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Publications

INn preparation.

First-order Phase Transition

FOPT Bubble expands and turns the Universe from one
state to another. When they collides, sound waves
are produced (compressional motion in the linear

regime).

Turbulence The bubble merging possibly induces also vortical
motions in the fluid corresponding to Mmagneto-

Stress-Energy Tensor

T;; = wyusu; — B;B; + 0;¢ 0;¢

[1] A. Roper Pol, C. Caprini, A. S. Midiri., M. Salomé “Gravitational wave spectrum from slowly
decaying sources in the early Universe: constant-in-time and coherent-decay models.”
[2] A. Roper Pol, M. Salomé. “Gravitational wave production from acoustic and fractionally

compressible sources.”



Properties of the field

https://www.slideserve.com/mikko/injection-photosph-rique-d-h-licit-magn-
tique-implications-sur-I-mergence-du-champ-magn-tigueffgoogle_vignette

Velocity Field Longitudinal & normal
components + Helicity.

Degree of helicity

E comp hel
K E vort EK

= —

Fraction of compressibility

[ ] [ ]
CO m p reSS I O n a I VO rt I Ca I Cuicui Zhang et al. “Characteristic Ocean Flow Visualization Using Helmholtz Decom-

position”. In: May 2018, pp. 1=4. doi: 10.1T109/OCEANSKOBE.2018.8559411.



How to combine them to produce GWs ?

The Unequal-Time Correlator

En o« (T;;" T;;") 5 / / (wit) (Uiuj) X / Ex / Ex

Wick’'s theorem

GW Equation:

167G
(8,52 —02V2)hij(x, t) — 002 T,L-?T(X,t)

Small perturbation in the space-
time geometry:

d82 — a(t)z [—dt2 + (57,] == hw)dwzdaﬂ

Sources:

2
13 = wy uu;



How to combine them to produce GWs ?

The Unequal-Time Correlator

Degree of helicity
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How to combine them to produce GWs ?

The Unequal-Time Correlator

EH X / E K / E K - Ii' \v - ,
Degree of helicity
vort goavort comp rycomp vort 7mcomp \
by by By "Ep ™ Eg By hel zohel  zrhel peomp  prhel pvort
E E y £ K K

\ Symmetric part consideration

Fraction of compressibility
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How to combine them to produce GWs ?

The Unequal-Time Correlator

pz Degree of helicity
vort rovort comp ynCOmp vort rpcomp \
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How to combine them to produce GWs ?

The Unequal-Time Correlator

Degree of helicity

\

(1 )ZEVOI’t _|_ 2EC0mp 4 q(l o q)Emlx 4+ €2Ehel

£ i

Fraction of compressibility
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Com preSS|Ona| Vortical [1] A. Roper Pol, C. Caprini, A. S. Midiri., M. Salomé “Gravitational wave spectrum from slowly
decaying sources in the early Universe: constant-in-time and coherent-decay models.”
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GW energy density spectrum

Templates

Vortical )
j f Emn Qew

FOPT Ex
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Com pressiona“

Our observable

min(t,tan) min(t,tey) Bkt t
Qaow(k, t) = Sk/ dt1/ dt - H(t’tl’ 2) cos [k(t — t1)] cos [k(t — t2)]
Ty . 102

1



Fully vortical motion

t* te tﬁn

0 0 0

{ Sourcing ; Dilution

Qaw(k, to) = FowQaw (k, tan)

%) ()

Constant-in-time model Antonino’s talk
En(k,t1,t2) ~ En(k,t.) = Ef(k)

[t dt
Qow(k, ty) = BkFgwEﬁ(k) / t—llcos[k(t — t1)]
Jt

*

[1] A. Roper Pol, C. Caprini, A. S. Midiri., M. Salomé “Gravitational wave spectrum from slowly
decaying sources in the early Universe: constant-in-time and coherent-decay models.”
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Fully compressional motion

Sound-Shell model

EK(k', tl, tg) — E;{(k) COS[kCS(tQ — tl)]

fn et dt
Qew(k, to) = —FGW/ / 2 En(k, t1, t2) cos|k(ts — t1)]

t1to
1 (1 o 22)2

- 3w2k3FGW/ dpszK( )/ dz 154 E}k{(ﬁ)Az(kapvﬁatfin)
0 —1

9 _ Loin Loin dtldtz _
A“(k,p, P, ten) = ™y cos|pcs(ty — t1)| cos|pcs(ta — t1)| cos|k(ts — t1)]
t, Jt,
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A. Roper Pol & S. Procacci & C. Caprini - Characterization of the gravitational wave spectrum from sound waves within the sound shell model.



The Sound-Shell Model

ﬁmn =
Component analysis
2 ~ 1 17 /
A (kapapa tﬂn) — Z - nEZ_:_l Amn(pmn)

— m=+1,n= -1

— m=+1,n=+1
Total

10—'17 Constant-in-tim
------ HH19

1073107210t 109 10! 102
k/K s

(p + mp)cs + nk
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The Sound-Shell Model

ﬁmn — (p =+ mﬁ)cs + nk
Component analysis /

A (k papatﬁn — Z Amn pmn)

m,n—x,

10_15- —— m=-1,n=-1

-- m=-1,n=+1
— m=+1,n= -1
— m=+1,n=+1

-- Total

1 0 —17 |]euees Constant-in-time ¥
...... HH19 AL ra., . .. .
L AR Hindmarsh and Hijazi, 2019

Degcribbed by the
Constantin-time model.
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The Sound-Shell Model

ﬁmn — (p =+ mﬁ)cs + nk
Component analysis /

A (k papatﬁn — Z Amn pmn)

m,n—x,

10_15- — m=-1,n=-1

-- m=-1,n=+1

— m=+1,n= -1

—— m=+1,n=+1 kg
-- Total

::c_;) 1 0 —17] ... Constant-in-time JE

g ------ HH19 ,-.\_,f/ Hindmarsh and HijaZi, 2019
E% . J iy naitinR,

Q 10—19 kS

Degcribbed by the
Constantgn-time model.
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The Sound-Shell Model

ﬁmn — (p =+ mﬁ)cs + nk
Component analysis /

A’ (k papatﬁn — Z A2 ﬁmn)

n——_

10_15- — m=-1,n=-1

--- m=-1,n=+1

— m=+1,n= -1
—— m=+1,n=+1 kg
— --- Total
-IS 1 0 —17 ] ... Constant-in-time /':_ |
o
s nfisadt

N | HHL ) Hindmarsh and Hijazi, 2019
> i
e |
G107 %
Degcribbed by the f These scales are constructed
Constantgin-time model. / : R over time!
10-310-210"! 10° 10! 102
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CosmoGW

Developed by Alberto Roper Pol

Templates

En Qow

Vortical )

FOPT Ex

Compressiona“

Python library Functions for the study of cosmological GW
backgrounds from different sources in the early
Universe (phase transitions).

It  Includes GW models, postprocessing
calculations, numerical computations, plotting
routines, and detector sensitivities.
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CosmoGW



UETC of the anisotropic stresses

Normal component (Vortical)

Longitudinal component
(Compressional)

Mixed Term

Helicity

k,2 o0 1

Evort(k) ,w 7 dp Evort( )/ dziEvort( )(1 i 22)(2252 _p2(1 . 22))

0 —1 P

o0 1
com com ]‘ com ~
B (k) = 20K [ dppB) [ e B R)(1- )7

1
r 1 com ~
ER=(k) = 2w2k2/ dp p*E3 (p )/ dz— B (P)(1 - 2%

0 -1 P

k2 00

Ehel(k) _ ,w v

1
1 Z
5 dp pEE (p )/ dzTQE?fl(p)z(k—zp)
0

-1 P

Available in CosmoGW!

19

[1] A Roper-Pol, C. Caprini, A-S-Midiri,, M. Satomé-“Cravitationalwave spectrum from slowly-decaying sourcesin the-early-Universe: constant-in-time-and-coherent=-decay models.”



Pencil Code

Vortical ) Templates

FOPT Ex

Compressiona“

Pencil Code A high-order finite-difference code for

compressible- hydrodynamic flows with
magnetic fields.

Spatial Derivative 6th-order, Finite-difference method.

Time Step 3rd-order Runge-Kutta scheme by Williamson (1980).

CosmoGW Read the output files of the Pencil Code’'s run.

Pencil Code Collaboration, J. Open Source Software 6, 2807 (2021). The Pencil Code, a modular MPI code for
partial differential equations and particles: multi- purpose and multiuser-maintained. arXiv: 2009.0823]1
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Type of fields Magnetic field -+ o

Pencil Code

Velocity field + o + q

(1—-9)°By™ + "B™ + (1 — ) Bf™ + £’ By

A\ ~10
Compressional 10 \/
rate _
-11.
S
i3]
10 Simulation
i |on —— LISA
10 10-5 10._3

flHz]

101

Helicity rate

-

20(1 — g)

E —
1+0%(1—q)
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Pencil Code

Type of fields Magnetic field —+ o
Velocity field + 0 +q

(1—-9)°By™ + "B™ + (1 — ) Bf™ + £’ By
Intrument sensibility of

10-10. \/f LISA.

Power Law detection
\./

< ¥~ T sensibility in LISA data.
ca% 10—12é Signal processing.

—-13 ¢ Z—0 .
10 . «  Simulation ‘W lisa
14' n — {TISA -_.
0 107> 1073 101 22

flHz]
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Mixed Term

Templates

\‘Vo\rti\cal \)
\ f Ui A Vo

FOPT Ex

\’ ‘Compressional’ \ GW signal
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Mixed Term

Templates

\‘Vo\rti\cal \)
\ f By o S

FOPT Ex

\’ ‘Compressional’ \ GW signal
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Mixed Term

Templates

\‘Vo\rti\cal \)
\ f i s <L Qo

FOPT Ex

\’ ‘Compressional’ \ GW signal
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Simulations with the Pencil Code

Name || k. E3. q o v kir | Resolution nt ot
q0 200 | 4-107% | 0.0 | 0.0 | 1077 | 3/27 10243 20000 | 10—

q025 || 200 | 4-107° | 0.25 | 0.0 | 107 | 3/2x 10243 20000 | 10—
q05 |/ 200 | 4-107% | 0.5 | 0.0 | 1077 | 3/27 10243 20000 | 10~

q075 | 200 | 4-107% [ 0.75 | 0.0 | 107 | 3/2~m 10243 20000 | 10~
ql 200 | 4-107° | 1.0 | 0.0 | 1077 | 3/2m 10243 20000 | 104

Table 3 List of Pencil Code simulations for several fractions of compressibility g.

Spectral shape

k«Hz'=200,E; =4-107°

Models

k«Hz'=200,Ef =4-107°

1014 10714
10—15
10—16 ¢
10-17 )
;20:5 | q= I v ol 10-18 L | —
101! 102 103 101! 102 103
kH! k71

[2] A. Roper Pol, M. Salomé. “Gravitational wave production from acoustic and fractionally compressible sources.”



Modelizing the mixed motion spectra
Qaw (k) = (1 - ¢)° Q& (k, 1) + ¢° Q5w (k1) + q(1 — 9)Qgw(k, )

Constant-in-time Model
By (k,t1,t5) = Ej(k)
1 (14 22)

vor 3”(1]2]{53 > % [ ~ ~
Qaw (ks to) = FGW/ dp Ex(p )/ dz E (D) 5 (25" — p*(1 — 2%)) A% (K, tsn)
1

b e o dt
k tein) / / 12 cos|k(to — t1)]

Sound-Shell Model
Ecom (k tl,t2) E;}(k) COS[kCS(tQ — tl)]

1—2%)?% . B
ﬁ4 EK(p)Az(k7p7p7tﬂn)

bl gt dt B 27
*(k, p, Dy tein) / / ti 22 cos|pcs(ta — t1)] cos[pes(ta — t1)] cos|k(ta — t1)]

00 1
Qo (K, o) = 3w’k’ Foyy / dp p*E (p) / 1dz(




Modelizing the mixed motion spectra
Qaw (k,t) = (1 — ¢)° Q& (k, 1) + ¢°Qaw” (k, 1) + a(1 — ¢)QEw (, )

Constant-in-time Model
By (k,t1,t5) = Ej(k)

Sound-Shell Model
B (k, t1,t2) = Ej(k) coslke, (ta — t1)]

New Model

. 00 ) 1 1_24 o )
0 (hto) = 3Ky [ dprEio) [ gz 4 . ) B () A2 (k, 5, trn)
0 —1

_ fn e dt) dt _
A2(k. §. tg,) — / / tit; coslfea(ty — t1)] cos[k(ts — t1)]
T, .

[2] A. Roper Pol, M. Salomé. “Gravitational wave production from acoustic and fractionally compressible sources.”
J. Correia & al. - “Gravitational waves from strong first order phase transitions.”
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Modelizing the mixed motion spectra

Qaw(k,t) = (1 — @) Q% (k, t) +

k«H31=200,E; =4-1075

10-14
10-15 / ™
- /
< [
_Ei1p=1e el
°,/m\j/
10-17{" A
=5
. ! - g=0.25
-0 101 102 E
kH1
10-14 k+Hz'=200,E¢ =4-107°
10—15
X
x10"16
(=]G]
10—17
—-18 et T Ui
-0 101 10

k«H31=200,E; =4-1075

100 107 105

kHFL

[2] A. Roper Pol, M. Salomé. “Gravitational wave production
from acoustic and fractionally compressible sources.”

k*H;l

¢ Qow’ (k1) + q(1 — ¢)QGvw (k, )

=200,E; =4-107°

g=1.0

10t

102 103
KHL

k«H31=200,E; =4-1076
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GW:s production efficiency

Which mode is the most effective for producing GWs?

k«Hz'=200,Ex =4-107°

s
w1072
=
3~
<1073
c
-4
N ¥
U 10
Il
g by g=1.0 qg=0.25
o 10 qg=0.75 qg=0
~N _
> qg=0.5

OtH «

104 103 102 101 100

«Hz1=200,E; =4-105

qg=0.5

~10t 102 108

KH!

It depends on the sourcing duration and the scale of interest.
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GW:s production efficiency

Which mode is the most effective for producing GWs?

k«Hz'=200,Ex =4-107°

o’
~
—
-

S’

Q) { Vorticity .:‘;::
G e8g o
O\ %

AV
|

qg=0.5

Com pressibilty

101 107 162 107 100
OtH «

«Hz1=200,E; =4-105

qg=0.5

10t 102 108

KH!

It depends on the sourcing duration and the scale of interest.
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GW:s production efficiency

Which mode is the most effective for producing GWs?

ility

k«Hz'=200,Ef =4-107° -4, K+Hz'=200,E¢ =4-107

~ Com pressibity
¥ Y _2

\2 10 10_15 Compressik
<103 <

G ] Vorticity .:E:E ~ —106
(Si 104 o% 10

AV :Vorticity

| _ _ 1017 ;

_ g=1.0 qg=0.25
E 10 > q=0.75 q=0 -
- [ 1 g=0.5 1o-18LL/ /[ qu=°l-5. Ehii 2
104 10-3 10-2 10-% 100 101 102 103
6tH « kH*

It depends on the sourcing duration and the scale of interest.
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Vorticity production in FOPT

Templates
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/7 Bn " Qaw

FOPT E

K
@ompressiona) \ GW signal

33



Vorticity production in FOPT

An overview

w=V X1u %—?:—u Vu+ — ¢—%%+4—iJXB+pV (pvS)
ow \
PYRR (U V)w=(w:V)u—w(V y-) Baroclinic term.
3 1
| 1 > Vp X Vp
p?
1 Relativistic term.
+ war bl v xzp/\ﬂ

3
4 J x B
AN Maaghnetic term.

+vViw + 2yv x (SV In p)

~

Viscous term. 24

Frank Van Den Bosch. “Chapter 10: Vorticity & Circulation”. In: Astrophysical Flows (2025).

A. Brandenburg, E. Scannapieco - “Magnetically assisted vorticity production in decaying acoustic turbulence.”



Ow

ot

Vorticity production in FOPT

An overview

(u-V)w=(w:V)u - w(V y-) Baroclinicterm. p = Czp
Vp

3 1
ekl
4 p?

1 Relativistic term.
+ gww + gv X ¢/\2

4 J <X B .
i v Magnetic term.
T3 % )f 9

+ V2w +2vV x (SV1n p)

~

Viscous term.
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Vorticity production in FOPT

An overview

(- V) =</wVﬂ - w(P%) 5 aroclinic term
3 1 WA
/p

4 p?

1 U Relativistic term.
% Svxy N7

~

Viscous term.
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Vorticity production in FOPT

An overview

Ow u

5 F(u-V)w = gv X 14+ 2vV x (SV In p)
Relativistic term. Viscous term.
Relativistic EOS = EOS Simulation stability.

ANl Non-rel. EOS = noEOS — v #0

Could be even lower with

magnetic field ! Ty T e
~— X
. o N
10-19. ;¥§
o | 3 10-7
§ 4
(-
]_ 0 =11 1 Pl o
1 ; ; /
/ —— EOS c%’
__.-'f,/ —— no EOS O ||[E— No EOS
S - Lower viscosity 1 Lower viscosity
— Lower resolution Q { —— Lower resolution

10' 102 103 103 101
kH1 StH «



Few more words about the Pencil Code
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Pencil Code School

1st Pencil Code school on early Universe physics and
gravitational waves (Oct. 20-24)

Learning and developing numerical skills applied to early
Universe physics using Pencil Code.

Toplics:
e Magnetohydrodynamics of the early Universe,
e Generation and evolution of primordial magnetic fields,
e Chiral magnetohydrodynamics,
e First-order phase transitions,
e Gravitational wave production,
e Axion inflation.

Pencil Code School

. . . . 39
Registration is open and will close on September 10th.



Decorrelation function of the UETCs
&, UETCs & the Pencil Code

Status To come!

Input: GWs module +
UETC spec = T, dfyeic, @iper

WA

Write snapshot:
to =1 - dbyete

vy b, 11
o %

e "_k‘j_\‘; = =
£ .dat files Write spectra:
th = n': dt:\gm‘

(wyvy) ~ Eg(k b1, ta)

(bib;) ~ Bk, by, ta)

l:h,'jhij.! ~ Bk, 1y, 12)
(10550 ~ En(k, ti.ta)

En(k,ti,t2) ~ f(k,t1)f(k,t2)Dg,(k,ta — t1)

f(k,t) = 1/ En(k,t)

First Results Decorrelation functions.
Kraichnan decorrelation: Gaussian shape is found!

J. Correia & M. Hindmarsh & K. Rummukainen & D. J. Weir -
“Gravitational waves from strong first order phase transitions.”

e ANalytical description Simulation
vac(k, t1,12) 1
DEK(k,tl,tg) = AW exXp —§k2(t2 = t1)2vﬁc(k,t1,t2)
\/Udc(ka tl)vdc(ka t2)
[ I I
1.01 —— k=4737.8934 " ]
—— k=1880.3881 0.50 k=2408.3184
Dy (k, t1,t2) TR k=1015.5211 | ’;=?ggi-2;gz
' J k =403.0428 =1894.
: - k=217.6670 0.45; k=1423.1415
_06- —— k=159.9607 _ k=951.9026
= —— k=117.5531 & k=480.6637
8 —— Gaussian 0.40- k=197.9203
“o0.4 Q k=150.7964
0.2 0.35 v/ /,
0.0 | | | o | 0.30 - | | B 40
—10000 -5000 0 5000 10000 ) - 0 2

kcs(ty — t1)/2nk

kcs(t; — t1)/2m



Main results

Conclusion

Possibilities to source wvorticity in relativistic primordial plasma
leading to a mixed motion: Vortical & Compressional modes.

An additional peak visible in the GW energy density spectrum from

fractionally compressible motion. A non-negligeable term in some
cases.

New generic model to describe the GW energy density spectrum by

combining the description of each motion: Constant-in-Time model &
Sound Shell model.

Helicity part can be added at this generic template. -



Thank you for
listening !
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Slowly decaying sources

Time evolution curve

k«Hx'=200,E¢ =4-107°

Vortical description of the decay

ot \ F
Q — Q%14
k() =2 (14 5-)

Exponentially damped cosinus

(e % cos[B - 2¢,k. 0t + C) - D+ E

10-3 101
5tH «

J. Correia & al. - “Gravitational waves from strong first order phase transitions.”



Slowly decaying sources

—p
> X (e_A(St X (cos |B - 2csk.dt| + C') - D + E)

Parametrization of the decay

ot
— * |
dec
Name || 0tgec | P A | B | C | logygD | loggE
q0 1.8 | 2.35 - - - - -
q025 1.8 | 235|170 | 1.0 | 0.0 | —1.4202 | —0.6990 10—3d
q05 1.8 | 1.70 | 130 | 1.0 | 0.0 | —1.4202 | —1.0000 ‘
q075 1.8 | 1.10 | 110 | 1.0 | 0.0 | —1.4202 | —1.2219
ql 1.8 | 1.00 | 90 | 1.0 | 0.0 | —1.4202 | —1.3979 W 6 —ll
2o0x107%
X .
®:
p(q) _ q—0.65 4 X 10—4.
—0.5
A(q) =90-q I x 104
E(q) =0.04-q
2x 1074

Further studies need to be performed!
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