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Global monopoles

<latexit sha1_base64="TQolJxyyFnbedSBogHtOS0l2ho8="></latexit>
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<latexit sha1_base64="2qA2/tF4L1NRoWKPnHCMzIXlmag=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApVCglqVLdCEU3LivYCzQhTKaTdujkwsykUEKfwI2v4saFIm5du/NtnKRZaOuBYT7+/xxmzu9GjAppGN9aYW19Y3OruF3a2d3bP9APj7oijDkmHRyykPddJAijAelIKhnpR5wg32Wk505uU783JVzQMHiQs4jYPhoF1KMYSSU5eiWxpgRDKxrTObyG1RQcs5ZdjVqmO+dnjl426kZWcBXMHMogr7ajf1nDEMc+CSRmSIiBaUTSThCXFDMyL1mxIBHCEzQiA4UB8omwk2ydOawoZQi9kKsTSJipvycS5Asx813V6SM5FsteKv7nDWLpXdkJDaJYkgAvHvJiBmUI02zgkHKCJZspQJhT9VeIx4gjLFWCJRWCubzyKnQbdbNZb95flFs3eRxFcAJOQRWY4BK0wB1ogw7A4BE8g1fwpj1pL9q79rFoLWj5zDH4U9rnDyefmkc=</latexit>

~� = (�1,�2,�3)

“hedgehog” <latexit sha1_base64="9ZN2b9Ty5rUa+mYYlPPdGNXix48=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJliEFqTMiFQ3haIblxXsA9pSMmmmDc1khiQjDKXgxl9x40IRt/6EO//GtJ2Ftp7LhcM595Lc40WcKe0431ZmZXVtfSO7mdva3tnds/cPGiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0RjdTv/lApWKhuNdJRLsBHgjmM4K1kXr2kV9wihXnDHVM+YUOE75OUBFVkNuz807JmQEtEzcleUhR69lfnX5I4oAKTThWqu06ke6OsdSMcDrJdWJFI0xGeEDbhgocUNUdz26YoFOj9JEfStNCo5n6e2OMA6WSwDOTAdZDtehNxf+8dqz9q+6YiSjWVJD5Q37MkQ7RNBDUZ5ISzRNDMJHM/BWRIZaYaBNbzoTgLp68TBrnJbdcKt9d5KvXaRxZOIYTKIALl1CFW6hBHQg8wjO8wpv1ZL1Y79bHfDRjpTuH8AfW5w+q6pRd</latexit>

f(0) = 0, f(1) = 1
<latexit sha1_base64="SOyH8wvuj9K6DuxRvA1GzkZPbNo=">AAACCXicbVDJSgNBEO1xjXEb9eilMQjxEmZEohch6MVjBLNAJoSeTk3SpGehuyYQhly9+CtePCji1T/w5t/YWQ6a+KDg8V4VVfX8RAqNjvNtrayurW9s5rby2zu7e/v2wWFdx6niUOOxjFXTZxqkiKCGAiU0EwUs9CU0/MHtxG8MQWkRRw84SqAdsl4kAsEZGqlj08wbAqde0hdjek09QEaDojozep8hVeOOXXBKzhR0mbhzUiBzVDv2l9eNeRpChFwyrVuuk2A7YwoFlzDOe6mGhPEB60HL0IiFoNvZ9JMxPTVKlwaxMhUhnaq/JzIWaj0KfdMZMuzrRW8i/ue1Ugyu2pmIkhQh4rNFQSopxnQSC+0KBRzlyBDGlTC3Ut5ninE04eVNCO7iy8ukfl5yy6Xy/UWhcjOPI0eOyQkpEpdckgq5I1VSI5w8kmfySt6sJ+vFerc+Zq0r1nzmiPyB9fkDZsOY5A==</latexit>

~� = ⌘f(r)r̂

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1



Topology
<latexit sha1_base64="TQolJxyyFnbedSBogHtOS0l2ho8="></latexit>
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⌘2<latexit sha1_base64="2qA2/tF4L1NRoWKPnHCMzIXlmag=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApVCglqVLdCEU3LivYCzQhTKaTdujkwsykUEKfwI2v4saFIm5du/NtnKRZaOuBYT7+/xxmzu9GjAppGN9aYW19Y3OruF3a2d3bP9APj7oijDkmHRyykPddJAijAelIKhnpR5wg32Wk505uU783JVzQMHiQs4jYPhoF1KMYSSU5eiWxpgRDKxrTObyG1RQcs5ZdjVqmO+dnjl426kZWcBXMHMogr7ajf1nDEMc+CSRmSIiBaUTSThCXFDMyL1mxIBHCEzQiA4UB8omwk2ydOawoZQi9kKsTSJipvycS5Asx813V6SM5FsteKv7nDWLpXdkJDaJYkgAvHvJiBmUI02zgkHKCJZspQJhT9VeIx4gjLFWCJRWCubzyKnQbdbNZb95flFs3eRxFcAJOQRWY4BK0wB1ogw7A4BE8g1fwpj1pL9q79rFoLWj5zDH4U9rnDyefmkc=</latexit>

~� = (�1,�2,�3)

Space at infinity:
<latexit sha1_base64="l5OwMJo9husctNo+5z4BL4oQmpA=">AAACBnicbVDLSgMxFM3UV62vqksRgkWoIGWmSHVTKLpxWdE+oFNLJs20oZnMkNwRhtKVG3/FjQtF3PoN7vwb08dCWw9c7uGce0nu8SLBNdj2t5VaWl5ZXUuvZzY2t7Z3srt7dR3GirIaDUWomh7RTHDJasBBsGakGAk8wRre4GrsNx6Y0jyUd5BErB2QnuQ+pwSM1Mke3t4Xyzivyi6XPiSn2IU+A2J61OcnnWzOLtgT4EXizEgOzVDtZL/cbkjjgEmggmjdcuwI2kOigFPBRhk31iwidEB6rGWoJAHT7eHkjBE+NkoX+6EyJQFP1N8bQxJonQSemQwI9PW8Nxb/81ox+BftIZdRDEzS6UN+LDCEeJwJ7nLFKIjEEEIVN3/FtE8UoWCSy5gQnPmTF0m9WHBKhdLNWa5yOYsjjQ7QEcojB52jCrpGVVRDFD2iZ/SK3qwn68V6tz6moylrtrOP/sD6/AGDoJdF</latexit>

S2 = (r = 1, ✓,�)

Vacuum manifold:
<latexit sha1_base64="AE+9RcTASm9UlRPaLFDZt0X7MDo=">AAACBnicbVDJSgNBEO2JW4zbqEcRGoPgKcwEiV4CQS8eI5oFMmPo6dQkTXoWunsCYZKTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeF3MmlWV9G5mV1bX1jexmbmt7Z3fP3D+oyygRFGo04pFoekQCZyHUFFMcmrEAEngcGl7/euI3BiAki8J7NYzBDUg3ZD6jRGmpbR7fPRTL2EnxKHUGQLET99h4VHZAEeyM22beKlhT4GViz0kezVFtm19OJ6JJAKGinEjZsq1YuSkRilEO45yTSIgJ7ZMutDQNSQDSTadvjPGpVjrYj4SuUOGp+nsiJYGUw8DTnQFRPbnoTcT/vFai/Es3ZWGcKAjpbJGfcKwiPMkEd5gAqvhQE0IF07di2iOCUKWTy+kQ7MWXl0m9WLBLhdLteb5yNY8ji47QCTpDNrpAFXSDqqiGKHpEz+gVvRlPxovxbnzMWjPGfOYQ/YHx+QPcIZgi</latexit>

S2 = {|~�| = ⌘}

<latexit sha1_base64="R6hc+lP0QgF4wZbxkicgKl2ZbJc="></latexit>

~�(1, ✓,�) : S2
space ! S2

vac mnfld

<latexit sha1_base64="37bScp4yhYI0zY2HX5YjeESyNq8="></latexit>

~�(1, ✓,�) = ⌘(sin ✓ cos�, sin ✓ sin�, cos ✓)

e.g.
<latexit sha1_base64="+dwQuNpVwlPaaRsk+HbZagc8EoM=">AAACFnicbZDLSgMxFIYz3q23qks3wSJUqGVGRN0IohuXFewFOqVk0jNtaCYzJGeEMvQp3Pgqblwo4lbc+Taml4VWfwh8/OccTs4fJFIYdN0vZ25+YXFpeWU1t7a+sbmV396pmTjVHKo8lrFuBMyAFAqqKFBCI9HAokBCPehfj+r1e9BGxOoOBwm0ItZVIhScobXa+aPMvwdO/aQnhkVfqBAHJR97gKw08g4vqG+ZFt2SW/IO2/mCW3bHon/Bm0KBTFVp5z/9TszTCBRyyYxpem6CrYxpFFzCMOenBhLG+6wLTYuKRWBa2fisIT2wToeGsbZPIR27PycyFhkziALbGTHsmdnayPyv1kwxPG9lQiUpguKTRWEqKcZ0lBHtCA0c5cAC41rYv1LeY5pxtEnmbAje7Ml/oXZc9k7Lp7cnhcuraRwrZI/skyLxyBm5JDekQqqEkwfyRF7Iq/PoPDtvzvukdc6ZzuySX3I+vgH80Z1S</latexit>

~�(1, ✓,�) = ⌘(0, 0, 1) winding=0

winding=1
Second homotopy group:

<latexit sha1_base64="CdOlbX03slZVsMnpsT+phrpab18=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoIGWmSHUjFN24rGgf2KlDJs20oUlmSDKFMvQX3Pgrblwo4tadO//G9LHQ1gMXDufcy733BDGjSjvOt5VZWl5ZXcuu5zY2t7Z37N29uooSiUkNRyySzQApwqggNU01I81YEsQDRhpB/2rsNwZEKhqJOz2MSZujrqAhxUgbybcLXkz9EizcPpT81JMcDhD2TiAXIeuMjuEFTD2MGLwf+XbeKToTwEXizkgezFD17S+vE+GEE6ExQ0q1XCfW7RRJTTEjo5yXKBIj3Edd0jJUIE5UO518NIJHRunAMJKmhIYT9fdEirhSQx6YTo50T817Y/E/r5Xo8LydUhEnmgg8XRQmDOoIjuOBHSoJ1mxoCMKSmlsh7iGJsDYh5kwI7vzLi6ReKrrlYvnmNF+5nMWRBQfgEBSAC85ABVyDKqgBDB7BM3gFb9aT9WK9Wx/T1ow1m9kHf2B9/gBgh5uA</latexit>

⇡2(S
2
vacmnfld) = Z

O(3) global symmetry



Topology and solutions
Non-trivial topology implies singularities (regions where the order parameter 

is not in its vacuum manifold) and hence non-vanishing energy.

Non-trivial topology does not imply a static solution of the equations of motion.

Even if a static solution exists, topology does not guarantee its stability.



With gauge fields
<latexit sha1_base64="brHMGeisVXaEau5wJF8PXQyFN58="></latexit>
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<latexit sha1_base64="J13lpOQU60x8bwoy+JxCOGPIeMM=">AAACOXicbVBNS8NAEN3Ur1q/oh69LBbBiyURqV6Eoh48VrAf0ISw2W7bpbtJ2N0USsjf8uK/8CZ48aCIV/+AmzSH2jqw7Jv3ZpiZ50eMSmVZr0ZpZXVtfaO8Wdna3tndM/cP2jKMBSYtHLJQdH0kCaMBaSmqGOlGgiDuM9Lxx7eZ3pkQIWkYPKppRFyOhgEdUIyUpjyzeec5PIaJMyEYOtGIpvBa/0goitiSdAaHRd5Jc9FRlBM5X+OZVatm5QGXgV2AKiii6ZkvTj/EMSeBwgxJ2bOtSLlJtgFmJK04sSQRwmM0JD0NA6QHukl+eQpPNNOHg1DoFyiYs/MdCeJSTrmvKzlSI7moZeR/Wi9Wgys3oUEUKxLg2aBBzKAKYWYj7FNBsGJTDRAWVO8K8QgJhJU2u6JNsBdPXgbt85pdr9UfLqqNm8KOMjgCx+AU2OASNMA9aIIWwOAJvIEP8Gk8G+/Gl/E9Ky0ZRc8h+BPGzy84nayf</latexit>

Dµ
~� = @µ~�� g ~Wµ ⇥ ~�

<latexit sha1_base64="it6DzN9dMdC6T2qt+BcQE1I++G8="></latexit>

W a
µ⌫ = @µW

a
⌫ � @⌫W

a
µ + g✏abcW b

µW
c
⌫

but topology discussion only involved the vacuum manifold and 
gauge fields played no role*.

*semilocal defects are an exception.

Therefore there should be a gauged monopole configuration/solution.

O(3) gauge symmetry



BPS solution
<latexit sha1_base64="brHMGeisVXaEau5wJF8PXQyFN58="></latexit>
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Let λ=0 but still require 
<latexit sha1_base64="NYxd0PPNKqzuB0W7847A+UXJBuM=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSDoJeyKqJdA0IvHCOYB2RBmJ71mcHZ2mekVwiY3L/6KFw+KePUXvPk3Th4HjRY0FFXddHcFiRQGXffLmZtfWFxazq3kV9fWNzYLW9t1E6eaQ43HMtbNgBmQQkENBUpoJhpYFEhoBHeXI79xD9qIWN1gP4F2xG6VCAVnaKVOYW+Q+ffAqZ/0xJAe6rIvVIh9ejQo+4CsUyi6JXcM+pd4U1IkU1Q7hU+/G/M0AoVcMmNanptgO2MaBZcwzPupgYTxO3YLLUsVi8C0s/EfQ3pglS4NY21LIR2rPycyFhnTjwLbGTHsmVlvJP7ntVIMz9uZUEmKoPhkUZhKijEdhUK7QgNH2beEcS3srZT3mGYcbXR5G4I3+/JfUj8ueael0+uTYuViGkeO7JJ9ckg8ckYq5IpUSY1w8kCeyAt5dR6dZ+fNeZ+0zjnTmR3yC87HN/yEmMI=</latexit>

|~�(r = 1)| = ⌘

Write energy as sum of squares, similar to kink case. 
Solve first order differential equations.

�a = P (r)x̂a

W a
i =

(1�K(r))

r
✏aij x̂j

PBPS(r) =
1

tanh(r)
� 1

r

KBPS(r) =
r

sinh(r)



Symmetry breaking pattern
To understand the properties of the solution, first discuss 

symmetries and symmetry breaking pattern.

Global symmetry:
<latexit sha1_base64="kzUlUUwQIE2ghnkJxAWO+4zBDPk=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0lUqseiF29WsR/QhLLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvf27YPDpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4e3Ub42oVCwWT3qcUD/CfcFCRrA2Ute2My8I0eMEeUyg+/LFWdcuORVnBrRM3JyUIEe9a395vZikERWacKxUx3US7WdYakY4nRS9VNEEkyHu046hAkdU+dns8gk6NUoPhbE0JTSaqb8nMhwpNY4C0xlhPVCL3lT8z+ukOrz2MyaSVFNB5ovClCMdo2kMqMckJZqPDcFEMnMrIgMsMdEmrKIJwV18eZk0zytutVJ9uCzVbvI4CnAMJ1AGF66gBndQhwYQGMEzvMKblVkv1rv1MW9dsfKZI/gD6/MHUNuSKg==</latexit>

R 2 O(3)
<latexit sha1_base64="RSxHf/HcnGa2o6fClNV2JXy9mAM=">AAACHXicbVBNS8NAFNz4WetX1KOXxSJUkJJIqR6LXjyqWC00obxsN2Zxswm7m0IJ+SNe/CtePCjiwYv4b9zWHLR1YGGYmcfbN0HKmdKO82XNzS8sLi1XVqqra+sbm/bW9o1KMklohyQ8kd0AFOVM0I5mmtNuKinEAae3wf3Z2L8dUqlYIq71KKV+DHeChYyANlLfbubekBLspRErsKcTnHtBiK+Keu5FoLEoDj3gaQQH+Fewb9echjMBniVuSWqoxEXf/vAGCcliKjThoFTPdVLt5yA1I5wWVS9TNAVyD3e0Z6iAmCo/n1xX4H2jDHCYSPOExhP190QOsVKjODDJGHSkpr2x+J/Xy3R44udMpJmmgvwsCjOOTQvjqvCASUo0HxkCRDLzV0wikEC0KbRqSnCnT54lN0cNt9VoXTZr7dOyjgraRXuojlx0jNroHF2gDiLoAT2hF/RqPVrP1pv1/hOds8qZHfQH1uc3bfahhw==</latexit>

~� ! R(n̂,↵)~�

but some rotations don’t change the order parameter:
<latexit sha1_base64="rVaUTk+tFDJ9+TY7zUtowAncW4c=">AAACLnicbVDLSgMxFM34rPVVdekmWIQKUmZEqhuhKILLKvYBnaHcSTOd0MyDJFMow3yRG39FF4KKuPUzTB+L2nogcHLOuST3uDFnUpnmu7G0vLK6tp7byG9ube/sFvb2GzJKBKF1EvFItFyQlLOQ1hVTnLZiQSFwOW26/ZuR3xxQIVkUPqphTJ0AeiHzGAGlpU7hNrUHlGA79lmGbRXh1HY9/JCVUtsHNdFPbeCxDyd4Nns1e+sUimbZHAMvEmtKimiKWqfwancjkgQ0VISDlG3LjJWTglCMcJrl7UTSGEgferStaQgBlU46XjfDx1rpYi8S+oQKj9XZiRQCKYeBq5MBKF/OeyPxP6+dKO/SSVkYJ4qGZPKQl3Csaxl1h7tMUKL4UBMggum/YuKDAKJ0w3ldgjW/8iJpnJWtSrlyf16sXk/ryKFDdIRKyEIXqIruUA3VEUFP6AV9oE/j2XgzvozvSXTJmM4coD8wfn4BamGoLA==</latexit>

~� ! R(�̂,↵)~� = ~�

<latexit sha1_base64="/2frHa2Ow/+3mpoMXjdrFuo5KJY=">AAACA3icbVDLSgNBEJyNrxhfq970MhiECCHsikQvQtCLxwjmAdklzE56kyGzD2ZmA2EJePFXvHhQxKs/4c2/cZLsQRMLGoqqbrq7vJgzqSzr28itrK6tb+Q3C1vbO7t75v5BU0aJoNCgEY9E2yMSOAuhoZji0I4FkMDj0PKGt1O/NQIhWRQ+qHEMbkD6IfMZJUpLXfModUZAsRMP2ARfYwcUwSWrbJXts65ZtCrWDHiZ2Bkpogz1rvnl9CKaBBAqyomUHduKlZsSoRjlMCk4iYSY0CHpQ0fTkAQg3XT2wwSfaqWH/UjoChWeqb8nUhJIOQ483RkQNZCL3lT8z+skyr9yUxbGiYKQzhf5CccqwtNAcI8JoIqPNSFUMH0rpgMiCFU6toIOwV58eZk0zyt2tVK9vyjWbrI48ugYnaASstElqqE7VEcNRNEjekav6M14Ml6Md+Nj3pozsplD9AfG5w9zXpV2</latexit>

~� = ⌘(0, 0, 1)Example:
<latexit sha1_base64="jsHQ/sNoM0jSbYUQWeTJMI3g7SY="></latexit>

R =

0

@
cos↵ � sin↵ 0
sin↵ cos↵ 0
0 0 1

1

A
<latexit sha1_base64="ixGB9Ok/if+UlYX0c2s5aqVKHME=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUSkuhGKblxWsQ9oQplMJ+3QyYOZG6GE7N34K25cKOLWH3Dn3zhps6itBy6cOede5t7jxYIrsKwfY2V1bX1js7RV3t7Z3ds3Dw7bKkokZS0aiUh2PaKY4CFrAQfBurFkJPAE63jjm9zvPDKpeBQ+wCRmbkCGIfc5JaClvllJHc/H9xlOnREB7MQjnuGr+Ve5b1atmjUFXiZ2QaqoQLNvfjuDiCYBC4EKolTPtmJwUyKBU8GyspMoFhM6JkPW0zQkAVNuOr0lwydaGWA/krpCwFN1fiIlgVKTwNOdAYGRWvRy8T+vl4B/6aY8jBNgIZ195CcCQ4TzYPCAS0ZBTDQhVHK9K6YjIgkFHV8egr148jJpn9Xseq1+d15tXBdxlNAxqqBTZKML1EC3qIlaiKIn9ILe0LvxbLwaH8bnrHXFKGaO0B8YX78jjpnb</latexit>

R�̂ = �̂

This O(2) sub-group of the full O(3) is unbroken:
<latexit sha1_base64="rgPTi7UdXDMNSyUJujplU4epBT4=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmICF9KiQY9EL97ARD4SaMh22cKG7bbubklIw+/w4kFjvPpjvPlvXKAHBV8yyct7M5mZ50WcKW3b31ZmY3Nreye7m9vbPzg8yh+ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47Ttje/mfntCpWKheNTTiLoBHgrmM4K1kdx68bKEejpE9WKl1M8X7LK9AFonTkoKkKLRz3/1BiGJAyo04ViprmNH2k2w1IxwOsv1YkUjTMZ4SLuGChxQ5SaLo2fowigD5IfSlNBoof6eSHCg1DTwTGeA9UitenPxP68ba//GTZiIYk0FWS7yY47Ml/ME0IBJSjSfGoKJZOZWREZYYqJNTjkTgrP68jppVcpOtVx9uCrUbtM4snAG51AEB66hBvfQgCYQeIJneIU3a2K9WO/Wx7I1Y6Uzp/AH1ucPxTqQKw==</latexit>

O(3) ! O(2)



Spectrum of gauge particles
<latexit sha1_base64="brHMGeisVXaEau5wJF8PXQyFN58="></latexit>

L =
1

2
(Dµ

~� )2 � 1

4
W a

µ⌫W
µ⌫a � �

4

⇣
~� 2 � ⌘2

⌘2

<latexit sha1_base64="ejwGlOfId5+urFyq2o9LrpFS0c4="></latexit>

(Dµ
~� )2 = (@µ~�� g ~Wµ ⇥ ~� )2 = ...+ g2( ~Wµ ⇥ ~� )2 = ...+ g2⌘2

h
( ~Wµ)

2 � (�̂ · ~Wµ)
2
i

The gauge fields get a mass except for the component in the unbroken 
symmetry direction. The massless gauge field is identified with the 

“electromagnetic” gauge field.
<latexit sha1_base64="iB2L3gF1YxFb6fO7FC3YmNRgjYc=">AAACFHicbVC7SgNBFJ31GeMramkzGARBCLsi0TJqYxnBPCC7hNnJTTJk9uHM3UBY8hE2/oqNhSK2Fnb+jZNkC008MHA451zu3OPHUmi07W9raXlldW09t5Hf3Nre2S3s7dd1lCgONR7JSDV9pkGKEGooUEIzVsACX0LDH9xM/MYQlBZReI+jGLyA9ULRFZyhkdqF06u2GyTUhYdEDGnq9hlSN+6LMXV5J0KjDIHTxniSaheKdsmegi4SJyNFkqHaLny5nYgnAYTIJdO65dgxeilTKLiEcd5NNMSMD1gPWoaGLADtpdOjxvTYKB3ajZR5IdKp+nsiZYHWo8A3yYBhX897E/E/r5Vg99JLRRgnCCGfLeomkmJEJw3RjlDAUY4MYVwJ81fK+0wxjqbHvCnBmT95kdTPSk65VL47L1auszpy5JAckRPikAtSIbekSmqEk0fyTF7Jm/VkvVjv1scsumRlMwfkD6zPHxrPnkI=</latexit>

Aµ ⌘ �̂ · ~Wµ

<latexit sha1_base64="/2frHa2Ow/+3mpoMXjdrFuo5KJY=">AAACA3icbVDLSgNBEJyNrxhfq970MhiECCHsikQvQtCLxwjmAdklzE56kyGzD2ZmA2EJePFXvHhQxKs/4c2/cZLsQRMLGoqqbrq7vJgzqSzr28itrK6tb+Q3C1vbO7t75v5BU0aJoNCgEY9E2yMSOAuhoZji0I4FkMDj0PKGt1O/NQIhWRQ+qHEMbkD6IfMZJUpLXfModUZAsRMP2ARfYwcUwSWrbJXts65ZtCrWDHiZ2Bkpogz1rvnl9CKaBBAqyomUHduKlZsSoRjlMCk4iYSY0CHpQ0fTkAQg3XT2wwSfaqWH/UjoChWeqb8nUhJIOQ483RkQNZCL3lT8z+skyr9yUxbGiYKQzhf5CccqwtNAcI8JoIqPNSFUMH0rpgMiCFU6toIOwV58eZk0zyt2tVK9vyjWbrI48ugYnaASstElqqE7VEcNRNEjekav6M14Ml6Md+Nj3pozsplD9AfG5w9zXpV2</latexit>

~� = ⌘(0, 0, 1)Example:
<latexit sha1_base64="hr81g504MYlbUEnqxKqeP9uulAc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGpbqsunFZwT6gMw6ZNNOGJpkxyRTKUPBX3LhQxK3f4c6/MdN2oa0HLpyccy+594QJo0o7zrdVWFpeWV0rrpc2Nre2d+zdvaaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4eAm91tDIhWNxb0eJcTnqCdoRDHSRgrsg6vA4yn0yGNKhxC2Hs7yd2CXnYozAVwk7oyUwQz1wP7yujFOOREaM6RUx3US7WdIaooZGZe8VJEE4QHqkY6hAnGi/Gyy/hgeG6ULo1iaEhpO1N8TGeJKjXhoOjnSfTXv5eJ/XifV0aWfUZGkmgg8/ShKGdQxzLOAXSoJ1mxkCMKSml0h7iOJsDaJlUwI7vzJi6R5WnGrlerdebl2PYujCA7BETgBLrgANXAL6qABMMjAM3gFb9aT9WK9Wx/T1oI1m9kHf2B9/gDjrJTR</latexit>

Aµ ⌘ W 3
µ



Electromagnetic field strength definition
<latexit sha1_base64="q9bRqO4DD0ONjGpwUkBeLmimdzU="></latexit>

Aµ⌫ =? @µA⌫ � @⌫Aµ

= @µ(�̂ · ~W⌫)� @⌫(�̂ · ~Wµ)

! @µ(�̂ · ~W⌫)� @⌫(�̂ · ~Wµ) + @µ(�̂ · @⌫~⇤)� @⌫(�̂ · @µ~⇤)
6= @µA⌫ � @⌫Aµ Not an O(3) gauge invariant definition.

<latexit sha1_base64="t+VgofM2u8DONezYU1A3Q86S+2Q="></latexit>

Aµ⌫ =? �̂ · ~Wµ⌫

= �̂ · (@µ ~W⌫ � @⌫ ~Wµ + g ~Wµ ⇥ ~W⌫)

6= @µA⌫ � @⌫Aµ even if �̂ is constant



Electromagnetic field strength
<latexit sha1_base64="lky7CqE4JYMWzmHzmmuOLGCiR+c="></latexit>

Aµ⌫ = �̂ · ~Wµ⌫ + ...Dµ
~�⇥D⌫

~� gauge invariant

= @µA⌫ � @⌫Aµ + ...@µ~�⇥ @⌫ ~� reduces to Maxwell if �̂ is constant

Exercise: find the coefficient of the last term.



Why “magnetic” monopole?
<latexit sha1_base64="Me6lCcODGeoIczeiGB3NakbqBHY="></latexit>

Aµ⌫ = @µA⌫ � @⌫Aµ + ...@µ~�⇥ @⌫ ~�

<latexit sha1_base64="I6TEBt7uTgicABlbT0D1UP14LxE="></latexit>

~B = ...ê✓ ⇥ ê� =
1

gr2
r̂

�a = P (r)x̂a W a
i =

(1�K(r))

r
✏aij x̂j

<latexit sha1_base64="t3ahRMMU8+djhppQYhPJd+1+voA="></latexit>

Ai = �̂ · ~Wi / ✏aij x̂ax̂j = 0

<latexit sha1_base64="e4aBrFCxLvuAtWFCaIrFDmZRKEQ=">AAACLXicbZDLSgMxFIYzXmu9VV26CRahBSkzItWNUNSFywr2Ap2xZNK0Dc1khuSMUIa+kBtfRQQXFXHra5hpu6itBwI/338OJ+f3I8E12PbYWlldW9/YzGxlt3d29/ZzB4d1HcaKshoNRaiaPtFMcMlqwEGwZqQYCXzBGv7gNvUbz0xpHspHGEbMC0hP8i6nBAxq5+7cqM+fCL7G1YIq4oKruXShz4Bgl4Y6dc/wPEzlFKb2BBbbubxdsieFl4UzE3k0q2o79+52QhoHTAIVROuWY0fgJUQBp4KNsm6sWUTogPRYy0hJAqa9ZHLtCJ8a0sHdUJknAU/o/ERCAq2HgW86AwJ9veil8D+vFUP3yku4jGJgkk4XdWOBIcRpdLjDFaMghkYQqrj5K6Z9oggFE3DWhOAsnrws6uclp1wqP1zkKzezODLoGJ2gAnLQJaqge1RFNUTRC3pDY/RpvVof1pf1PW1dsWYzR+hPWT+/zbSnVw==</latexit>

�a = P (r)(sin ✓ cos�, sin ✓ sin�, cos ✓)



Grand Unification
Vacuum manifold can be written in terms of symmetry groups.

<latexit sha1_base64="XaYgD/oWfzLpz20v38/cgLeG9Mg=">AAAB73icbVDLSgMxFL2pr1pfVZdugkVwVWZEqsuiC7usYB/QDiWTZtrQTGZMMkIZ+hNuXCji1t9x59+YaWehrQcCh3PuJfccPxZcG8f5RoW19Y3NreJ2aWd3b/+gfHjU1lGiKGvRSESq6xPNBJesZbgRrBsrRkJfsI4/uc38zhNTmkfywUxj5oVkJHnAKTFW6t7hvolwozQoV5yqMwdeJW5OKpCjOSh/9YcRTUImDRVE657rxMZLiTKcCjYr9RPNYkInZMR6lkoSMu2l83tn+MwqQxxEyj5p8Fz9vZGSUOtp6NvJkJixXvYy8T+vl5jg2ku5jBPDJF18FCQC24xZeDzkilEjppYQqri9FdMxUYQaW1FWgrsceZW0L6purVq7v6zUb/I6inACp3AOLlxBHRrQhBZQEPAMr/CGHtELekcfi9ECyneO4Q/Q5w9rD47t</latexit>

G ! H

Vacuum manifold is isomorphic to G/H.

<latexit sha1_base64="6gd9Xp2TP8KnkmTRdWI2IWqMaEE=">AAACBHicbVDLTsJAFJ3iC/FVdclmIjGBDbZi0I0J0Q1LjBaIpWmmwwATpo/MTE1Iw8KNv+LGhca49SPc+TdOoQsFT3KTk3Puzb33eBGjQhrGt5ZbWV1b38hvFra2d3b39P2DtghjjomFQxbyrocEYTQglqSSkW7ECfI9Rjre+Dr1Ow+ECxoGd3ISEcdHw4AOKEZSSa5ebMJLaN9a5VqlJ6lPBLTKZsU5uXdrBVcvGVVjBrhMzIyUQIaWq3/1+iGOfRJIzJAQtmlE0kkQlxQzMi30YkEihMdoSGxFA6T2OcnsiSk8VkofDkKuKpBwpv6eSJAvxMT3VKeP5Egseqn4n2fHcnDhJDSIYkkCPF80iBmUIUwTgX3KCZZsogjCnKpbIR4hjrBUuaUhmIsvL5P2adWsV+s3Z6XGVRZHHhTBESgDE5yDBmiCFrAABo/gGbyCN+1Je9HetY95a07LZg7BH2ifP9CdlQc=</latexit>

H = [SU(3)⇥ U(1)]/Z3

<latexit sha1_base64="XvdpsJ81M3iS57SprgbuEetkr3w=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkoiUt0IRTddVrAPbEKYTKft0MmDmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYM6ks69sorK1vbG4Vt0s7u3v7B+bhUUdGiSC0TSIeiZ6PJeUspG3FFKe9WFAc+Jx2/cntzO8+UiFZFN6rNKZugEchGzKClZY8s+zEzLOrzTN0jTKHYI4epp5ZsWrWHGiV2DmpQI6WZ345g4gkAQ0V4VjKvm3Fys2wUIxwOi05iaQxJhM8on1NQxxQ6Wbz46foVCsDNIyErlChufp7IsOBlGng684Aq7Fc9mbif14/UcMrN2NhnCgaksWiYcKRitAsCTRgghLFU00wEUzfisgYC0yUzqukQ7CXX14lnfOaXa/V7y4qjZs8jiIcwwlUwYZLaEATWtAGAik8wyu8GU/Gi/FufCxaC0Y+U4Y/MD5/AFYLk00=</latexit>

⇡1(H) = Z

Magnetic monopoles exist in all Grand Unified models!

<latexit sha1_base64="07GtW8i3Sn4K4vB5Pfwe5Zxwjus="></latexit>

⇡2(G/H) = ⇡1(H) if ⇡2(G) = 1 = ⇡1(G)Theorem:



Relevance of discrete factors
<latexit sha1_base64="6gd9Xp2TP8KnkmTRdWI2IWqMaEE=">AAACBHicbVDLTsJAFJ3iC/FVdclmIjGBDbZi0I0J0Q1LjBaIpWmmwwATpo/MTE1Iw8KNv+LGhca49SPc+TdOoQsFT3KTk3Puzb33eBGjQhrGt5ZbWV1b38hvFra2d3b39P2DtghjjomFQxbyrocEYTQglqSSkW7ECfI9Rjre+Dr1Ow+ECxoGd3ISEcdHw4AOKEZSSa5ebMJLaN9a5VqlJ6lPBLTKZsU5uXdrBVcvGVVjBrhMzIyUQIaWq3/1+iGOfRJIzJAQtmlE0kkQlxQzMi30YkEihMdoSGxFA6T2OcnsiSk8VkofDkKuKpBwpv6eSJAvxMT3VKeP5Egseqn4n2fHcnDhJDSIYkkCPF80iBmUIUwTgX3KCZZsogjCnKpbIR4hjrBUuaUhmIsvL5P2adWsV+s3Z6XGVRZHHhTBESgDE5yDBmiCFrAABo/gGbyCN+1Je9HetY95a07LZg7BH2ifP9CdlQc=</latexit>

H = [SU(3)⇥ U(1)]/Z3
<latexit sha1_base64="XvdpsJ81M3iS57SprgbuEetkr3w=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkoiUt0IRTddVrAPbEKYTKft0MmDmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYM6ks69sorK1vbG4Vt0s7u3v7B+bhUUdGiSC0TSIeiZ6PJeUspG3FFKe9WFAc+Jx2/cntzO8+UiFZFN6rNKZugEchGzKClZY8s+zEzLOrzTN0jTKHYI4epp5ZsWrWHGiV2DmpQI6WZ345g4gkAQ0V4VjKvm3Fys2wUIxwOi05iaQxJhM8on1NQxxQ6Wbz46foVCsDNIyErlChufp7IsOBlGng684Aq7Fc9mbif14/UcMrN2NhnCgaksWiYcKRitAsCTRgghLFU00wEUzfisgYC0yUzqukQ7CXX14lnfOaXa/V7y4qjZs8jiIcwwlUwYZLaEATWtAGAik8wyu8GU/Gi/FufCxaC0Y+U4Y/MD5/AFYLk00=</latexit>

⇡1(H) = Z

Fundamental monopole is charged under both SU(3) and U(1).

Center of SU(3) is also contained in U(1).

SU(3)

U(1)

closed path



Some novel properties 1

Magnetic charge: g
Electric charge: q

Angular momentum = q*g = n/2 (independent of separation)

Dirac quantization implies spin 1/2!

Spin from isospin; fermions from bosons!
Jackiw & Rebbi

Hazenfratz & ’t Hooft
Goldhaber



Some novel properties 2

Magnetic charge: g

<latexit sha1_base64="dxTunVOQBRWLQquP/hZRiy/6zoA=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi1WWpCC4r2Ac0oUwmk3bo5MHMjVBCFm78FTcuFHHrR7jzb5y2WWjrgQtnzrmXufd4ieAKLOvbKK2tb2xulbcrO7t7+wfm4VFXxamkrENjEcu+RxQTPGId4CBYP5GMhJ5gPW9yPfN7D0wqHkf3ME2YG5JRxANOCWhpaFYdGDMgOHO8AN/kDvVjWDxa+dCsWXVrDrxK7ILUUIH20Pxy/JimIYuACqLUwLYScDMigVPB8oqTKpYQOiEjNtA0IiFTbjY/IsenWvFxEEtdEeC5+nsiI6FS09DTnSGBsVr2ZuJ/3iCF4MrNeJSkwCK6+ChIBYYYzxLBPpeMgphqQqjkeldMx0QSCjq3ig7BXj55lXTP63aj3ri7qDVbRRxlVEUn6AzZ6BI10S1qow6i6BE9o1f0ZjwZL8a78bFoLRnFzDH6A+PzB6pvl3s=</latexit>

✓E ·B

Monopoles become dyons with electric charge
<latexit sha1_base64="F76Q+vlAB9pilxIHOyM67CY8wEc=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXugkTLoI1lBPMBuRD2NnPJkr0PdueEcFzjX7GxUMTWn2Hnv3GTXKGJDwYe780wM8+LpdBo299WYW19Y3OruF3a2d3bPygfHrV1lCgOLR7JSHU9pkGKEFooUEI3VsACT0LHm9zO/M4jKC2i8AGnMfQDNgqFLzhDIw3KJ66vGE+BujgGZDRLac2NRTYoV+yqPQddJU5OKiRHc1D+cocRTwIIkUumdc+xY+ynTKHgErKSm2iIGZ+wEfQMDVkAup/OH8jouVGG1I+UqRDpXP09kbJA62ngmc6A4VgvezPxP6+XoH/dT0UYJwghXyzyE0kxorM06FAo4CinhjCuhLmV8jEziaDJrGRCcJZfXiXtWtWpV+v3l5XGTR5HkZySM3JBHHJFGuSONEmLcJKRZ/JK3qwn68V6tz4WrQUrnzkmf2B9/gAk7ZYi</latexit>

e✓

2⇡
Witten



Some novel properties 3

Callan-Rubakov effect: 

proton decay.


Monopole-particle duality:  
monopoles become lighter than particles at strong coupling, switching the roles of 
monopoles and particles.

Seiberg-Witten



Cosmology
Magnetic monopoles form due to random distribution of order parameter.

Magnetic monopoles are heavy and non-relativistic and redshift like matter.

Magnetic monopoles overwhelm the cosmic energy density.

Several constraints — over-closure, Parker bound. 


Inflation, if it occurs late enough, can dilute the monopole energy density.

<latexit sha1_base64="8yAKh5dPfRxHuo0jF5fcO8Nf3vo="></latexit>

⌦m =
⇢m
⇢�

=
⇢m,i

⇢�,i

TGUT

T0
⇠ 1029⌦m,i



Parker bound
Magnetic monopoles dissipate energy in magnetic fields.

Survival of galactic/cosmological magnetic fields places upper bounds

on flux of magnetic monopoles.

<latexit sha1_base64="O3du1k1aoq0WtfdSq61k79RXSxs=">AAACKHicbZDLSsNAFIYn9VbrLerSzWARXGhJilR3lrrQZQV7gSYNk+m0HTqThJmJUEIex42v4kZEkW59EpM0i9p6YODn+8/hzPndgFGpDGOmFdbWNza3itulnd29/QP98Kgt/VBg0sI+80XXRZIw6pGWooqRbiAI4i4jHXdyl/qdZyIk9b0nNQ2IzdHIo0OKkUqQo982nMgSHI4Qi6ElKYem0Y8ua7F1ATPjfhFXFzhpx/1qydHLRsXICq4KMxdlkFfT0T+sgY9DTjyFGZKyZxqBsiMkFMWMxCUrlCRAeIJGpJdID3Ei7Sg7NIZnCRnAoS+S5ymY0cWJCHEpp9xNOjlSY7nspfA/rxeq4Y0dUS8IFfHwfNEwZFD5ME0NDqggWLFpIhAWNPkrxGMkEFZJtmkI5vLJq6JdrZi1Su3xqlxv5HEUwQk4BefABNegDh5AE7QABi/gDXyCL+1Ve9e+tdm8taDlM8fgT2k/v9Mko10=</latexit>

Bgal ⇠ 10�6 G ⇠ 10�26 GeV2

<latexit sha1_base64="zKblIfswQiW3Lip3Qrn9ii4e59A=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhMVVKhwljBwlgk+pCaKHJcp7VqO8F2kKooKwu/wsIAQqz8ARt/g9NmgJYj3aujc+6VfU+YMKq043xbK6tr6xubla3q9s7u3r59cNhVcSox6eCYxbIfIkUYFaSjqWakn0iCeMhIL5xcF37vgUhFY3GnpwnxORoJGlGMtJECG94HHHqKmhZJhLOGl9A8I/lcc51qYNecujMDXCZuSWqgRDuwv7xhjFNOhMYMKTVwnUT7GZKaYkbyqpcqkiA8QSMyMFQgTpSfzS7J4alRhjCKpSmh4Uz9vZEhrtSUh2aSIz1Wi14h/ucNUh1d+hkVSaqJwPOHopRBHcMiFjikkmDNpoYgLKn5K8RjZBLRJrwiBHfx5GXSbdTdZr15e15rXZVxVMAxOAFnwAUXoAVuQBt0AAaP4Bm8gjfryXqx3q2P+eiKVe4cgT+wPn8AxxSZHA==</latexit>

qm ⇠ 2⇡

e
⇠ 10

<latexit sha1_base64="nvuESYkntUnGD6a9jPwjoiHLHxo=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZUakuhFK3bisYB/QKSWT3raheYxJplCGfocbf8WNC0XciRv/xvSx0NYDgZNz7r3JPVHMmbG+/+2trK6tb2xmtrLbO7t7+7mDw5pRiaZQpYor3YiIAc4kVC2zHBqxBiIiDvVocDPx60PQhil5b0cxtATpSdZllFgntXNBGmqBQYLujULcI0yGWBMLIY7cXSipYsVhjK/xQ1vgMh5m27m8X/CnwMskmJM8mqPSzn2GHUUTAdJSToxpBn5sWynRllE3OhsmBmJCB6QHTUclEWBa6XS1MT51Sgd3lXZHWjxVf3ekRBgzEpGrFMT2zaI3Ef/zmontXrVSJuPEgqSzh7oJx1bhSU64wzRQy0eOEKqZ+yumfaIJtS7NSQjB4srLpHZeCIqF4t1FvlSex5FBx+gEnaEAXaISukUVVEUUPaJn9IrevCfvxXv3PmalK9685wj9gff1Az/an7g=</latexit>

energy gain rate by monopole = qmBv

Dissipation time scale should be longer than Hubble time scale.

<latexit sha1_base64="mQRzqZ++tt7ocvFzX1RQ0n9Q+Ac="></latexit>
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Earth volume
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Electroweak magnetic monopoles
Standard electroweak model: 

<latexit sha1_base64="tu6A7Bupyvzlt5MS8w8U+XtJp4c="></latexit>

�2
1 + �2

2 + �2
3 + �2

4 = ⌘2

Vacuum manifold:

<latexit sha1_base64="9uuNf16C9ftZqH+jANag3Ektn/M="></latexit>

� = ⌘

✓
cos↵ ei�

sin↵ ei�

◆Hopf parametrization:
“angular coordinates on
a three-sphere”

<latexit sha1_base64="bgIPKniBYtdr/UYTWDzFAYu0CTE="></latexit>

� =

✓
�1 + i�2

�3 + i�4

◆
Higgs field

Order parameter:
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[SU(2)L ⇥ U(1)Y ]/Z2 ! U(1)em



Magnetic field definition
<latexit sha1_base64="wvzXQK8QNVHTsnuKDa/H+ezBP0o="></latexit>
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B = r⇥A� i
2 sin ✓w
g⌘2

r�† ⇥r�

TV, 1991
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(|�| = ⌘)

Example: 
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B ⇠ r̂

r2
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✓
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◆
(magnetic monopole)



Electroweak Dumbbells

Electroweak monopole

Electroweak anti-monopole

Z-string
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r ·B 6= 0

Arrows indicate points on S2, colors indicate points on S1.

Nambu, 1977



Simulation: singularities
T. Patel & TV, 20223

FIG. 1. Distribution of monopoles and antimonopoles and the strings connecting them (from Ref. [13]).

and the corresponding gauge field using B = r ⇥ A is1,

A = �i
2 sin ✓w

g⌘2
�†r� (7)

where we have used r ⇥ r� = 0. As we shall see below, the gauge field defined in (7) may be multi-valued at certain
points and it will be important to handle these singular points carefully.

It is helpful to consider a specific configuration that corresponds to an electroweak magnetic monopole. The Higgs
field for the monopole can be written in spherical coordinates as

�m = ⌘

✓
cos(✓/2)

sin(✓/2)ei�

◆
(8)

for which the vector in (5) is,

n̂ = (sin ✓ cos �, sin ✓ sin �, cos ✓) = r̂. (9)

Then the magnetic field derived from (6) is

B =
sin ✓w

g

r̂

r2
(10)

which is the magnetic field of a magnetic monopole. The monopole gauge field is,

A =
sin ✓w

g

(1 � cos ✓)

r sin ✓
�̂ (11)

where �̂ is the unit vector in the azimuthal direction. This is the gauge field of a magnetic monopole with a Dirac string
at ✓ = ⇡ where A is multi-valued. In the full electroweak model, |�| vanishes along the Dirac string which gets replaced
by a regular field configuration called a Z-string. The Z-string carries Z-magnetic flux but no electromagnetic magnetic

1 A should not be confused with A that occurs in (1).

Where there are magnetic monopoles, there are magnetic fields.…



An SU(5) transition
<latexit sha1_base64="DY/5p3LKZxNv2XgTY0Afc7e8XdI="></latexit>

SU(5) ! [SU(3)⇥ SU(2)⇥ U(1)Y ]/(Z3 ⇥ Z2) ! [SU(3)⇥ U(1)em]/Z3
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2
Tr(Xµ⌫X
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V (! ) = ! m2Tr(! 2) + h[Tr(! 2)]2 + ! Tr(! 4) + " Tr(! 3) ! V0

If cubic term is small,
<latexit sha1_base64="jgeuJLwWVufwZXE233BLAGI11Yw="></latexit>

SU(5) ! Z2 " [SU(3) ! SU(2) ! U(1)Y ]/ (Z3 ! Z2) " [SU(3) ! U(1)em]/Z 3

There are monopoles and (biased) domain walls after the first symmetry breaking.



Wall-monopole interactions

Outcome depends on wall-monopole orientations in field space.



diag(2, 2, 2, ! 3, ! 3) " ! diag(2, 2, 2, ! 3, ! 3)

Topology

diag(2, 2, 2, ! 3, ! 3) " ! diag(2, 2, ! 3, 2, ! 3)

diag(2, 2, 2, ! 3, ! 3) " ! diag(2, ! 3, ! 3, 2, 2)

SU(5) domain walls



Monopoles reside in a (2,-3) block.

diag(2, 2, 2, ! 3, ! 3) " ! diag(2, ! 3, ! 3, 2, 2)

6 embeddings for monopole on left and 6 on right.

Monopole & wall:

SU(5) monopoles

Only two distinct cases for monopole-domain wall collisions: 

• Monopole in 34-block: (2,2,2,-3,-3) on left goes to -(2,-3,-3,2,2) on 

right.

• Monopole in 15-block: (2,2,2,-3,-3) on left goes to -(-3,-3,2,2,2) on 

right.
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FIG. 4. The potential and magnetic energy densities in the xz plane for the colliding monopole and wall in Case 1. We see
that the monopole passes through the wall and the energy densities remain localized. Additionally, we see the magnetic energy
density is unchanged before and after the collision.

FIG. 5. The scalar Þeld ! a in the xz plane for the colliding
monopole and wall in Case 1, where at each point ! 3 and
! 1 are plotted as a vector. In this case the scalar Þeld ar-
rangement in direction and magnitude remains virtually un-
changed.

A. Case 1: the monopole passes through

It is not di ! cult to predict that the monopole in Case
1 will pass through the wall. The monopole winding is
due to the Þelds in the SU(2) subgroup corresponding
to generators ! a, a = 1 , .., 3. In Eq. (19), these Þelds
are multiplied by the function c(z) which has the same
value at z = ± ! and, as known from [3], is approxi-
mately constant across the domain wall. Onlyb(z) and
d(z) change signs across the wall, but these are irrelevant
for the winding of the monopole. Thus, the presence of
the wall is of no qualitative consequence to the wind-
ing of the monopole or its proÞle functions. The only
e" ect is the small change inc(z) around z = 0 (note

that, as mentioned earlier,c(z) is strictly a constant when
h/ " = " 3/ 20).

We numerically collide the monopole and the wall by
giving the wall an initial velocity of 0 .8 (in speed of light
units) and choosing parameters# = 1, h = " " / 5, and
" = 0 .5 for V (# ).

Fig. 4 shows the potential and magnetic energy densi-
ties as the wall hits the monopole in Case 1. In addition,
we plot the scalar Þeld conÞguration in Fig.5, where each
point is a vector with components $3 and $1. These Þg-
ures show that the magnetic energy density and the scalar
Þeld conÞguration remain unchanged after the collision,
and that the potential energy densities corresponding to
the monopole and the domain wall remain localized.

We performed the simulations for a range of model
parameters and found that, depending on the value of
h/ " , the monopole may be weakly attracted or repelled
by the wall leading to a small time delay or advance as the
monopole goes through. The monopole may also cause
ripples along the wall, losing some of its kinetic energy,
but no structural change occurs. For h/ " = " 3/ 20, the
scattering is completely trivial, with no time delay or
advance.

B. Case 2: the monopole unwinds

As in Case 1, it is possible to guess the outcome of the
monopole-wall collision without doing numerical simula-
tions. For this, we note that # (2)

+ has an SU(2) symmetry
in the 4-5 block, which means that there is no topology
that can support the winding. Thus, the monopole cannot
exist in that corner of the matrix. An equivalent way to
see this is to note that the function c(z), which multiplies

(2,-3) to -(-3,2) case
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FIG. 6. The potential and magnetic energy densities in the xz plane for the colliding monopole and wall in Case 2. We can see
that as the domain wall and monopole collide, the potential energy contained by the monopole disappears and the monopole
begins to radiate away its magnetic energy in a hemispherical wave. Note that the middle and Þnal plots for the magnetic
energy density have a much smaller scale as the ripples are not visible at the original scale.

the three relevant monopole scalar Þelds, goes to zero at
z = + ! (see Fig.2), e! ectively erasing the monopole.

Additional insight can be gained by noting that the
long range magnetic Þeld of the monopole transforms into
an SU(3) magnetic Þeld on the far side of the wall. More
explicitly, the U(1) magnetic Þeld is given by Eq. (12)
with X a

ij determined using the solution in Eq. (10). Since
X ij only has components in the! a directions, it lies in the
4-5 block. However, the 4-5 block is entirely within the
unbroken SU(3) on the right-hand side of the wall. Thus
the long range magnetic Þeld of the monopole is purely
SU(3) on the right-hand side of the wall and, from the
vantage point of someone there, there is no U(1) mag-
netic Þeld emerging from the left-hand side of the wall.
However, a U(1) magnetic Þeld is an essential feature of
a topological monopole. Thus, from the right-hand side
of the wall, there is no magnetic monopole in the system,
only some source of SU(3) magnetic ßux.

Doing the numerical simulation with the parameters
chosen as before, we plot the potential and magnetic en-
ergy densities as the wall hits the monopole in Fig.6. This
Þgure shows that the potential energy for the monopole
disappears as the wall and monopole collide, and the
magnetic energy that was stored in the monopole ra-
diates away in a hemispherical wave. The collision was
simulated with initial wall velocities ranging from 0 .1 to
0.99 for h/ " = " 1/ 5, and initial wall velocities of 0.6, 0.8
and 0.99 for h/ " = " 3/ 20 and 1/ 5. In all of these cases,
the result of the collision was unchanged.

In Fig. 7, we show thea = 1 , 2, 3 components of the
scalar Þeld using two di! erent representations. In the Þrst

row, the Þelds#3 and #1 are plotted as a vector. The plot
shows that the components of the Þeld that are respon-
sible for the winding vanish on the z = + ! side of the
wall. In the second row of Fig.7, the color represents the
magnitude |#| #

$
#a#a, a = 1 , 2, 3, and the direction of

the arrow is given by tan! 1(#3/ #1). Even though |#| be-
comes very small, it is not strictly zero at a Þnite distance
from the wall, and so one can still deÞne the direction of
the arrow in this way. One can see that initially the Þeld
has a hedgehog conÞguration across the wall. However,
as the wall sweeps along, the Þelds on thez = + ! side
of the wall rotate around in such a way as to unwind the
monopole. In the Þnal step, all Þelds that are nonÐzero
are pointing in one direction, and therefore the monopole
winding is gone.

IV. CONCLUSIONS

In a Grand UniÞed model there can be several types of
defects, including magnetic monopoles and domain walls.
In the aftermath of the cosmological phase transition in
which the Grand UniÞed symmetry is spontaneously bro-
ken to the standard model symmetry, the monopoles and
walls will interact 4. We have studied these interactions
explicitly in an SU(5) %Z2 GUT, taking into account that
the model has several di! erent types of domain walls,

4 Scattering of fermions and GUT domain walls was studied in [ 13]

Possibility of “sweeping monopoles” (and strings?) in cosmology.
(Dvali, Liu & TV,1998).

(2,-3) to -(2,2) case



Domain walls will survive for a duration that depends on the strength of the biasing.

Biased walls

Wall annihilation also implies monopole annihilation though this hasn’t been tested.
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tension ! ! /R
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pressure! ! m(VEV) 3

(𝛄  is the cubic coupling.)

Eventually, as the walls straighten out with cosmic expansion, pressure wins
and the wall network annihilates.



If monopoles are Coulombic on one side of the wall but confined on the
other, monopole-wall interactions can lead to gravitational wave emission.

Gravitational waves from defect interactions

Bachmaier, Dvali & Valbuena-Bermudez, 2024
https://www.youtube.com/watch?v=IPJAPjo3nSc
https://www.youtube.com/watch?v=JZaXUYikQbo

https://www.youtube.com/watch?v=IPJAPjo3nSc
https://www.youtube.com/watch?v=JZaXUYikQbo


1. Magnetic monopoles are predicted in all grand unified models. Yet the abundance of heavy 
monopoles in the universe is highly constrained.

2. Inflation has been proposed as a solution but it is disconnected from particle physics models.

3. Another solution involving defect interactions may also work — biased domain walls may be 
able to sweep away monopoles. The scenario needs further study, as well as the production of 
gravitational waves during defect interactions.

4. Electroweak magnetic monopoles can produce primordial magnetic fields that are probed by 
current observations.

5. If magnetic monopoles exist in the fundamental theory but have been erased in the universe, it 
should be possible (in principle) to create them in the lab.

Summary





Quiz: true or false

•Bogomolnyi method evaluates the energy of a domain wall without solving any differential 
equations.

•Biased walls live forever.

•Biased walls do not lead to a gravitational wave background.

•A collapsing spherical domain wall emits gravitational waves.

•A collapsing spherical domain wall emits gravitons.

•Non-self intersecting cosmic string loops mostly look rectangular.

• Cosmic strings can be infinite.



• The Nambu-Goto description of a string is valid under all circumstances.

Quiz: true or false (continued)

• Some strings can carry electric currents.

• A magnetic monopole is the same as a hedgehog (the animal).

• Different types of topological defects don’t interact.

• Magnetic monopoles can only carry Abelian magnetic charge.

• div(B)=0 in electroweak standard model. (B=e.m. magnetic field.)

• Experimentalists are looking for magnetic monopoles at CERN.

• Our universe may be inside a monopole.

•Cosmic strings only produce a stochastic background of gravitational waves and no other signature.


