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Why inflationary?

Larger length scales
Stronger GW field

↑

efficiency



Numerical approaches
Time stepping

Length of time step

Courant-Friedrich-Levy condition
PDEs versus ODEs



Inflation versus radiation era

Inverse
Cascade
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https://indico.fysik.su.se/event/8554/

https://indico.fysik.su.se/event/8554/


(magneto) Hydrodynamic cascades in action 

Forward and inverse cascades

What about gravitational waves?



Correspondence with (magnetohydrodynamic) turbulence

Roper Pol et al. (2020)

peak

GW peak 
shifted x2 GW slope by k2 steeper

Peak at twice magnetic peak

• Spectral energy per linear 
wavenumber interval

• WGW(lnk)=kEGW

• Forward cascade k-5/3

• Relation between spectra:



Numerical approaches
Time stepping

Length of time step

Courant-Friedrich-Levy condition
PDEs versus ODEs
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Inaccuracy of “usual” 3rd order Runge-Kutta



Alternative: exact solution for constant source between time steps

Consider:

Solve as 2 first-order eqs

General solution:



Dependence of accuracy on time step: only 1st order



Allowing linear variations between time steps
Taylor expand: Modified update involving dS

Additional update to make it 2nd order:

→ Error decreases quadratically with 
decreasing  time step dt  

→ At no additional cost



GW spectra from turbulent magnetic fields

• Magnetic energy decays
• GW energy does not!

Roper Pol+20



GW energy depends quadratically on energy input & scale

• Large-scale fields →more GW energy
• Generation at electroweak era: need strong fields
• Generation during inflation & reheating
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Acoustic turbulence most efficient (q~30)
Vortical turbulence less efficient (q<5)
Helical MHD turbulence even less efficient
Initiated turbulence least efficient



Additional features for driven turbulence
• Bump for acoustic turbulence

o Is actually real
o First seen in sound-shell model

• Sharp cutoff to the right
o controlled by initial peak
o Subsequent build-up of

turbulence has no effect
anymore

Low reheating 
temperature: 
100 MeV → 10 nHz



Gravitational wave 
energy cares mostly 
about peak energy

Helicity matters

kinriving

magliven



Spectral correspondence invalid for driven fields

Importance of time dependence during magnetogenesis 



Acoustic peak
▪ Acoustic peak grows with time

o Linear in time
o Best when no expansion
o Extended sound shell model

▪ Flat background
o Stays at the same level
o Expands to the left

▪ Very steep k9 slope



Larger efficiency from magnetogenesis (chiral magn effect)

• Regime II:  is more resistive → unrealistic, but large GW energies
• Regime I:  → realistic, but small scales & less GW energy

Brandenburg+21
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Chiral magnetic effect (CME), use [m5]=[k]



Inflationary magnetogenesis
• Early Universe Turbulence

o Source of gravitational waves
o Information from young universe

• Magnetogenesis
o Inflation/reheating
oNo particles yet, no conductivity
oCoupling with electromagn field

oBreaking of conformal invariance
oQuantum fluct→ field stretched Contributions to stress:



Inflationary growth & magnetic decay

Lorentz force drives smaller scales: surprisingly weakInflationary growth: electric, magnetic, and GW grow



Circular polarization in chiral inflationary magnetogenesis

• Step I: spectra peaked
• Step II: Inverse cascade
• GW: circularly polarized

Helical field from 
CME or inflation:
Always ~100% 
circular polarized



No small scales in GW field
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GW energy is weak compared to case without Schwinger

Swinge

↑





24 years of Pencil Code

H=37 people have 
done > 37 commits











Growth of conductivity

Growth of magnetic 
Reynolds number

Connection with 
hydromagnetics

Return to the topic

Va = Brms/Nex



Conclusions

GW field evolution very different from hydro experience

Importance of connecting inflationary magnetogenesis 
with radiation era  —>  Schwinger 

Inverse cascade —>  magnetic field today

However, GWs map the state at magnetogenesis
Sensitive to detailed time dependence 


