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The standard cosmological model, ΛCDM  à DM is described as a cold DM fluid.
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However, we remain ignorant about its basic properties for example the mass.
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What we know about dark matter

• 27% of the energy density of the universe.
• Dark (transparent): no/weakly electromagnetic interactions.
• Collisionless: no/weakly self-interaction or interaction with baryons
• Cold (non-relativistic): moves much slower than c.
• Pressureless: gravitational attractive, clusters.

simulations, which agree with the well-known Navarro-
Frenk-White (NFW) profile [87]. In fact, supermassive
BHs are expected to involve baryonic physics, as cooling
and dissipation allow baryons to fall into gravitational
potential wells. Nonequilibrium physics may also come
into play through the mergers of smaller BHs, whereas the
initial seeds could result from the remnants of massive stars
or the collapse of large gas clouds or of stellar clusters.
See, for instance, Ref. [88] for a recent review of scenarios
for the assembly of supermassive BHs. Similar baryonic
processes should also be present in scalar DM cosmologies;
hence, we expect supermassive BHs to form as well in these
scenarios.
Thus, in this paper, we investigate the smooth accretion

onto the supermassive BH after a solitonic halo profile has
formed on the galactic scale (similar to the NFW halo
profile for CDM scenarios). We find that outside the
Schwarzschild radius and close enough to the black hole
the scalar dynamics are described by a stationary solution
with nonvanishing flux. This corresponds to the infall of
dark matter into the central BH. Far away from the center,
the dynamics reproduce the static soliton behavior, with a
solution whose density is nearly constant in the core before
falling off rapidly towards zero [89]. This selects a unique
solution with constant flux and nearly vanishing velocity
far away from the BH, which is similar to the transonic
solution obtained for the hydrodynamic case. We find
typically that the lifetime of the soliton, despite the falling
of matter into the BH, is larger than the age of the Universe.
Moreover, the constraints on the density profile of dark
matter inferred from the stellar dynamics in the vicinity of
the central BH [90,91] are easily met.
This manuscript is arranged as follows. In Sec. II,

we describe the main equations of a generic model of
scalar DM within a Schwarzschild geometry, in both
isotropic coordinates (Sec. II A 2) and Eddington coordi-
nates (Sec. III D). In Sec. III, we analyze the main features
of the scalar DM solitons for the harmonic case. In Sec. IV,
we extend this analysis to the self-interacting case deter-
mined by a quartic term. In Sec. V, we derive the long
lifetime associated with the scalar-field soliton found in the
previous section. Finally, the main conclusions are sum-
marized in Sec. VI.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

The scalar-field action is

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
: ð1Þ

We also write the scalar-field potential as

VðϕÞ ¼ m2

2
ϕ2 þ VIðϕÞ; ð2Þ

where VI is the self-interaction potential. In this work, we
focus on the quartic self-interaction potential

VIðϕÞ ¼
λ4
4
ϕ4: ð3Þ

Such scalar fields can play the role of DM and build scalar
solitons, i.e., static profiles with a finite core, at the center
of galactic halos. These solitons can be the result of the
balance between the self-gravity of the scalar cloud and a
“quantum pressure” (due to the fact that the underlying
equations of motion are the Klein-Gordon equation, or the
Schrödinger equation in the nonrelativistic limit, rather
than the hydrodynamical Euler equation) or to a repulsive
self-interaction, associated with λ4 > 0. In this paper,
following our previous work [89], we focus on the large
scalar-mass limit

m ≫ 10−21 eV; ð4Þ

which ensures that the quantum pressure is negligible from
cosmological to galactic scales. Then, the galactic solitons
are due to the balance between gravity and the repulsive
self-interaction. In the large scalar-mass limit, the analysis
simplifies, and we can derive in the next sections explicit
expressions for the scalar-field profile and its inflow onto
the supermassive BH. Around a Schwarzschild BH, we
shall see below that the large-mass limit becomes defined
by the lower bound (40), which is somewhat larger than (4).

B. Schwarzschild metric

Close to the BH, the contribution from the scalar field is
negligible, and the metric is the standard Schwarzschild
metric [92,93]

ds2 ¼ −
$
1 −

rs
r̃

%
dt2 þ

$
1 −

rs
r̃

%−1
dr̃2 þ r̃2dΩ⃗2; ð5Þ

where r̃ is the Schwarzschild radial coordinate and rs ¼
2GM is the Schwarzschild radius of the BH of mass M.
Throughout this paper, we work in natural units with c ¼ 1.

C. Isotropic coordinates

We focus on spherically symmetric systems, as we
consider a spherical scalar cloud around a supermassive
Schwarzschild BH. To simplify the matching with the
Newtonian gauge at large scales, we work with the
isotropic radial coordinate r and the time t throughout
this paper, except in Secs. III D, IV F, and IVG. Then, the
static spherically symmetric metric can be written in the
isotropic form
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where the speed of sound squared becomes negative at low
background densities. We first use a perturbative approach
in Sec. III B, to follow the growth of the scalar-field density
perturbations. In Sec. III C, we study the stable isolated
scalar-field configurations that arise in such a model, i.e.,
the “solitons” that correspond to the final dark matter
clumps. We estimate in Sec. III D the efficiency of the
collisional aggregation of these scalar clouds, shortly after
their formation and before they are diluted by the expansion
of the Universe, and we check in Sec. III E that they do not
collapse to black holes. Then, in Sec. III F, we take into
account theoretical constraints to compute the parameter
space of this scenario. In Sec. III G we compute the scales
spanned by the scalar dark-matter clumps and in Sec. III H
we check that they are far beyond the reach of microlensing
observations.
Next, in Sec. IV, we present a different mechanism for

clump formation, associated with a parametric resonance.
We take as an example a Lagrangian inspired from axion
monodromy, where a dominant mass term is corrected by a
subleading cosine term. The parametric resonance then
arises from the interplay between this oscillating self-
interaction term, the quantum pressure, and the kinetic
terms of the scalar field. We again describe the perturbative
growth of the scalar-field density fluctuations and the stable
solitons that can arise. We also compute the parameter
space of this second scenario and the size of the scalar
clumps. Again, we check that they do not collapse into
black holes and are much below the observational threshold
of microlensing observations.
We present our main conclusions in Sec. V. We finally

complete our discussion with different Appendices on
thermodynamical phase transitions, parametric resonance,
and soliton profiles.

II. CLASSICAL FIELDS AND THEIR
NONRELATIVISTIC LIMIT

A. Classicality

In the following, we shall be interested in models of
scalar dark matter where the dark-matter field can be
described classically. This is a reasonable approximation
for the quantum field ϕ, whose nonrelativistic behavior will
give rise to dark matter, if the occupation number N of the
associated quantum state is very large. Denoting by ρ the
energy density of the field and by n ¼ ρ=m the number
density, where m is the mass of the scalar, the occupation
number can be estimated as [48]

N ≃
ρ
m
λ3dB; λdB ¼ 2π

mv
; ð1Þ

where λdB is the de Broglie wavelength of the scalar
particles associated to ϕ. Here v is their typical velocity.
This gives the condition for classicality

N ∼
ρ

m4v3
≫ 1: ð2Þ

We can envisage two types of situations. In the first one,
the energy density of the scalar field is nearly homo-
geneously distributed in the Universe and behaves like
ρ ≃ ρ0=a3, where ρ0 is the present dark-matter density in
the Universe. Inside large-scale inhomogeneities such as
galaxy halos, the typical velocity of dark-matter particles v0
is small and the classical regime is attained when

m4v30 ≪ ρ0 ∼ 10−48 GeV4; ð3Þ

where we consider low redshifts in the matter era. As we
expect v0 ≃ 10−3, this is the case when

cosmological inhomogeneities only∶ m ≪ 0.1 eV: ð4Þ

In this mass range the field can be treated classically. This
also applies at higher redshifts, as ρ ∝ a−3 and typically
v ∼ a−1 because of the expansion of the Universe.
Another scenario is the one that we consider in this

paper: dark matter is made of scalar-field clumps created in
the radiation era and forming a bound state of dark-matter
fluid. Then, in a fashion similar to primordial black holes,
these clumps play the role of dark matter particles and
behave at late times as in standard CDM cosmologies. In
this case, the density ρ is large inside the clumps, reflecting
the large energy densities at the time of their formation, and
the velocity is negligible as these clumps are equilibrium
configurations. Hence, for such clumpsN will be very large
and we can treat ϕ as a classical field. In fact, the
classicality condition (2) will provide a self-consistency
constraint on the parameter space of the scenarios we study
in this paper.

B. Equations of motion

We focus on scalar-field models characterized by canoni-
cal kinetic terms and an interaction potential VIðϕÞ. Thus,
they are governed by the action

S½ϕ% ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð5Þ

with

VðϕÞ ¼ 1

2
m2ϕ2 þ VIðϕÞ: ð6Þ

In this paper, we restrict our study to the nonrelativistic
regime, when the self-interactions are small as compared
with the quadratic part,

VI ≪
1

2
m2ϕ2: ð7Þ

BRAX, VALAGEAS, and CEMBRANOS PHYS. REV. D 102, 083012 (2020)

083012-4

<latexit sha1_base64="08PVCDsQFaD/fxOGX9kxZFPZt2w=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoLkoi8bERim50V8E+oIlhMp20QycPZiZCCfkHN/6KGxeKuHXjzr9x0mahrQcuHM65d+be48WMCmkY31ppYXFpeaW8Wllb39jc0rd32iJKOCYtHLGIdz0kCKMhaUkqGenGnKDAY6Tjja5yv/NAuKBReCfHMXECNAipTzGSSnL1o7ab2jyAN1nNjof08ML2OcKpzdQTfeRaWWplMHfuLVevGnVjAjhPzIJUQYGmq3/Z/QgnAQklZkiInmnE0kkRlxQzklXsRJAY4REakJ6iIQqIcNLJTRk8UEof+hFXFUo4UX9PpCgQYhx4qjNAcihmvVz8z+sl0j93UhrGiSQhnn7kJwzKCOYBwT7lBEs2VgRhTtWuEA+RCkWqGCsqBHP25HnSPq6bp/WTW6vauCziKIM9sA9qwARnoAGuQRO0AAaP4Bm8gjftSXvR3rWPaWtJK2Z2wR9onz/m+Z2Q</latexit>

VI(�) =
�4

4
�4

I-  ULTRA-LIGHT MATTER

FuzzyDM This talk: SFDM, ALPs

Dominant quadratic term              behaves like dark matter: 

Small repulsive quartic self-interaction              important on small-scales, gives an effective pressure
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P → ω2

Contrary to the FuzzyDM case, we assume that on small scales we are in the Thomas-Fermi regime: 
the self-interaction pressure dominates over the quantum pressure.

The de Broglie wavelength is much smaller than the size of the system.

J. Fan, 2016



II-  NON-RELATIVISTIC REGIME

Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð1Þ

where we include a quartic self-interaction,

VðϕÞ¼m2

2
ϕ2þVIðϕÞ with VIðϕÞ¼

λ4
4
ϕ4; λ4>0: ð2Þ

The coupling constant λ4 is taken positive to ensure that the
self-interaction is repulsive (a negative sign corresponds to
attractive self-interaction). This leads to an effective pres-
sure that can counterbalance gravity and lead to static and
stable dark matter halos on small scales, called solitons in
the following.
On the cosmological background or on galactic scales,

the oscillations of the scalar field due to the quadratic mass
term are required to be dominant, leading to an upper
bound on λ4. This ensures that, at lowest order, the scalar
field behaves as cold dark matter with a vanishing pressure.
Then, the interaction term is a small perturbation that
slightly modifies the harmonic oscillations of the scalar
field and gives rise to an effective pressure, which leads to
deviations from the CDM scenario on small scales. In
particular, this leads to a characteristic scale [33]

ra ¼
ffiffiffiffiffiffiffi
3λ4
2

r
MPl

m2
; ð3Þ

where MPl is the reduced Planck mass. This sets both the
Jeans length, which is independent of density and redshift
[37,38] and below which density perturbations of the
cosmological background cease to grow and oscillate,
and the size of hydrostatic equilibria (solitons) that can
form after collapse and decoupling from the Hubble
expansion. In the nonrelativistic regime, which applies to
large scales in the late Universe and to astrophysical scales
far from BH horizons, one can decompose the solutions to
the nonlinear Klein-Gordon equation between the fast
oscillations at frequency m and a slowly varying envelope
that evolves on cosmological or astrophysical timescales.
The latter is then governed by the Schrödinger equation.
We refer the reader to [33] for a cosmological study of these
SFDM scenarios. In the following, we focus on subgalactic
scales and discard the expansion of the universe.

B. Nonrelativistic regime

In the nonrelativistic weak-gravity regime, it is conven-
ient to write the real scalar field ϕ in terms of a complex
field ψ as

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p ðe−imtψ þ eimtψ⋆Þ: ð4Þ

In this regime, where typical frequencies _ψ=ψ and
momenta ∇ψ=ψ are much smaller than m, the complex
scalar field ψ obeys the Schrödinger equation,

i _ψ ¼ −
∇2ψ
2m

þmðΦN þΦIÞψ ; ð5Þ

whereΦN is the Newtonian gravitational potential andΦI is
the nonrelativistic self-interaction potential. For the quartic
self-interaction it reads [33]

ΦI ¼
mjψ j2

ρa
with ρa ¼

4m4

3λ4
: ð6Þ

It is also convenient to express ψ in terms of the amplitude
ρ and the phase s by the Madelung transform [39],

ψ ¼
ffiffiffiffi
ρ
m

r
eis: ð7Þ

Then, the real and imaginary parts of the Schrödinger
equation (5) give

_ρþ∇ ·
$
ρ
∇s
m

%
¼ 0; ð8Þ

_s
m
þ ð∇sÞ2

2m2
¼ −ðΦN þΦIÞ; ð9Þ

while the nonrelativistic self-interaction potential reads

ΦI ¼
ρ
ρa

¼ 3λ4ρ
4m4

: ð10Þ

Defining the curl-free velocity field v⃗ by

v⃗ ¼ ∇s
m

; ð11Þ

Eqs. (8)–(9) give the usual continuity and Euler equations,

_ρþ∇ · ðρv⃗Þ ¼ 0; ð12Þ

_v⃗þ ðv⃗ ·∇Þv⃗ ¼ −∇ðΦN þΦIÞ: ð13Þ

Thus, in the nonrelativistic regime, we can go from the
Klein-Gordon equation to the Schrödinger equation and
next to a hydrodynamical picture. In the Hamilton-Jacobi
and Euler equations (9) and (13) we have neglected the
quantum pressure term

ΦQ ¼ −
∇2 ffiffiffi

ρ
p

2m2 ffiffiffi
ρ

p : ð14Þ

This is because in this paper we focus on the regime
associated with the condition (27) below, where the self-
interaction dominates over the quantum pressure. Then,
wavelike effects, such as interference patterns, are
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A) From Klein-Gordon eq. to  Schrödinger eq.:

On the scale of the galactic halo we are in the nonrelativistic regime: the frequencies and wave numbers of interest are much smaller than      
and the metric fluctuations are small. We can also neglect the Hubble expansion on galactic scales.
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Decompose the real scalar field      in terms of a complex scalar field�  

factorizes (removes) the fast oscillations of frequency m

 ̇ ⌧ m , r ⌧ m  (x, t) evolves slowly, on astrophysical or cosmological scales.

Instead of the Klein-Gordon eq., it obeys a (non-linear) Schrödinger eq.:Sϕ ¼
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#
; ð1Þ
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The coupling constant λ4 is taken positive to ensure that the
self-interaction is repulsive (a negative sign corresponds to
attractive self-interaction). This leads to an effective pres-
sure that can counterbalance gravity and lead to static and
stable dark matter halos on small scales, called solitons in
the following.
On the cosmological background or on galactic scales,

the oscillations of the scalar field due to the quadratic mass
term are required to be dominant, leading to an upper
bound on λ4. This ensures that, at lowest order, the scalar
field behaves as cold dark matter with a vanishing pressure.
Then, the interaction term is a small perturbation that
slightly modifies the harmonic oscillations of the scalar
field and gives rise to an effective pressure, which leads to
deviations from the CDM scenario on small scales. In
particular, this leads to a characteristic scale [33]
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[37,38] and below which density perturbations of the
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and the size of hydrostatic equilibria (solitons) that can
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scalar field ψ obeys the Schrödinger equation,
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whereΦN is the Newtonian gravitational potential andΦI is
the nonrelativistic self-interaction potential. For the quartic
self-interaction it reads [33]
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It is also convenient to express ψ in terms of the amplitude
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ψ ¼
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Then, the real and imaginary parts of the Schrödinger
equation (5) give
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while the nonrelativistic self-interaction potential reads

ΦI ¼
ρ
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¼ 3λ4ρ
4m4
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Defining the curl-free velocity field v⃗ by

v⃗ ¼ ∇s
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; ð11Þ

Eqs. (8)–(9) give the usual continuity and Euler equations,

_ρþ∇ · ðρv⃗Þ ¼ 0; ð12Þ

_v⃗þ ðv⃗ ·∇Þv⃗ ¼ −∇ðΦN þΦIÞ: ð13Þ

Thus, in the nonrelativistic regime, we can go from the
Klein-Gordon equation to the Schrödinger equation and
next to a hydrodynamical picture. In the Hamilton-Jacobi
and Euler equations (9) and (13) we have neglected the
quantum pressure term

ΦQ ¼ −
∇2 ffiffiffi

ρ
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2m2 ffiffiffi
ρ

p : ð14Þ

This is because in this paper we focus on the regime
associated with the condition (27) below, where the self-
interaction dominates over the quantum pressure. Then,
wavelike effects, such as interference patterns, are
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Which is complemented by the Poisson equation 
and the expression of the self-interaction pressure:
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Sϕ ¼
Z

d4x
ffiffiffiffiffiffi−gp

"
−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

#
; ð1Þ

where we include a quartic self-interaction,

VðϕÞ¼m2

2
ϕ2þVIðϕÞ with VIðϕÞ¼

λ4
4
ϕ4; λ4>0: ð2Þ

The coupling constant λ4 is taken positive to ensure that the
self-interaction is repulsive (a negative sign corresponds to
attractive self-interaction). This leads to an effective pres-
sure that can counterbalance gravity and lead to static and
stable dark matter halos on small scales, called solitons in
the following.
On the cosmological background or on galactic scales,

the oscillations of the scalar field due to the quadratic mass
term are required to be dominant, leading to an upper
bound on λ4. This ensures that, at lowest order, the scalar
field behaves as cold dark matter with a vanishing pressure.
Then, the interaction term is a small perturbation that
slightly modifies the harmonic oscillations of the scalar
field and gives rise to an effective pressure, which leads to
deviations from the CDM scenario on small scales. In
particular, this leads to a characteristic scale [33]

ra ¼
ffiffiffiffiffiffiffi
3λ4
2

r
MPl

m2
; ð3Þ

where MPl is the reduced Planck mass. This sets both the
Jeans length, which is independent of density and redshift
[37,38] and below which density perturbations of the
cosmological background cease to grow and oscillate,
and the size of hydrostatic equilibria (solitons) that can
form after collapse and decoupling from the Hubble
expansion. In the nonrelativistic regime, which applies to
large scales in the late Universe and to astrophysical scales
far from BH horizons, one can decompose the solutions to
the nonlinear Klein-Gordon equation between the fast
oscillations at frequency m and a slowly varying envelope
that evolves on cosmological or astrophysical timescales.
The latter is then governed by the Schrödinger equation.
We refer the reader to [33] for a cosmological study of these
SFDM scenarios. In the following, we focus on subgalactic
scales and discard the expansion of the universe.

B. Nonrelativistic regime

In the nonrelativistic weak-gravity regime, it is conven-
ient to write the real scalar field ϕ in terms of a complex
field ψ as

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p ðe−imtψ þ eimtψ⋆Þ: ð4Þ

In this regime, where typical frequencies _ψ=ψ and
momenta ∇ψ=ψ are much smaller than m, the complex
scalar field ψ obeys the Schrödinger equation,

i _ψ ¼ −
∇2ψ
2m

þmðΦN þΦIÞψ ; ð5Þ

whereΦN is the Newtonian gravitational potential andΦI is
the nonrelativistic self-interaction potential. For the quartic
self-interaction it reads [33]

ΦI ¼
mjψ j2

ρa
with ρa ¼

4m4

3λ4
: ð6Þ

It is also convenient to express ψ in terms of the amplitude
ρ and the phase s by the Madelung transform [39],

ψ ¼
ffiffiffiffi
ρ
m

r
eis: ð7Þ

Then, the real and imaginary parts of the Schrödinger
equation (5) give

_ρþ∇ ·
$
ρ
∇s
m

%
¼ 0; ð8Þ

_s
m
þ ð∇sÞ2

2m2
¼ −ðΦN þΦIÞ; ð9Þ

while the nonrelativistic self-interaction potential reads

ΦI ¼
ρ
ρa

¼ 3λ4ρ
4m4

: ð10Þ

Defining the curl-free velocity field v⃗ by

v⃗ ¼ ∇s
m

; ð11Þ

Eqs. (8)–(9) give the usual continuity and Euler equations,

_ρþ∇ · ðρv⃗Þ ¼ 0; ð12Þ

_v⃗þ ðv⃗ ·∇Þv⃗ ¼ −∇ðΦN þΦIÞ: ð13Þ

Thus, in the nonrelativistic regime, we can go from the
Klein-Gordon equation to the Schrödinger equation and
next to a hydrodynamical picture. In the Hamilton-Jacobi
and Euler equations (9) and (13) we have neglected the
quantum pressure term

ΦQ ¼ −
∇2 ffiffiffi

ρ
p

2m2 ffiffiffi
ρ

p : ð14Þ

This is because in this paper we focus on the regime
associated with the condition (27) below, where the self-
interaction dominates over the quantum pressure. Then,
wavelike effects, such as interference patterns, are
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B) From Schrödinger eq. to Hydrodynamical eqs (Madelung transformation):

In the following, we neglect the « quantum pressure » (which dominates for FDM)
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« quantum pressure »

Madelung 1927, Chavanis 2012, ....

One can map the Schrödinger eq. to hydrodynamical eqs.: 

The real and imaginary parts of the Schrödinger eq. lead to the continuity and Euler eqs.:

conservation of probability for  ⇢conservation of matter for

comes from part of the kinetic terms in  

Self-interactions



III-  SOLITON (boson star, ground state): HYDROSTATIC EQUILIBRIUM

negligible. However, the dynamics remain different from
that of CDM particles because of the self-interaction.

C. Static equilibrium: Soliton around a BH

In contrast with CDM, the pressure due to the self-
interaction allows for the formation of static equilibrium
configurations with zero velocities [40–42], which are
sometimes called Bose-Einstein condensates or boson
stars. In the more familiar FDM case, such static solutions
where gravity is balanced by the quantum pressure (14),
rather than by the self-interaction (6), are often called
solitons [12,43,44] and correspond to a bound ground state
of the linear Schrödinger equation in the Newtonian
gravitational potential. In our case, the self-interaction
adds an explicit nonlinearity to the Schrödinger equation,
through the self-interaction potential ΦI in Eq. (5), in
addition to the self-gravity included in the Newtonian
potential ΦN. As we have in mind extended scalar clouds,
which may reach galactic size as for the FDM scenario,
rather than compact objects, we call these hydrostatic
equilibrium solitons as in the FDM case, rather than boson
stars. They are again bound ground states of the
Schrödinger equation (5), where the full potential now
reads Φ ¼ ΦN þΦI. As for FDM, this is actually a non-
linear equation of motion, because of the self-gravity inΦN
and of the dependence of the self-interaction potential ΦI
on ρ ¼ mjψ j2. From Eq. (13), the equation of hydrostatic
equilibrium reads

∇ðΦN þΦIÞ ¼ 0; ð15Þ

which we integrate as

ΦN þΦI ¼ α; with α ¼ ΦNðRsolÞ: ð16Þ

Here we have introduced the radius Rsol of the spherically
symmetric soliton, where the density is zero and hence
ΦI ¼ 0, which determines the value of the integration
constant α. The Newtonian gravitational potential is given
by the sum of the contributions from the central BH and
from the scalar-cloud self-gravity,

ΦN ¼ ΦBH þΦsg; ð17Þ

with

ΦBH ¼ −
GMBH

r
¼ −

rs
2r

; ∇2Φsg ¼ 4πGρ; ð18Þ

where rs ¼ 2GMBH is the Schwarzschild radius of the BH
of mass MBH. Taking the divergence of Eq. (15), using
Eqs. (18) and (10) and looking for a spherically symmetric
solution, we obtain

d2ΦI

dr2
þ 2

r
dΦI

dr
þ 1

r2a
ΦI ¼ 0; with ra ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρa

p ; ð19Þ

where ra was also defined in Eq. (3). Introducing the
dimensionless radius x ¼ r=ra, we recover the differential
equation satisfied by spherical Bessel functions of order
zero. Thus, ΦI ¼ aj0ðxÞ þ by0ðxÞ. At small radii, the
gravitational potential is dominated by the BH and from
Eq. (16) we obtain ΦI ≃ rs=ð2rÞ. This determines the
integration constant b, and we can write the solution for
the density ρ in the nonrelativistic regime as

r ≫ rs∶ρðrÞ ¼ ρ0
sinðr=raÞ
ðr=raÞ

þ ρa
rs
2ra

cosðr=raÞ
ðr=raÞ

: ð20Þ

The first termdominates at large radii,where thegravitational
potential is mostly given by the soliton self-gravity, while the
second term dominates at small radii, where the gravitational
potential is mostly due to the BH. This transition radius rsg is
typically much smaller than the size of the soliton Rsol, and
much greater than the Schwarzschild radius,

Rsol ≃ πra; rsg ¼ rs
ρa
ρ0

; rs ≪ rsg ≪ Rsol: ð21Þ

Then, far inside the soliton we have

rs ≪ r ≪ r1=3sg r2=3a ∶ ρ ¼ ρ0 þ ρa
rs
2r

: ð22Þ

In terms of the fields ψ and ϕ this static soliton reads

ψ ¼
ffiffiffiffi
ρ
m

r
e−iαmt; ϕ ¼

ffiffiffiffiffi
2ρ

p

m
cos½ð1þ αÞmt&; ð23Þ

as the phase s reads s ¼ −αmt.
In the case of FDM, where the soliton can reach kpc size,

numerical simulations [43,45] show that outside this core
the scalar field is out of equilibrium, with large density
fluctuations and a mean falloff that follows the NFW profile
[46] found for CDM. We expect a similar behavior for
SFDM, in cases where there is a unique soliton of kpc size
inside galaxies. However, in this paper we also consider
scenarios with much smaller values of ra, where there
could be many scalar clouds of smaller size in the galaxy. In
any case, using the hierarchy of scales (21), we do not
specify here the dark matter profile beyond the soliton
radius. As we shall find in Sec. V C, the interaction
between the BH and the scalar cloud is governed by radii
r≲ rsg, that is, radii where the BH gravity is subdominant,
and do not significantly contribute to the accretion and the
dynamical friction of the BH. In contrast with the colli-
sionless case, there is no infrared divergence and our results
do not depend on the dynamics near the scalar cloud border
or beyond.
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negligible. However, the dynamics remain different from
that of CDM particles because of the self-interaction.

C. Static equilibrium: Soliton around a BH

In contrast with CDM, the pressure due to the self-
interaction allows for the formation of static equilibrium
configurations with zero velocities [40–42], which are
sometimes called Bose-Einstein condensates or boson
stars. In the more familiar FDM case, such static solutions
where gravity is balanced by the quantum pressure (14),
rather than by the self-interaction (6), are often called
solitons [12,43,44] and correspond to a bound ground state
of the linear Schrödinger equation in the Newtonian
gravitational potential. In our case, the self-interaction
adds an explicit nonlinearity to the Schrödinger equation,
through the self-interaction potential ΦI in Eq. (5), in
addition to the self-gravity included in the Newtonian
potential ΦN. As we have in mind extended scalar clouds,
which may reach galactic size as for the FDM scenario,
rather than compact objects, we call these hydrostatic
equilibrium solitons as in the FDM case, rather than boson
stars. They are again bound ground states of the
Schrödinger equation (5), where the full potential now
reads Φ ¼ ΦN þΦI. As for FDM, this is actually a non-
linear equation of motion, because of the self-gravity inΦN
and of the dependence of the self-interaction potential ΦI
on ρ ¼ mjψ j2. From Eq. (13), the equation of hydrostatic
equilibrium reads

∇ðΦN þΦIÞ ¼ 0; ð15Þ

which we integrate as

ΦN þΦI ¼ α; with α ¼ ΦNðRsolÞ: ð16Þ

Here we have introduced the radius Rsol of the spherically
symmetric soliton, where the density is zero and hence
ΦI ¼ 0, which determines the value of the integration
constant α. The Newtonian gravitational potential is given
by the sum of the contributions from the central BH and
from the scalar-cloud self-gravity,

ΦN ¼ ΦBH þΦsg; ð17Þ

with

ΦBH ¼ −
GMBH

r
¼ −

rs
2r

; ∇2Φsg ¼ 4πGρ; ð18Þ

where rs ¼ 2GMBH is the Schwarzschild radius of the BH
of mass MBH. Taking the divergence of Eq. (15), using
Eqs. (18) and (10) and looking for a spherically symmetric
solution, we obtain

d2ΦI

dr2
þ 2

r
dΦI

dr
þ 1

r2a
ΦI ¼ 0; with ra ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρa

p ; ð19Þ

where ra was also defined in Eq. (3). Introducing the
dimensionless radius x ¼ r=ra, we recover the differential
equation satisfied by spherical Bessel functions of order
zero. Thus, ΦI ¼ aj0ðxÞ þ by0ðxÞ. At small radii, the
gravitational potential is dominated by the BH and from
Eq. (16) we obtain ΦI ≃ rs=ð2rÞ. This determines the
integration constant b, and we can write the solution for
the density ρ in the nonrelativistic regime as

r ≫ rs∶ρðrÞ ¼ ρ0
sinðr=raÞ
ðr=raÞ

þ ρa
rs
2ra

cosðr=raÞ
ðr=raÞ

: ð20Þ

The first termdominates at large radii,where thegravitational
potential is mostly given by the soliton self-gravity, while the
second term dominates at small radii, where the gravitational
potential is mostly due to the BH. This transition radius rsg is
typically much smaller than the size of the soliton Rsol, and
much greater than the Schwarzschild radius,

Rsol ≃ πra; rsg ¼ rs
ρa
ρ0

; rs ≪ rsg ≪ Rsol: ð21Þ

Then, far inside the soliton we have

rs ≪ r ≪ r1=3sg r2=3a ∶ ρ ¼ ρ0 þ ρa
rs
2r

: ð22Þ

In terms of the fields ψ and ϕ this static soliton reads

ψ ¼
ffiffiffiffi
ρ
m

r
e−iαmt; ϕ ¼

ffiffiffiffiffi
2ρ

p

m
cos½ð1þ αÞmt&; ð23Þ

as the phase s reads s ¼ −αmt.
In the case of FDM, where the soliton can reach kpc size,

numerical simulations [43,45] show that outside this core
the scalar field is out of equilibrium, with large density
fluctuations and a mean falloff that follows the NFW profile
[46] found for CDM. We expect a similar behavior for
SFDM, in cases where there is a unique soliton of kpc size
inside galaxies. However, in this paper we also consider
scenarios with much smaller values of ra, where there
could be many scalar clouds of smaller size in the galaxy. In
any case, using the hierarchy of scales (21), we do not
specify here the dark matter profile beyond the soliton
radius. As we shall find in Sec. V C, the interaction
between the BH and the scalar cloud is governed by radii
r≲ rsg, that is, radii where the BH gravity is subdominant,
and do not significantly contribute to the accretion and the
dynamical friction of the BH. In contrast with the colli-
sionless case, there is no infrared divergence and our results
do not depend on the dynamics near the scalar cloud border
or beyond.
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negligible. However, the dynamics remain different from
that of CDM particles because of the self-interaction.

C. Static equilibrium: Soliton around a BH

In contrast with CDM, the pressure due to the self-
interaction allows for the formation of static equilibrium
configurations with zero velocities [40–42], which are
sometimes called Bose-Einstein condensates or boson
stars. In the more familiar FDM case, such static solutions
where gravity is balanced by the quantum pressure (14),
rather than by the self-interaction (6), are often called
solitons [12,43,44] and correspond to a bound ground state
of the linear Schrödinger equation in the Newtonian
gravitational potential. In our case, the self-interaction
adds an explicit nonlinearity to the Schrödinger equation,
through the self-interaction potential ΦI in Eq. (5), in
addition to the self-gravity included in the Newtonian
potential ΦN. As we have in mind extended scalar clouds,
which may reach galactic size as for the FDM scenario,
rather than compact objects, we call these hydrostatic
equilibrium solitons as in the FDM case, rather than boson
stars. They are again bound ground states of the
Schrödinger equation (5), where the full potential now
reads Φ ¼ ΦN þΦI. As for FDM, this is actually a non-
linear equation of motion, because of the self-gravity inΦN
and of the dependence of the self-interaction potential ΦI
on ρ ¼ mjψ j2. From Eq. (13), the equation of hydrostatic
equilibrium reads

∇ðΦN þΦIÞ ¼ 0; ð15Þ

which we integrate as

ΦN þΦI ¼ α; with α ¼ ΦNðRsolÞ: ð16Þ

Here we have introduced the radius Rsol of the spherically
symmetric soliton, where the density is zero and hence
ΦI ¼ 0, which determines the value of the integration
constant α. The Newtonian gravitational potential is given
by the sum of the contributions from the central BH and
from the scalar-cloud self-gravity,

ΦN ¼ ΦBH þΦsg; ð17Þ

with

ΦBH ¼ −
GMBH

r
¼ −

rs
2r

; ∇2Φsg ¼ 4πGρ; ð18Þ

where rs ¼ 2GMBH is the Schwarzschild radius of the BH
of mass MBH. Taking the divergence of Eq. (15), using
Eqs. (18) and (10) and looking for a spherically symmetric
solution, we obtain

d2ΦI

dr2
þ 2

r
dΦI

dr
þ 1

r2a
ΦI ¼ 0; with ra ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρa

p ; ð19Þ

where ra was also defined in Eq. (3). Introducing the
dimensionless radius x ¼ r=ra, we recover the differential
equation satisfied by spherical Bessel functions of order
zero. Thus, ΦI ¼ aj0ðxÞ þ by0ðxÞ. At small radii, the
gravitational potential is dominated by the BH and from
Eq. (16) we obtain ΦI ≃ rs=ð2rÞ. This determines the
integration constant b, and we can write the solution for
the density ρ in the nonrelativistic regime as

r ≫ rs∶ρðrÞ ¼ ρ0
sinðr=raÞ
ðr=raÞ

þ ρa
rs
2ra

cosðr=raÞ
ðr=raÞ

: ð20Þ

The first termdominates at large radii,where thegravitational
potential is mostly given by the soliton self-gravity, while the
second term dominates at small radii, where the gravitational
potential is mostly due to the BH. This transition radius rsg is
typically much smaller than the size of the soliton Rsol, and
much greater than the Schwarzschild radius,

Rsol ≃ πra; rsg ¼ rs
ρa
ρ0

; rs ≪ rsg ≪ Rsol: ð21Þ

Then, far inside the soliton we have

rs ≪ r ≪ r1=3sg r2=3a ∶ ρ ¼ ρ0 þ ρa
rs
2r

: ð22Þ

In terms of the fields ψ and ϕ this static soliton reads

ψ ¼
ffiffiffiffi
ρ
m

r
e−iαmt; ϕ ¼

ffiffiffiffiffi
2ρ

p

m
cos½ð1þ αÞmt&; ð23Þ

as the phase s reads s ¼ −αmt.
In the case of FDM, where the soliton can reach kpc size,

numerical simulations [43,45] show that outside this core
the scalar field is out of equilibrium, with large density
fluctuations and a mean falloff that follows the NFW profile
[46] found for CDM. We expect a similar behavior for
SFDM, in cases where there is a unique soliton of kpc size
inside galaxies. However, in this paper we also consider
scenarios with much smaller values of ra, where there
could be many scalar clouds of smaller size in the galaxy. In
any case, using the hierarchy of scales (21), we do not
specify here the dark matter profile beyond the soliton
radius. As we shall find in Sec. V C, the interaction
between the BH and the scalar cloud is governed by radii
r≲ rsg, that is, radii where the BH gravity is subdominant,
and do not significantly contribute to the accretion and the
dynamical friction of the BH. In contrast with the colli-
sionless case, there is no infrared divergence and our results
do not depend on the dynamics near the scalar cloud border
or beyond.
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α ¼ 3

Z
U

0
duu2y1=ðn−1Þ: ð165Þ

Thus, for each index n, we must find the value α that
satisfies the condition (165), where yðuÞ is the α-
dependent solution of Eq. (163) with the boundary
conditions yð0Þ ¼ 1 and y0ð0Þ ¼ 0. From this fundamental
solution, we obtain the profile for any mass M from
Eq. (164), which gives ΦIð0Þ ¼ α1−nðM=MaÞ2ðn−1Þ=ð3n−4Þ.
This gives in turn the scaling laws (154). In the case
n ¼ 2, the explicit solution (158), y2ðuÞ ¼ sinðuÞ=u, gives
at once U2 ¼ π and α2 ¼ 3π. From a numerical compu-
tation, we obtain for n ¼ 3 the values U3 ≃ 1.7 and
α3 ≃ 2.6, and for n ¼ 4 the values U4 ≃ 1.4 and α4 ≃ 1.9.
We compare in Fig. 2 the profiles of the nonrelativistic

potential ΦI and of the density ρ for the cases n ¼ 2, 3,
and 4, normalized to their value at the center. The radial
coordinate is normalized to the radius Rs of the soliton. We
can see that the shape of the potential ΦI does not vary
much from n ¼ 2 to n ¼ 4 but the density profile looks
increasingly like a top-hat for higher n, with a flatter core
and a vertical slope at the boundary Rs for n > 2.

G. The cosine model

For the cosine model described in Sec. II G 3, the
nonrelativistic potential ΦIðρÞ is given by Eq. (73). In
terms of the dimensionless variables p and y defined by

p ¼ ρ
ρb

; ΦIðρÞ ¼
8ρb
ρa

yðpÞ; ð166Þ

we have

yðpÞ ¼ 1 − 2J1ð
ffiffiffiffi
p

p Þ= ffiffiffiffi
p

p
: ð167Þ

As shown in Fig. 3, the function yðpÞ behaves as p=8
for p ≪ 1, it reaches a maximum of ymax ≃ 1.13 at
pmax ≃ 26.37, and goes to unity at large p with decreasing
oscillations. Defining again the characteristic radius
ra ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4πGρa

p
, and the dimensionless coordinate

x ¼ r=ra, the soliton profile is given by the nonlinear
equation

d2y
dx2

þ 2

x
dy
dx

þ pðyÞ
8

¼ 0: ð168Þ

At low density ρ and potential ΦI, we recover the linear
equation (157) of the quartic case. At pmaxρb the potential
ΦI becomes attractive, which gives rise to an instability.
At greater densities it shows a series of attractive and
repulsive domains but remains of finite amplitude.
Therefore, it cannot support massive and high-density
halos. Thus, a well-defined and smooth soliton profile
only exists for halos with a central density that is below
the critical value ρmax ¼ pmaxρb.

H. Stability

Stable equilibria of isolated systems correspond to
minima of the total energy at fixed mass. Saddle points
are given by the equation δE − αδM ¼ 0 for the first-order
variations, where α is the Lagrange multiplier associated
with the constraint of fixed mass [37]. From Eq. (137) this
yields

Z
dr⃗
"
δρ

v⃗2

2
þ ρv⃗ · δv⃗þ δρðΦþΦIÞ − αδρ

#
¼ 0: ð169Þ

FIG. 2. Profiles of the nonrelativistic self-interaction potential
ΦI (upper panel) and of the density ρ (lower panel) for the power-
law cases n ¼ 2, 3, and 4.
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FIG. 3. Nonrelativistic self-interaction potential ΦIðρÞ for a
cosine scalar field potential VIðϕÞ.
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As compared with CDM, the self-interactions allow the formation of hydrostatic equilibrium solutions, 
with a balance between gravity and the effective pressure:

Finite-size halo, called « soliton » or « boson star »

Density profile

KIðXÞ ¼ 0; VIðϕÞ ¼ Λ4 λ2n
2n

ϕ2n

Λ2n ; ð61Þ

or if the nonlinear kinetic term is a monomial and the self-
interaction potential vanishes,

VIðϕÞ ¼ 0; KIðXÞ ¼ Λ4 kn
n

Xn

Λ4n : ð62Þ

The nonrelativistic self-interaction potential ΦI is also a
power law,

ΦIðρÞ ¼
!
ρ
ρa

"
n−1

; ð63Þ

with

ρa ¼
!
λ2nΛ2

4m2

ð2nÞ!
ðn!Þ2

"−1=ðn−1Þ
2m2Λ2 ð64Þ

for the potential case (61), and

ρa ¼
!
−
kn
4

ð2nÞ!
ðn!Þ2

"−1=ðn−1Þ
4Λ4 ð65Þ

for the kinetic case (62). Here we focus on the cases λ2n > 0
or kn < 0, where the potential ΦI gives a repulsive force.
To ensure that the background scalar field behaves like

pressureless dark matter, at least from the time of radiation-
matter equality until now, we must satisfy the constraint
(20). This implies ΦIðρ̄eqÞ≲ 1, hence

V̄eff
I ≲ ρ̄∶ ρa ≳ ρ̄eq ∼ 1011ρ̄0 ∼ 10−36 GeV4: ð66Þ

In the kinetic case (62), this implies for coefficients kn of
order unity that the cutoff Λ must be above 1 eV,

if kn ∼ 1∶ Λ≳ 1 eV: ð67Þ

3. Cosine potential

For illustrative purposes, let us consider a bounded
potential such as a cosine, with a standard kinetic term. As
explained above, this could also correspond to a bounded
nonlinear correction to the kinetic term. Following the
two-scale scenario discussed below Eq. (20), we write the
full scalar-field potential as the sum of a leading quadratic
term and a subleading nonlinear potential, taken to be a
cosine,

VðϕÞ ¼ m2
0

2
ϕ2 þM4

I ½cosðϕ=ΛÞ − 1&; M4
I

Λ2
≪ m2

0: ð68Þ

We can absorb the quadratic part of the cosine into the
mass term and write VðϕÞ ¼ m2

2 ϕ2 þ VIðϕÞ, with

m2 ¼ m2
0 −

M4
I

Λ2
≃m2

0; ð69Þ

VIðϕÞ ¼ M4
I

#
cosðϕ=ΛÞ − 1þ ϕ2

2Λ2

$
: ð70Þ

For ϕ ≪ Λ we recover a quartic potential, with
λ4 ¼ M4

I =ð6Λ4Þ. Using the resummation described in
Sec. II G 1, the function UI defined in Eq. (54) reads

UIðxÞ ¼
M4

I

Λ4

#
1 −

sin
ffiffiffi
x

p
ffiffiffi
x

p
$
; ð71Þ

and the function U IðxÞ defined in Eq. (56) reads

U IðxÞ ¼
2M4

I

Λ4

#
1 −

J1ð2
ffiffiffi
x

p
Þffiffiffi

x
p

$
: ð72Þ

This yields for the nonrelativistic self-interaction potential
ΦIðρÞ,

ΦIðρÞ ¼
8ρb
ρa

#
1 −

2J1ð
ffiffiffiffiffiffiffiffiffiffi
ρ=ρb

p
Þffiffiffiffiffiffiffiffiffiffi

ρ=ρb
p

$
; ð73Þ

with

ρa ¼
8m4Λ4

M4
I

; ρb ¼
m2Λ2

2
; ρb ≪ ρa: ð74Þ

At low densities we again recover the case of the quartic
potential, while at high densities the self-interaction potential
converges to a finite value,

ρ ≪ ρb∶ ΦIðρÞ ¼
ρ
ρa

þ ' ' ' ð75Þ

ρ ≫ ρb∶ ΦIðρÞ ¼
8ρb
ρa

≪ 1: ð76Þ

The resummation (73) is justified because the series expan-
sions of VI, UI and U I converge over the full positive real
axis. Independently of the details of the scalar-field potential,
the generic consequence of a bounded VIðϕÞ is a bounded
nonrelativistic potential ΦIðρÞ.
Because the potential ΦI now satisfies a small upper

bound, we automatically verify the pressureless condition
(20) for the background at all redshifts. This no longer
constrains ρa to be larger than ρ̄eq, or the first expansion
coefficient λ4 to obey Eq. (27), as long as ρb ≪ ρa and
ρb < ρ̄eq. However, the constraints (27) and (66) still apply,
for the other reason described in Eq. (28) and Sec. IV E
below, associated with the formation of large-scale struc-
tures. Indeed, the Jeans length set by the repulsive self-
interaction, given by Eqs. (128) and (129), must remain
below 20 kpc to ensure that Lyman-α clouds and galaxies
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timing problem [115], a discrepancy observed in the For-
nax galaxy where the expected strong dynamical friction,
predicted by the standard CDM model, fails to reproduce
the observations of slowly migrating globular clusters to-
wards the galaxy center, and their relevance to gravi-
tational waves where dynamical friction can slow down
binary systems and induce phase shifts in gravitational
wave emission.

In this paper, we explore the e↵ects of dynamical fric-
tion and mass accretion experienced by a Schwarzschild
black hole moving within a self-interacting scalar dark
matter cloud at supersonic velocities. Our primary focus
is on the Thomas-Fermi regime, where self-interactions
are significant and the wavelike e↵ects of the scalar field
are negligible. This regime results in dark matter dynam-
ics within the solitonic solution behaving more like a gas
than FDM, although it retains distinctive characteristics.
This study of the supersonic regime complements our
previous investigation in the subsonic case [116], o↵er-
ing relevance to ongoing research on gravitational waves.
The implications of mass accretion and dynamical fric-
tion on binary systems can be critical, potentially de-
tectable by upcoming gravitational wave detectors such
as DECIGO or LISA [101, 117–120]. Additionally, the
application of such results to the Fornax globular clus-
ter timing problem, where the CDM dynamical friction
appears too strong, is of particular interest.

The outline of the paper is as follows. Section II
introduces scalar field dark matter with quartic self-
interactions, discussing its equations of motion and equi-
librium solitonic solutions. Section III compares the sub-
sonic and supersonic regimes and calculates the large-
distance expansions of the dark matter flow for both the
upstream and downstream regions, including the appear-
ance and location of shock fronts and boundary layers.
Section IV describes the relation between these asymp-
totic expansions and the BH accretion rate and derives
the drag force exerted on the BH. Section V discusses
the accretion rate in comparison with the radial case and
with the classical Hoyle-Lyttleton prediction, and high-
lights the two regimes obtained at moderate and high
Mach numbers. Section VI compares the magnitudes
of the accretion drag and dynamical friction, while Sec-
tion VII provides an independent computation of the dy-
namical friction from the gravitational force exerted by
the BH wake. Section VIII presents a numerical compu-
tation of the density and velocity fields for a moderate
Mach number, to illustrate the behaviour of the system
with a bow shock upstream of the BH. Section IX com-
pares our results with the behaviours of other systems
(collisionless, perfect fluid and FDM cases). Finally, we
conclude our study in Section X.

II. DARK MATTER SCALAR FIELD

A. Scalar-field action

As in our previous work [116], we consider a scalar-field
dark matter scenario described by the action

S� =

Z
d
4
x
p
�g


�1

2
g
µ⌫
@µ�@⌫�� V (�)

�
, (1)

with a quartic self-interaction,

V (�) =
m

2

2
�
2 + VI(�) with VI(�) =

�4

4
�
4
. (2)

Here m is the mass of the scalar field and �4 its coupling
constant, which is taken positive. This corresponds to a
repulsive self-interaction, which gives rise to an e↵ective
pressure that can balance gravity. This allows the for-
mation of stable static equilibria, also called boson stars
or solitons. Thus, in this paper we consider the super-
sonic motion of a BH inside such an extended soliton, or
quasi-static dark matter halo.
The parameters m and �4 determine the characteristic

density and radius

⇢a =
4m4

3�4

, ra =
1p

4⇡G⇢a
. (3)

The dynamics that we study in this paper will only de-
pend on this combination ⇢a and on the mass and veloc-
ity of the BH. Thus, di↵erent dark matter models with
the same ⇢a show the same large-scale dynamics. We
refer to [116] for a presentation of the regions in the pa-
rameter space (m,�4) where our computations apply, for
various BH masses. We briefly recall below the equa-
tions of motion of the scalar field in the relativistic and
nonrelativistic regimes.

B. Relativistic regime

As in [116], we neglect the gravitational backreaction
of the scalar cloud and we consider the steady-state limit,
that is, the growth and the displacement of the BH are
small as compared with the BH mass and the dark mat-
ter halo radius. Then, working with the isotropic radial
coordinate r, the static spherically symmetric metric can
be written as

ds
2 = �f(r) dt2 + h(r) (dr2 + r

2
d~⌦2). (4)

Close to the BH, below a transition radius rsg, the BH
gravity dominates and the isotropic metric functions f(r)
and h(r) read as

rs

4
< r ⌧ rsg : f(r) =

✓
1� rs/(4r)

1 + rs/(4r)

◆2

,

h(r) = (1 + rs/(4r))
4
, (5)
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Numerical simulations of FDM indeed find that solitons form, from gravitational collapse, within an extended NFW-like 
out-of-equilibrium halo. 
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Boson star growth with no self-interactions

FIG. 1. Snapshots of the density field from one simulation
with eN = 1005.3, eL = 18. (a) Projected density at the initial
time. (b) Projected density at et = 10, which shows that
minicluster is forming in the box. (c )Projected density at
et = 30. (d) Projected density at et = 200. A single dense
object is visible at the centre of the minicluster.

FIG. 2. Density profiles of the minicluster at di↵erent times
(colored dots) compared with solitonic profiles (solid lines) as
given by Eq. (C10) with the same central densities.

is the core-halo mass relation [38], M⇤ / M1/3
halo, where

Mhalo is mass of the halo, and we assume the mass of
stable halos in box is proportional to the total mass in
the box, eN .

FIG. 3. The mean stacked maximum density evolution (solid

lines) for di↵erent box sizes eL = 25, 20, 18, 15 and total mass
eN = 691, 754, 817, 880, 942, 1005, 1131. The data from simu-
lation with the same box size eL but di↵erent total mass eN
are divided into 500 time bins. The shaded regions show the
1� � intervals. The time and maximum density are normal-
ized by the condensation time, ⌧gravity and the total mass,
eN4/3
691 , where eN691 = eN/691. Note that here ⌧gravity is com-

puted using Eq. (9) for the initial configuration, i.e. R = L,
v = v0, and n = N/L3, to avoid ambiguities in the definitions
of halo radius and density.

B. Condensation of bosons with self-interactions

Here we include self-interaction. Attractive self-
interactions can promote condensation of bosons, while
repulsive self-interactions can impede condensation of
bosons. Simulating the GPP equations, we study the
evolution of bosons with self-interactions.

1. Boss with attractive self-interactions

Levkov et al. [40] predict that su�ciently weak at-
tractive self-interactions, like those of the QCD axion,
have a negligible e↵ect on boson star formation. How-
ever, this prediction has not been directly demonstrated.
For bosons with weak attractive self-interaction, such
as QCD axions with v ⇡ 10�9, and decay constant
fa ⇡ 1011GeV, where fa = �1/

p
�12g, we obtain an

estimate on the self-interaction coupling of eg ⇡ �10�2 .
We run some simulations at this range of eg. One of these
simulations is shown in Fig. 4. We can see the process
of formation of the minicluster and condensation of the
boson star. This process is similar to the pure gravity
case, Fig. 1. The radial density profiles of the miniclus-
ter and analytic profiles of soliton with and without self-
interactions are given in Fig. 5 and fitted by Eq. (C11)
and Eq. (C10), respectively. We discover that the radial
density profile of the minicluster coincides with the den-
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m � 10�18eV : galactic soliton governed by the balance between the repulsive self-interaction and self-gravity.

m ⇠ 10�21eV : Fuzzy Dark Matter (de Broglie wavelength of galactic size): galactic soliton governed by the balance between 
the quantum pressure and self-gravity.
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IV-  SOLITON FORMATION IN THE THOMAS-FERMI REGIME

A) Numerical simulations

Initial conditions: halo (+ central soliton): 

3

In fact, outside of the radius ra where Eq.(13) would give
a zero density we can no longer neglect �Q and the ex-
act solution develops an exponential tail at large radii.
Nevertheless, from Eq.(11) we can see that the approxi-
mation (13) is valid up to r . Rsol for

�Q ⌧ �I :
⇢0sol

⇢a
� 1

r2
a
m2

. (15)

C. Outer halo and semi-classical limit

In this paper, we will study the emergence and the
evolution of these solitons within a larger halo of radius
Rhalo > Rsol. As seen above, the self-interactions can
only support an hydrostatic equilibrium within the ra-
dius Rsol of Eq.(14), independently of the soliton mass.
Therefore, while inside Rsol the self-interactions can bal-
ance gravity and build a flat core when the condition (15)
is satisfied, outside of Rsol the self-interactions are neg-
ligible. There, as for FDM and CDM models, gravity is
balanced by the velocity dispersion or the angular mo-
mentum of the system. Thus, in cosmological numerical
simulations of FDM halos, one finds a flat core governed
by the quantum pressure inside an NFW halo that is sim-
ilar to the halos found in CDM simulations [36]. The halo
is made of granules that are stochastic fluctuations with
a size of the order of the de Broglie wavelength. A similar
configuration would then apply to our case, except that
the flat core is now supported by the self-interactions in-
stead of the quantum pressure.

We will consider the semi-classical limit (i.e., large
scalar mass m), where the de Broglie wavelength is much
smaller than both the core and halo radii. Then, the
granules also correspond to temporary wave packets that
play the role of particules [22] with a velocity dispersion
or an angular momentum that balances gravity and sup-
ports a virialized halo. This means that �Q ⌧ �N . For
a system of size L? and density ⇢?, this gives

�Q ⌧ �N : ✏⌧ 1 with ✏ =
1p

GN⇢?mL2
?

. (16)

For a virialized system governed by gravity, the gravita-
tional dynamical time t? and the virial velocity are

t? =
1p
GN⇢?

and v? =
L?

t?
. (17)

Therefore, the de Broglie wavelength �dB reads

�dB =
2⇡

mv?
=

2⇡t?
mL?

=
2⇡p

GN⇢?mL?

= ✏2⇡L?. (18)

Thus, the limit ✏ ! 0 corresponds to the semiclassical
limit, where the de Broglie wavelength is much smaller
than the size of the system In this paper, we focus on
the semiclassical regime ✏ = 0.01 ⌧ 1. Then, the halo
is composed of incoherent stochastic fluctuations of size
�dB, with a velocity dispersion set by the virial veloc-
ity, whereas a coherent static soliton can appear at the
center.

D. Dimensionless variables

Going back to the Schrödinger equation, it is conve-
nient to work with dimensionless quantities denoted with
a tilde,

 =  ? ̃, t = t?t̃, ~x = L?~̃x, � =
L
2
?

t2⇤
�̃, (19)

where t? and L? are the characteristic time and length
scales of the system (in our case the halo that may con-
tain a smaller soliton at the center). This gives the di-
mensionless Schrödinger equation

i✏
@ ̃

@ t̃
= �✏

2

2
r̃2
 ̃ + (�̃N + �̃I) ̃, (20)

with

✏ =
t?

mL2
?

. (21)

We have already introduced in Eq.(16) the parameter ✏,
which plays the role of ~ and measures the relevance of
wave e↵ects, such as interferences or the quantum pres-
sure. The Poisson equation takes the dimensionless form

r̃2�̃N = 4⇡⇢̃, with t? =
1p
GN⇢?

, ⇢ = ⇢?⇢̃, (22)

As in Eq.(17), t? is the gravitational dynamical time as-
sociated with the characteristic density ⇢? of the system.
We also define the characteristic mass M?,

M̃ =

Z
d~̃x ⇢̃, with M = M?M̃, M? = ⇢?L

3
?

(23)

and the characteristic wavefunction amplitude  ?,

⇢̃ =  ̃ ̃
⇤
, with  ? =

p
⇢?/m. (24)

Then, the self-interaction potential reads

�̃I = �⇢̃, with � =
4⇡r2

a

L2
?

=
1

GN⇢aL
2
?

=
6⇡�4M2

Pl

m4L2
?

.

(25)
In the following, we remove the tildes for simplicity, as
we always work with the dimensionless variables. We will
choose L? as the radius of our initial spherical halo, so
that in dimensionless coordinates we have Rhalo = 1.

E. Initial conditions and central soliton

In this paper, we study the evolution of solitons in-
side self-gravitating halos. As initial conditions of our
numerical simulations, we write the wavefunction as

 initial =  sol +  halo. (26)

The first term  sol corresponds to a solitonic core, where
gravity is balanced by the self-interactions, whereas the
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second term  halo corresponds to the halo that makes
up most of the volume and mass of the object, where
quantum pressure and self-interactions are negligible and
the scalar field behaves like cold dark matter.

As seen in Sec. II B, in the Thomas-Fermi limit the
spherically symmetric soliton is given by the hydrostatic
equilibrium

�N (r) + �I(r) = Esol, (27)

where we used the dimensionless variables and Esol is a
constant with

 sol(~x, t) = e
�iEsolt/✏ ̂sol(r). (28)

For a quartic self-interaction �4�4, which gives �I = �⇢,
this yields a linear Helmholtz equation in ⇢, with the
solution

⇢sol(r) = ⇢0sol
sin(⇡r/Rsol)

⇡r/Rsol
,  ̂sol(r) =

p
⇢sol(r), (29)

over r  Rsol, and ⇢sol = 0 for r > Rsol, as in Eq.(13).
This is a compact object of dimensionless radius and
mass

Rsol =

p
�⇡

2
, Msol =

4

⇡
⇢0solR

3
sol. (30)

In practice, we define our system by Rsol, and the
self-interaction coupling � follows from Eq.(30) as � =
4R2

sol/⇡. As the size of the halo is Rhalo = 1, we consider
cases with Rsol . 1, whence � . 1.

In our numerical computations, we focus on the semi-
classical regime ✏ = 0.01 ⌧ 1. The central soliton
is governed by the balance between gravity and self-
interactions if the condition (15) is satisfied. This reads

⇢0sol �
4⇡✏2

�2
, ⇢0sol �

⇡
3
✏
2

4R4
sol

. (31)

We will consider the cases Rsol = 0.5 and 0.1. In the
former case the soliton is always dominated by the self-
interactions as ⇢ & 1, whereas in the latter case the self-
interactions dominate over the quantum pressure for ⇢ &
10.

F. Decomposition of the halo in eigenfunctions

1. Eigenmodes

For a given time-independent potential �N + �I = �̄,
Eq.(20) takes the form of the usual linear Schrödinger
equation, which can be solved in terms of the energy
eigenmodes e�iEt/✏

 ̂E(~x) that obey

� ✏
2

2
r2
 ̂E + �̄ ̂E = E ̂E . (32)

For a spherically symmetric potential �̄, we can expand
these eigenmodes in spherical harmonics,

 ̂n`m(~x) = Rn`(r)Y
m

`
(✓,'), (33)

where the radial parts obey the usual radial time-
independent Schrödinger equation


�✏

2

2

1

r2

d

dr

✓
r
2 d

dr

◆
+
✏
2

2

`(`+ 1)

r2
+ �̄

�
Rn` = En`Rn`

(34)
and form an orthonormal basis

Z
dr r

2 Rn1`Rn2` = �n1,n2 . (35)

The energy levels En` depend on the radial and orbital
quantum numbers n and ` and are independent of the
azimuthal number m. As initial condition for the halo,
we take a semiclassical equilibrium solution defined by
a target spherical density profile ⇢̄(r), and hence the as-
sociated target gravitational potential �̄N (r), where we
neglect the self-interactions and the central soliton,

�̄(r) = �̄N (r), r2�̄N = 4⇡⇢̄. (36)

More precisely, in a fashion similar to [37, 38], we take
for the initial halo wavefunction

 halo(~x, t) =
X

n`m

an`m ̂n`m(~x)e�iEn`t/✏, (37)

where we choose the coe�cients an`m of the eigenmodes
as

an`m = a(En`)e
i⇥n`m , (38)

where the amplitude |an`m| = a(En`) � 0 is a determin-
istic function a(E) of the energy while the phases ⇥n`m

are uncorrelated random variables with a uniform distri-
bution over 0  ⇥ < 2⇡.

This gives a stochastic halo density ⇢halo = | halo|2,
which fluctuates between di↵erent realizations of the
phases ⇥n`m. Defining the average h. . . i over these ran-
dom realizations, that is, over the uncorrelated phases
⇥n`m, we obtain the averaged density

h⇢haloi =
X

n`m

a(En`)
2| ̂n`m|2 =

X

n`

2`+ 1

4⇡
a(En`)

2 R2
n`
,

(39)
where we used

P
m
|Y m

`
|2 = (2` + 1)/(4⇡). Then, the

function a(En`) that determines the occupation numbers
is chosen so that h⇢haloi = ⇢̄, i.e. we recover the tar-
get density profile ⇢̄(r) as the averaged profile over the
random realizations. In the classical case of discrete par-
ticles, this corresponds to the construction of the phase
space distribution function f(~x,~v) from the density pro-
file, and the choice (38) corresponds to an isotropic dis-
tribution f(E).
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4R4
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interactions dominate over the quantum pressure for ⇢ &
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quantum numbers n and ` and are independent of the
azimuthal number m. As initial condition for the halo,
we take a semiclassical equilibrium solution defined by
a target spherical density profile ⇢̄(r), and hence the as-
sociated target gravitational potential �̄N (r), where we
neglect the self-interactions and the central soliton,
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More precisely, in a fashion similar to [37, 38], we take
for the initial halo wavefunction

 halo(~x, t) =
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an`m ̂n`m(~x)e�iEn`t/✏, (37)

where we choose the coe�cients an`m of the eigenmodes
as

an`m = a(En`)e
i⇥n`m , (38)

where the amplitude |an`m| = a(En`) � 0 is a determin-
istic function a(E) of the energy while the phases ⇥n`m

are uncorrelated random variables with a uniform distri-
bution over 0  ⇥ < 2⇡.

This gives a stochastic halo density ⇢halo = | halo|2,
which fluctuates between di↵erent realizations of the
phases ⇥n`m. Defining the average h. . . i over these ran-
dom realizations, that is, over the uncorrelated phases
⇥n`m, we obtain the averaged density
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where we used
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|2 = (2` + 1)/(4⇡). Then, the

function a(En`) that determines the occupation numbers
is chosen so that h⇢haloi = ⇢̄, i.e. we recover the tar-
get density profile ⇢̄(r) as the averaged profile over the
random realizations. In the classical case of discrete par-
ticles, this corresponds to the construction of the phase
space distribution function f(~x,~v) from the density pro-
file, and the choice (38) corresponds to an isotropic dis-
tribution f(E).

Stochastic halo: sum over eigenmodes of the target gravitational potential with random coefficients
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spherically symmetric soliton is given by the hydrostatic
equilibrium

�N (r) + �I(r) = Esol, (27)

where we used the dimensionless variables and Esol is a
constant with

 sol(~x, t) = e
�iEsolt/✏ ̂sol(r). (28)

For a quartic self-interaction �4�4, which gives �I = �⇢,
this yields a linear Helmholtz equation in ⇢, with the
solution

⇢sol(r) = ⇢0sol
sin(⇡r/Rsol)

⇡r/Rsol
,  ̂sol(r) =

p
⇢sol(r), (29)

over r  Rsol, and ⇢sol = 0 for r > Rsol, as in Eq.(13).
This is a compact object of dimensionless radius and
mass

Rsol =

p
�⇡

2
, Msol =

4

⇡
⇢0solR

3
sol. (30)

In practice, we define our system by Rsol, and the
self-interaction coupling � follows from Eq.(30) as � =
4R2

sol/⇡. As the size of the halo is Rhalo = 1, we consider
cases with Rsol . 1, whence � . 1.

In our numerical computations, we focus on the semi-
classical regime ✏ = 0.01 ⌧ 1. The central soliton
is governed by the balance between gravity and self-
interactions if the condition (15) is satisfied. This reads

⇢0sol �
4⇡✏2

�2
, ⇢0sol �

⇡
3
✏
2

4R4
sol

. (31)

We will consider the cases Rsol = 0.5 and 0.1. In the
former case the soliton is always dominated by the self-
interactions as ⇢ & 1, whereas in the latter case the self-
interactions dominate over the quantum pressure for ⇢ &
10.

F. Decomposition of the halo in eigenfunctions

1. Eigenmodes

For a given time-independent potential �N + �I = �̄,
Eq.(20) takes the form of the usual linear Schrödinger
equation, which can be solved in terms of the energy
eigenmodes e�iEt/✏

 ̂E(~x) that obey

� ✏
2

2
r2
 ̂E + �̄ ̂E = E ̂E . (32)

For a spherically symmetric potential �̄, we can expand
these eigenmodes in spherical harmonics,

 ̂n`m(~x) = Rn`(r)Y
m

`
(✓,'), (33)

where the radial parts obey the usual radial time-
independent Schrödinger equation
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(34)
and form an orthonormal basis

Z
dr r

2 Rn1`Rn2` = �n1,n2 . (35)

The energy levels En` depend on the radial and orbital
quantum numbers n and ` and are independent of the
azimuthal number m. As initial condition for the halo,
we take a semiclassical equilibrium solution defined by
a target spherical density profile ⇢̄(r), and hence the as-
sociated target gravitational potential �̄N (r), where we
neglect the self-interactions and the central soliton,

�̄(r) = �̄N (r), r2�̄N = 4⇡⇢̄. (36)

More precisely, in a fashion similar to [37, 38], we take
for the initial halo wavefunction

 halo(~x, t) =
X

n`m

an`m ̂n`m(~x)e�iEn`t/✏, (37)

where we choose the coe�cients an`m of the eigenmodes
as

an`m = a(En`)e
i⇥n`m , (38)

where the amplitude |an`m| = a(En`) � 0 is a determin-
istic function a(E) of the energy while the phases ⇥n`m

are uncorrelated random variables with a uniform distri-
bution over 0  ⇥ < 2⇡.

This gives a stochastic halo density ⇢halo = | halo|2,
which fluctuates between di↵erent realizations of the
phases ⇥n`m. Defining the average h. . . i over these ran-
dom realizations, that is, over the uncorrelated phases
⇥n`m, we obtain the averaged density

h⇢haloi =
X

n`m

a(En`)
2| ̂n`m|2 =

X

n`

2`+ 1

4⇡
a(En`)

2 R2
n`
,

(39)
where we used

P
m
|Y m

`
|2 = (2` + 1)/(4⇡). Then, the

function a(En`) that determines the occupation numbers
is chosen so that h⇢haloi = ⇢̄, i.e. we recover the tar-
get density profile ⇢̄(r) as the averaged profile over the
random realizations. In the classical case of discrete par-
ticles, this corresponds to the construction of the phase
space distribution function f(~x,~v) from the density pro-
file, and the choice (38) corresponds to an isotropic dis-
tribution f(E).

4

second term  halo corresponds to the halo that makes
up most of the volume and mass of the object, where
quantum pressure and self-interactions are negligible and
the scalar field behaves like cold dark matter.

As seen in Sec. II B, in the Thomas-Fermi limit the
spherically symmetric soliton is given by the hydrostatic
equilibrium

�N (r) + �I(r) = Esol, (27)

where we used the dimensionless variables and Esol is a
constant with

 sol(~x, t) = e
�iEsolt/✏ ̂sol(r). (28)

For a quartic self-interaction �4�4, which gives �I = �⇢,
this yields a linear Helmholtz equation in ⇢, with the
solution

⇢sol(r) = ⇢0sol
sin(⇡r/Rsol)

⇡r/Rsol
,  ̂sol(r) =

p
⇢sol(r), (29)

over r  Rsol, and ⇢sol = 0 for r > Rsol, as in Eq.(13).
This is a compact object of dimensionless radius and
mass

Rsol =

p
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, Msol =

4

⇡
⇢0solR

3
sol. (30)

In practice, we define our system by Rsol, and the
self-interaction coupling � follows from Eq.(30) as � =
4R2

sol/⇡. As the size of the halo is Rhalo = 1, we consider
cases with Rsol . 1, whence � . 1.

In our numerical computations, we focus on the semi-
classical regime ✏ = 0.01 ⌧ 1. The central soliton
is governed by the balance between gravity and self-
interactions if the condition (15) is satisfied. This reads

⇢0sol �
4⇡✏2

�2
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3
✏
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4R4
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. (31)

We will consider the cases Rsol = 0.5 and 0.1. In the
former case the soliton is always dominated by the self-
interactions as ⇢ & 1, whereas in the latter case the self-
interactions dominate over the quantum pressure for ⇢ &
10.

F. Decomposition of the halo in eigenfunctions

1. Eigenmodes

For a given time-independent potential �N + �I = �̄,
Eq.(20) takes the form of the usual linear Schrödinger
equation, which can be solved in terms of the energy
eigenmodes e�iEt/✏

 ̂E(~x) that obey
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 ̂E + �̄ ̂E = E ̂E . (32)

For a spherically symmetric potential �̄, we can expand
these eigenmodes in spherical harmonics,

 ̂n`m(~x) = Rn`(r)Y
m
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where the radial parts obey the usual radial time-
independent Schrödinger equation
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and form an orthonormal basis
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2 Rn1`Rn2` = �n1,n2 . (35)

The energy levels En` depend on the radial and orbital
quantum numbers n and ` and are independent of the
azimuthal number m. As initial condition for the halo,
we take a semiclassical equilibrium solution defined by
a target spherical density profile ⇢̄(r), and hence the as-
sociated target gravitational potential �̄N (r), where we
neglect the self-interactions and the central soliton,

�̄(r) = �̄N (r), r2�̄N = 4⇡⇢̄. (36)

More precisely, in a fashion similar to [37, 38], we take
for the initial halo wavefunction

 halo(~x, t) =
X

n`m

an`m ̂n`m(~x)e�iEn`t/✏, (37)

where we choose the coe�cients an`m of the eigenmodes
as

an`m = a(En`)e
i⇥n`m , (38)

where the amplitude |an`m| = a(En`) � 0 is a determin-
istic function a(E) of the energy while the phases ⇥n`m

are uncorrelated random variables with a uniform distri-
bution over 0  ⇥ < 2⇡.

This gives a stochastic halo density ⇢halo = | halo|2,
which fluctuates between di↵erent realizations of the
phases ⇥n`m. Defining the average h. . . i over these ran-
dom realizations, that is, over the uncorrelated phases
⇥n`m, we obtain the averaged density

h⇢haloi =
X

n`m

a(En`)
2| ̂n`m|2 =
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2`+ 1
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a(En`)
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,

(39)
where we used

P
m
|Y m

`
|2 = (2` + 1)/(4⇡). Then, the

function a(En`) that determines the occupation numbers
is chosen so that h⇢haloi = ⇢̄, i.e. we recover the tar-
get density profile ⇢̄(r) as the averaged profile over the
random realizations. In the classical case of discrete par-
ticles, this corresponds to the construction of the phase
space distribution function f(~x,~v) from the density pro-
file, and the choice (38) corresponds to an isotropic dis-
tribution f(E).

4

second term  halo corresponds to the halo that makes
up most of the volume and mass of the object, where
quantum pressure and self-interactions are negligible and
the scalar field behaves like cold dark matter.

As seen in Sec. II B, in the Thomas-Fermi limit the
spherically symmetric soliton is given by the hydrostatic
equilibrium

�N (r) + �I(r) = Esol, (27)

where we used the dimensionless variables and Esol is a
constant with

 sol(~x, t) = e
�iEsolt/✏ ̂sol(r). (28)

For a quartic self-interaction �4�4, which gives �I = �⇢,
this yields a linear Helmholtz equation in ⇢, with the
solution

⇢sol(r) = ⇢0sol
sin(⇡r/Rsol)

⇡r/Rsol
,  ̂sol(r) =

p
⇢sol(r), (29)

over r  Rsol, and ⇢sol = 0 for r > Rsol, as in Eq.(13).
This is a compact object of dimensionless radius and
mass

Rsol =

p
�⇡

2
, Msol =

4

⇡
⇢0solR

3
sol. (30)

In practice, we define our system by Rsol, and the
self-interaction coupling � follows from Eq.(30) as � =
4R2

sol/⇡. As the size of the halo is Rhalo = 1, we consider
cases with Rsol . 1, whence � . 1.

In our numerical computations, we focus on the semi-
classical regime ✏ = 0.01 ⌧ 1. The central soliton
is governed by the balance between gravity and self-
interactions if the condition (15) is satisfied. This reads

⇢0sol �
4⇡✏2

�2
, ⇢0sol �

⇡
3
✏
2

4R4
sol

. (31)

We will consider the cases Rsol = 0.5 and 0.1. In the
former case the soliton is always dominated by the self-
interactions as ⇢ & 1, whereas in the latter case the self-
interactions dominate over the quantum pressure for ⇢ &
10.

F. Decomposition of the halo in eigenfunctions

1. Eigenmodes

For a given time-independent potential �N + �I = �̄,
Eq.(20) takes the form of the usual linear Schrödinger
equation, which can be solved in terms of the energy
eigenmodes e�iEt/✏

 ̂E(~x) that obey
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 ̂E + �̄ ̂E = E ̂E . (32)

For a spherically symmetric potential �̄, we can expand
these eigenmodes in spherical harmonics,

 ̂n`m(~x) = Rn`(r)Y
m

`
(✓,'), (33)

where the radial parts obey the usual radial time-
independent Schrödinger equation
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(34)
and form an orthonormal basis

Z
dr r

2 Rn1`Rn2` = �n1,n2 . (35)

The energy levels En` depend on the radial and orbital
quantum numbers n and ` and are independent of the
azimuthal number m. As initial condition for the halo,
we take a semiclassical equilibrium solution defined by
a target spherical density profile ⇢̄(r), and hence the as-
sociated target gravitational potential �̄N (r), where we
neglect the self-interactions and the central soliton,

�̄(r) = �̄N (r), r2�̄N = 4⇡⇢̄. (36)

More precisely, in a fashion similar to [37, 38], we take
for the initial halo wavefunction

 halo(~x, t) =
X

n`m

an`m ̂n`m(~x)e�iEn`t/✏, (37)

where we choose the coe�cients an`m of the eigenmodes
as

an`m = a(En`)e
i⇥n`m , (38)

where the amplitude |an`m| = a(En`) � 0 is a determin-
istic function a(E) of the energy while the phases ⇥n`m

are uncorrelated random variables with a uniform distri-
bution over 0  ⇥ < 2⇡.

This gives a stochastic halo density ⇢halo = | halo|2,
which fluctuates between di↵erent realizations of the
phases ⇥n`m. Defining the average h. . . i over these ran-
dom realizations, that is, over the uncorrelated phases
⇥n`m, we obtain the averaged density

h⇢haloi =
X

n`m

a(En`)
2| ̂n`m|2 =

X

n`

2`+ 1

4⇡
a(En`)

2 R2
n`
,

(39)
where we used

P
m
|Y m

`
|2 = (2` + 1)/(4⇡). Then, the

function a(En`) that determines the occupation numbers
is chosen so that h⇢haloi = ⇢̄, i.e. we recover the tar-
get density profile ⇢̄(r) as the averaged profile over the
random realizations. In the classical case of discrete par-
ticles, this corresponds to the construction of the phase
space distribution function f(~x,~v) from the density pro-
file, and the choice (38) corresponds to an isotropic dis-
tribution f(E).

random phase

Choose             so as to recover the target density profile
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a(E)

5

2. WKB approximation

As we consider the semiclassical regime ✏⌧ 1, we can
expect the Wentzel-Kramers-Brillouin (WKB) approxi-
mation [38–40] to be valid. This gives for the radial part
Rn`(r) the form

r1<r<r2 : Rn`(r) '
Nn`

r

p
kn`(r)

sin


1
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Z
r

r1

dr
0
kn`(r

0)+
⇡

4

�

(40)
where Nn` is the normalization factor, kn`(r) is defined
by

kn`(r) =

s

2

✓
En` � �̄N (r)� ✏2

2

`(`+ 1)

r2

◆
, (41)

and r1 < r2 are the two turning points of the classical
trajectory, where kn`(r) = 0. The lower bound r1 is due
to the centrifugal barrier and the upper bound r2 to the
confining gravitational potential �̄N . For radial trajec-
tories, associated with ` = 0, we have r1 = 0. Outside
of the interval [r1, r2] the wavefunction shows a fast de-
crease as this corresponds to the forbidden region in the
classical limit and we consider the semiclassical regime
✏⌧ 1. The normalization condition (35) gives

Nn` =

✓Z
r2

r1

dr

2kn`(r)

◆�1/2

, (42)

where we neglected the contributions from the classically
forbidden regions and took the average over the fast os-
cillations of the wavefunction. Finally, the quantization
condition of the energy levels is given in this WKB ap-
proximation by

1

✏

Z
r2

r1

dr kn`(r) =

✓
n+

1

2

◆
⇡, (43)

where n = 0, 1, 2, . . . is a non-negative integer. We can
see that in the semiclassical regime, ✏⌧ 1, the quantum
numbers become large as

n ⇠ 1/✏, ` ⇠ 1/✏, (44)

and the di↵erence between energy levels decreases as
�E ⇠ ✏. In particular, at fixed ` we obtain from Eq.(43)

@n

@E
=

1

⇡✏

Z
r2

r1

dr

kn`(r)
. (45)

In this continuum limit, we can replace the sums in
Eq.(39) by integrals and we obtain

h⇢halo(r)i =
1

2⇡2✏3

Z
dE a(E)2

q
2[E � �̄N (r)], (46)

where we used the WKB approximation (40). Comparing
this expression with the classical result that expresses the

density in terms of the particle phase-space distribution
[41],

⇢classical(r) = 4⇡

Z 0

�̄N (r)
dE f(E)

q
2[E � �̄N (r)], (47)

where we normalized the potential so that bound orbits
correspond to E < 0, we obtain

a(E)2 = (2⇡✏)3f(E). (48)

The classical phase-space distribution can be obtained
from the density by Eddington’s formula [41],

f(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢classical

d�N

. (49)

In practice, choosing a target halo density profile ⇢̄(r),
we obtain the classical phase-space distribution f(E)
from Eddington’s formula (49), the eigenmode coe�-
cients an`m from Eqs.(38) and (48), and the initial halo
wavefunction from Eq.(37). However, to avoid the singu-
larity of the WKB approximation at the turning points,
we do not use the WKB expression (40) for the eigen-
modes. Instead, we explicitly solve the linear eigenmode
problem associated with the radial Schrödinger equation
(34). Therefore, the WKB approximation is only used for
the determination of the initial coe�cients an`m. This is
su�cient for our purpose, which is to build random initial
conditions with a target radial density profile.

G. Numerical methods

The system in dimensionless units is fully described by
the Schrödinger equation (20), supplemented by the Pois-
son equation (22) and the self-interaction potential (25).
We have developed a numerical code to compute the 3D
dynamics, using a symmetrized split-step Fourier tech-
nique as in [42, 43]. Thus, the wavefunction is advanced
by a timestep �t as

 (~x, t+�t) = exp


� i�t

2✏
�(~x, t+�t)

�
⇥

F�1 exp


� i✏�t

2
k
2

�
F exp


� i�t

2✏
�(~x, t)

�
 (~x, t)(50)

where � = �N + �I , F and F�1 are the Fourier trans-
form and its inverse, and k is the wavenumber in Fourier
space. This operator splitting scheme is based on the fact
that in the Schrödinger equation (20) the operator � 
is diagonal in configuration space whereas the operator
r2
 is diagonal in Fourier space. We have employed the

FFTW3 libraries [44] to compute the discrete Fourier
transform (DFT). These libraries adapt the DFT algo-
rithm to details of the underlying hardware to maximize
performance. In addition, we have taken advantage of the
OpenMP tools to parallelize the multi-threaded routines
[45, 46].
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2. WKB approximation

As we consider the semiclassical regime ✏⌧ 1, we can
expect the Wentzel-Kramers-Brillouin (WKB) approxi-
mation [38–40] to be valid. This gives for the radial part
Rn`(r) the form
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where Nn` is the normalization factor, kn`(r) is defined
by

kn`(r) =

s

2

✓
En` � �̄N (r)� ✏2
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, (41)

and r1 < r2 are the two turning points of the classical
trajectory, where kn`(r) = 0. The lower bound r1 is due
to the centrifugal barrier and the upper bound r2 to the
confining gravitational potential �̄N . For radial trajec-
tories, associated with ` = 0, we have r1 = 0. Outside
of the interval [r1, r2] the wavefunction shows a fast de-
crease as this corresponds to the forbidden region in the
classical limit and we consider the semiclassical regime
✏⌧ 1. The normalization condition (35) gives

Nn` =

✓Z
r2

r1

dr

2kn`(r)

◆�1/2

, (42)

where we neglected the contributions from the classically
forbidden regions and took the average over the fast os-
cillations of the wavefunction. Finally, the quantization
condition of the energy levels is given in this WKB ap-
proximation by
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where n = 0, 1, 2, . . . is a non-negative integer. We can
see that in the semiclassical regime, ✏⌧ 1, the quantum
numbers become large as

n ⇠ 1/✏, ` ⇠ 1/✏, (44)

and the di↵erence between energy levels decreases as
�E ⇠ ✏. In particular, at fixed ` we obtain from Eq.(43)

@n
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=

1
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kn`(r)
. (45)

In this continuum limit, we can replace the sums in
Eq.(39) by integrals and we obtain

h⇢halo(r)i =
1

2⇡2✏3

Z
dE a(E)2

q
2[E � �̄N (r)], (46)

where we used the WKB approximation (40). Comparing
this expression with the classical result that expresses the

density in terms of the particle phase-space distribution
[41],

⇢classical(r) = 4⇡

Z 0

�̄N (r)
dE f(E)

q
2[E � �̄N (r)], (47)

where we normalized the potential so that bound orbits
correspond to E < 0, we obtain

a(E)2 = (2⇡✏)3f(E). (48)

The classical phase-space distribution can be obtained
from the density by Eddington’s formula [41],

f(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢classical

d�N

. (49)

In practice, choosing a target halo density profile ⇢̄(r),
we obtain the classical phase-space distribution f(E)
from Eddington’s formula (49), the eigenmode coe�-
cients an`m from Eqs.(38) and (48), and the initial halo
wavefunction from Eq.(37). However, to avoid the singu-
larity of the WKB approximation at the turning points,
we do not use the WKB expression (40) for the eigen-
modes. Instead, we explicitly solve the linear eigenmode
problem associated with the radial Schrödinger equation
(34). Therefore, the WKB approximation is only used for
the determination of the initial coe�cients an`m. This is
su�cient for our purpose, which is to build random initial
conditions with a target radial density profile.

G. Numerical methods

The system in dimensionless units is fully described by
the Schrödinger equation (20), supplemented by the Pois-
son equation (22) and the self-interaction potential (25).
We have developed a numerical code to compute the 3D
dynamics, using a symmetrized split-step Fourier tech-
nique as in [42, 43]. Thus, the wavefunction is advanced
by a timestep �t as

 (~x, t+�t) = exp


� i�t

2✏
�(~x, t+�t)
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F�1 exp


� i✏�t

2
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F exp
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where � = �N + �I , F and F�1 are the Fourier trans-
form and its inverse, and k is the wavenumber in Fourier
space. This operator splitting scheme is based on the fact
that in the Schrödinger equation (20) the operator � 
is diagonal in configuration space whereas the operator
r2
 is diagonal in Fourier space. We have employed the

FFTW3 libraries [44] to compute the discrete Fourier
transform (DFT). These libraries adapt the DFT algo-
rithm to details of the underlying hardware to maximize
performance. In addition, we have taken advantage of the
OpenMP tools to parallelize the multi-threaded routines
[45, 46].

(Eddington formula)

(Self-interactions dominate over the quantum pressure in the soliton)
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⇢(r)

With the WKB approximation we can relate this system to a classical system defined by a phase-space distribution
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Initial 1D density plot

Initial 
stochastic halo 

(with a given 
mean density 

profile)

Initial 2D density plot

Final 1D density plot

Final 2D density plot

flat=soliton (hydrostatic eq.)

1D potential plot

- At t ~ 8, the soliton is formed with Rsol ~ 0.5 and it contains ~ 50% of the total mass.

- The system reaches a quasi-stationary state.

- Afterwards, the mass of the soliton slowly grows.



2) Dependence of the soliton mass on the formation history

Growth with time of the soliton mass
Growth rate as a function of the soliton mass, 

for several initial conditions
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�sol =
Ṁ0

M0

- The soliton always forms and grows, with a growth rate that decreases with time.

- Its mass can reach 50% of the total mass of the system.

- There is no sign of a scaling regime, where the growth rate would be independent of initial conditions.

Probably no well-defined halo-mass/soliton mass relation

numerical simulation

analytical model 
(kinetic theory)



Solitons always form at the center of virialized halos.

For large self-interactions, the soliton forms in a few dynamical times.

For small self-interactions, the soliton formation can take a long time, until stochastic density peaks reach

densities that are large enough to trigger the formation of the soliton.

The growth rate of the soliton does not seem to obey a scaling regime.

It seems to depend on the formation history of the system.

The soliton keeps growing until the end of our simulations, making from 10% to 80% of the total mass.

In the cosmological context, there should be a large scatter for the soliton mass as a function of the halo mass, 
depending on the assembly history ?

It is not clear how to derive simple but accurate analytical predictions for the soliton mass.



Vortex lines and rotating soliton

Ph. Brax and P. Valageas, 2025, arXiv:  2501.02297,    2502.12100

(What happens when a collapsing halo 
has a nonzero angular momentum)
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Nondimensional units (rescaled to the 
typical size and mass of the system)
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Hydrodynamical picture: Curl-free velocity field

No longer true if the phase is not regular: at locations where the density vanishes this mapping is ill-defined !

Appearance of vortices/vortex lines that carry the vorticity of the system (BEC, superfluids), 

associated with singularities of the phase and of the velocity field.

I-  Vortices

Gross-Pitavskii equation: similar to BEC and superfluids at low temperature, 
where the external confining potential is replaced by the self-gravity.

Thomas-Fermi regime:
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107 Na atoms
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⇠ = 0.2µmHealing length 

(ballistic expansion after 
the trap is switched off)

Rotation of the BEC is produced by the dipole force exerted by laser beams.

The spatial distribution of the density is obtained by resonant absorption imaging.

One observes a regular lattice of vortices. Such Abrikosov lattices were first predicted for quantised magnetic flux lines 
in type-II superconductors.  Abrikosov 1957

The vortices correspond to troughs of the density field.

The spatial distribution of 
the density is obtained by 

resonant absorption 
imaging.

In our case, there is no external container.

The rotation will be generated by the initial rotation of the dark matter halo.



Vortex line aligned with the vertical z-axis of spin
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Healing length: 
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Velocity field: 

<latexit sha1_base64="NTYHBmDPYqjWwqf1WYMn5HvP7MQ="></latexit>

~! = ~r⇥ ~v = 2⇡✏��(2)D (~r?)~ezVorticity: 

<latexit sha1_base64="25ua/6JQPAdzghlCD5jKOoK8pRk="></latexit>

�(r?) =

I

C
~v · ~d` =

Z

S
~! · ~dS = 2⇡✏�The vorticity and circulation are quantized
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Pitaevski 2003

The vorticity is carried by the vortices
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It is energetically favorable for a large-spin vortex to break up into unit-spin vortices. 

In the numerical simulations we only find unit-spin vortices. 

Excess energy (as compared with the static soliton) for a vortex of spin      :
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2Excess energy for        vortices of unit spin:
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II-  Many vortices
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As in classical hydrodynamics of ideal fluids, the vortices move with the matter along the flow generated by the other vortices

and the background curl-free velocity
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The system is again described by the continuity and Euler equations, but the velocity field is no longer curl-free:
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III-  Continuum limit

The Gross-Pitaevskii equation conserves the mass, the momentum and the energy, as well as the angular momentum.

Rotating soliton: we look for a minimum of the energy at fixed mass and angular momentum:
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At leading order for a slow rotation, we obtain the density profile and the soliton surface:
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IV-  Numerical simulations

A) Initial conditions

Initial conditions: virialized collisionless halo = sum over eigenmodes of the target gravitational potential with coefficients

with a random phase.

Choose             so as to recover the target density profile
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⇢(r)

With the WKB approximation we can relate this system to a classical system defined by a phase-space distribution

Take
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well-defined density profile reads Rz > 0. From Eq.(46)
we obtain

Rz > 0 : ⌦2 . 4⇡

3
⇢0, i.e. |⌦| . 2

p
⇢0. (55)

Therefore, the maximum allowed and stable rotation rate
would be between the two conditions (54)-(55). Be-
cause these values are only obtained from a leading-order
analysis, we can only estimate the order of magnitude
⌦max ⇠ p

⇢0, within a factor two or so.
The bound ⌦max . p

⇢0 corresponds to the condition
that in the equation of equilibrium Eq.(37), or in the en-
ergy (14), the rotational energy, ⌦2r2?/2 ⇠ ⌦2R2

0 ⇠ �⌦2,
is at most of the order of the self-interaction energy
�I ⇠ �⇢0 (and whence of the order of the gravitational
energy). The rotating solitons (37) considered in this
paper are quite di↵erent from the rotating boson stars
studied in [49]. The latter correspond to a single vortex
with a possibly large spin � and have a toroidal shape,
with a vanishing density at the center due to the centrifu-
gal barrier as in Eq.(23). Instead, in our case the rotating
soliton or boson star is made of a lattice of many vortices
of unit spin and it shows an oblate spheroidal shape with
a maximum density at the center.

C. Uniform density of vortex lines

Within the equatorial plane z = 0 and inside the soli-
ton, the solid-body rotation (36) gives for the circulation
�(r?) along the circle of radius r?

�(r?) =

I

C
~v · ~d` = 2⇡r2?⌦. (56)

As each vortex line (28) carries a vorticity quantum 2⇡✏�,
the circulation also reads

�(r?) =

Z

S
~! · ~dS = 2⇡✏Nv(< r?), (57)

whereNv(< r?) is the total number of vortex lines within
radius r? that cross the equatorial plane, weighted by
their spin, Nv =

P
� �Nv,�. This gives

Nv(< r?) =
r2?⌦

✏
, nv(~r?) =

⌦

⇡✏
, (58)

hence a constant number density nv(~r?) of vortex lines
running through the equatorial plane. Thus, as pointed
out by Feynman [43] for rotating superfluid 4He, a uni-
form lattice of vortex lines develops to mimic a solid-body
rotation [66]. We will check that this agrees with our nu-
merical simulations, as in Figs. 5 and 7 below.

Since r ·~v = 0, the velocity field (36) inside the soliton
is entirely due to the vortex lines. The smooth phase
component s in Eq.(30) is uniform, such as s = �µt/✏
with a constant µ, and ~rs = 0.

The number density (58) gives for the typical distance
d in the equatorial plane between vortex lines

d? =
p
⇡✏/⌦. (59)

It does not depend on the soliton mass and decreases asp
✏ in the semi-classical limit ✏ ! 0, that is, much more

slowly than the healing length introduced in Eq.(25),
which decreases as ✏. Therefore, the assumption of well-
separated vortex lines and the neglect of their internal
structure, as in Sec. III B, is justified in the Thomas-
Fermi regime that we consider in this paper.

V. SIMULATIONS SET UP

A. Expansion over eigenfunctions

As in [24, 25], because we are interested in the forma-
tion of solitons and their generic features we start our
simulations with stochastic initial conditions, which cor-
respond to a collisionless virialized halo in the semiclas-
sical limit without soliton. As in [24], we choose for the
target initial density profile

0  r  R : ⇢(r) = ⇢0j0(⇡r/R), (60)

where R is the halo radius, which is greater than the
expected soliton radius. Although this profile takes the
same form as the hydrostatic soliton (20), it is not related
to the soliton and merely a simple model for a flat-core
halo. The total mass reads

M = (4/⇡)⇢0R
3, (61)

and the gravitational potential reads

r  R : �N (r) = �N0j0(⇡r/R), �N0 = �(4/⇡)⇢0R
2,

(62)
which we normalize to zero at the radius R of the halo.
Then, we take for the initial wave function [24, 67, 68] a
sum with random coe�cients an`m over the eigenmodes
 ̂n`m(~r) of the time-independent Schrödinger equation
defined by this target gravitational potential �N ,

 (~r) =
X

n`m

an`m ̂n`m(~r),  ̂n`m(~r) = Rn`(r)Y
m
` (✓,'),

(63)
where we use spherical coordinates and the radial parts
satisfy the radial Schrödinger equation

�✏

2

2

1

r2
d

dr

✓
r2

d

dr

◆
+
✏2`(`+ 1)

2r2
+ �N

�
Rn` = En`Rn`

(64)
and form an orthonormal basis

Z 1

0
drr2 Rn1`Rn2` = �n1,n2 . (65)

If the coe�cients an`m are such that the associated den-
sity profile is close to the target (60), the wave func-
tion (63) would be an equilibrium configuration of the
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well-defined density profile reads Rz > 0. From Eq.(46)
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slowly than the healing length introduced in Eq.(25),
which decreases as ✏. Therefore, the assumption of well-
separated vortex lines and the neglect of their internal
structure, as in Sec. III B, is justified in the Thomas-
Fermi regime that we consider in this paper.

V. SIMULATIONS SET UP

A. Expansion over eigenfunctions

As in [24, 25], because we are interested in the forma-
tion of solitons and their generic features we start our
simulations with stochastic initial conditions, which cor-
respond to a collisionless virialized halo in the semiclas-
sical limit without soliton. As in [24], we choose for the
target initial density profile

0  r  R : ⇢(r) = ⇢0j0(⇡r/R), (60)

where R is the halo radius, which is greater than the
expected soliton radius. Although this profile takes the
same form as the hydrostatic soliton (20), it is not related
to the soliton and merely a simple model for a flat-core
halo. The total mass reads
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3, (61)

and the gravitational potential reads
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2,
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which we normalize to zero at the radius R of the halo.
Then, we take for the initial wave function [24, 67, 68] a
sum with random coe�cients an`m over the eigenmodes
 ̂n`m(~r) of the time-independent Schrödinger equation
defined by this target gravitational potential �N ,
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If the coe�cients an`m are such that the associated den-
sity profile is close to the target (60), the wave func-
tion (63) would be an equilibrium configuration of the
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Schrödinger equation (6) without the self-interaction �I ,
each mode evolving with a factor e�iEn`t/✏. This would
be the scalar-field analog of the virial equilibrium for a
system of collisionless particles. In practice, the high
density at the center of the halo generates significant self-
interactions that will lead to the formation of a central
soliton, inside of such a virialized envelope made of a
superposition of many excited modes.

We take the coe�cients an`m to have deterministic am-
plitudes but random phases ⇥n`m that are uncorrelated
with a uniform distribution over 0  ⇥ < 2⇡,

an`m = |an`m|ei⇥n`m ,

ha?n1`1m1
an2`2m2i = |an1`1m1 |2�n1,n2�`1,`2�m1,m2 , (66)

where the statistical average h. . . i is taken over the ran-
dom phases ⇥n`m. The mean density is then

h⇢i = h| |2i =
X

n`m

|an`m|2R2
n`|Y m

` |2. (67)

The current associated with the wave function  reads

~j = ⇢~v =
i✏

2
( ~r ? �  ?~r ). (68)

Substituting the expansion (63) we obtain

hjri = h⇢vri = 0, hj✓i = h⇢v✓i = 0, (69)

and

hj'i = h⇢v'i =
X

n`m

✏m

r sin ✓
|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2

Z R

0
dr r

Z 1

�N

dE

Z r
p

2(E��N )

0
dLz Lz

⇥Arccos

 
Lz

r
p
2(E � �N )

!
f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the
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|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2

Z R

0
dr r

Z 1

�N

dE

Z r
p

2(E��N )

0
dLz Lz

⇥Arccos

 
Lz

r
p
2(E � �N )

!
f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the

random phase
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Schrödinger equation (6) without the self-interaction �I ,
each mode evolving with a factor e�iEn`t/✏. This would
be the scalar-field analog of the virial equilibrium for a
system of collisionless particles. In practice, the high
density at the center of the halo generates significant self-
interactions that will lead to the formation of a central
soliton, inside of such a virialized envelope made of a
superposition of many excited modes.

We take the coe�cients an`m to have deterministic am-
plitudes but random phases ⇥n`m that are uncorrelated
with a uniform distribution over 0  ⇥ < 2⇡,

an`m = |an`m|ei⇥n`m ,

ha?n1`1m1
an2`2m2i = |an1`1m1 |2�n1,n2�`1,`2�m1,m2 , (66)

where the statistical average h. . . i is taken over the ran-
dom phases ⇥n`m. The mean density is then

h⇢i = h| |2i =
X

n`m

|an`m|2R2
n`|Y m

` |2. (67)

The current associated with the wave function  reads

~j = ⇢~v =
i✏

2
( ~r ? �  ?~r ). (68)

Substituting the expansion (63) we obtain

hjri = h⇢vri = 0, hj✓i = h⇢v✓i = 0, (69)

and

hj'i = h⇢v'i =
X

n`m

✏m

r sin ✓
|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2

Z R

0
dr r

Z 1

�N

dE

Z r
p

2(E��N )

0
dLz Lz

⇥Arccos
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f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the
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Schrödinger equation (6) without the self-interaction �I ,
each mode evolving with a factor e�iEn`t/✏. This would
be the scalar-field analog of the virial equilibrium for a
system of collisionless particles. In practice, the high
density at the center of the halo generates significant self-
interactions that will lead to the formation of a central
soliton, inside of such a virialized envelope made of a
superposition of many excited modes.

We take the coe�cients an`m to have deterministic am-
plitudes but random phases ⇥n`m that are uncorrelated
with a uniform distribution over 0  ⇥ < 2⇡,

an`m = |an`m|ei⇥n`m ,

ha?n1`1m1
an2`2m2i = |an1`1m1 |2�n1,n2�`1,`2�m1,m2 , (66)

where the statistical average h. . . i is taken over the ran-
dom phases ⇥n`m. The mean density is then

h⇢i = h| |2i =
X

n`m

|an`m|2R2
n`|Y m

` |2. (67)

The current associated with the wave function  reads

~j = ⇢~v =
i✏

2
( ~r ? �  ?~r ). (68)

Substituting the expansion (63) we obtain

hjri = h⇢vri = 0, hj✓i = h⇢v✓i = 0, (69)

and

hj'i = h⇢v'i =
X

n`m

✏m

r sin ✓
|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2

Z R

0
dr r

Z 1

�N

dE

Z r
p

2(E��N )

0
dLz Lz

⇥Arccos

 
Lz

r
p
2(E � �N )

!
f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the
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Schrödinger equation (6) without the self-interaction �I ,
each mode evolving with a factor e�iEn`t/✏. This would
be the scalar-field analog of the virial equilibrium for a
system of collisionless particles. In practice, the high
density at the center of the halo generates significant self-
interactions that will lead to the formation of a central
soliton, inside of such a virialized envelope made of a
superposition of many excited modes.

We take the coe�cients an`m to have deterministic am-
plitudes but random phases ⇥n`m that are uncorrelated
with a uniform distribution over 0  ⇥ < 2⇡,

an`m = |an`m|ei⇥n`m ,

ha?n1`1m1
an2`2m2i = |an1`1m1 |2�n1,n2�`1,`2�m1,m2 , (66)

where the statistical average h. . . i is taken over the ran-
dom phases ⇥n`m. The mean density is then

h⇢i = h| |2i =
X

n`m

|an`m|2R2
n`|Y m

` |2. (67)

The current associated with the wave function  reads

~j = ⇢~v =
i✏

2
( ~r ? �  ?~r ). (68)

Substituting the expansion (63) we obtain

hjri = h⇢vri = 0, hj✓i = h⇢v✓i = 0, (69)

and

hj'i = h⇢v'i =
X

n`m

✏m

r sin ✓
|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2

Z R

0
dr r

Z 1

�N

dE

Z r
p

2(E��N )

0
dLz Lz

⇥Arccos

 
Lz

r
p
2(E � �N )
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f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the

odd over
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Schrödinger equation (6) without the self-interaction �I ,
each mode evolving with a factor e�iEn`t/✏. This would
be the scalar-field analog of the virial equilibrium for a
system of collisionless particles. In practice, the high
density at the center of the halo generates significant self-
interactions that will lead to the formation of a central
soliton, inside of such a virialized envelope made of a
superposition of many excited modes.

We take the coe�cients an`m to have deterministic am-
plitudes but random phases ⇥n`m that are uncorrelated
with a uniform distribution over 0  ⇥ < 2⇡,

an`m = |an`m|ei⇥n`m ,

ha?n1`1m1
an2`2m2i = |an1`1m1 |2�n1,n2�`1,`2�m1,m2 , (66)

where the statistical average h. . . i is taken over the ran-
dom phases ⇥n`m. The mean density is then

h⇢i = h| |2i =
X

n`m

|an`m|2R2
n`|Y m

` |2. (67)

The current associated with the wave function  reads

~j = ⇢~v =
i✏

2
( ~r ? �  ?~r ). (68)

Substituting the expansion (63) we obtain

hjri = h⇢vri = 0, hj✓i = h⇢v✓i = 0, (69)

and

hj'i = h⇢v'i =
X

n`m

✏m

r sin ✓
|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2
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0
dr r
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dE
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p
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0
dLz Lz
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f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the
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Schrödinger equation (6) without the self-interaction �I ,
each mode evolving with a factor e�iEn`t/✏. This would
be the scalar-field analog of the virial equilibrium for a
system of collisionless particles. In practice, the high
density at the center of the halo generates significant self-
interactions that will lead to the formation of a central
soliton, inside of such a virialized envelope made of a
superposition of many excited modes.

We take the coe�cients an`m to have deterministic am-
plitudes but random phases ⇥n`m that are uncorrelated
with a uniform distribution over 0  ⇥ < 2⇡,

an`m = |an`m|ei⇥n`m ,

ha?n1`1m1
an2`2m2i = |an1`1m1 |2�n1,n2�`1,`2�m1,m2 , (66)

where the statistical average h. . . i is taken over the ran-
dom phases ⇥n`m. The mean density is then

h⇢i = h| |2i =
X

n`m

|an`m|2R2
n`|Y m

` |2. (67)

The current associated with the wave function  reads

~j = ⇢~v =
i✏

2
( ~r ? �  ?~r ). (68)

Substituting the expansion (63) we obtain

hjri = h⇢vri = 0, hj✓i = h⇢v✓i = 0, (69)

and

hj'i = h⇢v'i =
X

n`m

✏m

r sin ✓
|an`m|2R2

n`|Y m
` |2. (70)

Whereas the density (67) depends on the even component
over m of |an`m|2, the azimuthal current (70) depends on
the odd component.

As described in App. B, using the WKB approxima-
tion and in the continuum limit we can relate the initial
condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡

Z 1

�N (r)
dE
p

2(E � �N (r))f0(E), (74)

while the total angular momentum along the vertical
axis, defined as

Jz =

Z
d~r r sin ✓⇢v', (75)

reads

hJzi = 16⇡2

Z R

0
dr r

Z 1

�N

dE

Z r
p

2(E��N )

0
dLz Lz

⇥Arccos

 
Lz

r
p
2(E � �N )

!
f�(E,Lz). (76)

B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
inverted by Eddington’s formula [69]

f0(E) =
1

2
p
2⇡2

d

dE

Z 0

E

d�Np
�N � E

d⇢

d�N
. (78)

For the density and potential profiles (60) and (62) this
gives

�4⇢0R2

⇡
< E < 0 : f0(E) =

1

8⇡R2
p
�2E

. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the
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Whereas the density (67) depends on the even component
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the odd component.

As described in App. B, using the WKB approxima-
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condition (63) to the phase-space distribution f(E,Lz)
of a classical system of collisionless particles. Choosing
for the amplitude of the expansion coe�cients an`m the
values

|an`m|2 = (2⇡✏)3f(En`, Lz), Lz = ✏m, (71)

we recover the density profile ⇢(r) (B13) and the total
angular momentum Jz (B14) of the classical system de-
fined by the phase-space distribution f(E,Lz), which we
take of the form

f(E,Lz) = f0(E) + f�(E,Lz), (72)

with

f�(E,�Lz) = �f�(E,Lz), (73)

that is, the symmetric part over Lz only depends on E.
This means that the density profile is spherically sym-
metric,

h⇢(r)i = 4⇡
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B. Isotropic initial conditions

For isotropic initial conditions the classical phase-space
distribution only depends on the energy E,

f(E,Lz) = f0(E). (77)

Then, the total angular momentum vanishes, Jz = 0,
while the density is given by Eq.(B13), which can be
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For the density and potential profiles (60) and (62) this
gives
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. (79)

Here we normalize the gravitational potential as
�N (R) = 0, as in Eq.(62), so that the halo is made of par-
ticles with negative energy. This provides the coe�cients
an`m that define our initial conditions through Eqs.(71)
and (66). As seen in Eq.(74), this gives a halo that is sta-
tistically spherically symmetric, with the average density
profile (60).

C. Anisotropic initial conditions

For anisotropic initial conditions of the form (72), with
a nonzero angular momentum Jz, we take

f(E,Lz) = f0(E)[1 + ↵ sign(Lz)], �1  ↵  1, (80)

where f0(E) is the isotropic distribution (79), that is, the
odd component in the decomposition (72) reads

f�(E,Lz) = ↵f0(E)sign(Lz). (81)

This recovers the same spherically symmetric target den-
sity (60), but with a di↵erent proportion of particles with
positive and negative vertical angular momentum. In
other words, we keep the same classical orbits as in the

Initial angular momentum and rotation



9

FIG. 1. Initial condition of our simulation for the case
[✏ = 0.01,↵ = 1]. Upper panel: density profiles along the
x, y and z axis (dashed, dotted and dash-dotted lines with
large fluctuations) and classical density profile ⇢class (smooth
brown line) of Eq.(60). Middle row: 2D maps of the density
⇢ in the planes (x, y) and (x, z) that run through the center
of the system. Bottom row: 2D maps of the phase S, defined
over ]� ⇡,⇡], in the planes (x, y) and (x, z)

isotropic case, whence the same density profile, but mod-
ify the direction of rotation of some of the particles, or
in the wave function framework (63) the relative weights
of eigenmodes with opposite values of the azimuthal or-
bital number m. If ↵ = ±1 we only keep the particles
that have a positive/negative vertical angular momen-
tum. From Eq.(B14) we obtain for the total angular
momentum of the initial halo

Jz,init ' 0.174↵M3/2R1/2. (82)

D. Simulation parameters

As in our 2D paper [50] we focus on the semi-classical
regime and we take as our reference case studied in
Sec. VIA below the values ✏ = 0.01 and ↵ = 1. We
also take R = 1 and M = 1 for the initial target halo
radius and mass in Eqs.(60)-(61). We shall also consider

the cases ✏ = 0.005 in Sec. VIB, to study the depen-
dence on ✏, and ↵ = 0.5 and 0 in Sec. VIC, to study the
dependence on ↵.
As explained in Sec. VA, with these values of R and

M , each choice of parameters (✏,↵) defines a classical
phase-space distribution (80). This determines the am-
plitude of the coe�cients an`m as in Eq.(71). For a set of
random phases ⇥n`m in Eq.(66) this provides our initial
condition given by the expansion (63). In this expression,
we only use the WKB approximation to derive the coef-
ficients an`m. For the eigenfunctions  ̂n`m(~r) we numer-
ically solve the Schrödinger equation (64). This provides
an eigenfunction basis that is smooth and well-behaved
and does not su↵er from the inaccuracies of the WKB
approximation near the turning points.
We show in Fig. 1 our initial condition for the case

✏ = 0.01 and ↵ = 1. As in [24, 25], where we studied 3D
isotropic systems, the initial density field shows strong
fluctuations of order unity around the target classical
density (60), in agreement with the theoretical variance
h(⇢ � h⇢i)2i = h⇢i2. The de Broglie wavelength �dB ⇠ ✏
sets the spatial width of the fluctuations.

We obtain the phase S (which we define in the interval
]� ⇡,⇡]) from the wave function  as in Eq.(8). It again
shows strong fluctuations, on the same scale as the den-
sity. The interferences between the many modes in the
sum (63) give rise to many points inside the halo where
the amplitude | | vanishes and the phase S is ill-defined.
They typically correspond to vortex lines of spin � = ±1
[53], where the phase is singular as it rotates by a multi-
ple of 2⇡ in a small circle around the vortex line.

The 2D density maps in the planes (x, y) and (x, z)
are rather similar, as the averaged initial density h⇢(~r)i
in Eq.(74) is spherically symmetric. However, we can
see traces of the initial rotation around the vertical axis.
The high-density spots (red regions in the figure) ap-
pear slightly less disordered in the (x, y) plane than in
the (x, z) plane, as they seem to be dominantly oriented
and elongated along a circular pattern around the cen-
ter. The initial rotation can be more clearly seen in the
phase maps. They look quite similar at first glance, with
strong fluctuations on the de Broglie scale. However,
running counterclockwise along the border of the halo,
on the circle r = 1, whereas in the (x, z) plane we en-
counter about as many jumps of the phase from ⇡ to �⇡
(red to blue) as jumps from �⇡ to ⇡ (blue to red), in the
(x, y) plane we only encounter jumps from ⇡ to �⇡ (red
to blue). This is due to our initial condition (80) with
↵ = 1, where we only keep modes with positive angular
momentum Lz > 0. This gives a positive total phase
shift �S over the circle r? = 1 in the equatorial plane,
as each jump from ⇡ to �⇡ corresponds to an increment
of the winding number by 1 (e.g., starting from a phase
S in the interval ] � ⇡,⇡], a jump from ⇡ to �⇡ actu-
ally corresponds to the entry into the higher phase sheet
defined over ]⇡, 3⇡]).

As in the 2D case [50], the fast fluctuations of the phase
(associated with large gradients for the local velocity)

Density along the x/y/z axis

Density
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FIG. 1. Initial condition of our simulation for the case
[✏ = 0.01,↵ = 1]. Upper panel: density profiles along the
x, y and z axis (dashed, dotted and dash-dotted lines with
large fluctuations) and classical density profile ⇢class (smooth
brown line) of Eq.(60). Middle row: 2D maps of the density
⇢ in the planes (x, y) and (x, z) that run through the center
of the system. Bottom row: 2D maps of the phase S, defined
over ]� ⇡,⇡], in the planes (x, y) and (x, z)

isotropic case, whence the same density profile, but mod-
ify the direction of rotation of some of the particles, or
in the wave function framework (63) the relative weights
of eigenmodes with opposite values of the azimuthal or-
bital number m. If ↵ = ±1 we only keep the particles
that have a positive/negative vertical angular momen-
tum. From Eq.(B14) we obtain for the total angular
momentum of the initial halo

Jz,init ' 0.174↵M3/2R1/2. (82)

D. Simulation parameters

As in our 2D paper [50] we focus on the semi-classical
regime and we take as our reference case studied in
Sec. VIA below the values ✏ = 0.01 and ↵ = 1. We
also take R = 1 and M = 1 for the initial target halo
radius and mass in Eqs.(60)-(61). We shall also consider

the cases ✏ = 0.005 in Sec. VIB, to study the depen-
dence on ✏, and ↵ = 0.5 and 0 in Sec. VIC, to study the
dependence on ↵.
As explained in Sec. VA, with these values of R and

M , each choice of parameters (✏,↵) defines a classical
phase-space distribution (80). This determines the am-
plitude of the coe�cients an`m as in Eq.(71). For a set of
random phases ⇥n`m in Eq.(66) this provides our initial
condition given by the expansion (63). In this expression,
we only use the WKB approximation to derive the coef-
ficients an`m. For the eigenfunctions  ̂n`m(~r) we numer-
ically solve the Schrödinger equation (64). This provides
an eigenfunction basis that is smooth and well-behaved
and does not su↵er from the inaccuracies of the WKB
approximation near the turning points.
We show in Fig. 1 our initial condition for the case

✏ = 0.01 and ↵ = 1. As in [24, 25], where we studied 3D
isotropic systems, the initial density field shows strong
fluctuations of order unity around the target classical
density (60), in agreement with the theoretical variance
h(⇢ � h⇢i)2i = h⇢i2. The de Broglie wavelength �dB ⇠ ✏
sets the spatial width of the fluctuations.

We obtain the phase S (which we define in the interval
]� ⇡,⇡]) from the wave function  as in Eq.(8). It again
shows strong fluctuations, on the same scale as the den-
sity. The interferences between the many modes in the
sum (63) give rise to many points inside the halo where
the amplitude | | vanishes and the phase S is ill-defined.
They typically correspond to vortex lines of spin � = ±1
[53], where the phase is singular as it rotates by a multi-
ple of 2⇡ in a small circle around the vortex line.

The 2D density maps in the planes (x, y) and (x, z)
are rather similar, as the averaged initial density h⇢(~r)i
in Eq.(74) is spherically symmetric. However, we can
see traces of the initial rotation around the vertical axis.
The high-density spots (red regions in the figure) ap-
pear slightly less disordered in the (x, y) plane than in
the (x, z) plane, as they seem to be dominantly oriented
and elongated along a circular pattern around the cen-
ter. The initial rotation can be more clearly seen in the
phase maps. They look quite similar at first glance, with
strong fluctuations on the de Broglie scale. However,
running counterclockwise along the border of the halo,
on the circle r = 1, whereas in the (x, z) plane we en-
counter about as many jumps of the phase from ⇡ to �⇡
(red to blue) as jumps from �⇡ to ⇡ (blue to red), in the
(x, y) plane we only encounter jumps from ⇡ to �⇡ (red
to blue). This is due to our initial condition (80) with
↵ = 1, where we only keep modes with positive angular
momentum Lz > 0. This gives a positive total phase
shift �S over the circle r? = 1 in the equatorial plane,
as each jump from ⇡ to �⇡ corresponds to an increment
of the winding number by 1 (e.g., starting from a phase
S in the interval ] � ⇡,⇡], a jump from ⇡ to �⇡ actu-
ally corresponds to the entry into the higher phase sheet
defined over ]⇡, 3⇡]).

As in the 2D case [50], the fast fluctuations of the phase
(associated with large gradients for the local velocity)
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FIG. 1. Initial condition of our simulation for the case
[✏ = 0.01,↵ = 1]. Upper panel: density profiles along the
x, y and z axis (dashed, dotted and dash-dotted lines with
large fluctuations) and classical density profile ⇢class (smooth
brown line) of Eq.(60). Middle row: 2D maps of the density
⇢ in the planes (x, y) and (x, z) that run through the center
of the system. Bottom row: 2D maps of the phase S, defined
over ]� ⇡,⇡], in the planes (x, y) and (x, z)

isotropic case, whence the same density profile, but mod-
ify the direction of rotation of some of the particles, or
in the wave function framework (63) the relative weights
of eigenmodes with opposite values of the azimuthal or-
bital number m. If ↵ = ±1 we only keep the particles
that have a positive/negative vertical angular momen-
tum. From Eq.(B14) we obtain for the total angular
momentum of the initial halo

Jz,init ' 0.174↵M3/2R1/2. (82)

D. Simulation parameters

As in our 2D paper [50] we focus on the semi-classical
regime and we take as our reference case studied in
Sec. VIA below the values ✏ = 0.01 and ↵ = 1. We
also take R = 1 and M = 1 for the initial target halo
radius and mass in Eqs.(60)-(61). We shall also consider

the cases ✏ = 0.005 in Sec. VIB, to study the depen-
dence on ✏, and ↵ = 0.5 and 0 in Sec. VIC, to study the
dependence on ↵.
As explained in Sec. VA, with these values of R and

M , each choice of parameters (✏,↵) defines a classical
phase-space distribution (80). This determines the am-
plitude of the coe�cients an`m as in Eq.(71). For a set of
random phases ⇥n`m in Eq.(66) this provides our initial
condition given by the expansion (63). In this expression,
we only use the WKB approximation to derive the coef-
ficients an`m. For the eigenfunctions  ̂n`m(~r) we numer-
ically solve the Schrödinger equation (64). This provides
an eigenfunction basis that is smooth and well-behaved
and does not su↵er from the inaccuracies of the WKB
approximation near the turning points.
We show in Fig. 1 our initial condition for the case

✏ = 0.01 and ↵ = 1. As in [24, 25], where we studied 3D
isotropic systems, the initial density field shows strong
fluctuations of order unity around the target classical
density (60), in agreement with the theoretical variance
h(⇢ � h⇢i)2i = h⇢i2. The de Broglie wavelength �dB ⇠ ✏
sets the spatial width of the fluctuations.

We obtain the phase S (which we define in the interval
]� ⇡,⇡]) from the wave function  as in Eq.(8). It again
shows strong fluctuations, on the same scale as the den-
sity. The interferences between the many modes in the
sum (63) give rise to many points inside the halo where
the amplitude | | vanishes and the phase S is ill-defined.
They typically correspond to vortex lines of spin � = ±1
[53], where the phase is singular as it rotates by a multi-
ple of 2⇡ in a small circle around the vortex line.

The 2D density maps in the planes (x, y) and (x, z)
are rather similar, as the averaged initial density h⇢(~r)i
in Eq.(74) is spherically symmetric. However, we can
see traces of the initial rotation around the vertical axis.
The high-density spots (red regions in the figure) ap-
pear slightly less disordered in the (x, y) plane than in
the (x, z) plane, as they seem to be dominantly oriented
and elongated along a circular pattern around the cen-
ter. The initial rotation can be more clearly seen in the
phase maps. They look quite similar at first glance, with
strong fluctuations on the de Broglie scale. However,
running counterclockwise along the border of the halo,
on the circle r = 1, whereas in the (x, z) plane we en-
counter about as many jumps of the phase from ⇡ to �⇡
(red to blue) as jumps from �⇡ to ⇡ (blue to red), in the
(x, y) plane we only encounter jumps from ⇡ to �⇡ (red
to blue). This is due to our initial condition (80) with
↵ = 1, where we only keep modes with positive angular
momentum Lz > 0. This gives a positive total phase
shift �S over the circle r? = 1 in the equatorial plane,
as each jump from ⇡ to �⇡ corresponds to an increment
of the winding number by 1 (e.g., starting from a phase
S in the interval ] � ⇡,⇡], a jump from ⇡ to �⇡ actu-
ally corresponds to the entry into the higher phase sheet
defined over ]⇡, 3⇡]).

As in the 2D case [50], the fast fluctuations of the phase
(associated with large gradients for the local velocity)
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FIG. 1. Initial condition of our simulation for the case
[✏ = 0.01,↵ = 1]. Upper panel: density profiles along the
x, y and z axis (dashed, dotted and dash-dotted lines with
large fluctuations) and classical density profile ⇢class (smooth
brown line) of Eq.(60). Middle row: 2D maps of the density
⇢ in the planes (x, y) and (x, z) that run through the center
of the system. Bottom row: 2D maps of the phase S, defined
over ]� ⇡,⇡], in the planes (x, y) and (x, z)

isotropic case, whence the same density profile, but mod-
ify the direction of rotation of some of the particles, or
in the wave function framework (63) the relative weights
of eigenmodes with opposite values of the azimuthal or-
bital number m. If ↵ = ±1 we only keep the particles
that have a positive/negative vertical angular momen-
tum. From Eq.(B14) we obtain for the total angular
momentum of the initial halo

Jz,init ' 0.174↵M3/2R1/2. (82)

D. Simulation parameters

As in our 2D paper [50] we focus on the semi-classical
regime and we take as our reference case studied in
Sec. VIA below the values ✏ = 0.01 and ↵ = 1. We
also take R = 1 and M = 1 for the initial target halo
radius and mass in Eqs.(60)-(61). We shall also consider

the cases ✏ = 0.005 in Sec. VIB, to study the depen-
dence on ✏, and ↵ = 0.5 and 0 in Sec. VIC, to study the
dependence on ↵.
As explained in Sec. VA, with these values of R and

M , each choice of parameters (✏,↵) defines a classical
phase-space distribution (80). This determines the am-
plitude of the coe�cients an`m as in Eq.(71). For a set of
random phases ⇥n`m in Eq.(66) this provides our initial
condition given by the expansion (63). In this expression,
we only use the WKB approximation to derive the coef-
ficients an`m. For the eigenfunctions  ̂n`m(~r) we numer-
ically solve the Schrödinger equation (64). This provides
an eigenfunction basis that is smooth and well-behaved
and does not su↵er from the inaccuracies of the WKB
approximation near the turning points.
We show in Fig. 1 our initial condition for the case

✏ = 0.01 and ↵ = 1. As in [24, 25], where we studied 3D
isotropic systems, the initial density field shows strong
fluctuations of order unity around the target classical
density (60), in agreement with the theoretical variance
h(⇢ � h⇢i)2i = h⇢i2. The de Broglie wavelength �dB ⇠ ✏
sets the spatial width of the fluctuations.

We obtain the phase S (which we define in the interval
]� ⇡,⇡]) from the wave function  as in Eq.(8). It again
shows strong fluctuations, on the same scale as the den-
sity. The interferences between the many modes in the
sum (63) give rise to many points inside the halo where
the amplitude | | vanishes and the phase S is ill-defined.
They typically correspond to vortex lines of spin � = ±1
[53], where the phase is singular as it rotates by a multi-
ple of 2⇡ in a small circle around the vortex line.

The 2D density maps in the planes (x, y) and (x, z)
are rather similar, as the averaged initial density h⇢(~r)i
in Eq.(74) is spherically symmetric. However, we can
see traces of the initial rotation around the vertical axis.
The high-density spots (red regions in the figure) ap-
pear slightly less disordered in the (x, y) plane than in
the (x, z) plane, as they seem to be dominantly oriented
and elongated along a circular pattern around the cen-
ter. The initial rotation can be more clearly seen in the
phase maps. They look quite similar at first glance, with
strong fluctuations on the de Broglie scale. However,
running counterclockwise along the border of the halo,
on the circle r = 1, whereas in the (x, z) plane we en-
counter about as many jumps of the phase from ⇡ to �⇡
(red to blue) as jumps from �⇡ to ⇡ (blue to red), in the
(x, y) plane we only encounter jumps from ⇡ to �⇡ (red
to blue). This is due to our initial condition (80) with
↵ = 1, where we only keep modes with positive angular
momentum Lz > 0. This gives a positive total phase
shift �S over the circle r? = 1 in the equatorial plane,
as each jump from ⇡ to �⇡ corresponds to an increment
of the winding number by 1 (e.g., starting from a phase
S in the interval ] � ⇡,⇡], a jump from ⇡ to �⇡ actu-
ally corresponds to the entry into the higher phase sheet
defined over ]⇡, 3⇡]).

As in the 2D case [50], the fast fluctuations of the phase
(associated with large gradients for the local velocity)
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phase maps. They look quite similar at first glance, with
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FIG. 2. [✏ = 0.01,↵ = 1]. (a) growth of the soliton mass with time, approximated by the central mass MTF,0 within the
characteristic radius R0 (red dashed line). The total mass of the system (blue solid line) remains constant. (b) density profiles
along the x (blue dashed line) and y (green dotted line) axis, at time t = 85. We also show the profile (20) of a static soliton
(black dash-dotted line ⇢TF,0), and the profile (40) of a rotating soliton (red solid line ⇢TF,⌦). (c) density profile along the z
axis (blue dash-dotted line), profile (20) of a static soliton and profile (40) of a rotating soliton. (d) growth of the maximum
density ⇢max and of the central density ⇢�N0 . (e) potentials �Q (green dashed/dotted line), �I (blue dashed/dotted line), �N

(red dashed/dotted line) and the sum � = �N + �I � r2?⌦
2/2 (black dashed/dotted line within the soliton radius), along the

x/y axis. (f) potentials �Q, �I , �N and the sum � = �N + �I � r2?⌦
2/2 (within the soliton radius) along the z axis.

FIG. 3. [✏ = 0.01,↵ = 1]. (a) parallel velocities vx/vy along the x/y axis, at t = 85. (b) vertical velocity vz along the x/y
axis. (c) perpendicular velocities in the plane (x, y) along the x/y axis. The red solid line is the best fit ⌦r? in the central
region, which provides our measurement of the rotation rate ⌦. (d) velocity components vx, vy and vz along the z axis.

see that the size is increased in the equatorial plane and
decreased along the vertical rotation axis. The two low-
density spikes at x ' �0.3 and y = 0.2 in panel (b)
correspond to two vortex lines located at ~r? ' (�0.3, 0)
and (0, 0.2), which happen to be close to the x and y axis
in the equatorial plane. The vortex line at ~r? ' (0, 0.2)

almost intersects with the y axis as we can see that the
density almost vanishes along the y axis. These features
are absent in the density profile along the z axis. Indeed,
since the vortex lines are almost vertical, as can be seen
in Fig. 7 below, if the point ~r = (0, 0, 0) in the equatorial
plane is far from a vortex line this remains so as we move

B) Formation of a rotating soliton in a few dynamical times
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FIG. 5. [✏ = 0.01,↵ = 1]. Upper row, from left to right: 2D maps in the plane (x, y), at t = 85, of the density ⇢, the phase S
and the winding number w (green dots correspond to w = 1 and red dots to w = �1). The black dashed lines are the boundary
of the soliton from Eq.(43). Lower row: 2D maps in the plane (x, z).

the rotation rate and the angular momentum in the cen-
tral region quickly settle to quasi-stationary values along
with the formation of the rotating soliton. Moreover, the
radial distribution of the angular momentum closely fol-
lows the prediction (48), associated with the solid-body
rotation equilibrium (37).

We can see in the right panel that about 70% of the
angular momentum of the system is contained inside the
soliton. As seen in Fig. 2, at formation the soliton has a
mass Msol ' 0.4. From Eq.(76), the angular momentum
Jz(< Msol) contained in the core of the initial halo associ-
ated with this mass is Jz,init(< Msol) ' 0.075. However,
we find in Fig. 4 that the angular momentum of the soli-
ton is Jz,sol ' 0.03. Therefore, there is a significant redis-
tribution of angular momentum to larger radii, beyond
the rotating soliton. This is consistent with the radial
profile shown in Fig. 4, where Jz(< r) keeps rising be-
yond the soliton radius. For ⇢0 ' 1.5 at the formation of
the soliton, the stability and existence upper bounds (54)
and (55) give ⌦ . 1.3 and ⌦ . 2.4. The rotation rate ob-
tained in the left panel fluctuates between 0.8 . ⌦ . 1.1.
As expected, this is inside the stability range (54). On the
other hand, the initial angular momentum for the same
mass, Jz,init(< Msol) ' 0.075, which is slightly more than
twice the actual value Jz,sol ⇠ 0.03, is above the bound
(54) and close to the existence bound (55). Therefore,
the reduced value of the final soliton angular momen-
tum, as compared with the initial halo, can be partly
explained by these upper bounds. However, because the

final value is significantly below these bounds, part of
the reduction is beyond these stability or existence cri-
terions and must be due to the details of the dynamics.
It is likely that the fast formation of the soliton, akin to
a violent relaxation, generates a significant exchange of
angular momentum and energy and that mass shells do
not exactly keep their initial ordering.

4. 2D density and phase maps

We show in Fig. 5 the density ⇢, the phase S and the
winding number w in the (x, y) and (x, z) planes. We
also display the soliton boundary predicted by Eq.(43).
The winding number in the plane (x, y) is obtained as
follows. Around each point of the numerical grid within
this plane, we draw a co-planar square of size made of
three grid points Then, we measure the phase di↵erence
�S found by moving clockwise along this loop, �S =H
~d` · ~rS =

P
i �iS, where �iS is the phase di↵erence

between two successive points i and i+1 along the loop.
Next, we define the winding number as w = �S/(2⇡).
By definition, w is an integer as we recover the same
value of the wave function  at the identical starting-
and end-point of the loop. If the phase and its gradient
~rS are regular, we have �S = 0 and w = 0. However, if
the loop encircles a vortex line of spin � = ±1 we obtain
w = ±1. Therefore, the winding number map allows us
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FIG. 6. [✏ = 0.01,↵ = 1]. Upper row, from left to right: 2D maps in the plane (x, y), at t = 85, of the normalized velocity
field ~v/|~v| projected onto the plane (x, y), the streamlines of this projected velocity field, and the amplitude |~v(~r)| of the 3D
velocity. Lower row: 2D maps in the plane (x, z).

to count the vortex lines that cross the equatorial plane
(x, y), as shown in the third panel in the upper row. We
proceed in a similar fashion in the (x, z) plane and the
third panel in the lower row shows the vortex lines that
cross the (x, z) plane.

We can clearly see the anisotropy of the system, as the
equatorial and vertical planes (x, y) and (x, z) show dif-
ferent behaviors. In agreement with the azimuthal sym-
metry, we checked that the plane (y, z) shows the same
features as the plane (x, z).

Let us first consider the equatorial plane (x, y) in the
upper row. We recover a circle for the soliton boundary,
with a radius that agrees with the prediction (46). We
can clearly see in the upper left panel the transition be-
tween the outer halo, with a low mean density and strong
fluctuations on the small de Broglie scale, and the soli-
ton, with a smoother density profile that rises towards
the center. Inside the soliton, in addition to the random
fluctuations already apparent in the 1D profiles shown in
Fig. 2, and also observed in the simulations of isotropic
systems without rotation in [24] and in Fig. 14 below,
we distinguish a regular lattice of low-density troughs,
associated with the vortex lines in agreement with the
vanishing density in Eq.(27).

These two regimes are also clearly apparent in the up-
per middle panel, with a phase S that shows uncorrelated
small-scale fluctuations in the outer halo and smoother
and larger-scale features inside the soliton. Inside the
soliton, the phase shows a characteristic branching struc-

ture also found in the 2D simulations of rotating systems
[50], spreading from the central region. The start of each
new branch corresponds to a vortex line, i.e. a singular-
ity of the phase, where a new line where S jumps from
⇡ to �⇡ appears in the equatorial plane. These singular
points coincide with the density throughs found in the
upper left panel.

These two regimes are also manifest in the upper right
panel. Whereas the outer halo shows a proliferation of
vortex lines with a spin of either sign, � = ±1, due to
the random interferences between uncorrelated excited
modes, with fluctuations on the de Broglie scale, the soli-
ton shows a regular lattice of vortex lines of spin � = 1.
This is due to the sign of the initial angular momentum,
hJzi > 0 (i.e. ↵ > 0), which dictates the sign of the ro-
tation and of the vorticity of the soliton. Thus, after the
formation and relaxation of the soliton, inner vortices of
opposite signs have mostly annihilated and we are left
with vortices of the requisite sign to support the angular
momentum of the soliton. Morever, in agreement with
the analysis presented in Sec. IVC, these vortex lines self-
organize to form a regular lattice, which is the discrete
representation of the uniform vortex density (58). This
generates the solid-body rotation (36), as seen in (58).

The lower row in Fig. 5 shows that the vertical (x, z)
plane exhibits very di↵erent features. The soliton bound-
ary now displays an oblate shape and agrees with the
prediction (43). Because the vortex lines are roughly ver-
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C) Formation of a lattice of vertical vortex lines
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tical, aligned with the rotation axis ~⌦, we no longer see a
regular lattice of density troughs inside the soliton in the
lower left panel. Indeed, the vortex lines are aligned with
the vertical axis and parallel to the (x, z) plane, which
generically they do not cross. We mostly see the smooth
rise towards the center of the soliton density profile. Nev-
ertheless, we can see the vertical trace of two vortex lines
that happen to be close to the (x, z) plane, shown by two
vertical density troughs. In particular, we recover the
vortex line at ~r? ' (�0.3, 0) that was already found in
Figs. 2 and 3.

The vertical structure is clearly apparent in the lower
middle panel: the phase is mostly smooth inside the soli-
ton with vertical bands associated with the rotation axis
of the system. Note that the vertical lines where the
phase jumps from ⇡ to �⇡ are not singular lines. These
jumps are merely due to our definition of the phase in
the interval ]� ⇡,⇡]. Within a strip around such a verti-
cal line, we can locally redefine the phase to the interval
[0, 2⇡[ (i.e., we add a factor 2⇡ to the phase if it is nega-
tive). This gives a strip where the phase is regular, with
small fluctuations around ⇡ and small velocities. In con-
trast, in the outer halo the (x, z) plane looks similar to
the (x, y) plane, as it is dominated by the interferences
between uncorrelated modes that lead to a proliferation
of vortex lines of either sign. They are not related to the
global angular momentum of the system, which is hidden
by these many incoherent vortices.

The lower right panel, where we display the wind-
ing number through the (x, z) plane, also shows the di-
chotomy between the outer halo, where we can see the
signature of the many vortex lines of random direction
that cross any plane with equal probability, and the soli-
ton which is mostly devoid of vortex crossings. The few
points inside the soliton are again the traces of the two
vertical vortex lines at ~r? ' (�0.3, 0) and ~r? ' (0.1, 0)
found in the density map in the lower left panel. Indeed,
because the vortex lines are not perfectly vertical they
may happen to cross the (x, z) plane along a finite ver-
tical interval (because of the finite resolution and of the
fluctuations and bending of the vortex lines).

5. 2D velocity maps

We show in Fig. 6 the velocity field in the (x, y) and
(x, z) planes. In the upper left and middle panels we can
clearly see the rotation pattern inside the soliton in the
equatorial plane, in agreement with the prediction (36).
Outside the soliton, the velocity field is disordered, as
for a collisionless classical system mostly supported by
its velocity dispersion, in agreement with the results ob-
tained in the previous figures. In the upper right panel,
we again see the large fluctuations of the velocity on the
small de Broglie scale. Inside the soliton, we mostly find
a smooth pattern with a decreasing velocity towards the
center, in agreement with the solid-body rotation (36),
|~v| / r?. On top of this regular trend we recover the lat-

FIG. 7. [✏ = 0.01,↵ = 1]. Upper panel: singularities of the
phase (i.e., vortex lines) inside the soliton at t = 85. Lower left
panel: projection of these vortex lines onto the plane (x, y).
Lower right panel: projection of these vortex lines onto the
plane (x, z).

FIG. 8. [✏ = 0.01,↵ = 1]. Left panel: superposition of
many snapshots between times t = 85 and t = 86 of the
maps of the vortices in the plane (x, y), as in the upper right
panel in Fig. 5. The filled circles/squares are the positions at
the initial/final time. Right panel: superposition of vortices
snapshots in the plane (x, z).

tice of vortex lines, already seen in Fig. 5, that generates
large velocity spikes in agreement with the divergence
(26).

In the lower row, we can see that the velocity field
inside the soliton in the (x, z) plane is disordered, that
is, the components (vx, vz) are irregular. Indeed, for an
exact solid-body rotation (36) we would have vx = vz = 0
in the (x, z) plane, so that the nonzero values that we
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phase jumps from ⇡ to �⇡ are not singular lines. These
jumps are merely due to our definition of the phase in
the interval ]� ⇡,⇡]. Within a strip around such a verti-
cal line, we can locally redefine the phase to the interval
[0, 2⇡[ (i.e., we add a factor 2⇡ to the phase if it is nega-
tive). This gives a strip where the phase is regular, with
small fluctuations around ⇡ and small velocities. In con-
trast, in the outer halo the (x, z) plane looks similar to
the (x, y) plane, as it is dominated by the interferences
between uncorrelated modes that lead to a proliferation
of vortex lines of either sign. They are not related to the
global angular momentum of the system, which is hidden
by these many incoherent vortices.

The lower right panel, where we display the wind-
ing number through the (x, z) plane, also shows the di-
chotomy between the outer halo, where we can see the
signature of the many vortex lines of random direction
that cross any plane with equal probability, and the soli-
ton which is mostly devoid of vortex crossings. The few
points inside the soliton are again the traces of the two
vertical vortex lines at ~r? ' (�0.3, 0) and ~r? ' (0.1, 0)
found in the density map in the lower left panel. Indeed,
because the vortex lines are not perfectly vertical they
may happen to cross the (x, z) plane along a finite ver-
tical interval (because of the finite resolution and of the
fluctuations and bending of the vortex lines).

5. 2D velocity maps

We show in Fig. 6 the velocity field in the (x, y) and
(x, z) planes. In the upper left and middle panels we can
clearly see the rotation pattern inside the soliton in the
equatorial plane, in agreement with the prediction (36).
Outside the soliton, the velocity field is disordered, as
for a collisionless classical system mostly supported by
its velocity dispersion, in agreement with the results ob-
tained in the previous figures. In the upper right panel,
we again see the large fluctuations of the velocity on the
small de Broglie scale. Inside the soliton, we mostly find
a smooth pattern with a decreasing velocity towards the
center, in agreement with the solid-body rotation (36),
|~v| / r?. On top of this regular trend we recover the lat-

FIG. 7. [✏ = 0.01,↵ = 1]. Upper panel: singularities of the
phase (i.e., vortex lines) inside the soliton at t = 85. Lower left
panel: projection of these vortex lines onto the plane (x, y).
Lower right panel: projection of these vortex lines onto the
plane (x, z).

FIG. 8. [✏ = 0.01,↵ = 1]. Left panel: superposition of
many snapshots between times t = 85 and t = 86 of the
maps of the vortices in the plane (x, y), as in the upper right
panel in Fig. 5. The filled circles/squares are the positions at
the initial/final time. Right panel: superposition of vortices
snapshots in the plane (x, z).

tice of vortex lines, already seen in Fig. 5, that generates
large velocity spikes in agreement with the divergence
(26).

In the lower row, we can see that the velocity field
inside the soliton in the (x, z) plane is disordered, that
is, the components (vx, vz) are irregular. Indeed, for an
exact solid-body rotation (36) we would have vx = vz = 0
in the (x, z) plane, so that the nonzero values that we
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tical, aligned with the rotation axis ~⌦, we no longer see a
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the vertical axis and parallel to the (x, z) plane, which
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rise towards the center of the soliton density profile. Nev-
ertheless, we can see the vertical trace of two vortex lines
that happen to be close to the (x, z) plane, shown by two
vertical density troughs. In particular, we recover the
vortex line at ~r? ' (�0.3, 0) that was already found in
Figs. 2 and 3.

The vertical structure is clearly apparent in the lower
middle panel: the phase is mostly smooth inside the soli-
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phase jumps from ⇡ to �⇡ are not singular lines. These
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[0, 2⇡[ (i.e., we add a factor 2⇡ to the phase if it is nega-
tive). This gives a strip where the phase is regular, with
small fluctuations around ⇡ and small velocities. In con-
trast, in the outer halo the (x, z) plane looks similar to
the (x, y) plane, as it is dominated by the interferences
between uncorrelated modes that lead to a proliferation
of vortex lines of either sign. They are not related to the
global angular momentum of the system, which is hidden
by these many incoherent vortices.

The lower right panel, where we display the wind-
ing number through the (x, z) plane, also shows the di-
chotomy between the outer halo, where we can see the
signature of the many vortex lines of random direction
that cross any plane with equal probability, and the soli-
ton which is mostly devoid of vortex crossings. The few
points inside the soliton are again the traces of the two
vertical vortex lines at ~r? ' (�0.3, 0) and ~r? ' (0.1, 0)
found in the density map in the lower left panel. Indeed,
because the vortex lines are not perfectly vertical they
may happen to cross the (x, z) plane along a finite ver-
tical interval (because of the finite resolution and of the
fluctuations and bending of the vortex lines).

5. 2D velocity maps

We show in Fig. 6 the velocity field in the (x, y) and
(x, z) planes. In the upper left and middle panels we can
clearly see the rotation pattern inside the soliton in the
equatorial plane, in agreement with the prediction (36).
Outside the soliton, the velocity field is disordered, as
for a collisionless classical system mostly supported by
its velocity dispersion, in agreement with the results ob-
tained in the previous figures. In the upper right panel,
we again see the large fluctuations of the velocity on the
small de Broglie scale. Inside the soliton, we mostly find
a smooth pattern with a decreasing velocity towards the
center, in agreement with the solid-body rotation (36),
|~v| / r?. On top of this regular trend we recover the lat-

FIG. 7. [✏ = 0.01,↵ = 1]. Upper panel: singularities of the
phase (i.e., vortex lines) inside the soliton at t = 85. Lower left
panel: projection of these vortex lines onto the plane (x, y).
Lower right panel: projection of these vortex lines onto the
plane (x, z).

FIG. 8. [✏ = 0.01,↵ = 1]. Left panel: superposition of
many snapshots between times t = 85 and t = 86 of the
maps of the vortices in the plane (x, y), as in the upper right
panel in Fig. 5. The filled circles/squares are the positions at
the initial/final time. Right panel: superposition of vortices
snapshots in the plane (x, z).

tice of vortex lines, already seen in Fig. 5, that generates
large velocity spikes in agreement with the divergence
(26).

In the lower row, we can see that the velocity field
inside the soliton in the (x, z) plane is disordered, that
is, the components (vx, vz) are irregular. Indeed, for an
exact solid-body rotation (36) we would have vx = vz = 0
in the (x, z) plane, so that the nonzero values that we
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tical, aligned with the rotation axis ~⌦, we no longer see a
regular lattice of density troughs inside the soliton in the
lower left panel. Indeed, the vortex lines are aligned with
the vertical axis and parallel to the (x, z) plane, which
generically they do not cross. We mostly see the smooth
rise towards the center of the soliton density profile. Nev-
ertheless, we can see the vertical trace of two vortex lines
that happen to be close to the (x, z) plane, shown by two
vertical density troughs. In particular, we recover the
vortex line at ~r? ' (�0.3, 0) that was already found in
Figs. 2 and 3.

The vertical structure is clearly apparent in the lower
middle panel: the phase is mostly smooth inside the soli-
ton with vertical bands associated with the rotation axis
of the system. Note that the vertical lines where the
phase jumps from ⇡ to �⇡ are not singular lines. These
jumps are merely due to our definition of the phase in
the interval ]� ⇡,⇡]. Within a strip around such a verti-
cal line, we can locally redefine the phase to the interval
[0, 2⇡[ (i.e., we add a factor 2⇡ to the phase if it is nega-
tive). This gives a strip where the phase is regular, with
small fluctuations around ⇡ and small velocities. In con-
trast, in the outer halo the (x, z) plane looks similar to
the (x, y) plane, as it is dominated by the interferences
between uncorrelated modes that lead to a proliferation
of vortex lines of either sign. They are not related to the
global angular momentum of the system, which is hidden
by these many incoherent vortices.

The lower right panel, where we display the wind-
ing number through the (x, z) plane, also shows the di-
chotomy between the outer halo, where we can see the
signature of the many vortex lines of random direction
that cross any plane with equal probability, and the soli-
ton which is mostly devoid of vortex crossings. The few
points inside the soliton are again the traces of the two
vertical vortex lines at ~r? ' (�0.3, 0) and ~r? ' (0.1, 0)
found in the density map in the lower left panel. Indeed,
because the vortex lines are not perfectly vertical they
may happen to cross the (x, z) plane along a finite ver-
tical interval (because of the finite resolution and of the
fluctuations and bending of the vortex lines).

5. 2D velocity maps

We show in Fig. 6 the velocity field in the (x, y) and
(x, z) planes. In the upper left and middle panels we can
clearly see the rotation pattern inside the soliton in the
equatorial plane, in agreement with the prediction (36).
Outside the soliton, the velocity field is disordered, as
for a collisionless classical system mostly supported by
its velocity dispersion, in agreement with the results ob-
tained in the previous figures. In the upper right panel,
we again see the large fluctuations of the velocity on the
small de Broglie scale. Inside the soliton, we mostly find
a smooth pattern with a decreasing velocity towards the
center, in agreement with the solid-body rotation (36),
|~v| / r?. On top of this regular trend we recover the lat-

FIG. 7. [✏ = 0.01,↵ = 1]. Upper panel: singularities of the
phase (i.e., vortex lines) inside the soliton at t = 85. Lower left
panel: projection of these vortex lines onto the plane (x, y).
Lower right panel: projection of these vortex lines onto the
plane (x, z).

FIG. 8. [✏ = 0.01,↵ = 1]. Left panel: superposition of
many snapshots between times t = 85 and t = 86 of the
maps of the vortices in the plane (x, y), as in the upper right
panel in Fig. 5. The filled circles/squares are the positions at
the initial/final time. Right panel: superposition of vortices
snapshots in the plane (x, z).

tice of vortex lines, already seen in Fig. 5, that generates
large velocity spikes in agreement with the divergence
(26).

In the lower row, we can see that the velocity field
inside the soliton in the (x, z) plane is disordered, that
is, the components (vx, vz) are irregular. Indeed, for an
exact solid-body rotation (36) we would have vx = vz = 0
in the (x, z) plane, so that the nonzero values that we
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Halos with a nonzero angular momentum form stable rotating solitons with an oblate shape, for

These rotating solitons are not high angular momentum eigenstates of the Schrödinger equation with a vanishing central density
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Instead, they have a maximum central density and display a solid-body rotation that is supported by

a regular lattice of vortex lines, aligned with the initial angular momentum of the system.

- Cosmic web of vortex lines along filaments, linking collapsed halos ?

The number of vortex lines grows linearly with the soliton angular momentum.

<latexit sha1_base64="LiwNlEIb6eEMu5GK9F7g3A6/Z0A=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCC7htlJbzJkdnaZmVVCyH948aCIV//Fm3/jJNmDJhY0FFXddHeFqeDauO63s7S8srq2Xtgobm5t7+yW9vYbOskUwzpLRKJaIdUouMS64UZgK1VI41BgMxzcTPzmIyrNE3lvhikGMe1JHnFGjZUefEw1F4kkvhDE65TKbsWdgiwSLydlyFHrlL78bsKyGKVhgmrd9tzUBCOqDGcCx0U/05hSNqA9bFsqaYw6GE2vHpNjq3RJlChb0pCp+ntiRGOth3FoO2Nq+nrem4j/ee3MRFfBiMs0MyjZbFGUCWISMomAdLlCZsTQEsoUt7cS1qeKMmODKtoQvPmXF0njtOJdVM7vzsrV6zyOAhzCEZyAB5dQhVuoQR0YKHiGV3hznpwX5935mLUuOfnMAfyB8/kDxGySCw==</latexit>

✏ ⌧ 1

- Relativistic regime ? Frame dragging effects on baryons ?

- Connection with spinning filaments ?

- Detection of such DM substructures by lensing ?

V-  Conclusion

- Impact on the distribution of the gas ?
Alvarez-Rios et al. 2025


