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• Primordial Black Holes (PBHs) [ Zeldovich & Novikov (1967), Hawking 
(1971)] could form from the collapse of cosmological perturbation during the 
radiation dominated era.

• PBHs could span a large wide range of masses and if not evaporated      
[BH evaporation Hawking (1974)]: PBHs with M > 1015 g are interesting 
candidates for dark matter, intermediate mass black holes and  the seeds of 
supermassive black holes. 

• Numerical hydrodynamical simulations in spherical symmetry of a 
cosmological perturbation, characterized by an amplitude δ,  have shown:

•                 

•  

•    

Introduction: a very brief overview

<latexit sha1_base64="+l3+GkcD7tMIWQmhBjejRmvqZTk=">AAAB/XicbVDLSsNAFJ3UV42vaJduBovgqiQ+0I1QdOOygn1AE8pkOmmHTmbCzEQIIfgprgQFceuHuPJvnLZZaOuBC4dz7uXee8KEUaVd99uqrKyurW9UN+2t7Z3dPWf/oKNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbTm6nfveRSEUFf9BZQoIYjTiNKEbaSAOnlsBr6EcS4dyXY1HkZwUcOHW34c4Al4lXkjoo0Ro4X/5Q4DQmXGOGlOp7bqKDHElNMSOF7aeKJAhP0Ij0DeUoJirIZ8cX8NgoQxgJaYprOFN/T+QoViqLQ9MZIz1Wi95U/M/rpzq6CnLKk1QTjueLopRBLeA0CTikkmDNMkMQltTcCvEYmSS0ycu2TQre4s/LpHPa8C4a7v15vXlT5lEFh+AInAAPXIImuAMt0AYYZOAZvII368l6sd6tj3lrxSpnauAPrM8fVn+USg==</latexit>

p =
⇢

3

<latexit sha1_base64="Qq9C6G2k3C4I9FXg4cEC4FJmyGE="></latexit>

� < �c ) perturbation bounce

<latexit sha1_base64="C0bydHJcDdu8C9GzA2/wBXSe29M=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZUYUXanopssq9gGdUjLpbRtMZobkjlqGfo4rP8WVqKBu/REzbRdqPRA4Ofd9glgKg6774czMzs0vLOaW8ssrq2vrhY3NmokSzaHKIxnpRsAMSBFCFQVKaMQamAok1IObiyxevwVtRBRe4yCGlmK9UHQFZ2ilduHU74BERk/omLQ59al/JXp9ZFpHd9kP4R61Sn2jmJS0cl6m3UirUYNhu1B0S+4IdJp4E1IkE1TahRe/E/FEQYhcMmOanhtjK2UaBZcwzPuJgZjxG9aDpqUhU2Ba6ejQId21Siebbl+IdKT+rEiZMmagAptp9+ubv7FM/C/WTLB73EpFGCcIIR8P6iaSYkQz12hHaOAoB5YwroXdlfI+04yj9Tafty54f2+eJrX9kndYci8PimfnEz9yZJvskD3ikSNyRsqkQqqEkwfyRF7Jm/PoPDvvzuc4dcaZ1GyRX3C+vgEN1KZU</latexit>

� > �c ) PBH formation

(Carr 1975)
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Equation of State of the Early Universe

The easy Universe goes through 3 main transitions before matter-radiation equality:  

• Electroweak phase-transition 

• QCD phase- transition (crossover) 

• Nucelosynthesis (e+e- annihilation)
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Relativistic Hydrodynamics in spherical symmetry
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Numerical technique

The diagram show two different time foliation (space-time slicing): 
1. comoving (cosmic time) - solid line
2. null (observer time)  - dashed line

The initial conditions are 
specified on the cosmic time 
slicing. To follow the full 
evolution, and avoid the 
central singularity, one can 
transform the calculation into 
the observer time slicing, 
where the formation of the 
apparent horizon  formation is 
infinitely redshifted. This allow 
to fully compute the final mass 
of the BH.

The code is using AMR.



Numerical Results: PBH formation/bounce  

IM, J. Miller, Rezzolla - CQG (2005) 

R(r, t) = 2M(r, t)
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Numerical Results: Scaling Law / Critical collapse
Class. Quantum Grav. 26 (2009) 235001 I Musco et al

Figure 1. Scaling behaviour for MBH as a function of (δ − δc) calculated for a radiative perfect
fluid. For MBH ! MH , the points are well fitted by a scaling law with γ = 0.357 and K = 4.02.

20 time steps (but offset by 10 time steps), we carry out a check to see whether #R/R has
become less than 4% across any zone resulting from a previous subdivision. If so, then it is
merged with the zone from which it was previously separated if that zone has the same #µ.
Again, only one merging is carried out at a time to allow relaxation. Other grid-management
routines are used so as to maintain a good overall grid structure.

We have successfully used the scheme with more than 30 levels of refinement and its
performance can be judged from the results which we present in the next section. All of the
features shown have been fully resolved with the AMR.

4. Description of the results

In this section we discuss the numerical results which we have obtained for PBH formation
in the radiative era, going closer to δ = δc than we have done before. The main result is shown
in figure 1 where the log of the black hole mass MBH normalized with MH (the mass inside the
cosmological horizon at the moment of horizon crossing) is plotted against the log of (δ − δc).
Note that the cosmological horizon mass continues to increase after the horizon-crossing time,
and so it is not inconsistent to have MBH > MH .

We find that for MBH ! MH (which corresponds to (δ − δc) ! 2 × 10−2), the points for
different cases rather accurately follow a scaling law

MBH

MH

= K(δ − δc)
γ , (28)

with γ = 0.357, close to the expected value for a perfect fluid of radiative particles [17]. For
larger values of the masses, the curve steepens slightly, as seen also in the past [8, 10, 11] but
there is no sign of divergence from the scaling law at lower masses, even though we have now
covered a range of masses in the scaling-law region of more than one thousand. The most
extreme case shown has (δ − δc) ∼ 10−11 and gives a black hole mass of ∼ 5 × 10−4MH .
These results are in contrast with those seen by Hawke and Stewart [10], where the scaling-law
behaviour persisted for a range of masses of ∼100 but terminated at low masses with the curve

8

MPBH = K(� � �c)
�MH
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Initial conditions: curvature profile

• The asymptotic metric ( t ⟶ 0 ), describing super-horizon cosmological 
perturbations in the comoving synchronous gauge can be written as: 

• In the “linear regime” of cosmological perturbations, adiabatic perturbations 
on super horizon scales can be described by a time independent curvature 
profile using the quasi-homogeneous / gradient expansion approach. 

• The perturbation amplitude   is measured by the peak of the compaction 
function, corresponding to the excess of mass of the over density.
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I. Musco - PRD (2019)

Shape parameter

<latexit sha1_base64="0duPkI3JDmyPo2WaPUeDB2XWw2Y=">AAACHnicbVDJSgNBEO1xjXGLevTSGAS9hBkN6jHoxWMEs0AmhJqeGtPYs9jdI4ZhfsSTn+JJUBAPXvRv7CRzcHtQ8Hiviqp6XiK40rb9ac3Mzs0vLJaWyssrq2vrlY3NtopTybDFYhHLrgcKBY+wpbkW2E0kQugJ7HjXZ2O/c4tS8Ti61KME+yFcRTzgDLSRBpW668V36GfUrtWpK/CGuj4KDQO254JIhrBfqIEElh3k2WFO80GlatfsCehf4hSkSgo0B5V3149ZGmKkmQCleo6d6H4GUnMmMC+7qcIE2DVcYc/QCEJU/WzyXU53jeLTIJamIk0n6veJDEKlRqFnOkPQQ/XbG4v/eb1UByf9jEdJqjFi00VBKqiO6Tgq6nOJTIuRIcAkN7dSNgSTgzaBlssmBef3z39J+6DmHNXqF/Vq47TIo0S2yQ7ZIw45Jg1yTpqkRRi5J4/kmbxYD9aT9Wq9TVtnrGJmi/yA9fEF4uyg6A==</latexit>

0.4  �c(↵) 
2

3

<latexit sha1_base64="RMA40MPkDi+5GCJV2EkaFO2IOHU="></latexit>

C0(rm) = 0, �m ⌘ �rm⇣ 0(rm) �(rm, tH) = 3
�⇢

⇢b
(rm, tH)

<latexit sha1_base64="2AohAQpdBfvurFH2bOq8cODASec=">AAACK3icbVDJSsRAEO24O26jHr00DoKCDIkKehFcLnNUcFSYDKHTqTiNnXTorohDyPd48lM8DSiKV//DngVcH3TzeK+KqnphJoVB1311xsYnJqemZ2Yrc/MLi0vV5ZVLo3LNocmVVPo6ZAakSKGJAiVcZxpYEkq4Cm9P+/7VHWgjVHqB3QzaCbtJRSw4QysF1WM/VPcQFdSPQCLb1EGyjUFjix7SXT/WjBdDg/q6o8qi/wdhSb/qyqBac+vuAPQv8UakRkY4C6o9P1I8TyBFLpkxLc/NsF0wjYJLKCt+biBj/JbdQMvSlCVg2sXg1JJuWCWisdL2pUgH6veOgiXGdBO74kbCsGN+e33xP6+VY3zQLkSa5QgpHw6Kc0lR0X5uNBIaOMquJYxrYXelvMNsQGjTrVRsCt7vm/+Sy52659a9873a0ckojxmyRtbJJvHIPjkiDXJGmoSTB/JEnsmL8+j0nDfnfVg65ox6VskPOB+fWNymRg==</latexit><latexit sha1_base64="2AohAQpdBfvurFH2bOq8cODASec=">AAACK3icbVDJSsRAEO24O26jHr00DoKCDIkKehFcLnNUcFSYDKHTqTiNnXTorohDyPd48lM8DSiKV//DngVcH3TzeK+KqnphJoVB1311xsYnJqemZ2Yrc/MLi0vV5ZVLo3LNocmVVPo6ZAakSKGJAiVcZxpYEkq4Cm9P+/7VHWgjVHqB3QzaCbtJRSw4QysF1WM/VPcQFdSPQCLb1EGyjUFjix7SXT/WjBdDg/q6o8qi/wdhSb/qyqBac+vuAPQv8UakRkY4C6o9P1I8TyBFLpkxLc/NsF0wjYJLKCt+biBj/JbdQMvSlCVg2sXg1JJuWCWisdL2pUgH6veOgiXGdBO74kbCsGN+e33xP6+VY3zQLkSa5QgpHw6Kc0lR0X5uNBIaOMquJYxrYXelvMNsQGjTrVRsCt7vm/+Sy52659a9873a0ckojxmyRtbJJvHIPjkiDXJGmoSTB/JEnsmL8+j0nDfnfVg65ox6VskPOB+fWNymRg==</latexit><latexit sha1_base64="2AohAQpdBfvurFH2bOq8cODASec=">AAACK3icbVDJSsRAEO24O26jHr00DoKCDIkKehFcLnNUcFSYDKHTqTiNnXTorohDyPd48lM8DSiKV//DngVcH3TzeK+KqnphJoVB1311xsYnJqemZ2Yrc/MLi0vV5ZVLo3LNocmVVPo6ZAakSKGJAiVcZxpYEkq4Cm9P+/7VHWgjVHqB3QzaCbtJRSw4QysF1WM/VPcQFdSPQCLb1EGyjUFjix7SXT/WjBdDg/q6o8qi/wdhSb/qyqBac+vuAPQv8UakRkY4C6o9P1I8TyBFLpkxLc/NsF0wjYJLKCt+biBj/JbdQMvSlCVg2sXg1JJuWCWisdL2pUgH6veOgiXGdBO74kbCsGN+e33xP6+VY3zQLkSa5QgpHw6Kc0lR0X5uNBIaOMquJYxrYXelvMNsQGjTrVRsCt7vm/+Sy52659a9873a0ckojxmyRtbJJvHIPjkiDXJGmoSTB/JEnsmL8+j0nDfnfVg65ox6VskPOB+fWNymRg==</latexit><latexit sha1_base64="2AohAQpdBfvurFH2bOq8cODASec=">AAACK3icbVDJSsRAEO24O26jHr00DoKCDIkKehFcLnNUcFSYDKHTqTiNnXTorohDyPd48lM8DSiKV//DngVcH3TzeK+KqnphJoVB1311xsYnJqemZ2Yrc/MLi0vV5ZVLo3LNocmVVPo6ZAakSKGJAiVcZxpYEkq4Cm9P+/7VHWgjVHqB3QzaCbtJRSw4QysF1WM/VPcQFdSPQCLb1EGyjUFjix7SXT/WjBdDg/q6o8qi/wdhSb/qyqBac+vuAPQv8UakRkY4C6o9P1I8TyBFLpkxLc/NsF0wjYJLKCt+biBj/JbdQMvSlCVg2sXg1JJuWCWisdL2pUgH6veOgiXGdBO74kbCsGN+e33xP6+VY3zQLkSa5QgpHw6Kc0lR0X5uNBIaOMquJYxrYXelvMNsQGjTrVRsCt7vm/+Sy52659a9873a0ckojxmyRtbJJvHIPjkiDXJGmoSTB/JEnsmL8+j0nDfnfVg65ox6VskPOB+fWNymRg==</latexit>

<latexit sha1_base64="TnahcFBUN6Y1zcNWItGn1kHjQ6k="></latexit>

↵ ⌘ �C00(r̃m)r̃2m
4C(r̃m)

=
↵G�

1� 1
2�m

�
(1� �m)

<latexit sha1_base64="9e0dsIebFixIv+v1/RBVQziKEyI=">AAACBXicbVDJSgNBEO1xjXEb9ZhLYxDiJcyI20UIevEYwSyQxNDTU5M06VnorhHikIMnP8WToCBe/QhP/o0zSQ6a+KDg8V4VVfWcSAqNlvVtLCwuLa+s5tby6xubW9vmzm5dh7HiUOOhDFXTYRqkCKCGAiU0IwXMdyQ0nMFV5jfuQWkRBrc4jKDjs14gPMEZplLXLLRRSBcSNaIXVFG4S9oPgKykDkf5rlm0ytYYdJ7YU1IkU1S75lfbDXnsQ4BcMq1bthVhJ2EKBZcwyrdjDRHjA9aDVkoD5oPuJOMnRvQgVVzqhSqtAOlY/T2RMF/roe+knT7Dvp71MvE/rxWjd95JRBDFCAGfLPJiSTGkWSLUFQo4ymFKGFcivZXyPlOMY5pbPkvBnv15ntSPyvZp+eTmuFi5nOaRIwWyT0rEJmekQq5JldQIJ4/kmbySN+PJeDHejY9J64Ixndkjf2B8/gDilZdS</latexit>

r̃ = re⇣(r)



PBH threshold 

• Escrivá, Germani, Sheth - PRD (2020)

• IM, De Luca, Franciolini, Riotto -  PRD (2021)

<latexit sha1_base64="YAdBG4BXonfnrvtKSbzgBwZqN9I="></latexit>

�c '
4

15
e�

1
↵

↵1�5/2↵
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5
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� �

�
5
2↵ ,

1
↵

�

<latexit sha1_base64="pMJ2Ii1AX/J2y+47J98VYMCJQ2I="></latexit>

C̄(rm) = 0.4 (shape independent)

<latexit sha1_base64="Z1H+8L8Pj8sEZSszVK4nnLlEnrk="></latexit>

�c '

8
><

>:

↵0.047 � 0.50 0.1 . ↵ . 7

↵0.035 � 0.475 7 . ↵ . 13

↵0.026 � 0.45 13 . ↵ . 30

<latexit sha1_base64="xfKYRmhfhb6QQjOzJaCzSEBGD6M="></latexit>
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PBH Abundance (Peak Theory) C.Germani, IM -  PRL (2019)

<latexit sha1_base64="eDW4C9yxc+0leJbTCi2ByqlZBxs="></latexit>

�f '
r

2

⇡
K
✓

k⇤
amHm

◆3

�
�
⌫
1��
c �

�+1/2
e
� ⌫2

c
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<latexit sha1_base64="vJWnCoiPGKUOJy25GKzm1/XrvPk=">AAACDXicbVDLSsNAFJ3UV42vqks3g0VwVRJRdFl047KCfUATymR60w6dTOLMpFBCPsCVn+JKUBC3foAr/8Zpm4W2Hhg4nHMud+4JEs6Udpxvq7Syura+Ud60t7Z3dvcq+wctFaeSQpPGPJadgCjgTEBTM82hk0ggUcChHYxupn57DFKxWNzrSQJ+RAaChYwSbaRepeqJtEc9eEjZ2AsloZnXB65Jj+aZp9ggIjk2KafmzICXiVuQKirQ6FW+vH5M0wiEppwo1XWdRPsZkZpRDrntpQoSQkdkAF1DBYlA+dnsmByfGKWPw1iaJzSeqb8nMhIpNYkCk4yIHqpFbyr+53VTHV75GRNJqkHQ+aIw5VjHeNoM7jMJVPOJIYRKZv6K6ZCYSrTpz7ZNC+7izcukdVZzL2rO3Xm1fl30UUZH6BidIhddojq6RQ3URBQ9omf0it6sJ+vFerc+5tGSVcwcoj+wPn8AilmcQQ==</latexit>

⌫c ⌘
�c
�

MPBH ⇠ 1016g are Dark Matter ) �f ' 10�8
q

MPBH

M�
' 10�16

<latexit sha1_base64="o+zBHS0hVSVIqcp75FeV8tZMylQ="></latexit>

• If  

• Narrow peak:

• Broad peak:

<latexit sha1_base64="EhxiV+3Mq7ODTyqACr3g0E716FM="></latexit>

k⇤
�

� 1 ) ⌫c ' 0.22

r
k⇤
�P0

) P0 ⇠ 7⇥ 10�4 k⇤
�

� 10�3

<latexit sha1_base64="Ui9zwfpMIUE4rJYvVY6EpaPNj3A="></latexit>

k⇤
�

⌧ 1 ) ⌫c ' 0.46(P0)
�1/2 ) P0 ⇠ 3⇥ 10�3

<latexit sha1_base64="uTgeALQKBCLc0hct2g75KqT8MD0="></latexit>

�2 = h�2i =
Z 1

0

dk

k
P�(k, rm) =

✓
2

3

◆4 Z 1

0

dk

k
(krm)4T 2(k, rm)W 2(k, rm)P⇣(k)

<latexit sha1_base64="k3l7hvGs3Xxs30ONyAxy1z74sJY="></latexit>

P (�) =
1p
2⇡�2

exp

✓
� �2

2�2

◆
• PDF of δ follows a Gaussian distribution:  

• Non linear effects:

S.Young, IM, C.Byrnes JCAP (2019)

De Luca, Franciolini, Kehagias, Peloso, Riotto and Unal (2019)

<latexit sha1_base64="Z9KGTszMXzKDBUIUHgJScKna3Yg="></latexit>
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<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>

)
<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>

)

<latexit sha1_base64="Ks/iIkoteDupmxPDZqpW+fhqwho=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwY0lE0WWxG5cV7APaUCbTm3boJBlmJmIJ/Qo3/oobF4q4FXf+jZM2grYeuHA4514O9/iCM6Ud58sqLC2vrK4V10sbm1vbO/buXlPFiaTQoDGPZdsnCjiLoKGZ5tAWEkjoc2j5o1rmt+5AKhZHt3oswAvJIGIBo0QbqWefdDXc67Q2JJJQDdIkMorVkAjAwmghGBFPcJdwMSQ9u+xUnCnwInFzUkY56j37s9uPaRJCpCknSnVcR2gvJdKkcJiUuokCQeiIDKBjaGTylJdO35rgI6P0cRBLM5HGU/X3RUpCpcahbzZDoodq3svE/7xOooNLL2WRSDREdBYUJBzrGGcd4T6TQDUfG0KoZFkj9KcgVTIluPMvL5LmacU9rzg3Z+XqVV5HER2gQ3SMXHSBquga1VEDUfSAntALerUerWfrzXqfrRas/GYf/YH18Q0N2Z/n</latexit>

Characteristic shape parameter ↵

<latexit sha1_base64="+v89F2+lHWB8JVw3DCV/qg9BdRc=">AAACAnicbVDJSgNBEO1xjXEb9SReGoPgKcyIosegF48RskFmCD09laRJz0J3jRiG4MVf8eJBEa9+hTf/xs5y0MQHBY/3qqiqF6RSaHScb2tpeWV1bb2wUdzc2t7Ztff2GzrJFIc6T2SiWgHTIEUMdRQooZUqYFEgoRkMbsZ+8x6UFklcw2EKfsR6segKztBIHfvQQ3jAvNZXoPuJDOnIC0Ei6/COXXLKzgR0kbgzUiIzVDv2lxcmPIsgRi6Z1m3XSdHPmULBJYyKXqYhZXzAetA2NGYRaD+fvDCiJ0YJaTdRpmKkE/X3RM4irYdRYDojhn09743F/7x2ht0rPxdxmiHEfLqom0mKCR3nQUOhgKMcGsK4EuZWyvtMMY4mtaIJwZ1/eZE0zsruRdm5Oy9VrmdxFMgROSanxCWXpEJuSZXUCSeP5Jm8kjfryXqx3q2PaeuSNZs5IH9gff4A222Xtw==</latexit>

Threshold �c

<latexit sha1_base64="cE3NBbd1lshRJJu4TMC1ziiRMms=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq9gPaUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3Hrk2QsUPOE64H9FBLELBKFqp070XgyFSrdVTr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7OTJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+j/pC80ZyrEllGlhbyVsSDVlaFMq2RC8xZeXSfOs6l1U3bvzSu06j6MIR3AMp+DBJdTgFurQAAYKnuEV3hx0Xpx352PeWnDymUP4A+fzB5JtkXE=</latexit>

)

<latexit sha1_base64="XLN2J23Ey27Hv4NdKCKMccpfNq4=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkpiFT0WRfBYwX5AG8pmu2mXbjZxdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9GWbm+bHgGhzn21paXlldW89t5De3tncK9u5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/vJr4zQemNI/kHYxi5oWkL3nAKQEjde1CB9gjpNf3ZTwuVSrHXbvolJ0p8CJxM1JEGWpd+6vTi2gSMglUEK3brhODlxIFnAo2zncSzWJCh6TP2oZKEjLtpdPDx/jIKD0cRMqUBDxVf0+kJNR6FPqmMyQw0PPeRPzPaycQXHgpl3ECTNLZoiARGCI8SQH3uGIUxMgQQhU3t2I6IIpQMFnlTQju/MuLpHFSds/Kzu1psXqZxZFDB+gQlZCLzlEV3aAaqiOKEvSMXtGb9WS9WO/Wx6x1ycpm9tEfWJ8/KBeSGQ==</latexit>

Eq. (33)

<latexit sha1_base64="Oug9sDdsper/wY9YoYDqoAPT+wk=">AAAB/XicbVDJTgJBEO3BDXEbl5uXjsQELjiDEjkSjYlHTGRJgJCepgc69Cx21xhxQvwVLx40xqv/4c2/sYE5KPiSSl7eq0pVPScUXIFlfRuppeWV1bX0emZjc2t7x9zdq6sgkpTVaCAC2XSIYoL7rAYcBGuGkhHPEazhDC8nfuOeScUD/xZGIet4pO9zl1MCWuqaB21gDxBf3RXwOFcs509yp6V818xaBWsKvEjshGRRgmrX/Gr3Ahp5zAcqiFIt2wqhExMJnAo2zrQjxUJCh6TPWpr6xGOqE0+vH+NjrfSwG0hdPuCp+nsiJp5SI8/RnR6BgZr3JuJ/XisCt9yJuR9GwHw6W+RGAkOAJ1HgHpeMghhpQqjk+lZMB0QSCjqwjA7Bnn95kdSLBbtUsG7OspWLJI40OkRHKIdsdI4q6BpVUQ1R9Iie0St6M56MF+Pd+Ji1poxkZh/9gfH5A2Gekzc=</latexit>

Eq. (28)/(35)

<latexit sha1_base64="kix+dZetSKJN9CQFdHxlOsHqNGs=">AAAB+HicbVBNS8NAEN34WetHox69LBahXkpSKnosiuCxgv2ANpTNdtMu3Wzi7kSsob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zM82PBNTjOt7Wyura+sZnbym/v7O4V7P2Dpo4SRVmDRiJSbZ9oJrhkDeAgWDtWjIS+YC1/dDX1Ww9MaR7JOxjHzAvJQPKAUwJG6tmFLrBHSK/vy3hSqlZOe3bRKTsz4GXiZqSIMtR79le3H9EkZBKoIFp3XCcGLyUKOBVsku8mmsWEjsiAdQyVJGTaS2eHT/CJUfo4iJQpCXim/p5ISaj1OPRNZ0hgqBe9qfif10kguPBSLuMEmKTzRUEiMER4mgLuc8UoiLEhhCpubsV0SBShYLLKmxDcxZeXSbNSds/Kzm21WLvM4sihI3SMSshF56iGblAdNRBFCXpGr+jNerJerHfrY966YmUzh+gPrM8fKBiSGQ==</latexit>

Eq. (42)

<latexit sha1_base64="6zCSbJ47hje8Qmm3NZqgpr5Dl9M=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBDEQ9iViB6DuXiMYB6QhGV20kmGzM4uM71iWPIjXvwVLx4U8eBF/BsnD0ETCxqKqm6KriCWwqDrfjlLyyura+uZjezm1vbObm5vv2aiRHOo8khGuhEwA1IoqKJACY1YAwsDCfVgUB779TvQRkTqFocxtEPWU6IrOEMr+bliC+Ee03KfacYRtE0UnEb2pAPKCBxSw5kEOhr4p7TVZ0i1H/q5vFtwJ6CLxJuRPJmh4uc+Wp2IJyEo5JIZ0/TcGNsp0zZMwijbSgzEjA9YD5qWKhaCaaeT70b02Cod2o20HYV0ov6+SFlozDAM7GbIsG/mvbH4n9dMsHvZToWKEwTFp0HdRFKM6Lgq2hEaOMqhJYxrMS6G//RksrYEb/7lRVI7K3jnBfemmC9dzerIkENyRE6IRy5IiVyTCqkSTh7IE3khr86j8+y8Oe/T1SVndnNA/sD5/AZdJ6Ko</latexit>

Characteristic overdensity scale k⇤r̂m

<latexit sha1_base64="b05Ut0nFaftOumo1ZSFWAqSXXd0=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3YTEB7osiuCygn1AG8pkOm2HTiZx5kasoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7TxALrsF1v63c0vLK6lp+vbCxubVdtHd26zpKFGU1GolINQOimeCS1YCDYM1YMRIGgjWC4dXEbzwwpXkk72AUMz8kfcl7nBIwUscutoE9Qnp97+Bx+cQ96tgl13GnwIvEy0gJZah27K92N6JJyCRQQbRueW4MfkoUcCrYuNBONIsJHZI+axkqSci0n04PH+NDo3RxL1KmJOCp+nsiJaHWozAwnSGBgZ73JuJ/XiuB3oWfchknwCSdLeolAkOEJyngLleMghgZQqji5lZMB0QRCiarggnBm395kdSPHe/McW9PS5XLLI482kcHqIw8dI4q6AZVUQ1RlKBn9IrerCfrxXq3PmatOSub2UN/YH3+ACOIkhY=</latexit>

Eq. (30)
<latexit sha1_base64="ld8cQAYRYW2OmbPyzZEmvqMCNjQ=">AAACF3icbVDLSgNBEJz1bXxFPXoZDIKnsCuKHoO5eIxgNJANoXfS0cHZBzM90bjkL7z4K148KOJVb/6Nk5iDRgsGiqpueqqiTElDvv/pTU3PzM7NLywWlpZXVteK6xvnJrVaYF2kKtWNCAwqmWCdJClsZBohjhReRNfVoX/RQ21kmpxRP8NWDJeJ7EoB5KR2sRwS3lJetboHZDXyLL1BzU2GgrSN+SAPBSheG7TDOyRoF0t+2R+B/yXBmJTYGLV28SPspMLGmJBQYEwz8DNq5aBJCoWDQmgNZiCu4RKbjiYQo2nlo1wDvuOUDu+m2r2E+Ej9uZFDbEw/jtxkDHRlJr2h+J/XtNQ9auUyySxhIr4Pda3ilPJhSbwjtcuv+o6A0NL9lYsr0CDIVVlwJQSTkf+S871ycFD2T/dLleNxHQtsi22zXRawQ1ZhJ6zG6kywe/bIntmL9+A9ea/e2/folDfe2WS/4L1/AXjVoLg=</latexit>

Curvature power spectrum P⇣

PBH threshold prescription

IM, De Luca, Franciolini, Riotto - PRD (2021)

1

1. The power spectrum of the curvature
perturbation: take the primordial power spec-
trum P⇣ of the Gaussian curvature perturbation
and compute, on superhorizon scales, its convolu-
tion with the transfer function T (k, ⌘)

P⇣(k, ⌘) =
2⇡2

k3
P⇣(k)T

2(k, ⌘).

2. The comoving length scale r̂m of the per-
turbation is related to the characteristic scale k⇤
of the power spectrum P⇣ . Compute the value of
k⇤r̂m by solving the following integral equation

Z
dkk

2


(k2r̂2m � 1)

sin(kr̂m)

kr̂m
+ cos (kr̂m)

�
P⇣(k, ⌘) = 0 .

3. The shape parameter: compute the corre-
sponding shape parameter ↵ of the collapsing per-
turbation, including the correction from the non
linear e↵ects, by solving the following equation

F (↵) [1 + F (↵)]↵ =�1
2


1+r̂m

R
dkk

4 cos (kr̂m)P⇣(k, ⌘)R
dkk3 sin (kr̂m)P⇣(k, ⌘)

�

F (↵) =

s

1� 2
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5
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1
↵

� .

4. The threshold �c: compute the threshold as
function of ↵, fitting the numerical simulations, at
superhorizon scales, making a linear extrapolation
at horizon crossing (aHrm = 1).

�c '

8
><

>:

↵
0.047 � 0.50 0.1 . ↵ . 7

↵
0.035 � 0.475 7 . ↵ . 13

↵
0.026 � 0.45 13 . ↵ . 30



Example: Log Normal Power Spectrum

G. Franciolini, A. Iovino, V. Vaskonen, H. Veermae - PRL (2023)

<latexit sha1_base64="sGrcHm3QiKvvSK+rOuwunq8VTQ0="></latexit>

P⇣(k) =
A

2⇡�2
exp


� 1

2�2
ln2 (k/k⇤)

�
) 1 . ↵ . 6



Scaling law (critical collapse)



Non linear horizon crossing: a problem for PBH abundance?

<latexit sha1_base64="STp9bRwRPJUw/tVm2Pu6y16VGVk="></latexit>

�c(tH) '

8
><

>:

↵0.125 � 0.05 0.1 . ↵ . 3

↵0.06 + 0.025 3 . ↵ . 8

1.15 ↵ & 8

<latexit sha1_base64="epMsNFfgUJUnBi2CFRhHVKjrLdA="></latexit>

0.4  �c(ti) < 0.6 0.7 . �c(tH) . 1.15

<latexit sha1_base64="VqKOF5V8ALKXuA+0EdmhwKKGrBg="></latexit>

�c(ti) '

8
>>>><

>>>>:

0.13↵+ 0.41 ↵ . 0.25

↵0.045 � 0.50 0.25 . ↵ . 7

↵0.035 � 0.475 7 . ↵ . 13

↵0.026 � 0.45 13 . ↵ . 30
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PBH Abundance: � / e�
⌫2
c
2 ⌫c ⌘ �c/�

IM, De Luca, Franciolini, Riotto - PRD (2021)



• The threshold value depends on the horizon crossing (linear extrapolation 
of gradient expansion, non linear horizon crossing). 

• If the power spectrum is broad we need to include a window function to 
cut the sub horizon mode. 

• This introduces a certain level of arbitrariness in the value of the 
threshold / computation of the abundance.  ( peaked power spectrum    
De Luca, Kehagias, Riotto - arXiv:2307.13633 )

Can we overcome these problems ?  !

Problems

A possible solution can be to compute the threshold 
during  the critical self similar regime 



Self similar equations:

-   Self similar coordinate

<latexit sha1_base64="zB+nGB339vH9L4poKqK4Z0fOFak=">AAACEHicbVDLSgNBEJz1GeMr6lEPg0ERxLAbJHoRgh70GME8IImhd2zNkJndZaZXCCEXP8Gv8Konb+LVP/Dgv7iJOWhinYqqbrqr/EhJS6776UxNz8zOzacW0otLyyurmbX1ig1jI7AsQhWamg8WlQywTJIU1iKDoH2FVb9zNvCr92isDIMr6kbY1HAXyFspgBKpldna5Y1z0Bqu8/yEe3yflxN2wPONUlu2Mlk35w7BJ4k3Ilk2QqmV+WrchCLWGJBQYG3dcyNq9sCQFAr76UZsMQLRgTusJzQAjbbZG6bo853YAoU8QsOl4kMRf2/0QFvb1X4yqYHadtwbiP959Zhuj5s9GUQxYSAGh0gqHB6ywsikHuQ30iARDD5HLgMuwAARGslBiESMk77SSR/eePpJUsnnvEKucHmYLZ6OmkmxTbbN9pjHjliRXbASKzPBHtgTe2YvzqPz6rw57z+jU85oZ4P9gfPxDcXnmYI=</latexit>

�2 = 1 + U2 � 2�

  Self similar variables

<latexit sha1_base64="4qiFw7Vvn+YcpXgRoS9OwORaau8="></latexit>
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<latexit sha1_base64="z2iH7LAu9E+POwV1ckALqKBFgY4=">AAACDXicbVC7TsNAEDyHd3gZqBDNiQiJhmAjBJQRNJSACEGKo2h92YQT5wd3ewgURXwCX0ELFR2i5Rso+BfskAISphrN7Gp3JkyVNOR5n05hbHxicmp6pjg7N7+w6C4tX5jEaoFVkahEX4ZgUMkYqyRJ4WWqEaJQYS28Psr92i1qI5P4nO5TbETQiWVbCqBMarqrwZ0M8MbKW77Fz7aJBzcWWjwIik235JW9Pvgo8QekxAY4abpfQSsRNsKYhAJj6r6XUqMLmqRQ2CsG1mAK4ho6WM9oDBGaRrcfocc3rAFKeIqaS8X7Iv7e6EJkzH0UZpMR0JUZ9nLxP69uqX3Q6Mo4tYSxyA+RVNg/ZISWWTfIW1IjEeSfI5cxF6CBCLXkIEQm2qysvA9/OP0oudgp+3vlvdPdUuVw0Mw0W2PrbJP5bJ9V2DE7YVUm2AN7Ys/sxXl0Xp035/1ntOAMdlbYHzgf3+xymmM=</latexit>

⇠ ⌘ �R/t

Null foliation correction term 



Self similar solution

Initial conditions : k shooting parameter

• The solution is shape independent  

• is slicing independent 
<latexit sha1_base64="kztMYVHEQX4gg9oeu6GJ46QmQbs=">AAACBHicbVC7TsNAEDzzDOFloKQ5ESFRRTZCgTKChjJI5CEllrW+bJJTzg/drSMiKy1fQQsVHaLlPyj4F5yQAhKmGs3samcnSJQ05Dif1srq2vrGZmGruL2zu7dvHxw2TJxqgXURq1i3AjCoZIR1kqSwlWiEMFDYDIY3U785Qm1kHN3TOEEvhH4ke1IA5ZJv253aQPodwgfKEoThxLdLTtmZgS8Td05KbI6ab391urFIQ4xIKDCm7ToJeRlokkLhpNhJDSYghtDHdk4jCNF42Sz5hJ+mBijmCWouFZ+J+Hsjg9CYcRjkkyHQwCx6U/E/r51S78rLZJSkhJGYHiKpcHbICC3zSpB3pUYimCZHLiMuQAMRaslBiFxM846KeR/u4vfLpHFedivlyt1FqXo9b6bAjtkJO2Muu2RVdstqrM4EG7En9sxerEfr1Xqz3n9GV6z5zhH7A+vjG+bxmHE=</latexit>

�peak

• Sonic point ( U = 0 )

• Critical solution just before the 
formation of the apparent horizon.

Musco & J. Miller - CQG (2013)
Harada - CQG (2001)



Perturbation amplitude: gradient expansion / self similarity

<latexit sha1_base64="Q8z4ApnstGKErQPDITyCw8d3YOs=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBED2FGJHoMevEYwSyQCaGmp5I06Vns7hHDkH/w5Kd4EhTEqxdP/o2d5aCJDwoe71VRVc+LBVfatr+tzNLyyupadj23sbm1vZPf3aurKJEMaywSkWx6oFDwEGuaa4HNWCIEnsCGN7ga+417lIpH4a0extgOoBfyLmegjdTJn7he9IB+Su1SmboC76jro9DQYUUXRNyH46nq0FEnX7BL9gR0kTgzUiAzVDv5L9ePWBJgqJkApVqOHet2ClJzJnCUcxOFMbAB9LBlaAgBqnY6+WlEj4zi024kTYWaTtTfEykESg0Dz3QGoPtq3huL/3mtRHcv2ikP40RjyKaLuomgOqLjgKjPJTIthoYAk9zcSlkfJDBtYszlTArO/M+LpH5acsql8s1ZoXI5yyNLDsghKRKHnJMKuSZVUiOMPJJn8krerCfrxXq3PqatGWs2s0/+wPr8AZBsnGw=</latexit>

0.6  �c(↵)  1

• Self similarity

<latexit sha1_base64="K9CGPTuGw+qVKTXQGmgG6NwvZ+E="></latexit>

U = 0 ) �c(t/tH) =
2M

R

����
peak

' 0.48

<latexit sha1_base64="0Vny2zJXGcRNDixSZvacqSJYWo0="></latexit>

� ⌘ 2M

R
� U2 = 1� �2 ' �r⇣ 0(r) [2 + r⇣ 0(r)]r=rm

• At late time all the different definitions of the compaction function converge.



Advantages:

• This alternative definition of the perturbation amplitude is gauge independent, 
corresponding to the Shibata - Sasaki compaction function. 

• In the self similar regime the peak of the compaction function is shape 
independent. The only dependence left is the equation of state. 

• Critical collapse:

• The threshold is computed just before the formation of the apparent horizon, 
no ambiguities due to the definition of the horizon crossing. 

Possible drawback:
• We do not know how to compute the statistic within the horizon. We need to 

compute the non linear transfer function for a generic broad power 
spectrum (IM & Young - in progress).

<latexit sha1_base64="6ozkh6BXdL2w5k773VioUyXnpeQ="></latexit>

w = 1/3 ) �c ' 0.48; � ' 0.36; K ' 5 (↵ & 1)

Conclusions: The calculation of the variance should take into account the 
effect of the shape.  If we can find a consistent prescription we will have a clear 
prescription to compute PBH abundance.



Redshift
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Depending on the shape, the threshold for PBH formation during the QCD phase transition 
is reduced about 10% around the minimum of w(T). 

Significant enhancement of PBH formation around the solar mass scale: abundance 
increased of about O(3) with respect radiation!

IM, K. Jedamzik, Sam Young - PRD (2024)PBH Threshold during the QCD



PBH scaling law during the QCD

MPBH = K(� � �c)
�MH

<latexit sha1_base64="A6gu+u6awbUX48zlIW/zo/bvFJ8="></latexit><latexit sha1_base64="A6gu+u6awbUX48zlIW/zo/bvFJ8="></latexit><latexit sha1_base64="A6gu+u6awbUX48zlIW/zo/bvFJ8="></latexit><latexit sha1_base64="A6gu+u6awbUX48zlIW/zo/bvFJ8="></latexit>
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�c(MH), �(MH),K(MH)

IM, K. Jedamzik, Sam Young - PRD (2024)



PBH mass function during the QCD

Mass Function ψ(mPBH): fraction of PBHs with mass in the infinitesimal interval of MPBH  

• The main effect is given by the 

modification of the threshold.  

• The modified scaling law gives a 

pile up of PBHs on smaller 

masses.

IM, K. Jedamzik, Sam Young - PRD (2024)
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PBH mass function during the QCD: shape/tilt dependence

• Given the PBH abundance, the shape does not play a significant role on the mass 

function (attractor solution)! 

• The tilt of the power spectrum does not affect the peak of the mass function. 

IM, K. Jedamzik, Sam Young - PRD (2024)



100 101 102
10-4
10-3
10-2
10-1
100
101
102
103

GWs from PBH mergers

• Making Bayesian inference analysis we found that a sub-population of PBHs is 
compatible with the LVK catalog. 

• PBHs give a natural explanation for the events in with BH mass gap: in particular 
GW190814 falling within the lower mass gap (predictions for O4 and O5). 

G. Franciolini, IM, P.Pani, A urbano - PRD (2022)





PBH - DM constraints G. Franciolini, IM, P.Pani, A urbano - PRD (2022)
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PBHs and Dark Matter (asteroidal mass)

G. Franciolini, IM, P.Pani, A urbano - PRD (2022)



Conclusions

• The non linear threshold for PBH and the mass function could be fully computed 
from the shape of the power spectrum of cosmological perturbations, making 
relativistic numerical simulations.  

• A softening of the equation of state (QCD) significantly enhances the formation 
of PBHs, with a mass distribution peaked between 1 and 2 solar masses (the 
range of heavy NSs and light BHs).  

• This could gives a sub-population of BH mergers compatible with the LVK 
catalog, explaining mass gap events as GW190814. 

• Our analysis predicts a constraint on the abundance of DM in PBHs formed 
during the QCD (up to 0.1%), compatible with the current observational 
constraints.   

• A large enough feature of the power spectrum could account for all dark matter 
in PBHs in the asteroidal mass range (USR inflation models).


