundary!




Introduce & which acts as an additional dimension

/2
Extend the base space: BZ — BZx 9§

0

Family of projectors: PP 9

JAN
9
_—
0 /2

[T72a0 [, dPk chy = CSBy—r 2) — CSBy—o)

10
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trivial state

Py=0

Choose your boundaries wisely

/2
/ dﬁ/ dP k ch, = C’S(Bp) — CS(Birivial)
0 BZ T

topological state

Py=z = p
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The Chern-Simons invariant gives rise to two types of invariants

CS(B,)

Chiral winding number Z » invariant

Chiral constraint No chiral constraint,but 7 or P

v = 2CS(B,) Ves = 2CS(B,) mod 2
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The local chiral marker is the real space equivalent of the chiral winding number

(p,SY =38, $°=1

1 1 i1 in
Chy = (27 D072 (D 1 1)/2)!519’ Lt PTr|P(k)0yP(k) O, -+ - P(k)0k,

Fourier transform

Local chiral marker

7-(-/2 10 5., 1D P X’L P X’L P r r
v(r) = 222/ dﬁg 5 X0 Dy - JIEIES
: (D +1)/2]!/ (2mi)(P=D)/2

where: X, = id,



20

{p,S} =S8, S*?=1

An analytic expression for P,

P, = % 1 —sin(9)(1 —2p) — cos(9)S]

Py=o Py=g = p

[Py, S} =S — cos(V) trivial no constraint S - chiral
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The three dimensional amorphous topological superconductor

T,P,S

JDH, M. Martinez, |.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129,277601 (2022)



22

The Z, invariant Chern-Simons marker for odd dimensions without chiral symmetry

No chiral constraint = P4y complicated

(1) (1) _ p2) _ %) _
0 P n=Fr"=00p) Pyg/z)_p
trivial chiral TRS/PHS
TRS/PHS

1

CS(B,) — CS(Bg) =0 P, = 5 1 —sin(¥)(1 - 2Q) — cos(V)S,, |
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The three dimensional amorphous topological insulator

0.00 0.05 0.10 0.15 0.20
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The chiral and Chern-Simons markers characterise 4/5 classes in each odd dimension

Cartan label | T P S |d=1 d=2 d=3
A 0 0 O 0 7, 0
AIII 0 0 +1 7, 0 7,
Al 1 0 O 0 0 0
BDI 1 +1 +1 Z. 0 0
D 0 1 0| Zs 7, 0
DIII -1 +1 +1 | Zo Zio 7,
All -1 0 0 0 Zio Zio
CII -1 -1 +1 | 2% 0 Zio
C 0 -1 0 0 27, 0
CI +1 -1 0 0 0 27,
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Topological phases of interacting states

Interactions

| D, ) # HC; 10) (Pin)ij = (Pin¢ | Cij | D) not a projector

|(I)int> A |\Ijslater> If: pint gapped

If: |Pint) = U|Yglater) Pin¢ adiabatically connected to p.¢c;

|U,0] =0



The Ising Majorana model can host topological MBL phases

H = Zj (—itj’Yj’Yj+1 T 97j7j+17j+23/j-|-3) 7'77378
. 1.9 | I I I
V25 = Z(Cj o C;L) V2j—1 = €5 T C; | 0.02 , )
1.0

0.5
)
g= 0.9 0.0
toj € [0,e%/?]
—0.5
tgj_l - [O, 6_5/2]
—1.0 I | | I | I
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Topology of random Circuit states

Entanglement spectrum

0.6

0.4

~<
0.2

a

A, =0:

Eq — Eq42

Degenerate



Summary

Dimensional reduction: Chern character = local chiral and Chern-Simons markers

Requirement: The single-particle density matrix is gapped

Phys. Rev. Lett. 129,277601 (2022) Phys. Rev. Research. 6, L032045 (2024)
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