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Kinks in elementary models
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Fig. 1.1. Shape of the λφ4 potential.
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where µ = 0, 1, and λ and η are parameters. The Lagrangian is invariant
under the transformation φ → −φ and hence possesses a “reflectional”
Z2 symmetry. The potential for φ (see Fig. 1.1) is
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where m2 ≡ λη2. The potential has two minima: φ = ±η, that are related
by the reflectional symmetry. The “vacuum manifold”, labeled by the
classical field configurations with lowest energy, has two-fold degeneracy
since V (φ) = V (−φ).

The equations of motion can be derived from the action

∂2
t φ− ∂2

xφ+ λ(φ2 − η2)φ = 0 (1.4)

where ∂t ≡ ∂/∂t and similarly for ∂x. A solution is φ(t, x) = +η, and
another is, φ(t, x) = −η. These have vanishing energy density and are
called the “trivial vacua’. The action describing excitations (sometimes
called “mesons”) about one of the trivial vacua can be derived by setting,
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Fig. 1.2. The curve ranging from −1 to +1 as x goes from −∞ to +∞ shows
the Z2 kink profile for λ = 2 and η = 1. The energy density of the kink has also
been plotted on the same graph for convenience, and to show that all the energy
is localized in the narrow region where the field has a gradient.

be an eigenmode with ω = 0. This can be obtained by directly solving
Eq. (1.16) or by noting that for small a, the solution in Eq. (1.12) can be
Taylor expanded as

φk(x; a) = φk(x; a = 0) + a
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Comparing Eqs. (1.17) and (1.13), the zero mode solution is
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The solution in Eq. (1.9) can be used to calculate the energy density of
the kink
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where the second line is written to explicitly show that (∂xφ)2 = 2V (φ).
The kink profile and the energy density are shown in Fig. 1.2. The total
energy is
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(1.20)
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Other models: e.g. sine-Gordon
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Bogomolnyi method
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General considerations
2 1 Classical kinks
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Fig. 1.1. Shape of the λφ4 potential.
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where µ = 0, 1, and λ and η are parameters. The Lagrangian is invariant
under the transformation φ → −φ and hence possesses a “reflectional”
Z2 symmetry. The potential for φ (see Fig. 1.1) is
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where m2 ≡ λη2. The potential has two minima: φ = ±η, that are related
by the reflectional symmetry. The “vacuum manifold”, labeled by the
classical field configurations with lowest energy, has two-fold degeneracy
since V (φ) = V (−φ).

The equations of motion can be derived from the action

∂2
t φ− ∂2

xφ+ λ(φ2 − η2)φ = 0 (1.4)

where ∂t ≡ ∂/∂t and similarly for ∂x. A solution is φ(t, x) = +η, and
another is, φ(t, x) = −η. These have vanishing energy density and are
called the “trivial vacua’. The action describing excitations (sometimes
called “mesons”) about one of the trivial vacua can be derived by setting,

Domain wall solutions exist if the model has multiple disconnected

degenerate vacua.

Generically, “degeneracy” is due to a discrete symmetry.

Spontaneously broken discrete symmetry *may* imply domain wall solution.

E.g. 
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Approximate symmetries
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No static kink solution exists but approximate kink-like objects, “biased kinks”, are

still present in the model and can be relevant in cosmology (discussed later).

More generally, any potential with several disconnected minima (that need not be 
degenerate) will have biased kinks that may play a cosmological role.

(Biased) domain walls should be very common in unified models of particle physics.



Kinks in more complicated models (SU(5))
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𝚽 is in the adjoint representation of SU(5): 5x5 traceless Hermitian matrix.

(Relevant to Grand Unified Theories.)
Pogosian & TV, 2000 & follow-up.
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Kinks in SU(5)xZ_2
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Assume cubic term is absent (𝛄=0).

Then there is an additional Z2 symmetry (𝚽 to -𝚽) that gets broken.

Simplest example of kink boundary conditions:
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More kink solutions
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�� =
⌘

2
p
15

diag(2, 2, 2,�3,�3)

<latexit sha1_base64="2pd3IVxs4swfnHss7bEBi2cyHBw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBZBUEsiUt0IRTcuK9gHpCFMppN26GQSZiZiCf0VNy4UceuPuPNvTNIutHrgcg/n3MvcOX7MmdKW9WWUlpZXVtfK65WNza3tHXO32lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP77J/e4DlYpF4l5PYuqGeChYwAjWmeSZVaffGjHv+KRop+6VVfHMmlW3CqC/xJ6TGszR8szP/iAiSUiFJhwr5dhWrN0US80Ip9NKP1E0xmSMh9TJqMAhVW5a3D5Fh5kyQEEksxIaFerPjRSHSk1CP5sMsR6pRS8X//OcRAeXbspEnGgqyOyhIOFIRygPAg2YpETzSUYwkSy7FZERlpjoLK48BHvxy39J56xuN+qNu/Na83oeRxn24QCOwIYLaMIttKANBB7hCV7g1Zgaz8ab8T4bLRnznT34BePjG4nhktU=</latexit>

[�+,��] = 0Energy is minimized only if:

<latexit sha1_base64="TAgyxow2XAC62pzAOLlR0ZSSohY="></latexit>

�(0)
+ = � ⌘

2
p
15

diag(2, 2, 2,�3,�3)

�(1)
+ = � ⌘

2
p
15

diag(2, 2,�3, 2,�3)

�(2)
+ = � ⌘

2
p
15

diag(2,�3,�3, 2, 2)

Three classes of solutions: <latexit sha1_base64="zzwG+alCcxkhzzJm8p0SOM5fcAg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBG8WHZFqseiF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR7dRvPTFtuJIPdpywICYDySNOiXVSs1sf8t55r1T2Kt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmleVPxqpXp/Wa7d5HEU4BhO4Ax8uIIa3EEdGkDhEZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwAHyI7K</latexit>

��
<latexit sha1_base64="KmL89ha1rCMx9t5MME4Mjz4p72A=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKVI9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukZrc+5L3zXqnsVbwZ8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdK8qPjVSvX+sly7yeMowDGcwBn4cAU1uIM6NIDCIzzDK7whhV7QO/qYt66gfOYI/gB9/gAEwI7I</latexit>

�+



Form of kink solutions
<latexit sha1_base64="p+twdF1M/djxgXEyWvG1g9RO3vo="></latexit>

�� =
⌘

2
p
15

diag(2, 2, 2,�3,�3)

Three classes of solutions:
<latexit sha1_base64="zjWu4FtYOP6y2wBSiJhWMxAjkr8="></latexit>

�(q)
k = F (q)

+ (x)M(q)
+ + F (q)

� (x)M(q)
� + g(q)(x)M(q) ,

<latexit sha1_base64="mBl0NoDmHOeQPyixQxup6VdLxJ0="></latexit>

M(q)
+ =

�(q)
+ + �(q)

�
2

, M(q)
� =

�(q)
+ � �(q)

�
2

<latexit sha1_base64="6BSz6vezeyd+665abT12CP7Ntb0="></latexit>

F (q)
� (⌥1) = ⌥1 , F (q)

+ (⌥1) = +1 , g(q)(⌥1) = 0
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Fig. 2.2. The profile functions F (1)
+ (x) (nearly 1 throughout), F (1)

− (x) (shaped
like a tanh function), and g(1)(x) (nearly zero) for the q = 1 topological kink
with parameters h = −3/70, λ = 1 and η = 1.

q = 2 kink is lighter than the q = 0, 1 kinks for all values of p. Eq. (2.24)
shows the q = 2 kink is lighter than the q = 0 kink for a large range of
parameters. This can be understood qualitatively by noting that only one
component of Φ changes sign in the q = 2 kink, while 3 and 5 components
change sign in the q = 1 and q = 0 kinks respectively.

2.3 Non-topological SU(5) × Z2 kinks

An interesting point to note is that the ansatz in Eq. (2.13) is valid even

if Φ(q)
± are not in distinct topological sectors. These imply the existence of

non-topological kink solutions in the model [119]. If we include a subscript
NT to denote “non-topological” and T to denote “topological”, we have

Φ(q)
NTk = F (q)

+ (x)M(q)
NT+ + F (q)

− (x)M(q)
NT− + g(q)(x)M(q)

NT . (2.25)

where the MNT± matrices are still defined by Eq. (2.14) with the non-
topological values of Φ±. MNT is still given by Eq. (2.18). To consider
a non-topological domain wall, we simply want to consider Φ+ to be in
the same discrete sector as Φ−. If ΦT+ denotes a boundary condition for
a topological kink, a possible boundary condition for a non-topological
kink is: ΦNT+ = −ΦT+. Then we find

M(q)
NT+ = M(q)

T− , M(q)
NT− = M(q)

T+ , M(q)
NT = M(q)

T . (2.26)

<latexit sha1_base64="7EkddrHkr3lpWDy2+08EFnPAIKM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahIpSkSPVYFMRjBfuBbSyb7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZ50WcKW3b31ZuZXVtfSO/Wdja3tndK+4ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47Ttja9Tv/1EpWKhuNeTiLoBHgrmM4K1kR5u+mePSdk5nRb6xZJdsWdAy8TJSAkyNPrFr94gJHFAhSYcK9V17Ei7CZaaEU6nhV6saITJGA9p11CBA6rcZHbxFJ0YZYD8UJoSGs3U3xMJDpSaBJ7pDLAeqUUvFf/zurH2L92EiSjWVJD5Ij/mSIcofR8NmKRE84khmEhmbkVkhCUm2oSUhuAsvrxMWtWKU6vU7s5L9assjjwcwTGUwYELqMMtNKAJBAQ8wyu8Wcp6sd6tj3lrzspmDuEPrM8fo4KPmw==</latexit>

F (1)
+

<latexit sha1_base64="u2SvdA2iyfyyZX2E9ISjpksri2Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahHixJkeqxKIjHCvYD21g22027dLMJuxuhhP4LLx4U8eq/8ea/cdPmoK0PBh7vzTAzz4s4U9q2v63cyura+kZ+s7C1vbO7V9w/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG1+nfvuJSsVCca8nEXUDPBTMZwRrIz3c9M8ek7JzOi30iyW7Ys+AlomTkRJkaPSLX71BSOKACk04Vqrr2JF2Eyw1I5xOC71Y0QiTMR7SrqECB1S5yeziKToxygD5oTQlNJqpvycSHCg1CTzTGWA9UoteKv7ndWPtX7oJE1GsqSDzRX7MkQ5R+j4aMEmJ5hNDMJHM3IrICEtMtAkpDcFZfHmZtKoVp1ap3Z2X6ldZHHk4gmMogwMXUIdbaEATCAh4hld4s5T1Yr1bH/PWnJXNHMIfWJ8/ppiPnQ==</latexit>

F (1)
�

<latexit sha1_base64="I8XAKfUgW3GY4fYzZc9vreLtdmI=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxWsB/QriWbZtvQbLImWaEs/RNePCji1b/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++4kqzaS4N5OY+hEeChYygo2VOsOHtOKdTYv9UtmtujOgZeLlpAw5Gv3SV28gSRJRYQjHWnc9NzZ+ipVhhNNpsZdoGmMyxkPatVTgiGo/nd07RadWGaBQKlvCoJn6eyLFkdaTKLCdETYjvehl4n9eNzHhlZ8yESeGCjJfFCYcGYmy59GAKUoMn1iCiWL2VkRGWGFibERZCN7iy8ukdV71atXa3UW5fp3HUYBjOIEKeHAJdbiFBjSBAIdneIU359F5cd6dj3nripPPHMEfOJ8/tp+PHg==</latexit>

g(1)
<latexit sha1_base64="NAxNi+zpTQYwiYFDkeQ/vrKLATU=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQQUpSpLopFN24ESrYBzSxTKaTduhkks5MhBLyBW78FTcuFHHr2p1/Y9Jmoa0HLhzOuZd773ECRqUyjG8tt7K6tr6R3yxsbe/s7un7B23phwKTFvaZL7oOkoRRTlqKKka6gSDIcxjpOOOr1O88ECGpz+/UNCC2h4acuhQjlUh9vRRZjgtv4vuoPDmJYR0a0IKRJTzo+iK24KRunFYLfb1oVIwZ4DIxM1IEGZp9/csa+Dj0CFeYISl7phEoO0JCUcxIXLBCSQKEx2hIegnlyCPSjmbvxLCUKIN0f1JcwZn6eyJCnpRTz0k6PaRGctFLxf+8XqjcCzuiPAgV4Xi+yA0ZVD5Ms4EDKghWbJoQhAVNboV4hATCKkkwDcFcfHmZtKsVs1ap3Z4VG5dZHHlwBI5BGZjgHDTANWiCFsDgETyDV/CmPWkv2rv2MW/NadnMIfgD7fMH0jeZbg==</latexit>

M(q) = 0 for q = 0, 2
<latexit sha1_base64="EmAxSBjVpgBjeTHCXr4Kdydd5vE="></latexit>

M(1) =
⌘

2
p
7
diag(1, 1,�2,�2, 2)

(q labels the number of permutations.)



Non-topological kink solutions
<latexit sha1_base64="p+twdF1M/djxgXEyWvG1g9RO3vo="></latexit>

�� =
⌘

2
p
15

diag(2, 2, 2,�3,�3)

Three classes of solutions:

<latexit sha1_base64="mBl0NoDmHOeQPyixQxup6VdLxJ0="></latexit>

M(q)
+ =

�(q)
+ + �(q)

�
2

, M(q)
� =

�(q)
+ � �(q)

�
2

M(q)= (as before)

<latexit sha1_base64="t6DfA6oxbwzbj2Huxj9H8WHqbWM="></latexit>

�(q)
NTk = F (q)

� (x)M(q)
+ + F (q)

+ (x)M(q)
� + g(q)(x)M(q) ,

<latexit sha1_base64="B68ht4X2GcKY4Xls35Y3z/rb0OQ="></latexit>

F (q)
+ (⌥1) = ⌥1 , F (q)

� (⌥1) = +1 , g(q)(⌥1) = 0

These non-topological solutions are generally unstable.

(Note signs compared to topological solutions.)



Space of (topological) kink solutions

q=2 solution has least energy.

q=1 wall most likely to form but should decay into a q=2 wall.

q=1 solution results from a 6 dimensional set of boundary conditions.

q=2 solution results from a 4 dimensional set of boundary conditions.

<latexit sha1_base64="zzwG+alCcxkhzzJm8p0SOM5fcAg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBG8WHZFqseiF48V7Ae0S8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLR7dRvPTFtuJIPdpywICYDySNOiXVSs1sf8t55r1T2Kt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6DrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmleVPxqpXp/Wa7d5HEU4BhO4Ax8uIIa3EEdGkDhEZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwAHyI7K</latexit>

��
<latexit sha1_base64="KmL89ha1rCMx9t5MME4Mjz4p72A=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKVI9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+0crq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wj26nfemLacCUf7DhhQUwGkkecEuukZrc+5L3zXqnsVbwZ8DLxc1KGHPVe6avbVzSNmbRUEGM6vpfYICPacirYpNhNDUsIHZEB6zgqScxMkM2uneBTp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10XWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqAii4Ef/HlZdK8qPjVSvX+sly7yeMowDGcwBn4cAU1uIM6NIDCIzzDK7whhV7QO/qYt66gfOYI/gB9/gAEwI7I</latexit>

�+



General picture
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S5/S3 × S2

Z2

Fig. 2.3. The vacuum manifold for the S5 × Z2 model contains two sets of 10
points related by the Z2 symmetry. Kink solutions exist that interpolate between
vacua related by Z2 transformations and also between vacua within one set of
10 points. The former correspond to the topological kinks in SU(5) × Z2 and
the latter to the non-topological kinks in that model.

H− H+

Kink

Fig. 2.4. A kink and the symmetries outside denoted by H±. The groups H+

and H− are isomorphic but their action on fields may not necessarily be identical.

Topological kink

“Non-topological” kink
“discretized

symmetries”

restrict Phi

to diagonal entries

<latexit sha1_base64="DWyesy4DYkx++Ie+J5QpC6Z3Eps=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0UQhJK0pXbhoujGZQX7kCaEyXTSDp08mJkIJfRn3PgrblxYRHDlrzhJg2jrhYFzz7mHO/e4EaNCGsanVlhb39jcKm6Xdnb39g/0w6OuCGOOSQeHLOR9FwnCaEA6kkpG+hEnyHcZ6bmTm1TvPRIuaBjcy2lEbB+NAupRjKSiHP3Kao8ptGQIPceEFlPOIXJq8EL11Z++mfU1NYfiXKzDh5Kjl42KkRVcBWYOyiCvtqPPrWGIY58EEjMkxMA0ImkniEuKGZmVrFiQCOEJGpGBggHyibCT7MoZPFPMEHohVy+QMGN/OxLkCzH1XTXpIzkWy1pK/qcNYuk17YQGUSxJgBeLvJhBFUoaGRxSTrBkUwUQ5lT9FeIx4ghLFWwagrl88iroVitmo9K4q5db13kcRXACTsE5MMElaIFb0AYdgMETeAFvYK49a6/au/axGC1ouecY/Cnt6xt6fqDn</latexit>

� ! f1�3 + f2�8 + f3⌧3 + f4Y



Kink lattices
<latexit sha1_base64="nSFJF1LgY7txX7LicruJBsm3p7c="></latexit>

... ! �(2, 2, 2,�3,�3) ! +(2,�3,�3, 2, 2)

! �(�3, 2, 2,�3, 2)

! +(2,�3, 2, 2,�3)

! �(2, 2,�3,�3, 2)

! +(�3,�3, 2, 2, 2)

! �(2, 2, 2,�3,�3) ! ...

Lattice is stable in Sn model but not in gauged SU(5).
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Z2

S5/S3 × S2

Fig. 2.5. In the lattice of kinks of Eq. (2.36), the vacua are arranged sequentially
in a pattern so as to return to the starting vacuum only after several transitions
between the two discrete (Z2) sectors.

The instability in the SU(5)×Z2 model occurs because a kink of a given
charge, say Q(3), can rotate with no energy cost into a kink of some other
charge, for example Q(1). Then, in the sequence of Eq. (2.35), the third
kink rotates into Q(1), then annihilates with the antikink with charge Q̄(1)

on its right. In this way the lattice can relax into the vacuum. In the
S5 × Z2 case, however, the rotational degree of freedom that can change
the charge of a kink is absent and the lattice is stable.

So far we have been discussing a kink lattice in one periodic dimen-
sion. This is equivalent to having a kink lattice in a circular space. Next
consider what happens in a plane in two spatial dimensions. A circle in
this plane can once again have a kink lattice since neighboring kinks and
antikinks repel. However, when extended to the whole plane, the kink
lattice must have a nodal point as shown in Fig. 2.6. In three spatial
dimensions, the nodal points must extend into nodal curves5.

We shall discuss kink lattices further in Ch. 6.

2.9 Open questions

1. Discuss all topological and non-topological kink solutions in an
SU(N)×Z2 model where N is even. In Ref. [162] the case with odd
N is discussed6.

5 This is very similar to the case where several domain walls terminate on topological
strings, except that there are no topological strings in the model.

6 However, it is incorrectly stated that the Z2 symmetry is included in SU(N) when
N is even, as can be seen from the Tr(Φ3) argument of Sec. 2.1.

x

Kink-antikink can repel,

depending on internal

space orientation.



Kink nodes

Kink lattice on a circle.



Dynamics of domain walls
Full dynamics — wall motion plus excitations plus radiation — is given 

by the field theory. This may to too detailed for certain applications and 

an effective description might suffice. 

<latexit sha1_base64="G7pxkc7feapegL/Lt2KPO9j+e44=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmRKrLohuXFewDOmPJpJk2NJMZkjtCLcWNv+LGhSJu/Qp3/o1pOwutHrjcwzn3ktwTJIJrcJwvK7ewuLS8kl8trK1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgcuI375jSPJY3MEyYH5Ge5CGnBIzUsfdat16U4pIHJD3G3j0DYhrt86OOXXTKzhT4L3EzUkQZah370+vGNI2YBCqI1m3XScAfEQWcCjYueKlmCaED0mNtQyWJmPZH0xPG+NAoXRzGypQEPFV/boxIpPUwCsxkRKCv572J+J/XTiE890dcJikwSWcPhanAEONJHrjLFaMghoYQqrj5K6Z9oggFk1rBhODOn/yXNE7KbqVcuT4tVi+yOPJoHx2gEnLRGaqiK1RDdUTRA3pCL+jVerSerTfrfTaas7KdXfQL1sc3D/uV8w==</latexit>

Xµ(⌧, ⇣,�)Position of wall:
<latexit sha1_base64="xQcUHI8cDsZWnrRkPzPDKC8e95Y=">AAACKnicdVDLTgIxFO3gC/E16tJNIzHBaMiMMejGBHXjymAiSMIg6ZQCDZ1H2jsGJHyPG3/FDQsNceuHWIZZKOhJmntyzr25vccNBVdgWWMjtbC4tLySXs2srW9sbpnbOxUVRJKyMg1EIKsuUUxwn5WBg2DVUDLiuYI9uN3rif/wxKTigX8P/ZDVPdL2eYtTAlpqmJe9R8eL8AWuxjXnAImOsfPMgOhCO/wQH2Gnx/Htf37DzFp5KwaeJ3ZCsihBqWGOnGZAI4/5QAVRqmZbIdQHRAKngg0zTqRYSGiXtFlNU594TNUH8alDfKCVJm4FUj8fcKz+nBgQT6m+5+pOj0BHzXoT8S+vFkHrvD7gfhgB8+l0USsSGAI8yQ03uWQURF8TQiXXf8W0QyShoNPN6BDs2ZPnSeUkbxfyhbvTbPEqiSON9tA+yiEbnaEiukElVEYUvaA39I4+jFdjZIyNz2lrykhmdtEvGF/fL5ekFQ==</latexit>

xµ = Xµ(⌧, ⇣,�) + ⇠Nµ(⌧, ⇣,�) Nµ=normal to wall

<latexit sha1_base64="NCferyxARYkr/yeQboG+VAiSaeE="></latexit>

S =

Z
d4x

p
�g Lfields ! ��

Z
d3⇢

p
|h|+ ...

“Nambu-Goto action”

σ = wall tension

<latexit sha1_base64="eU9JYfxOEVVY97+r3UG3axQeYEg=">AAACJ3icbZDLSgMxFIYzXmu9VV26CZaCbsqMSHWjFN24VLBa6NThTJq2wSQz5CKUoW/jxldxI6iILn0TM7XgpR4I/Hwn5yT/H6ecaeP7797U9Mzs3Hxhobi4tLyyWlpbv9SJVYQ2SMIT1YxBU84kbRhmOG2mioKIOb2Kb07y/tUtVZol8sIMUtoW0JOsywgYh6LSUT/KIB7iQ9yLslDYUNoh3m5eh6qf7OAwBWUY8AiwQ8J+gzgH0kalsl/1R4UnRTAWZTSus6j0FHYSYgWVhnDQuhX4qWln+VbC6bAYWk1TIDfQoy0nJQiq29nI5xBXHOngbqLckQaP6M+JDITWA+HsVASYvv7by+F/vZY13YN2xmRqDZXk66Gu5dgkOA8Nd5iixPCBE0AUc3/FpA8KiHHRFl0IwV/Lk+JytxrUqrXzvXL9eBxHAW2iLbSNArSP6ugUnaEGIugOPaBn9OLde4/eq/f2dXXKG89soF/lfXwCU6ylpA==</latexit>

hab = gµ⌫(X
⇢)@aX

µ@bX
⌫ “induced metric”
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τ

0 x

Xµ
0

ξ

(t, x)t

Fig. 7.1. The world-line of the kink is represented by the curve. The kink frame
coordinates ya = (τ, ξ) are defined in the instantaneous rest frame of the kink
and are functions of the background coordinates xµ = (t, x).

Therefore

h00 = gµν(∂τX
µ + ξ∂τN

µ)(∂τX
ν + ξ∂τN

ν)

= gµν∂τX
µ∂τX

ν + O(ξ)

h01 = gµν(∂τX
µ + ξ∂τN

µ)Nν = O(ξ)

h11 = gµνN
µNν = −1

where, we have used the orthogonality of ∂τXµ ∝ T µ and Nµ and the
normalization of Nµ. So the determinant of hab is

h = −gµν(X
µ)∂τX

µ∂τX
ν + O(ξ) (7.9)

where we have also expanded the background metric around the kink
location.

Next we write,
φ(xµ) = φ0(y

a) + ψ(ya) (7.10)

where, φ0 is the static kink profile function in the kink frame coordinates.
For example, in the case of the Z2 kink, φ0 = η tanh(

√

λ/2 ηξ) (see
Eq. (1.9)). The field ψ is the departure of the true field configuration
from the static kink profile φ0. The assumption is that the contribution
of ψ to the action is small and hence ψ can be used as a parameter for a
perturbative expansion.

Now the field theory action is

S =
∫

d2x
√
−gL[φ, φ̇; gµν ] (7.11)



Equations of motion
<latexit sha1_base64="H35GWi7b4dOy8Mty8LX0UNazhek="></latexit>

1p
|h|

@a(
p

|h|hab@bX
�) = ��

µ⌫h
ab@aX

µ@bX
⌫

<latexit sha1_base64="cU1Dd+1u2TXc/+sb91uFzwqfwCg="></latexit>

��
µ⌫ =

g�⇢

2
(@⌫g⇢µ + @µg⇢⌫ � @⇢gµ⌫)

In Minkowski background (𝛤 = 0):
<latexit sha1_base64="MnzYIbfOdhWVAPXu7P/I+Hf2PqQ="></latexit>

@a(h
ab@bX

�) +
1

2
hcd@ahcd hab@bX

� = 0

…but equation fails when there are self-intersections or regions of intense

radiation (e.g. from singular points — kinks, cusps, on the wall).



Reconnections
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c

Fig. 7.3. Sketch of a traveling wave on a planar domain wall. The pulse prop-
agates at the speed of light along the wall.

Then by evaluating habh̃bc, it can be seen that h̃bc is the correct inverse
metric provided

ηab∂az∂bz = 0 (7.30)

Now we can use Eq. (7.24) and the constraint (7.30) to get the equation
of motion for the function z(τ, ζ,χ)

∂a∂az = 0 (7.31)

Hence any function that satisfies Eqs. (7.31) and (7.30) extremizes the
Nambu-Goto action for a domain wall.

Solutions of Eqs. (7.31) and (7.30) have been discussed in Ref. [58].
The constraint condition implies that the solution must necessarily be
time-dependent. A class of solutions is obtained by noting, for example,
that z = f(τ−ζ) solves the equation of motion and also the constraint for
any choice of function f . This corresponds to a pulse of arbitrary shape
on a planar domain wall that propagates in the +x direction at the speed
of light. Similarly

z = f(τ ± (n1ζ + n2χ)) , n2
1 + n2

2 = 1 (7.32)

is a solution for any unit vector (n1, n2). These solutions are known as
“traveling waves” (see Fig. 7.3).

Other solutions of the wave equation (Eq. (7.31)) are also known – for
example, circular waves – but these do not satisfy the constraint equation
and/or have singularities.

<latexit sha1_base64="14Z1n9cnN/PA4Vjp2ZwXV4SHKVM="></latexit>

z = f (! ± (n1" + n2#)) , n2
1 + n2

2 = 1

Solution even in field theory (with gravity included?).
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! ! 1

d

D

Fig. 7.4. Sketch of a catenoid solution.

7.3.2 Axially symmetric walls

Here we look for a static wall solution in a Minkowski background. The
(Cartesian) coordinates of the wall take the form

X µ(! , " , #) = ( ! , R(#) cos" , R(#) sin " , #) (7.33)

with $µ! = diag(1 , ! 1, ! 1, ! 1). The wall metric is seen to be

hab = diag(1 , ! R2, ! (1 + R"2)) (7.34)

whereR" is the derivative of R with respect to #. The equation of motion,
Eq. (7.21), then leads to

d
d#

!
R

"
1 + R"2

#

= 0 ,
d

d#

!
RR"

"
1 + R"2

#

=
$

1 + R"2 (7.35)

with the solution
R(#) =

1
%

cosh(%#) (7.36)

where % is a parameter, ! = t, # = z and " is the angle in cylindrical
coordinates. Eq. (7.36) describes a one-parameter family of static, axially
symmetric, domain wall solutions (see Fig. 7.4).

The solution in Eq. (7.36) is a catenoid that is seen in soap Þlms which,
like domain walls, also minimize their surface area [23]. Experiments with
soap Þlms are done with two parallel circular rings, each of diameter D ,
placed a certain distance,d, apart. Then the soap Þlm forms a catenoid
for d/D < 0.66 [116]. Actually there are two catenoid solutions ford/D <
0.66 since the relation%D = cosh(%d/ 2) has two solutions for %for Þxed
values ofD and d in this regime. A third solution which consists of two

“catenoid”
<latexit sha1_base64="vTMT41MYia5DuS7nELG5AizhhqU=">AAACFHicbVBLSwMxGMz6rPW16tFLsAgVoeyKVC9C0YvHKvYB3aVk02wbmk2WJCvUZX+EF/+KFw+KePXgzX9j2u5BWwcCk5n5SL4JYkaVdpxva2FxaXlltbBWXN/Y3Nq2d3abSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauy37olUVPA7PYqJH6E+pyHFSBupax/fwvIDPIIX0AslwqmbpR5i8QBl0MNCDWB5eoUm1LVLTsWZAM4TNyclkKPetb+8nsBJRLjGDCnVcZ1Y+ymSmmJGsqKXKBIjPER90jGUo4goP50slcFDo/RgKKQ5XMOJ+nsiRZFSoygwyQjpgZr1xuJ/XifR4bmfUh4nmnA8fShMGNQCjhuCPSoJ1mxkCMKSmr9CPECmHG16LJoS3NmV50nzpOJWK9Wb01LtMq+jAPbBASgDF5yBGrgGddAAGDyCZ/AK3qwn68V6tz6m0QUrn9kDf2B9/gArMJxv</latexit>

R(z) =
1
!

cosh(! z)

Cylinder:
<latexit sha1_base64="SlyBvScqjEBUQlYBh6Z8okKXgv8=">AAACF3icbVDLSsNAFJ34rPVVdelmsAjtJiQi1Y1QdOOyFvuAppTJdNIOnWTCzI1QQv7Cjb/ixoUibnXn3zh9LLT1wIXDOfdy7z1+LLgGx/m2VlbX1jc2c1v57Z3dvf3CwWFTy0RR1qBSSNX2iWaCR6wBHARrx4qR0Bes5Y9uJn7rgSnNZXQP45h1QzKIeMApASP1Cna9BGV8hes9B3tUauwJFgAuYS9QhKaQpcbJsKf4YAi43CsUHduZAi8Td06KaI5ar/Dl9SVNQhYBFUTrjuvE0E2JAk4Fy/JeollM6IgMWMfQiIRMd9PpXxk+NUofB1KZigBP1d8TKQm1Hoe+6QwJDPWiNxH/8zoJBJfdlEdxAiyis0VBIjBIPAkJ97liFMTYEEIVN7diOiQmEDBR5k0I7uLLy6R5ZrsVu3J3Xqxez+PIoWN0gkrIRReoim5RDTUQRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gAD051n</latexit>

R(t) = R0 cos
!

t
R0

"

Sphere:
<latexit sha1_base64="9Yrr/97k18QMGv/IxOl1zJWyfMk="></latexit>! x

x !

dx
!

1 " x4
= ±

! " ! 0

R0
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Fig. 7.5. Radius of a collapsing spherical domain wall versus time in the thin
wall approximation. The coordinates in the plot are in units of the maximum
radius of the wall.

perturbation amplitude divided by the radius of the spherical wall, grows
as 1/R as the wall collapses.

In the Nambu-Goto description, the spherical domain wall oscillates
about the center. However, the solution is only valid as longas the thin
wall approximation holds. By comparing various terms in the Þeld equa-
tions of motion, the thin wall approximation is seen to break down when
[182, 72]

R
R0

!
!

w
R0

" 1/ 3

(7.47)

where w is the wall thickness. This relation is also conÞrmed by numeri-
cally solving the equation of motion in the Þeld theory [182]. In Ref. [72],
the leading order corrections due to the thickness and gravity of the spher-
ical domain wall are included, with the conclusion that both these e! ects
tend to slow down the dynamics. The Nambu-Goto action also becomes
inadequate due to radiative losses. As the wall collapses, we expect en-
ergy losses due to radiation and eventually annihilation ofthe domain
wall into radiation. We discuss these processes further in Sec. 7.5.

The collapse of a zero thickness spherical domain wall is prevented if
the background spacetime is expanding. Static solutions are obtained if
the background is expanding at a constant rate, as in de Sitter space.
In a particular coordinate system, the line element for de Sitter space
becomes time independent

ds2 = f (r )dt2 " f ! 1(r )dr2 " r 2(d! 2 + sin 2 ! d" 2) (7.48)

Sphere in de Sitter background:
<latexit sha1_base64="Xpbg7bO/pQIZFN+X2PqHfeMfbzI=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDAbBxrAbJdoIQZuUUcwDsmuYncwmQ2YfzswKYdjKxl+xsVDE1m+w82+cJFto4oELh3Pu5d57vJhRIS3r28gtLC4tr+RXC2vrG5tb5vZOU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS84dXYbz0QLmgU3spRTNwA9UPqU4yklrrm/g28gLU7dWyn0BH3XCrH5wircqpO0rRrFq2SNQGcJ3ZGiiBDvWt+Ob0IJwEJJWZIiI5txdJViEuKGUkLTiJIjPAQ9UlH0xAFRLhq8kYKD7XSg37EdYUSTtTfEwoFQowCT3cGSA7ErDcW//M6ifTPXUXDOJEkxNNFfsKgjOA4E9ijnGDJRpogzKm+FeIB0jFInVxBh2DPvjxPmuWSXSlVrk+L1cssjjzYAwfgCNjgDFRBDdRBA2DwCJ7BK3gznowX4934mLbmjGxmF/yB8fkD5taYLg==</latexit>

R = H ! 1

!
2
3

<latexit sha1_base64="Ulm4mh7vVEu8WSdTviPpJ55AWSw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS90VqV6EohePtdgPaZeSTbNtaJJdkqxYSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npmI7u5tb2zm9vbr+soUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDG4mfuORKs0ieW+GMfUF7kkWMoKNlR4KT1fV02rHPenk8m7RnQItEi8leUhR6eS+2t2IJIJKQzjWuuW5sfFHWBlGOB1n24mmMSYD3KMtSyUWVPuj6cFjdGyVLgojZUsaNFV/T4yw0HooAtspsOnreW8i/ue1EhNe+iMm48RQSWaLwoQjE6HJ96jLFCWGDy3BRDF7KyJ9rDAxNqOsDcGbf3mR1M+KXqlYujvPl6/TODJwCEdQAA8uoAy3UIEaEBDwDK/w5ijnxXl3PmatS046cwB/4Hz+AAtej0c=</latexit>

(x = R/R 0)



Gravity - thin planar wall
<latexit sha1_base64="gxMCs1n4AHfuQkohTUCJP1q9G6M="></latexit>

T µ !

!
!
!
!
NG ,plane

= ! (1, 0, ! 1, ! 1)" (x)

<latexit sha1_base64="x0RK4Zj8hpWug796y0DSSugAan4="></latexit>

ds2 = (1 ! ! |X |)2dt2 ! dX 2 ! (1 ! ! |X |)2e2! t (dy2 + dz2)
<latexit sha1_base64="JxyT9Yn6jsbmQJBMOrqrwxxlCTA=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0Woi4ZEpLoRim5cVrAPaGKZTCft0MmDmYlYkvyFG3/FjQtF3OrOv3HaZqGtBy4czrmXe+9xI0aFNM1vrbC0vLK6VlwvbWxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZHVxO/fU+4oGFwK8cRcXw0CKhHMZJK6ulG2knhBbQ9jnBiZYk9QlGEMliBFqxCcpdUZwpMH9IMHvf0smmYU8BFYuWkDHI0evqX3Q9x7JNAYoaE6FpmJJ0EcUkxI1nJjgWJEB6hAekqGiCfCCeZ/pXBI6X0oRdyVYGEU/X3RIJ8Ica+qzp9JIdi3puI/3ndWHrnTkKDKJYkwLNFXsygDOEkJNinnGDJxoogzKm6FeIhUhFJFWVJhWDNv7xIWieGVTNqN6fl+mUeRxEcgENQARY4A3VwDRqgCTB4BM/gFbxpT9qL9q59zFoLWj6zD/5A+/wBEtieAQ==</latexit>

|X | =
1
!

(1 ! e! ! |x | )

de Sitter in constant x slices.

Rindler for constant y, z:
<latexit sha1_base64="iMrDSagO4KmfmZBDF/lKOTjAABg="></latexit>

! =
(1 ! " |X |)

2"
(e! t ! e! ! t )

# =
(1 ! " |X |)

2"
(e! t + e! ! t )

<latexit sha1_base64="d/Br8QnGXFMm/jE2i9R4C/hteQY=">AAACAHicbZC7SgNBFIZnvcZ4W7WwsBkMgo1hN0i0EYI2lhHMBZJNmJ2dTYbMzi4zZ8UQ0vgqNhaK2PoYdr6Nk2QLTfxh4OM/53Dm/H4iuAbH+baWlldW19ZzG/nNre2dXXtvv67jVFFWo7GIVdMnmgkuWQ04CNZMFCORL1jDH9xM6o0HpjSP5T0ME+ZFpCd5yCkBY3Xtw0B3SvgKB20gqaEzQ4+8U+raBafoTIUXwc2ggDJVu/ZXO4hpGjEJVBCtW66TgDciCjgVbJxvp5olhA5Ij7UMShIx7Y2mB4zxiXECHMbKPAl46v6eGJFI62Hkm86IQF/P1ybmf7VWCuGlN+IySYFJOlsUpgJDjCdp4IArRkEMDRCquPkrpn2iCAWTWd6E4M6fvAj1UtEtF8t354XKdRZHDh2hY3SKXHSBKugWVVENUTRGz+gVvVlP1ov1bn3MWpesbOYA/ZH1+QPvYpS4</latexit>

ds2 = d! 2 ! d" 2

<latexit sha1_base64="wCRflDswzFGGofXoLCxhxDDvWD4="></latexit>

! 2 ! " 2 =
!

1
#

! |X |
" 2

Constant acceleration for particle fixed at constant X.

Particles are repelled from the wall with constant acceleration 𝛋.

<latexit sha1_base64="OhlBrcC/vBL2xOOQ0nSAP205Fzg=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkSPUiFD3osYL9gCaUyXbTLt0ky+5GKKHgX/HiQRGv/g5v/hu3bQ7a+mDg8d4MM/MCwZnSjvNtFVZW19Y3ipulre2d3T17/6ClklQS2iQJT2QnAEU5i2lTM81pR0gKUcBpOxjdTP32I5WKJfGDHgvqRzCIWcgIaCP17CNvBEIAvsJVTzB86yk2iKBnl52KMwNeJm5OyihHo2d/ef2EpBGNNeGgVNd1hPYzkJoRTiclL1VUABnBgHYNjSGiys9m50/wqVH6OEykqVjjmfp7IoNIqXEUmM4I9FAtelPxP6+b6vDSz1gsUk1jMl8UphzrBE+zwH0mKdF8bAgQycytmAxBAtEmsZIJwV18eZm0qhW3Vqndn5fr13kcRXSMTtAZctEFqqM71EBNRFCGntErerOerBfr3fqYtxasfOYQ/YH1+QOkdZSp</latexit>

! = 2 " G#

(typo in book — 𝛋, not 1/𝛋)

Vilenkin, 1983; Ipser & Sikivie, 1984



Gravity - thin planar wall (bouncing sphere)
<latexit sha1_base64="x0RK4Zj8hpWug796y0DSSugAan4="></latexit>

ds2 = (1 ! ! |X |)2dt2 ! dX 2 ! (1 ! ! |X |)2e2! t (dy2 + dz2)
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|X | =
1
!

(1 ! e! ! |x | )

A coordinate transformation exists such that
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ds2 = dt2
M ! dx2

M ! dy2
M ! dz2

M

but then the wall is located at
<latexit sha1_base64="ABu/PNdKdSbe+dsqJoxJRRRYsZE=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiCUJIi1Y1QdONGqGAf0KRhMp20QycPZiZiDPkPN/6KGxeKuBJc+DdO0yy09cBwz5xzLzP3uBGjQhrGt7awuLS8slpaK69vbG5t6zu7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx5cTv3NHuKBhcCuTiNg+GgbUoxhJJTl67d657tfgMUyK+pDXcyiLu+VxhFMzS60xiiLUr2WOXjGqRg44T8yCVECBpqN/WoMQxz4JJGZIiJ5pRNJOEZcUM5KVrViQCOExGpKeogHyibDTfLcMHiplAL2QqxNImKu/J1LkC5H4rur0kRyJWW8i/uf1Yumd2SkNoliSAE8f8mIGZQgnQcEB5QRLliiCMKfqrxCPkApDqjjLKgRzduV50q5VzXq1fnNSaVwUcZTAPjgAR8AEp6ABrkATtAAGj+AZvII37Ul70d61j2nrglbM7IE/0L5+ANqZnkk=</latexit>

x2
M + y2

M + z2
M = t2

M +
1
! 2

(Minkowski metric)

which describes a bouncing spherical wall, i.e. one undergoing constant

acceleration.



Gravity - thick walls

Topological inflation if
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16! G" 2 > 1

Some spatial regions are stuck at a maximum of the potential.

Graceful exit in a fixed region if the region slides off the potential.

A. Vilenkin, 1994; A. Linde, 1994

Qualitatively not much changes with wall thickness taken into account

unless the wall tension is very large.

2 1 Classical kinks

φ

V (φ)

−η 0 +η

Fig. 1.1. Shape of the λφ4 potential.

S =
∫

d2x
[

1

2
(∂µφ)2 − V (φ)

]

=
∫

d2x
[

1

2
(∂µφ)2 − λ

4
(φ2 − η2)2

]

(1.2)

where µ = 0, 1, and λ and η are parameters. The Lagrangian is invariant
under the transformation φ → −φ and hence possesses a “reflectional”
Z2 symmetry. The potential for φ (see Fig. 1.1) is

V (φ) =
λ

4
(φ2 − η2)2 = −m2

2
φ2 +

λ

4
φ4 +

λη4

4
(1.3)

where m2 ≡ λη2. The potential has two minima: φ = ±η, that are related
by the reflectional symmetry. The “vacuum manifold”, labeled by the
classical field configurations with lowest energy, has two-fold degeneracy
since V (φ) = V (−φ).

The equations of motion can be derived from the action

∂2
t φ− ∂2

xφ+ λ(φ2 − η2)φ = 0 (1.4)

where ∂t ≡ ∂/∂t and similarly for ∂x. A solution is φ(t, x) = +η, and
another is, φ(t, x) = −η. These have vanishing energy density and are
called the “trivial vacua’. The action describing excitations (sometimes
called “mesons”) about one of the trivial vacua can be derived by setting,

inflating

region



Spherical wall
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Ipser & Sikivie, 1980
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Cosmology - phase transitions
Cosmological expansion implies a cooling universe, so one

has to deal with thermal corrections in quantum field theory.
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Fig. 6.1. Sketch of e! ective potential for Þrst-order phasetransition (left) and
second-order phase transition (right). In the Þrst-order case, the global minimum
of the potential at high temperature ( " 0 = 0 in illustration) becomes a local
minimum at low temperature. In the second-order case, the global minimum of
the potential at high temperature becomes a local maximum atlow temperature.
The e! ective potential at " 0 = 0 decreases with increasing temperature because
of the last term proportional to ! N T 4 in Eq. (6.9).

mass squared terms inV (" ), the contributions from the M 2T2 term in
the e! ective potential, Eq. (6.9), can make the e! ective mass squared
positive for these Þelds if the temperature is high enough (see Fig. 6.1).
Therefore when the system is at high temperature, the e! ective squared
mass is positive and the minimum of the potential is at " 0 = 0. As
the system is cooled, the e! ective mass squared becomes negative and
the minima of the e! ective potential occurs at non-zero values of" 0 and
the lowest energy state has shifted from" 0 = 0 to " 0 "= 0. The order
parameter, " , acquires a non-zero Òvacuum expectation valueÓ at some
critical temperature. This is the phenomenon of spontaneous symmetry
breaking and manifests itself as a phase transition. The phase at high
temperature had a certain symmetry dictated by the invariance of the
Þeld theory with " 0 = 0 and at low temperature the symmetry is changed
because now" 0 "= 0.

As a simple example of an e! ective potential, consider the !" 4 model
of Eq. (1.2) with

V (" ) = !
m2

0

2
" 2 +

!
4

" 4 +
!
4

#4 (6.12)

Then µ2 of Eq. (6.6) is given by

µ2 = ! m2
0 + 3 !" 2

0 (6.13)

…but the details of the phase transition are not that important for us.
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Cosmology: formation of kinks
Symmetry is all we need.

With symmetry, all degenerate vacua are equally likely.
Therefore populate space with random choices of vacua.110 6 Formation of kinks

Fig. 6.6. The distribution of two phases (black and white) on a square lattice
in 2 spatial dimensions. Domain walls lie at the interface ofthe black and white
regions.

6.6.1 Z2 network

The properties of the network of Z2 domain walls at formation has been
determined by numerical simulations implementing the ÒKibble mecha-
nismÓ. The vacuum in any correlated region of space is determined at
random. Then, if there are only two degenerate vacua (call them black
and white), there are spatial regions that are in the black phase with 50%
probability and others in the white phase. The boundaries between these
regions of di! erent phases are the locations of the domain walls.

Cluster size 1 2 3 4 6 10 31082

Number 462 84 14 13 1 1 1

Table 6.1. Size distribution of black clusters found by simulations on a cubic
lattice.

Numerical simulations of the Kibble mechanism on a cubic lattice gave
the statistics shown in Table 6.1 [73, 158]. The data shows that there is
essentially one giant connected black cluster. By symmetrythere is one
connected white cluster. In the inÞnite volume limit, these clusters are
also inÞnite and their surface areas are inÞnite. Thereforethe topological
domain wall formed at the phase transition is inÞnite.

Z2 case:

110 6 Formation of kinks

Fig. 6.6. The distribution of two phases (black and white) on a square lattice
in 2 spatial dimensions. Domain walls lie at the interface ofthe black and white
regions.

6.6.1 Z2 network

The properties of the network of Z2 domain walls at formation has been
determined by numerical simulations implementing the ÒKibble mecha-
nismÓ. The vacuum in any correlated region of space is determined at
random. Then, if there are only two degenerate vacua (call them black
and white), there are spatial regions that are in the black phase with 50%
probability and others in the white phase. The boundaries between these
regions of di! erent phases are the locations of the domain walls.

Cluster size 1 2 3 4 6 10 31082

Number 462 84 14 13 1 1 1

Table 6.1. Size distribution of black clusters found by simulations on a cubic
lattice.

Numerical simulations of the Kibble mechanism on a cubic lattice gave
the statistics shown in Table 6.1 [73, 158]. The data shows that there is
essentially one giant connected black cluster. By symmetrythere is one
connected white cluster. In the inÞnite volume limit, these clusters are
also inÞnite and their surface areas are inÞnite. Thereforethe topological
domain wall formed at the phase transition is inÞnite.

In 3 spatial dimensions:
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Fig. 6.7. Energy density distribution in space at an early time at high tempera-
ture (top panel) and then at various times after the phase transition in the lower
panels. The last panel shows that the system has relaxed intoa stable lattice of
kinks.

The procedure is to solve Eq. (6.61) with any initial condition. The
noise and dissipation eventually drives the system to a thermal distribu-
tion at temperature T. To mimic the phase transition, the noise is then
set to zero. All of a sudden the system has to Þnd a new equilibrium
state. This equilibrium state has domain walls and these arelocated and
tracked in the subsequent evolution.

In one spatial dimension, the results are shown in Fig. 6.7. At high
temperature the energy distribution is very noisy. After th e phase tran-
sition, the presence of kinks is clear. During the evolution, some of these
kinks annihilate. In the end we are left with a kink lattice.

Similar numerical simulations have also been done in two spatial di-
mensions. The total energy in all kinds of walls is plotted asa function
of time in Fig. 6.8. The Þgure also shows the energy in only theq = 2
walls as a function of time. The di! erence of these curves shows that not
all walls are of the q = 2 variety at formation. Other kinds of walls are
present immediately after the phase transition but they must then decay
into the least massiveq = 2 wall.

As discussed in Sec. 2.8, theS5 ! Z2 kinks can have nodes in two spatial
dimensions (see Fig. 2.6). So we expect a network of domain walls to form
after a phase transition in which six or more domain walls arejoined at
junctions. This is exactly what is seen in simulations (Fig. 6.9). Another

In 1 spatial dimension.

Kink lattice:

Antunes, Pogosian & TV, 2004
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Fig. 6.9. Network of S5! Z2 walls in two spatial dimensions soon after the phase
transition. The picture looks very similar to the network of (one-dimensional)
walls connected to a network of (point-like) strings studied in [129].

feature that is apparent on a closer look at the network is that there are
many pairs of walls that are very close to each other. These pairs occur
because the unstableq = 1 walls eventually decay into two q = 2 walls.
The forces separating theq = 2 walls are exponentially small and so they
stay close-by during further evolution.

We have seen that the Þnal state of theS5 ! Z2 phase transition in one
spatial dimension is a lattice of domain walls (Fig. 6.7). Inone dimension,
it can be argued that a lattice forms with unit probability pr ovided the
size of the simulation box is much larger than the wall thickness. In two
dimensions, if the spatial extent in one direction is smaller than that in the
other direction, so that the simulation box is rectangular with periodic
boundary conditions, the evolution is very much like in one dimension
and a lattice forms once again (see Fig. 6.10). Even on a square two
dimensional simulation box, a domain wall lattice is seen toform with a
probability " 0.05 [7].

6.8 Biased phase transitions

The existence of domain walls relies only on the existence ofdiscrete
vacua. Then it is possible to imagine situations where the degeneracy of
the discrete vacua is slightly broken (see Fig. 6.11)4. Now the probability

4 Or perhaps the vacua are exactly degenerate but the likelihood of being in one partic-
ular vacuum is slightly larger because of the way in which the system was prepared.

In 2 spatial dimensions. Antunes & TV, 2004
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In 2 spatial toroidal dimensions.

116 6 Formation of kinks
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Fig. 6.10. Three stages for the domain wall network evolution in a toroidal do-
main, with dimensions L x = 500 and L y = 150. The di! erent shades correspond
to the 5 possible charges of the domain walls (see Sec. 2.7). Note that in the
bottom Þgure there is a pair of neighboring wall and anti-wall of the same type
(the walls just before and after the 300 mark). These later annihilate, leading
to a Þnal stable lattice consisting of 10 walls.

that the higher energy vacuum is selected during the phase transition
in some region is less than 1/ 2 and the probability that the lower energy
vacuum is selected is larger than 1/ 2. This process can again be simulated
on a square lattice by throwing down black squares with probability p <
1/ 2. If p is very small, there are only a few black squares and these
are disconnected from each other. So the domain walls are small and
closed. At a critical value of p, call it pc, the black squares connect and
the distribution is dominated by one inÞnite cluster of black squares.
Then the black squares are said to percolate. Therefore the domain wall
formation problem reduces to the classic problem of Òpercolation theoryÓ
[142, 95, 36] where we are interested in the critical probability and also
the critical exponents that appear in various correlation functions as the
critical point is approached. On a triangular lattice in two dimensions,
the critical probability is known to be 0 .5 and on a cubic lattice in three
dimensions it is 0.31. The problem may even be studied on a random
lattice as discussed in Ref. [94].

The analysis for biased domain walls implies that even if thepotential
is slightly asymmetric, inÞnite domain walls can form. For the SU(5) ! Z2
potential described in Eq. (2.5), the asymmetry is due to thecubic term
with coupling constant, ! . For small but non-zero values of! , inÞnite



Cosmological constraints
A single domain wall in our cosmological volume would contribute

an energy density,

<latexit sha1_base64="PtJ071U/QfANLz58tmMrSqiYxiE=">AAACDXicbVA9T8MwEHX4pnwVGFksChIDqhJAhRHBwlgkCkhNqS6u01rYSbAvSFXUP8DCX2FhACFWdjb+DU6bAQpPsu/p3T3Z94JECoOu++VMTE5Nz8zOzZcWFpeWV8qra5cmTjXjDRbLWF8HYLgUEW+gQMmvE81BBZJfBbenef/qnmsj4ugC+wlvKehGIhQM0Ert8pZvRFcBtUXZ605j5ktr78DA36U+R7jZL7XLFbfqDkH/Eq8gFVKg3i5/+p2YpYpHyCQY0/TcBFsZaBRM8kHJTw1PgN1ClzctjUBx08qG2wzotlU6NIy1PRHSofrTkYEypq8CO6kAe2a8l4v/9ZophketTERJijxio4fCVFKMaR4N7QjNGcq+JcC0sH+lrAcaGNoA8xC88ZX/ksu9qler1s4PKscnRRxzZINskh3ikUNyTM5InTQIIw/kibyQV+fReXbenPfR6IRTeNbJLzgf32vbmyQ=</latexit>

! !
"

" # 3

<latexit sha1_base64="v1HpkBC3edbB4C8AEYi/djamPew="></latexit>

! walls !
! 3t0

m2
P

=
!

!
mP

" 3 !
1017s

10! 43s

"
< 1

<latexit sha1_base64="ijxSmxPHQhjwnFy8M3C3BQ09Lk0=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSyCBymJSPVY9OJFqGA/oAlls522S3eTsLsRSujNi3/FiwdFvPoXvPlv3LQ5aOuDgcd7M8zMC2LOlHacb6uwtLyyulZcL21sbm3v2Lt7TRUlkkKDRjyS7YAo4CyEhmaaQzuWQETAoRWMrjO/9QBSsSi81+MYfEEGIeszSrSRuvahB5pgj4NSignsOo53ilNPCnwLzUmpa5edijMFXiRuTsooR71rf3m9iCYCQk05UarjOrH2UyI1oxwmJS9REBM6IgPoGBoSAcpPp39M8LFRergfSVOhxlP190RKhFJjEZhOQfRQzXuZ+J/XSXT/0k9ZGCcaQjpb1E841hHOQsE9JoFqPjaEUMnMrZgOiSRUm+iyENz5lxdJ86ziVivVu/Ny7SqPo4gO0BE6QS66QDV0g+qogSh6RM/oFb1ZT9aL9W59zFoLVj6zj/7A+vwBVI6Xsg==</latexit>

! ! 100 MeV

Assuming coupling constants of O(1),

(Other constraints — CMB, BBN, expansion rate — may be tighter.)
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Cosmological scenarios
How can we reconcile the cosmological constraints with the earlier 

finding that domain walls are quite generic in complicated but realistic 

models?

If the discrete symmetry is approximate, walls will be biased and will only

survive for a finite duration. If the duration is short enough, cosmological

domain walls can still be viable.

Biased wall network decays at,

where 𝜸 is the symmetry breaking coupling constant.
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Gravitational waves
Evolving domain wall network will emit gravitational waves and

produce a stochastic background.

Hope to hear more from the experts at this workshop….

gravitational waves

colliding domain walls

Quadrupole approximation (power radiated):
<latexit sha1_base64="BgocuuDKa4OHT5wu/1wB8pL//RE="></latexit>
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Assumes time scale is R but wall thickness may

also play a role. (See Inomata et al, 2412.17912.) 

Ferreira et al, 2023; 2024



Gravitational waves from domain walls
https://arxiv.org/abs/2504.07902, Babichev et al, 2025
https://arxiv.org/abs/2504.02076, Cyr, Cotterill & Battye, 2025
https://arxiv.org/abs/2504.03636, Notari, Rompineve & Torrenti, 2025
https://arxiv.org/abs/2504.02462, Hong, Lee & Liang, 2025

Some recent papers —
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Figure 10. The domain wall gravitational wave signal for a set of parameters ( ! , " ) as seen today, assuming instantaneous decay
at some temperature T! . Sensitivity curves for a selection of gravitational wave observatories are also plotted, see [35, 53Ð55]
and references therein for additional details. Filled regions are currently constrained, while unÞlled are forecasted sensitivities.
Recall that # and TSSB are derived parameters, and as such are uniquely determined once one speciÞes! and " .

quantity can be derived onceøkm , ! h , and ! GW are known
for a given"/ #, and simply serves as an intuitive proxy for
the relative size of the ÒpeakedÓ region of the spectrum.
As expected, its value grows with larger"/ #.

In contrast to our discussions regarding the area pa-
rameter, where we considered both vacuum and temper-
ature dependent bias, here we limit our analysis solely
to the vacuum bias scenario. The vacuum bias case has
two desirable qualities that our temperature dependent
simulations do not. First, in all cases (except perhaps
"/ # = 10! 1.2), the pressure force due to the bias is ini-
tially negligible compared to the tension of the walls. As
time goes on, this force slowly becomes relevant, and a
somewhat smooth transition occurs between the scaling
and decaying regimes for the network. For the temper-
ature dependent case, this smooth transition does not
exist, and the walls violently begin their collapse in re-
sponse to a highly non-perturbative change in the pres-
sure force at ø$crit , which can induce some numerical in-
stabilities in the computation of the gravitational wave
spectrum.

Secondly, the potential energy (and therefore the en-
ergy density in the core) of the domain walls remains
constant in the vacuum bias case. When" = "(ø$) how-
ever, a large energy injection to the cores of these objects
is activated at ø$crit . That is, the local maximum of the
domain wall potential shifts from % = 0 to % = 0 .1&
in a highly non-adiabatic way. In addition to numerical

instabilities, it is unclear whether such an energy injec-
tion to the walls is representative of a physically realistic
scenario. As discussed in Sec. III A, calculating the life-
time of the network can be done reliably, however, the
procedure to compute the gravitational wave spectrum
is more sophisticated, and is therefore more susceptible
to errors from this non-physical energy injection. For
these reasons we choose only to analyze the vacuum bias
gravitational wave spectra, leaving a more comprehen-
sive investigation into the temperature dependent case
for future work.

In Fig. 10, we make contact with observations by pre-
senting a non-exhaustive list of constraints (Þlled con-
tours, with the exception of PTAs) and forecasted sen-
sitivities (unÞlled contours) on stochastic gravitational
wave backgrounds. Recent PTA results present strong
evidence for the existence of a SGWB in the nanohertz
frequency range, whose signal appears to lie in the shaded
orange region of this Figure. The (Tensor) sensitivity
curves are computed from tensor-induced scalar ßuctu-
ations, which are known to source CMB spectral dis-
tortions [35, 56]. The horizontal dashed lines repre-
sent recent constraints [55, 57] on" Ne! from Big-Bang
nucleosynthesis (BBN) and the CMB. Note that these
constraints assume that gravitational waves are the sole
source of relativistic degrees of freedom emitted by the

(e.g. from 2504.02076)

https://arxiv.org/abs/2504.07902
https://arxiv.org/abs/2504.02076
https://arxiv.org/abs/2504.03636
https://arxiv.org/abs/2504.02462


Summary

•(Biased) domain walls occur very naturally in particle physics, implying their 
existence in cosmology. 


•The network and evolution could be quite involved in realistic particle physics 
models.


•Domain walls could erase other defects, e.g. magnetic monopoles. 
(Discussed in Lecture 3.)


•Domain walls result in a stochastic background of gravitational waves that 
could be of interest to observations.




