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in art, experiment, and theory
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Curved spaces

Sphere, k ̂  0 Saddle, k \ 0

‌ ‍ ‎ “ ‌ ‍ ‎ “ ‌ ‍ ‎ “

Euclidean plane, k = 0
(constant curvature) (constant curvature) non-constant curvature



Hyperbolic plane ς sheet of constant negative curvature

Sphere: points of constant 
Euclidean distance from the origin

Hyperbolic plane: points of constant 
Minkowski distance from the origin

Stereographic projection 
into the       plane.

Stereographic projection
ƛƴǘƻ ǘƘŜ άPoincaré diskέΦ



wŜƎǳƭŀǊ άϑp,qϒέ ƭŀǘǘƛŎŜǎ

Spherical άϑрΣоϒέ ǘŜǎǎŜƭƭŀǘƛƻƴ

Euclidean άϑсΣоϒέ ǘŜǎǎŜƭƭŀǘƛƻƴ
polygons

vertices

Hyperbolic άϑтΣоϒέ ǘŜǎǎŜƭƭŀǘƛƻƴ

ώΧϐ

Stereogr. proj.

Schläfli symbol



Generate your own hyperbolic tiling! ς http://www.malinc.se/m/ImageTiling.php



Coupling along lattice edges ς only the graph matters

Hyperbolic άϑтΣоϒέ ǘŜǎǎŜƭƭŀǘƛƻƴ

ώΧϐ

Stereogr. proj.

Deform the graph while respecting the
coupling strength on each bond



Hyperbolic lattice in circuit QED

A. J. Kollár, M. Fitzpatrick, and A. A. Houck, Nature571, 45τ50 (2019)

coupled by tri-junctions.

Degrees of freedom on edges,



Hyperbolic lattice in circuit QED

A. J. Kollár, M. Fitzpatrick, and A. A. Houck, Nature571, 45τ50 (2019)



Hyperbolic lattice in circuit QED

curvature where?



Hyperbolic lattices in electric circuits

P. M. Lenggenhager, A. Stegmaier, TB, et al., Nat. Commun. 13, 4373 (2022)

Experimental setup:

18
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Predictions in flat vs. curved continuum:



Hyperbolic lattices in electric circuits

P. M. Lenggenhager, A. Stegmaier, TB, et al., Nat. Commun. 13, 4373 (2022)

Experimental setup: Spectral reordering: Wave propagation:
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Euclidean distancehyperbolic distance



Realizations of hyperbolic Chern insulators

W. Zhang, et al., Nat. Commun. 13, 2937 (2022)

With electric circuits: In silicon photonics:

L. Huang, et al., Nat. Commun. 15, 1647 (2024)



(1.) Infinite lattice: non-commuting translations!



(2.) Disk geometry (OBC): macroscopic boundary

P. Basteiro, et al., SciPost Phys. 13, 103 (2022) IȅǇŜǊōƻƭƛŎ ŎǊƻŎƘŜǘƛƴƎΧ

Image source: D.¢ŀƛƳƛƸŀ, Crocheting Adventures with Hyperbolic Planes (book, 2009)



Hyperbolic Haldane model

4 ingredients:

ÅNN hopping (µ1 = 1)

ÅNNN hopping (µ2)

ÅMagnetic flux (f)

ÅOn-site potential (±m)

F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988) Phys. Rev. Lett. 129, 246402 (2022)



Hyperbolic Haldane model

Phys. Rev. Lett. 129, 246402 (2022)



non-linear couplings 
(with diodes)

CFT form of two- and 
higher-point correlation functions

Black hole 
horizon

CFT form of correlations at the
temperature of the black hole



όоΦύ CƛƴƛǘŜ ƘȅǇŜǊōƻƭƛŎ ƭŀǘǘƛŎŜǎΥ άƘȅǇŜǊōƻƭƛŎ t./ ŎƭǳǎǘŜǊǎέ

glue

Euler characteristic:

I. Boettcher et al., Crystallography of Hyperbolic Lattices, Phys. Rev. B 105, 125118 (2022)

Genus of regular {p,q} lattices:

Genus grows linearly with # vertices.



Hyperbolic surface codes

O. Higgott and N. Breuckmann, PRX Quantum 5, 040327 (2024)



Symmetry of hyperbolic {8,3} lattice

Four translation generators on {8,3} lattice:


