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Cosmolattice

motivation:

e study hydrodynamic
processes, e.g. GWs from
turbulence

e first order phase
transitions

e magnetohydrodynamics
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Hydrodynamic Module in CosmolLattice

what is the hydrodynamic module doing?

e the hydrodynamic module is solving the energy conservation equations

e conservation form e Nnon-conservation form
00 014 - = v .
T T a U P U a U
components of energy  scale factor GWs energy  velocity scale factor GWs
momentum tensor density field

e we have been following the implementation procedure of Pencil Code

% for a review of the equations which follow, see [2501.05732]



Fluid Dynamics

e energy momentum tensor

TH = (p+ p)UMT” + pgt*

Ut =~(1,u")/a ~+* = !

we assume a constant 9
equation of state

e metric

ds® = —a’dr* + azéijda:idxj

energy and momentum conservation

equation
1% 2 1% 1% O
DMT’LL — —__g@u(\/ —gT'u )"‘FMUT“ — O
redefine

T,uu _ a6T,u1/ ﬁ _ Cl4,0 D= a4p

> T = G+ H)0HTY +

with T = 5(3¢2 — 1)




Conservation Form

relativistic limit

in the conservation form we solve for 7% and T'. to reconstruct

° energy and momentum T we express it in terms of ¥ and u':
conservation equations:

~00 £i0 _ 0 T = [(1+ V2@ + 3269 = Ty 255t
T4 1O = £ 8 U= Ty T
=0i =] —
LT+ 5T =0 700 | 704
with R e s R
fif =! TH=(1"! 3c)kH
to reconstruct ! 2 we define r:
forc2=1/3 + 2 =0
e the scale factor is evolved by ) c§2) 2
' (1+ cg
a = - (1! 302)"!1—#, r2 2 2
6m;a > 12=1+ 11 2r2_s 11 4r2_s

+
2(1! r?2) 1+ ¢ 1+ ¢



Conservation Form

sub-relativistic limit

e energy and momentum
conservation equations:

T+ 1, 0 = 2
LT+ T =0

with
fig =! TH=(1"! 3ci)kH

forc2=1/3 + 2 =0

* the scale factor is evolved by

I 1
a’ =

= Gmga(l! 3c2)"k#,

as seen before, setting ! “ !

we expand ! “ in r?:

| 2

=1+

which leads to:
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1+ 1+C2|a E+ O(r™)
S
2
1+ ¢+ r > k' + O(r?)
+CS
=0i 1=0j 2 '
- T.T G + 2T 11
1+ cZ T00 1+ cZ

1+ O(r)



Non-conservation Form

relativistic limit

in the conservation form we solve for In & and u :
e energy and momentum inserting:

conservation equations:

TO=(1+ G2, TO=(1+ Qe 21 k

!!-F'OO+!i-F'iO:f_:|9| ONy D i i .
TV =[(1+ ¢! ‘et + "V #
LT+ T =0
| into energy and momentum conservation equation, and
with dividing by (1 + c2)¥ ? leads to (where D, ! ||, + U!;):

f2 =1 TH=(1"! 3c)&H

. 2 0
DiInk+ D, In"?+ #u' = > #oIn &+ z
forcc=1/3 =+ 2 =0 ! ! ! (1+ c2)"2 | (1+ )k 2
L S cc #Ink
. ||2 — I
 the scale factor is evolved by Dyu' + (D) Ink+ Dy In"%)+ u#u = 1+SC2 "2
S

= 1
Gmga

(1! 3c2)"k#,



Non-conservation Form

relativistic limit

e energy and momentum
conservation equations:

1, T+ 1, -ruo f-o
LT+ T =0
with
f2 =1 TH=(1"! 3c)&H

forc2=1/3 + 2 =0

* the scale factor is evolved by

I 1
F = (1! 3c2)"k#,

in the conservation form we solve for In & and u :
iInserting:

TO=(1+ G2, TO=(1+ Qe 21 k

=[(1+ A)! %' + 2" 4

into energy and momentum conservation equation, and

dividing by (1 + c5)¥ “ leadsto (where D, ! 1, + u'!;):
c2 e
| I_ | "2 | I_ 2
DiInk+ D, In"“+ #u (1+ Cz)--z# In ¢ A+ Q) 2
Cg H; In &

Diu' +u' (D Ink+ D, In"?)+ u#U =1

1+¢c "2

% to eliminate the derivatives on ! > we insert the energy
conservation and Euler equation intoD, ! = 2! “u'D, u



Non-conservation Form

relativistic limit

e energy and momentum
conservation equations:

T+ 1, 0 = 2
LT+ T =0

with
fig =! TH=(1"! 3ci)kH

forc2=1/3 + 2 =0

* the scale factor is evolved by

= 1
6mga

(1! 3c2)"k#,

the final non-conservation equations are:

1+¢c

| = = |
.!In 7 C§u2'

Diu = u" c&liu +

1 @
u' | >_u'liIn*®
| 11 c2u2™

| . ~0
cgl' CguJ!,-In'H Fi

1+ c: o

L (L)

1! ciu? *

Cg!ln—.

1+¢2"

[2407.05826, 2501.05732]



Non-conservation Form

sub-relativistic limit

the final non-conservation equations are:
e energy and momentum

conservation equations: 14 &2 | 11 2 (1+ u?) f0
ins= 1SSl S U Int 2T
.00 PO e 11 cgu 11 ceu 11 cius =
LT+ 5T = £
| 0 L il — . - 1! ¢ . B c2 .
T T =0 Dyu' = u" cliu' + c: Suljln=t —2 | >—!iIn*
1+ cg o 1+ cg

with
[2407.05826, 2501.05732]
f2 =1 TH=(1! 3c)kH
to obtain the equations in the sub-relativistic limit

forcz=1/3 + 5 =0 weset!?! landu®! O:
| o £0
e the scale factor is evolved by In®s=1 (1+c)liu' I (1! cu'liIn=+ E
I 1 2 . . . 11 2 . -0 2
a'' = 1! 3c2)"k# i 21 gia 22 S i et TH S 1 Inw
Gmga( s) HH, D, u u cgliu +C‘°’1+c§U!’|n'! = | 1+C§!,In.



Equations implemented in CosmolLattice

summary
e conservation |
. o a (1! 33) .
|, T =1 1. 7O + S 00
form ! ‘ a(l! c@)"21 2
 0i 70j w2 =00
Lpoio gy, P @re)tE o, T i
- S RN A e
e non-conservation It 1+ 2 Ui 1! 2 e a' (1+ u?)(1! 33)
form T 1 w1 c@wr T a1 cu?
—_— . 1! 2 . al c2
| — ol 2 S 1. I 2 S _ n
Diu' =u cliu+ CS1+C§” jinst —(11 ) ! 1+C§!.|n .
1
+ scale factor a' = 1! 3c%)"k#
6m%a( S) V
gravitational waves ul 1" 2y +2HUL = 2 | € (GW module implemented by
via auxiliary field u; : J | m3a2 " " J. Baeza-Ballesteros and N. Layoza)

+ [0707.0839]



Equations implemented in CosmolLattice

with viscosity

e conservation 1! 32
" S

] = M\ a
.00 _ 0]
form | 0 = 11 T+ ,,
| ‘ a(l! c2)"21 ¢2

-F-OO

LT =11,

 +0i 1~0j w2 =00 . )
LN CL c§+c2 i #oo+ 1 (29%" )

TR L (R LTI
e non-conservation . | . ! 2)(1 !
f Iy Ins =1 L+ G iu' | 1! G u'!iln'++a(1+u)(1' 36)
i | 1! c2u? 1! c2u? a 1! c2u?
T | 1! &2 al c2 | (2#%S1)
Diu' = u c&liu + ¢ Suliin®1 — (1! ¢&) ! 2 !iIn%+ &
U= gl C51+c§u J a( &) 1+¢2 (1+ c2)=
+ scale factor A= (1! 3c2)"k#
6mZa’~ " 0
gravitational waves ul 1" 2y +2HUL = 2 | € (GW module implemented by
via auxiliary field uj; : | : m3aZ J. Baeza-Ballesteros and N. Layoza)

+ [0707.0839]



Evolving the system in CosmolLattice

e evolution algorithm:

3rd order Runge-Kutta e.g. conservation form, sub-relativistic limit

| f = K(f.t): with ¢ = 1/ 3, we solve for In & and u!
= RO and the kernels are given by

!fi = "i!fi! 1 Tt ItK(f|| 1, L 1) . :
> Fi= T+ 1" =1 = 1%+ Zdt Onk

Willlamson schemes:

T T LY S T S T SN S S
1,20  1,=159 1g=115312¢ Ky =1 whju+ o Lid+ Swl fink Lot fink
1. =1/3 I,=15/1€¢ 13=8/1F
e gpatial derivatives:
Af (n+@)! Of (n+2¢@)+ +3@) ! | 3j0) + | 2/0) ! |
L 3f]: Sk (n+@)! 9FfF (n+2¢@)+ f(n B{J%OI;(n 30) +9f(n! 20! 45 (n! @) > LX)+ O(!xO)

< solve equations on a regular lattice with periodic boundary conditions



Initialising the system in CosmoLattice

® simulation parameters

e |attice parameters e rescaling parameters g

2
RN d¥' = I, dx'
N ki > iy f : S
Ir _ _3 | kK = ki/! .
kmax Nklr f * I I I

A A 2
number of IR cutoff amplitude ?;232223 Ep = (" )2
grid points | |
Up = U
e |nitial conditions
energy density k= it
_ _ . _ L qg=0 vortical
velocity field ui (K) = upgo(K)g ( 1! gPRj (K)+ aRR) _ -
q=1 longitudinal
ol T ®
amplitude spectral gaussian random R = Kk/|K|

shape phase



Some preliminary 'results'

Inttialisation
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lattice parameters

N =512 Ki =0.1 -»>

lattice parameters
f, =0.1mjy I, =10T5,/m

model parameters

2 =1/3 |y max

initial spectrum

» =0
11 /21
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'results’
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velocity field
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Some preliminary 'results'

observables: some volume averaged quantities
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Gravitational waves
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Gravitational waves

spectrum
#1+ &
: e simulation with
& up! 32" 103
E i i
@,

G i ol e GW spectrum is given by
E |_GW — | - jll —
| | cri 0g"

#l ! %AE crit
" "$ # $ #

=k



Gravitational waves

spectrum

#1' &
i e simulation with
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Gravitational waves

spectrum
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Gravitational waves

spectrum
#!!&(g - - #!!&(E_
#!!&';_
zé% _ ‘Gﬁ #!!&'é
! % |
T '
s # @M M Mgt sl # § #
k 7

-» growth and saturation can be seen for each mode



Gravitational waves

spectrum
#!!&(; | I_ - | D | #|!&(__
: | K : ' ;
: ! k—! 8/ 3
e
zé% ‘Gﬁ #!!&'é
! % |
#1! %8 1% :
L " N T T T T
k 7

constant-in-time model = see Antonino’s talk tomorrow!
> [2201.05630]



Gravitational waves

spectrum
e !
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5 #,!%!E_
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11 9
g R

=k

constant-in-time model
> [2201.05630]
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