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The local Chern marker and its odd dimensional analogues

Key object: ρij = ⟨Φ |c†
i cj |Φ⟩

|Φ⟩
Characterise states

⌫(r) = �8⇡i

3

X

↵

"ijk[⇢SXi⇢Xj⇢Xk⇢](r,↵),(r,↵)
<latexit sha1_base64="LK7exE0E08BFXgZoUSAGJajB1h0="></latexit>

Interacting states

|Φint⟩
Spectral gap not necessary
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Amorphous materials are defined by their lack of long-range order

Zallen, (1998)



Amorphous

'Nearly all materials if cooled fast enough and far enough can be prepared amorphous'

Topological

 4

Crystalline

Topological Amorphous matter

New properties?
Zallen, (1998)

M. G. Vergniory et al., Nature. 566(7745), 480–485 (2019)
 L. Elcoro, et al. Nat Commun 12, 5965 (2021)

 P, Corbae, JDH et al 142  EPL (2023)

Why topological amorphous matter?
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Topologically equivalent insulators

H2(k)
<latexit sha1_base64="um2OucrxJLD1WDVHHPEmFwDYJ3o=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKdVOSuNBl0U2XFewDmhAmk0k7dPJgZiKUENz4K25cKOLWr3Dn3zhps9DWAxcO59zLvfd4CaNCGsa3Vllb39jcqm7Xdnb39g/0w6O+iFOOSQ/HLOZDDwnCaER6kkpGhgknKPQYGXjT28IfPBAuaBzdy1lCnBCNIxpQjKSSXP2kYYdITjBiWSd3rabtxczPpvlFw9XrRsuYA64SsyR1UKLr6l+2H+M0JJHEDAkxMo1EOhnikmJG8pqdCpIgPEVjMlI0QiERTjZ/IYfnSvFhEHNVkYRz9fdEhkIhZqGnOot7xbJXiP95o1QG105GoySVJMKLRUHKoIxhkQf0KSdYspkiCHOqboV4gjjCUqVWUyGYyy+vkr7VMi9b1p1Vb9+UcVTBKTgDTWCCK9AGHdAFPYDBI3gGr+BNe9JetHftY9Fa0cqZY/AH2ucPNDeWpw==</latexit>

H1(k)
<latexit sha1_base64="OgZxNpfQwRThvjkk6KiFICyWflc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKdVOSutBl0U2XFewDmhAmk0k7dDIJMxOhhODGX3HjQhG3foU7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jdLa+sbmVnm7srO7t39gHh71ZJwKTLo4ZrEY+EgSRjnpKqoYGSSCoMhnpO9Pbmd+/4EISWN+r6YJcSM04jSkGCkteeZJzYmQGmPEsnbu2XXHj1mQTfKLmmdWrYY1B1wldkGqoEDHM7+cIMZpRLjCDEk5tK1EuRkSimJG8oqTSpIgPEEjMtSUo4hIN5u/kMNzrQQwjIUuruBc/T2RoUjKaeTrztm9ctmbif95w1SF125GeZIqwvFiUZgyqGI4ywMGVBCs2FQThAXVt0I8RgJhpVOr6BDs5ZdXSa/ZsC8bzbtmtXVTxFEGp+AM1IENrkALtEEHdAEGj+AZvII348l4Md6Nj0VryShmjsEfGJ8/MqiWpg==</latexit>

∼
Keep gap open

Preserve symmetries

T ,P,S = T P
<latexit sha1_base64="YmH+85I4az8KzNPhmL7ayHMVsMY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g63gQkpSEd0IRTcuI/YFbSiT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dt0Np6YODcc+5l7j1exKhUlvVl5JaWV1bX8uuFjc2t7R1zd68hw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW94Pfab90RIGvKaGkXEDVCfU59ipLTUNc9KnQCpAUYsqaUn8KdwZou79PK3y0lhqWsWrbI1AVwkdkaKIIPTNT86vRDHAeEKMyRl27Yi5SZIKIoZSQudWJII4SHqk7amHAVEusnkvBQeaaUH/VDoxxWcqLMTCQqkHAWe7hxvKee9sfif146Vf+EmlEexIhxPP/JjBlUIx1nBHhUEKzbSBGFB9a4QD5BAWOlECzoEe/7kRdKolO3TcuW2UqxeZXHkwQE4BMfABuegCm6AA+oAgwfwBF7Aq/FoPBtvxvu0NWdkM/vgD4zPb91aok8=</latexit>

En
er

gy

Conduction

Valence

Hasan, M. Z. and Kane, C. L. Rev. Mod. Phys. 82 (4) (2010) 

Momentum space invariants
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Translation invariance is not a requirement for topology

|Φ⟩ ∼ |Ψ⟩

Free fermion state

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82, 155138 (2010) 

w = 0.2, r = 1.3

|Φ⟩ = U |Ψ⟩

[U, O] = 0

If:

O 2 {T ,P,S}
<latexit sha1_base64="vEPhoakVH0g2IL9UZ+kIitXNL1s=">AAACF3icbZDLSsNAFIYn9VbrLerSzWAruJCQ1IUui27cWbE3aEKZTKft0MkkzEyEEvIWbnwVNy4Ucas738ZJG6S2/jDw8Z9zmHN+P2JUKtv+Ngorq2vrG8XN0tb2zu6euX/QkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/vs7q7QciJA15Q00i4gVoyOmAYqS01TOtyq1LOXQTN0BqhBFLGunZL9fn+D5100rPLNuWPRVcBieHMshV75lfbj/EcUC4wgxJ2XXsSHkJEopiRtKSG0sSITxGQ9LVyFFApJdM70rhiXb6cBAK/biCU3d+IkGBlJPA153ZlnKxlpn/1bqxGlx6CeVRrAjHs48GMYMqhFlIsE8FwYpNNCAsqN4V4hESCCsdZUmH4CyevAytquWcW9W7arl2lcdRBEfgGJwCB1yAGrgBddAEGDyCZ/AK3own48V4Nz5mrQUjnzkEf2R8/gAlAZ/s</latexit>
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(a) (b) (c)

(d) (e)

(f)

Bi
Be
Al

5 mK 6 K
26 mK 10 K
1.18 K 6 K

AmorphousCrystal
Supercond. Tc

Element

amorphouscrystal quasicrystal(a) (b) (c)

(d) (e)

(f) Amorphous Chern insulator

C(r) = 2⇡ Im hr|[Q̂x̂, P̂ ŷ]|ri
<latexit sha1_base64="GBYhR7jn1KkudzYxmOd8UNbIXvs="></latexit>

R. Bianco, R. Resta Phys. Rev. B 84, 241106(R) (2011)
Figure from: Q. Marsal, D. Varjas,  A.G. Grushin Proc. Natl. Acad. Sci. U.S.A. 117, 30260 (2020)

C(r) = 2⇡ Im hr|[Q̂x̂, P̂ ŷ]|ri
<latexit sha1_base64="GBYhR7jn1KkudzYxmOd8UNbIXvs="></latexit>

Fourier transform

P̂ =
X

n2occ.

|nihn|
<latexit sha1_base64="uXN0JFoasKJX/+zhJRdMvWY/lu4=">AAACFXicbVDLSsNAFJ34rPUVdelmsAguJCRV0I1QdOOygn1AE8JkOmmHzkzCzEQoaX/Cjb/ixoUibgV3/o1JmoW2Hrjcwzn3MnNPEDOqtG1/G0vLK6tr65WN6ubW9s6uubffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcY3eR+54FIRSNxr8cx8TgaCBpSjHQm+eapO0Q6bU6vXJVwPxUuFTDC2JpOhCuRGDDisqJBMan6Zs227AJwkTglqYESTd/8cvsRTjgRGjOkVM+xY+2lSGqKGZlW3USRGOERGpBeRgXiRHlpcdUUHmdKH4aRzEpoWKi/N1LElRrzIJvkSA/VvJeL/3m9RIeXXkpFnGgi8OyhMGFQRzCPCPapJFizcUYQljT7K8RDJBHWWZB5CM78yYukXbecM6t+d15rXJdxVMAhOAInwAEXoAFuQRO0AAaP4Bm8gjfjyXgx3o2P2eiSUe4cgD8wPn8AAs+fUw==</latexit>

Q̂ = 1� P̂
<latexit sha1_base64="zvn3nC++VYPz3+WlHLof5ePnJkg=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIbixJFXQjFN24bMFeoA1lMp20QyeTMDNRSuyjuHGhiFufxJ1v4zTNQlt/GPj4zzmcM78fc6a043xbK6tr6xubha3i9s7u3r5dOmipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x/fzurtByoVi8S9nsTUC/FQsIARrI3Vt0u9EdZpY3rtnmVUn/btslNxMqFlcHMoQ6563/7qDSKShFRowrFSXdeJtZdiqRnhdFrsJYrGmIzxkHYNChxS5aXZ6VN0YpwBCiJpntAoc39PpDhUahL6pjPEeqQWazPzv1o30cGVlzIRJ5oKMl8UJBzpCM1yQAMmKdF8YgATycytiIywxESbtIomBHfxy8vQqlbc80q1cVGu3eRxFOAIjuEUXLiEGtxBHZpA4BGe4RXerCfrxXq3PuatK1Y+cwh/ZH3+ANJfk7c=</latexit>

P̂ =
X

n2occ.

|nihn|
<latexit sha1_base64="uXN0JFoasKJX/+zhJRdMvWY/lu4=">AAACFXicbVDLSsNAFJ34rPUVdelmsAguJCRV0I1QdOOygn1AE8JkOmmHzkzCzEQoaX/Cjb/ixoUibgV3/o1JmoW2Hrjcwzn3MnNPEDOqtG1/G0vLK6tr65WN6ubW9s6uubffVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcY3eR+54FIRSNxr8cx8TgaCBpSjHQm+eapO0Q6bU6vXJVwPxUuFTDC2JpOhCuRGDDisqJBMan6Zs227AJwkTglqYESTd/8cvsRTjgRGjOkVM+xY+2lSGqKGZlW3USRGOERGpBeRgXiRHlpcdUUHmdKH4aRzEpoWKi/N1LElRrzIJvkSA/VvJeL/3m9RIeXXkpFnGgi8OyhMGFQRzCPCPapJFizcUYQljT7K8RDJBHWWZB5CM78yYukXbecM6t+d15rXJdxVMAhOAInwAEXoAFuQRO0AAaP4Bm8gjfjyXgx3o2P2eiSUe4cgD8wPn8AAs+fUw==</latexit>

C = � 1

⇡

XZ

BZ
dkh@kxunk|@kyunki

<latexit sha1_base64="Z0HRC32UsQdwDvIbsOgu/YIdTVU="></latexit>

Local topological markers are real space characteristics of topology
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Quantisation by averaging over the bulk

R. Bianco, R. Resta Phys. Rev. B 84, 241106(R) (2011)
Figure from: Q. Marsal, D. Varjas,  A.G. Grushin Proc. Natl. Acad. Sci. U.S.A. 117, 30260 (2020)

Philosophy:

Coarse grained translation invariant lattice

Quantised invariant:

In practice:

C =
P C(r)

Area
<latexit sha1_base64="t9M/kAUx5j/W1kNqYbtb8kAEdsc=">AAACInicbVC7TsMwFHV4lvIKMLJEtEhlqZIyAANSoQtjkehDaqLKcZ3Wqp1EtoNUWfkWFn6FhQEETEh8DE6bobQcydLROfde33v8mBIhbfvbWFldW9/YLGwVt3d29/bNg8O2iBKOcAtFNOJdHwpMSYhbkkiKuzHHkPkUd/xxI/M7j5gLEoUPchJjj8FhSAKCoNRS37wquwzKEYJUNdJrVyTMDThEak6tuH5EB4qnZ6lyOVM3en6alvtmya7aU1jLxMlJCeRo9s1PdxChhOFQIgqF6Dl2LD0FuSSI4rToJgLHEI3hEPc0DSHDwlPTE1PrVCsDK4i4fqG0pup8h4JMiAnzdWW2uVj0MvE/r5fI4NJTJIwTiUM0+yhIqCUjK8vLGhCOkaQTTSDiRO9qoRHUEUmdalGH4CyevEzatapzXq3d10r12zyOAjgGJ6ACHHAB6uAONEELIPAEXsAbeDeejVfjw/iala4Yec8R+APj5xcrY6VL</latexit>

r 2 bulk
<latexit sha1_base64="WW1udlr17Tkk0cGGQZY3/HuluMk=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoOJYBV2Y6Fl0MYygnlAdgmzs5NkyDyWmVkhLNv4KzYWitj6GXb+jZNkC008cOFwzr3ce0+UMKqN5307pbX1jc2t8nZlZ3dv/8A9POpomSpM2lgyqXoR0oRRQdqGGkZ6iSKIR4x0o8ntzO8+EqWpFA9mmpCQo5GgQ4qRsdLAPakFkWRxpvKAChgonkUpm+S1gVv16t4ccJX4BamCAq2B+xXEEqecCIMZ0rrve4kJM6QMxYzklSDVJEF4gkakb6lAnOgwmz+Qw3OrxHAolS1h4Fz9PZEhrvWUR7aTIzPWy95M/M/rp2Z4HWZUJKkhAi8WDVMGjYSzNGBMFcGGTS1BWFF7K8RjpBA2NrOKDcFffnmVdBp1/7LeuG9UmzdFHGVwCs7ABfDBFWiCO9ACbYBBDp7BK3hznpwX5935WLSWnGLmGPyB8/kDsK6Wdg==</latexit>

(a) (b) (c)

(d) (e)

(f)

Bi
Be
Al

5 mK 6 K
26 mK 10 K
1.18 K 6 K

AmorphousCrystal
Supercond. Tc

Element

amorphouscrystal quasicrystal(a) (b) (c)

(d) (e)

(f) Amorphous Chern insulator

C(r) = 2⇡ Im hr|[Q̂x̂, P̂ ŷ]|ri
<latexit sha1_base64="GBYhR7jn1KkudzYxmOd8UNbIXvs="></latexit>
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N. P. Mitchell, et.al., Nat. Phys. 14 (2018)

Q. Marsal, et.al.Proc. Natl. Acad. Sci. U.S.A. 117, 30260 (2020)

S. Manna, et.al. Phys. Rev. B 109, 174512 (2024)

 Chern markers are popular in the literature
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 Why can we not do the same in three dimensions?

✓ = � 1
4⇡

R
BZ d

3k "ijk Tr
�
Ai@jAk � 2i

3 AiAjAk

�
<latexit sha1_base64="XRAD+Bkkty5ev9asrJAAWMWjfz8="></latexit>

Keep the coarse grained 
picture in mind!

Need a bit more vocabulary:

Vector bundles and bundle invariants.

X-L. Qi, T. L. Hughes, S. raghu, S-C. Zhang, Phys. Rev. Lett. 102, 187001 (2009)
A. M. Essin, J. E. Moore, D. Vanderbilt, Phys. Rev. Lett. 102, 146805 (2009)



 Classification of vector bundles 

A. Kitaev, AIP Conf. Proc. 1134, 22 (2009) 11

Translation invariance 

⇢ =
X

�2filled
bands

|�ih�|

<latexit sha1_base64="zh4IZO7S7zeQtqIUSZuQ0eu0SLA="></latexit>

Smooth

Brillouin Zone

k
fiber = Im[⇢(k)]

<latexit sha1_base64="xR0yde9/LtH3pjp7fKBHRwnhcQU=">AAACEnicbZDLSsNAFIYn9VbrLerSTbAI7aYkVdCNUHSjuwr2Akkok+mkHTqXMDMRSsgzuPFV3LhQxK0rd76NSZuFtv4w8PGfc5hz/iCiRGnb/jZKK6tr6xvlzcrW9s7unrl/0FUilgh3kKBC9gOoMCUcdzTRFPcjiSELKO4Fk+u83nvAUhHB7/U0wj6DI05CgqDOrIFZ9yRLQhJgmV7meMtS15NjUfMY1OMgTCZp3a/kGphVu2HPZC2DU0AVFGoPzC9vKFDMMNeIQqVcx460n0CpCaI4rXixwhFEEzjCboYcMqz8ZHZSap1kztAKhcwe19bM/T2RQKbUlAVZZ76oWqzl5n81N9bhhZ8QHsUaczT/KIyppYWV52MNicRI02kGEEmS7WqhMZQQ6SzFPARn8eRl6DYbzmmjeXdWbV0VcZTBETgGNeCAc9ACN6ANOgCBR/AMXsGb8WS8GO/Gx7y1ZBQzh+CPjM8foj6cuw==</latexit>

⇢
=

X

�
2
fi
ll
ed

b
a
n
d
s

|�
ih
�
|

<latexit sha1_base64="zh4IZO7S7zeQtqIUSZuQ0eu0SLA="></latexit>

complex vector space
<latexit sha1_base64="tm5YtauTlvFE1Gps66zhf3RPKXs=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWaqoCspunFZwT6gM5RMmmlDk8mQZIpl6N+48VfcCCqiS//EzHQW2nogcHLOvTe5J4gZVdpxvqzSyura+kZ5s7K1vbO7Z+8ftJVIJCYtLJiQ3QApwmhEWppqRrqxJIgHjHSC8U3mdyZEKiqiez2Nic/RMKIhxUgbqW9feZKnWPCYkYeZN1IxwiR1OZ9l+oRgLeSSnN9mlQx9u+rUnBxwmbgFqYICzb796g0ETjiJNGZIqZ7rxNpPkdQUMzPUSxQx48doSHqGRogT5af5njN4YpQBDIU0J9IwV393pIgrNeWBqeRIj9Sil4n/eb1Eh5d+SqM40STC84fChEEtYBYaHFBpomBTQxCW1PwV4hGSCGsTbRaCu7jyMmnXa+5ZrX53Xm1cF3GUwRE4BqfABRegAW5BE7QABo/gGbyBd+vJerE+rM95ackqeg7BH1jfPwnlpyM=</latexit>

complex vector space
<latexit sha1_base64="tm5YtauTlvFE1Gps66zhf3RPKXs=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWaqoCspunFZwT6gM5RMmmlDk8mQZIpl6N+48VfcCCqiS//EzHQW2nogcHLOvTe5J4gZVdpxvqzSyura+kZ5s7K1vbO7Z+8ftJVIJCYtLJiQ3QApwmhEWppqRrqxJIgHjHSC8U3mdyZEKiqiez2Nic/RMKIhxUgbqW9feZKnWPCYkYeZN1IxwiR1OZ9l+oRgLeSSnN9mlQx9u+rUnBxwmbgFqYICzb796g0ETjiJNGZIqZ7rxNpPkdQUMzPUSxQx48doSHqGRogT5af5njN4YpQBDIU0J9IwV393pIgrNeWBqeRIj9Sil4n/eb1Eh5d+SqM40STC84fChEEtYBYaHFBpomBTQxCW1PwV4hGSCGsTbRaCu7jyMmnXa+5ZrX53Xm1cF3GUwRE4BqfABRegAW5BE7QABo/gGbyBd+vJerE+rM95ackqeg7BH1jfPwnlpyM=</latexit>



The local Chern marker as the Fourier transform of the Chern character

S. Ryu et al, New J. Phys. 12 065010 (2010)

Fourier transform C(r) =
X

↵

"i1,...,iD [⇢Xi1⇢Xi2 · · ·XiD⇢](r,↵),(r,↵)
(D/2)!/(2⇡i)D/2

<latexit sha1_base64="6Ldrl4tEDeuuz7S5Jo26AYu/fB0="></latexit>

chn =
1

(2⇡i)n
1

n!
"i1,...,i2nTr

�
⇢(k)@ki1

⇢(k)...⇢(k)@ki2n
⇢(k)

�

<latexit sha1_base64="Tui7SOoPu6+s+HW1fG19DhTZjWQ="></latexit>
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Cn =

Z

BZ
chn

<latexit sha1_base64="lsWg+TSGPFpkbvUojawQKpn5yuE=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KkkVdCOUduOygn1gE8JkOmmHzkzCzEQoIWs3/oobF4q49Qvc+TdO2iy09cCFwzn3cu89QUyJVLb9bZRWVtfWN8qbla3tnd09c/+gK6NEINxBEY1EP4ASU8JxRxFFcT8WGLKA4l4waeV+7wELSSJ+p6Yx9hgccRISBJWWfPPYZVCNEaRpK/P5tUu48lNXsLR5n2Vo7POKb1btmj2DtUycglRBgbZvfrnDCCUMc4UolHLg2LHyUigUQRRnFTeROIZoAkd4oCmHDEsvnb2SWadaGVphJHRxZc3U3xMpZFJOWaA788PlopeL/3mDRIVXXkp4nCjM0XxRmFBLRVaeizUkAiNFp5pAJIi+1UJjKCBSOr08BGfx5WXSrdec81r99qLaaBZxlMEROAFnwAGXoAFuQBt0AAKP4Bm8gjfjyXgx3o2PeWvJKGYOwR8Ynz+y2Jrj</latexit>

D = 2nChern number:

Fµ⌫ = �[Aµ,A⌫ ] = �⇢[(@µ⇢), (@⌫⇢)]⇢,
<latexit sha1_base64="7NA/N7WU0NdyxXTD/MV37hQzTX8="></latexit>

Fµ⌫ = �[Aµ,A⌫ ] = �⇢[(@µ⇢), (@⌫⇢)]⇢,
<latexit sha1_base64="7NA/N7WU0NdyxXTD/MV37hQzTX8="></latexit>

chn =
1

(2⇡i)n
Tr(

n timesz }| {
F ^ · · · ^ F)

<latexit sha1_base64="QaFlBGkIjAbI1b4e3YJk33A1Xcs="></latexit>

Chern character:
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The single particle density matrix

  and   adiabatically connected ρΦ ρΨ

gapped

preserving symmetries

O. Penrose and L. Onsager, Physs. Rev. 104, 576 (1956)
S. Bera et al,  Phys. Rev. Lett. 115, 046603 (2015) 
X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82, 155138 (2010) 

|Φ⟩ = ∏
i

c†
i |0⟩ ρij = ⟨Φ |c†

i cj |Φ⟩ ⇢ =
X

�2filled
bands

|�ih�|

<latexit sha1_base64="zh4IZO7S7zeQtqIUSZuQ0eu0SLA="></latexit>

|Φ⟩ ∼ |Ψ⟩

|Φ⟩ = U |Ψ⟩

[U, O] = 0

O ∈ {T, C, S}

If:



The Chern marker is easy to use

 14

C(r) =
X

↵

"i1,...,iD [⇢Xi1⇢Xi2 · · ·XiD⇢](r,↵),(r,↵)
(D/2)!/(2⇡i)D/2

<latexit sha1_base64="6Ldrl4tEDeuuz7S5Jo26AYu/fB0="></latexit>

= 2πi∑
α

ε1,2[ρX1ρX2ρ](r,α),(r,α)

ρ = ⟨ψ0 |c†
i cj |ψ0⟩

Task:  Express odd dimensional invariant as a Chern character

⟹ Characterisation of state

⟹ Spectral gap not necessary



Odd dimensions

Chern-Simons invariant:  

BZ not a boundary! 

∂Λ = BZ

Λ

S. Ryu et al, New J. Phys. 12 065010 (2010)

Chiral winding number

  invariantℤ2

 15

CS(B) =

Z

BZ
csn mod (1)

<latexit sha1_base64="BqKrvKDpHbJ8AlZxQ/dLqiZE+rM=">AAACFnicbVDLSsNAFJ34tr6iLt0MFqEuLEkVdCOUunGpaB/YhDCZTnXoZBJmbsQS8hVu/BU3LhRxK+78Gye1C60eGDiccy93zgkTwTU4zqc1NT0zOze/sFhaWl5ZXbPXN1o6ThVlTRqLWHVCopngkjWBg2CdRDEShYK1w8FJ4bdvmdI8lpcwTJgfkWvJ+5wSMFJg73kRgRtKRHZykVcau8celxBkjasce8DuIMM51YH0orhXcXcDu+xUnRHwX+KOSRmNcRbYH14vpmnEJFBBtO66TgJ+RhRwKlhe8lLNEkIH5Jp1DZUkYtrPRrFyvGOUHu7HyjwJeKT+3MhIpPUwCs1kEUJPeoX4n9dNoX/kZ1wmKTBJvw/1U4EhxkVHuMcVoyCGhhCquPkrpjdEEQqmyZIpwZ2M/Je0alV3v1o7PyjXG+M6FtAW2kYV5KJDVEen6Aw1EUX36BE9oxfrwXqyXq2379Epa7yziX7Bev8CKDueuQ==</latexit>

not a function of   alone ρ

In terms of the Chern character:

CS(B) =

Z

@⇤
csn =

Z

⇤
chn

<latexit sha1_base64="nheJRJHIxyfx26LiJTwnckJjR+E="></latexit>

CS(B) =

Z

@⇤
csn =

Z

⇤
chn

<latexit sha1_base64="nheJRJHIxyfx26LiJTwnckJjR+E="></latexit>
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ϑ

Extend the base space: BZ → BZ × ϑ
π/2

0

Λ

 16

R ⇡/2
0 d#

R
BZ d

Dk chn = CS(B#=⇡/2)� CS(B#=0)
<latexit sha1_base64="ofV3xjzH05OdjR4Bt4JtVZqiK+k="></latexit>

Introduce   which acts as an additional dimensionϑ

0 π/2

PϑFamily of projectors:

R ⇡/2
0 d#

R
BZ d

Dk chn = CS(B#=⇡/2)� CS(B#=0)
<latexit sha1_base64="ofV3xjzH05OdjR4Bt4JtVZqiK+k="></latexit>
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CS(B⇢)� CS(Btrivial)| {z }
=0

=

Z

BZ
dDk csn =

Z ⇡/2

0
d#

Z

BZ
dDk chn

<latexit sha1_base64="9MRX8fh8r9w/u03mPTlIN+OsF8o="></latexit>

CS(B⇢)� CS(Btrivial)| {z }
=0

=

Z

BZ
dDk csn =

Z ⇡/2

0
d#

Z

BZ
dDk chn

<latexit sha1_base64="9MRX8fh8r9w/u03mPTlIN+OsF8o="></latexit>

CS(B⇢)� CS(Btrivial)| {z }
=0

=

Z

BZ
dDk csn =

Z ⇡/2

0
d#

Z

BZ
dDk chn

<latexit sha1_base64="9MRX8fh8r9w/u03mPTlIN+OsF8o="></latexit>

Choose your boundaries wisely

trivial state topological state

ϑ

Λ

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129, 277601 (2022) 



The Chern-Simons invariant gives rise to two types of invariants 

CS(B⇢) =

Z ⇡/2

0
d#

Z

BZ
dDk chn

<latexit sha1_base64="ZVBGt8r6PFIK6j3KvlfP3RTwdFo="></latexit>

S. Ryu et al, New J. Phys. 12 065010 (2010) 18

⌫cs = 2CS(B⇢) mod 2
<latexit sha1_base64="zTzR6motVWP6YlSMbuRmATZoyK8=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkTdiNgjZCSBrLiOYB2bDMTibJkHksM7NCWPYbbPwVGwtFbK3s/Bsnj0ITD1w4nHMv994TRoxq47rfTmZtfWNzK7ud29nd2z/IHx61tIwVJk0smVSdEGnCqCBNQw0jnUgRxENG2uG4PvXbD0RpKsW9mUSkx9FQ0AHFyFgpyJd8EQeJr3iCdZpeV3yOzAgjltTv0mIt8NVIlnwu+7AS5Atu2Z0BrhJvQQpggUaQ//L7EsecCIMZ0rrruZHpJUgZihlJc36sSYTwGA1J11KBONG9ZPZSCs+s0ocDqWwJA2fq74kEca0nPLSd04v1sjcV//O6sRlc9RIqotgQgeeLBjGDRsJpPrBPFcGGTSxBWFF7K8QjpBA2NsWcDcFbfnmVtCpl77xcub0oVGuLOLLgBJyCIvDAJaiCG9AATYDBI3gGr+DNeXJenHfnY96acRYzx+APnM8f/BadoA==</latexit>

No chiral constraint, but T
<latexit sha1_base64="cM7cs3f8iy0L9voP4QlMg/ddshs=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjO40CXRjUtMeJjAhHRKBxo67dh2SMiE73DjQmPc+jHu/Bs7MAsFT9Lk5Jx7c09PEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FI9BlhTzgRtG2Y4fYwVxVHAaTeY3GV+d0qVZlK0zCymfoRHgoWMYGMlv9qPsBkTzNPWvDooV9yauwBaJ15OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2X+ommMSYTPKI9SwWOqPbTReg5urDKEIVS2ScMWqi/N1IcaT2LAjuZZdSrXib+5/USE974KRNxYqggy0NhwpGRKGsADZmixPCZJZgoZrMiMsYKE2N7KtkSvNUvr5NOveZd1eoP9UrjNq+jCGdwDpfgwTU04B6a0AYCT/AMr/DmTJ0X5935WI4WnHznFP7A+fwBSy6RyA==</latexit>

or P
<latexit sha1_base64="m7HsgUVoY43unQsW+CoLGnhQn0w=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjO40CXRjUtM5JHAhHRKBxrazth2SMiE73DjQmPc+jHu/Bs7MAsFT9Lk5Jx7c09PEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GV+Z0qVZpF8NLOY+gKPJAsZwcZKfrUvsBkTzNPmvDooV9yauwBaJ15OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2X+ommMSYTPKI9SyUWVPvpIvQcXVhliMJI2ScNWqi/N1IstJ6JwE5mGfWql4n/eb3EhDd+ymScGCrJ8lCYcGQilDWAhkxRYvjMEkwUs1kRGWOFibE9lWwJ3uqX10m7XvOuavWHeqVxm9dRhDM4h0vw4BoacA9NaAGBJ3iGV3hzps6L8+58LEcLTr5zCn/gfP4ARRaRxA==</latexit>

  invariantℤ2Chiral winding number

⌫ = 2CS(B⇢)
<latexit sha1_base64="BR61KxdZCawpN3V5ePkHgCNSRvw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWpgm6E0m5cVrQPaEKYTCft0MkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+PujJKBCYdHLFI9H0kCaOcdBRVjPRjQVDoM9LzJ63M7z0QIWnE79U0Jm6IRpwGFCOlJc8sOzyB13XohEiNMWJp625WbXqOGEdnnlmxatYccJXYOamAHG3P/HKGEU5CwhVmSMqBbcXKTZFQFDMyKzmJJDHCEzQiA005Col00/kTM3iqlSEMIqGLKzhXf0+kKJRyGvq6M7tVLnuZ+J83SFRw5aaUx4kiHC8WBQmDKoJZInBIBcGKTTVBWFB9K8RjJBBWOreSDsFefnmVdOs1+7xWv72oNJp5HEVQBiegCmxwCRrgBrRBB2DwCJ7BK3gznowX4934WLQWjHzmGPyB8fkD9uaXBg==</latexit>

Chiral constraint



The local chiral marker is the real space equivalent of the chiral winding number

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129, 277601 (2022) 

Local chiral marker

X0 = i∂ϑwhere:

⌫(r) = 2i
X

↵

Z ⇡/2

0
d#

"i0,...,iD [P#Xi0P#...XiDP#](r,↵),(r,↵)
[(D + 1)/2]!/(2⇡i)(D�1)/2

<latexit sha1_base64="X1U82/L7kI87A182xSacjuOY0RQ="></latexit>

Fourier transform

chn =
1

(2⇡i)(D+1)/2

1

((D + 1)/2)!
"#,i1,...,iDTr[P(k)@#P(k)@ki1

· · · P(k)@kiD
P(k)]

<latexit sha1_base64="oAt0sfvFW0vDQUXsZs/ummjUfEA="></latexit>

{ρ, S} = S,  S2 = 1
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JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129, 277601 (2022) 

Pϑ =
1
2 [1 − sin(ϑ)(1 − 2ρ) − cos(ϑ)S]

 20

An analytic expression for  Pϑ

{ρ, S} = S,  S2 = 1

⌫(r) = �8⇡i

3

X

↵

"ijk[⇢SXi⇢Xj⇢Xk⇢](r,↵),(r,↵)
<latexit sha1_base64="LK7exE0E08BFXgZoUSAGJajB1h0="></latexit>

{P#, S} = S � cos(#)
<latexit sha1_base64="IPbkwpVBV+X9GDB9qeEJBbWFu/8=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WooCWpgm6EohuXldoHNCFMptN26GQSZiaFEvoLbvwVNy4UcevOnX/jpA2irQcuHM65d+be40eMSmVZX0ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtH0kCaOcNBRVjLQjQVDgM9Lyhzep3xoRIWnI79U4Im6A+pz2KEZKS55ZcpKa54yQUAOi0EndmVzVTx0cytKPeFxI4ZlFq2xNAReJnZEiyFDzzE+nG+I4IFxhhqTs2Fak3EQ/SjEjk4ITSxIhPER90tGUo4BIN5leNIFHWunCXih0cQWn6u+JBAVSjgNfdwZIDeS8l4r/eZ1Y9S7dhPIoVoTj2Ue9mEEVwjQe2KWCYMXGmiAsqN4V4gESCCsdYhqCPX/yImlWyvZZuXJ3XqxeZ3HkwQE4BCVggwtQBbegBhoAgwfwBF7Aq/FoPBtvxvusNWdkM/vgD4yPb3jAm3Q=</latexit>

P0 =
1
2 (1 − S)
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The three dimensional amorphous topological superconductor

T ,P,S = T P
<latexit sha1_base64="YmH+85I4az8KzNPhmL7ayHMVsMY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g63gQkpSEd0IRTcuI/YFbSiT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dt0Np6YODcc+5l7j1exKhUlvVl5JaWV1bX8uuFjc2t7R1zd68hw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW94Pfab90RIGvKaGkXEDVCfU59ipLTUNc9KnQCpAUYsqaUn8KdwZou79PK3y0lhqWsWrbI1AVwkdkaKIIPTNT86vRDHAeEKMyRl27Yi5SZIKIoZSQudWJII4SHqk7amHAVEusnkvBQeaaUH/VDoxxWcqLMTCQqkHAWe7hxvKee9sfif146Vf+EmlEexIhxPP/JjBlUIx1nBHhUEKzbSBGFB9a4QD5BAWOlECzoEe/7kRdKolO3TcuW2UqxeZXHkwQE4BMfABuegCm6AA+oAgwfwBF7Aq/FoPBtvxvu0NWdkM/vgD4zPb91aok8=</latexit>

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129, 277601 (2022) 



PR
#=⇡

2
= P ⇢,Q

#=0 = Q
<latexit sha1_base64="r5YjArnDon0aNe7L6FU3DmYhnJk="></latexit>

The   invariant Chern-Simons marker for odd dimensions without chiral symmetryℤ2

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129, 277601 (2022) 

CS(B⇢)� CS(BQ) = 0
<latexit sha1_base64="+uqLvXJOPG+BFtpcSnyOYVFQZcA=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VoF5akCroRSrtx2aJ9QBPCZDpth04mYWYilNBfcOOvuHGhiFt37vwbJ20W2nrgwuGce7n3Hj9iVCrL+jZya+sbm1v57cLO7t7+gXl41JFhLDBp45CFoucjSRjlpK2oYqQXCYICn5GuP2mkfveBCElDfq+mEXEDNOJ0SDFSWvLMkhMgNcaIJY27WanuOWIcls+XxFb5xvLMolWx5oCrxM5IEWRoeuaXMwhxHBCuMENS9m0rUm6ChKKYkVnBiSWJEJ6gEelrylFApJvMP5rBM60M4DAUuriCc/X3RIICKaeBrzvTU+Wyl4r/ef1YDa/dhPIoVoTjxaJhzKAKYRoPHFBBsGJTTRAWVN8K8RgJhJUOsaBDsJdfXiWdasW+qFRbl8VaPYsjD07AKSgBG1yBGrgFTdAGGDyCZ/AK3own48V4Nz4WrTkjmzkGf2B8/gCkuJw7</latexit>

P(1)
0 P(1)

π/2

chiral
<latexit sha1_base64="qpTqgZ/eKBusP4XPApWvjtWnZ+Y=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUcCGzI7NDBhdnad6SWSDd/hxYPGePVjvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nfnNMWgjIvWAkxj8kA2U6AvO0Ep+B+EJUz4Umslpt1hyy+4cdJV4GSmRDLVu8avTi3gSgkIumTFtz43RT5lGwSVMC53EQMz4iA2gbaliIRg/nR89pWdW6dF+pG0ppHP190TKQmMmYWA7Q4ZDs+zNxP+8doL9az8VKk4QFF8s6ieSYkRnCdCe0MBRTixhXAt7K+VDphlHm1PBhuAtv7xKGpWyd1Gu3F+WqjdZHHlyQk7JOfHIFamSO1IjdcLJI3kmr+TNGTsvzrvzsWjNOdnMMfkD5/MHdpaSjA==</latexit>

TRS/PHS
<latexit sha1_base64="Mk0NKury7mgN4Bz2h15VhQMUtAA=">AAAB9XicbVBNT8JAEN3iF+IX6tHLRmLiCVs00SPRC0eUzwQq2S5b2LDdNrtTlTT8Dy8eNMar/8Wb/8YFelDwJZO8vDeTmXleJLgG2/62Miura+sb2c3c1vbO7l5+/6Cpw1hR1qChCFXbI5oJLlkDOAjWjhQjgSdYyxvdTP3WA1Oah7IO44i5ARlI7nNKwEj3XWBPkNTvamfVSm3Syxfsoj0DXiZOSgooRbWX/+r2QxoHTAIVROuOY0fgJkQBp4JNct1Ys4jQERmwjqGSBEy7yezqCT4xSh/7oTIlAc/U3xMJCbQeB57pDAgM9aI3Ff/zOjH4V27CZRQDk3S+yI8FhhBPI8B9rhgFMTaEUMXNrZgOiSIUTFA5E4Kz+PIyaZaKznmxdHtRKF+ncWTRETpGp8hBl6iMKqiKGogihZ7RK3qzHq0X6936mLdmrHTmEP2B9fkDDJKSNg==</latexit>

P(2)
π/2 = ρP(1)

π/2 = P(2)
0P(1)

π/2 = P(2)
0 = Q(ρ)
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No chiral constraint ⟹ Pϑ complicated

Q



The three dimensional amorphous topological insulator

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Lett. 129, 277601 (2022) 
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+1

+1

+1

+1

The chiral and Chern-Simons markers characterise 4/5 classes in each odd dimension

Cartan, E., Bull. Soc. Math. France 54, 214 (1926),  
Altland, A., Zirnbauer, M.R., Phys. Rev. B 55, 1142 (1997). 
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Topological phases of interacting states

|Φint⟩ ≠ ∏
α

c†
α |0⟩ (ρint)ij = ⟨Φint |c†

i cj |Φint⟩ not a projector

Interactions 

[U, O] = 0

If:

|�inti ⇠ | slateri
<latexit sha1_base64="+cxqo9Y0+aF9gcesDlYi3MuGn/U=">AAACIXicbVDLSgMxFM34rPU16tJNsBVclZm6sMuiG5cV7AM6pWTS2zY0yQxJRihjf8WNv+LGhSLdiT9j2g6irQcCh3Pu5eacMOZMG8/7dNbWNza3tnM7+d29/YND9+i4oaNEUajTiEeqFRINnEmoG2Y4tGIFRIQcmuHoZuY3H0BpFsl7M46hI8hAsj6jxFip61aKj0FtyLppoETKpJlMAkXkgEOgmcDW05mnOTGgfuxi1y14JW8OvEr8jBRQhlrXnQa9iCYCpKGcaN32vdh0UqIMoxwm+SDREBM6IgNoWyqJAN1J5wkn+NwqPdyPlH3S4Ln6eyMlQuuxCO2kIGaol72Z+J/XTky/0rHB48SApItD/YRjE+FZXbjHFFDDx5YQqpj9K6ZDogi1Zei8LcFfjrxKGuWSf1kq35UL1eusjhw6RWfoAvnoClXRLaqhOqLoCb2gN/TuPDuvzoczXYyuOdnOCfoD5+sbXF2lew==</latexit>

|�inti = U | slateri
<latexit sha1_base64="rA7+HVvgr3/Ee7UBaLql6SnzYUc=">AAACIHicbVBNTwIxFOziF+LXqkcvjWDiieziAS8mRC8eMXGBhCWkWx7Q0O1u2q4JWfkpXvwrXjxojN7011hgYxScpMlk5r28zgQxZ0o7zqeVW1ldW9/Ibxa2tnd29+z9g4aKEknBoxGPZCsgCjgT4GmmObRiCSQMODSD0dXUb96BVCwSt3ocQyckA8H6jBJtpK5dLd379SHrpr4MUyb0ZOJLIgYcLrCHjaUyS3GiQf64pa5ddMrODHiZuBkpogz1rv3h9yKahCA05USptuvEupMSqRnlMCn4iYKY0BEZQNtQQUJQnXQWcIJPjNLD/UiaJzSeqb83UhIqNQ4DMxkSPVSL3lT8z2snun/eMbnjRIOg80P9hGMd4WlbuMckUM3HhhAqmfkrpkMiCTVlqIIpwV2MvEwalbJ7Vq7cVIq1y6yOPDpCx+gUuaiKauga1ZGHKHpAT+gFvVqP1rP1Zr3PR3NWtnOI/sD6+gagYKR+</latexit>

O. Penrose and L. Onsager, Physs. Rev. 104, 576 (1956)
S. Bera et al,  Phys. Rev. Lett. 115, 046603 (2015) 
X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82, 155138 (2010) 

ρint gapped

  adiabatically connected to   ρint ρslater

If:
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The Ising Majorana model can host topological MBL phases

g = 0.5
<latexit sha1_base64="LuAD2ls9e5httrw1TbYwSK3cE0k=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp2W3InoRil48VrAf0C4lm2bb0CS7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/N/PYTVZrF8tFMEhoIPJQsYgQbK7WrwxvPvaz2yxXP9eZAq8TPSQVyNPrlr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm587RWdWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roOsiYTFJDJVksilKOTIxmv6MBU5QYPrEEE8XsrYiMsMLE2IRKNgR/+eVV0qq5/oVbe6hV6rd5HEU4gVM4Bx+uoA730IAmEBjDM7zCm5M4L86787FoLTj5zDH8gfP5A1gWjkE=</latexit>

t2j 2 [0, e�/2]
<latexit sha1_base64="fYipVzmPH6DrrwND/J/0P2AAqJM=">AAACB3icbVA9SwNBEN3zM8avqKUgi1GwkHh3FloGbSwjmCjkzrC3meiavb1jd04IRzob/4qNhSK2/gU7/42beIVfDwYe780wMy9KpTDouh/OxOTU9Mxsaa48v7C4tFxZWW2ZJNMcmjyRib6ImAEpFDRRoISLVAOLIwnnUf945J/fgjYiUWc4SCGM2ZUSPcEZWqlT2djCTu7fDGkgFG27uxQu86ALEtmePwy3OpWqW3PHoH+JV5AqKdDoVN6DbsKzGBRyyYxpe26KYc40Ci5hWA4yAynjfXYFbUsVi8GE+fiPId22Spf2Em1LIR2r3ydyFhsziCPbGTO8Nr+9kfif186wdxjmQqUZguJfi3qZpJjQUSi0KzRwlANLGNfC3kr5NdOMo42ubEPwfr/8l7T8mrdf80/9av2oiKNE1skm2SEeOSB1ckIapEk4uSMP5Ik8O/fOo/PivH61TjjFzBr5AeftE1cGl7E=</latexit>

t2j�1 2 [0, e��/2]
<latexit sha1_base64="3DemJgSnIElbQe9bGSgG+65zbU8=">AAACC3icbVC7TsNAEDyHd3gZKGlOCUgUEGxTQImgoQwSSZASE50vG3LkfLbu1kiRlZ6GX6GhACFafoCOv+ESUvAaaaXRzK52d6JUCoOe9+EUpqZnZufmF4qLS8srq+7aet0kmeZQ44lM9GXEDEihoIYCJVymGlgcSWhE/dOR37gFbUSiLnCQQhizayW6gjO0UtstbWE7D272/CFtCUWb3i6Fq3yv1QGJbD8YhsWttlv2Kt4Y9C/xJ6RMJqi23fdWJ+FZDAq5ZMY0fS/FMGcaBZcwLLYyAynjfXYNTUsVi8GE+fiXId22Sod2E21LIR2r3ydyFhsziCPbGTPsmd/eSPzPa2bYPQpzodIMQfGvRd1MUkzoKBjaERo4yoEljGthb6W8xzTjaOMr2hD83y//JfWg4h9UgvOgfHwyiWOebJIS2SE+OSTH5IxUSY1wckceyBN5du6dR+fFef1qLTiTmQ3yA87bJ+2rmG4=</latexit>

�2j = i(cj � c†j)
<latexit sha1_base64="82aj54QQ4+fVWebZ0asj6DvuSVI=">AAACC3icbVC7TgJBFJ3FF+ILtbSZACZYSHax0MaEaGOJiTwSwM3dYVgGZnY3M7MmZENv46/YWGiMrT9g5984PAoFT3KTk3Puzb33eBFnStv2t5VaWV1b30hvZra2d3b3svsHdRXGktAaCXkomx4oyllAa5ppTpuRpCA8Thve8HriNx6oVCwM7vQooh0BfsB6jIA2kpvNFdo+CAFuUh6ML1mRuAN8isl9uwu+T6U7OCm42bxdsqfAy8SZkzyao+pmv9rdkMSCBppwUKrl2JHuJCA1I5yOM+1Y0QjIEHzaMjQAQVUnmf4yxsdG6eJeKE0FGk/V3xMJCKVGwjOdAnRfLXoT8T+vFeveRSdhQRRrGpDZol7MsQ7xJBjcZZISzUeGAJHM3IpJHyQQbeLLmBCcxZeXSb1ccs5K5dtyvnI1jyONjlAOFZGDzlEF3aAqqiGCHtEzekVv1pP1Yr1bH7PWlDWfOUR/YH3+AJfWmXs=</latexit>

�2j�1 = cj + c†j
<latexit sha1_base64="CK1pqsJUGyfTZyWtEAc0sHm68mk=">AAACC3icbVC7SgNBFJ31GeMramkzJBEEMeyuhTZC0MYygnlAEpe7k8lmkpndZWZWCEt6G3/FxkIRW3/Azr9x8ig08cCFwzn3cu89fsyZ0rb9bS0tr6yurWc2sptb2zu7ub39mooSSWiVRDySDR8U5SykVc00p41YUhA+p3V/cD326w9UKhaFd3oY07aAIGRdRkAbycvli60AhAAvdfunzuiSeH18gsl9qwNBQKXXzxa9XMEu2RPgReLMSAHNUPFyX61ORBJBQ004KNV07Fi3U5CaEU5H2VaiaAxkAAFtGhqCoKqdTn4Z4SOjdHA3kqZCjSfq74kUhFJD4ZtOAbqn5r2x+J/XTHT3op2yME40Dcl0UTfhWEd4HAzuMEmJ5kNDgEhmbsWkBxKINvFlTQjO/MuLpOaWnLOSe+sWylezODLoEOXRMXLQOSqjG1RBVUTQI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/E46ZJw==</latexit>

H =
P

j (�itj�j�j+1 + g�j�j+1�j+2�j+3)
<latexit sha1_base64="XgVdgxVvLTvbc4M1vK2KeyIKI2E="></latexit>

T ,P,S = T P
<latexit sha1_base64="YmH+85I4az8KzNPhmL7ayHMVsMY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g63gQkpSEd0IRTcuI/YFbSiT6aQdOpmEmYlQQr7Ejb/ixoUigiv9G6dt0Np6YODcc+5l7j1exKhUlvVl5JaWV1bX8uuFjc2t7R1zd68hw1hgUschC0XLQ5IwykldUcVIKxIEBR4jTW94Pfab90RIGvKaGkXEDVCfU59ipLTUNc9KnQCpAUYsqaUn8KdwZou79PK3y0lhqWsWrbI1AVwkdkaKIIPTNT86vRDHAeEKMyRl27Yi5SZIKIoZSQudWJII4SHqk7amHAVEusnkvBQeaaUH/VDoxxWcqLMTCQqkHAWe7hxvKee9sfif146Vf+EmlEexIhxPP/JjBlUIx1nBHhUEKzbSBGFB9a4QD5BAWOlECzoEe/7kRdKolO3TcuW2UqxeZXHkwQE4BMfABuegCm6AA+oAgwfwBF7Aq/FoPBtvxvu0NWdkM/vgD4zPb91aok8=</latexit>

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Research. 4, L032045 (2024) 
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Topology of random Circuit states

L = 26

JDH, M. Martinez, J.H. Bardarson, T. Klein Kvorning Phys. Rev. Research. 4, L032045 (2024) 

λα = 0 : Degenerate

Entanglement spectrum

λα =
εα − εα+1

εα − εα+2



Dimensional reduction: Chern character    local chiral and Chern-Simons markers⟹

Phys. Rev. Lett. 129, 277601 (2022) 

Summary
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Requirement:  The single-particle density matrix is gapped

Phys. Rev. Research. 6, L032045 (2024) 


