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WINQ Wallenberg Initiative on Networks and Quantum Information

- Soon Hoe Lim (assistant professor)
dynamical systems, stochastic
dynamics, machine learning

- Niccolò Zagli
dynamical systems, stochastic
processes, statistical mechanics of
nonequilibrium systems

- Henri Riihimäki
topology and algebra of networks,
network dynamics, network
neuroscience

- Hanlin Sun
network dynamics, higher-order
networks, critical phenomena on
networks
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     Complex brain networks have intricate
-  higher dimensional combinatorics…

   -  that organise into higher dimensional
structures   .during network dynamics

 My research,    and possible thesis projects,   is about
     mathematical foundations for analysing these structures

➢     Topology and algebra of networks
➢   Discrete dynamical systems
➢  Computational analysis

henri.riihimaki@su.se
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Graphs and networks coming from

x2 + y2 + z2 = xyz
+k

Markoff equation
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Example: volume of a box

- a,b,c unit vectors in R3 span a box of volume V

- Volume versus angles?

x = 2a · b
y = 2b · c
z = 2c · a

 x2 + y2 + z2 = xyz + 4(1 − V 2)︸ ︷︷ ︸
k

- Special cases
k = 0 orthogonal vectors
k = 4 linearly dependent vectors
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Markoff and Fricke
If A and B are 2 × 2 matrices, det(A) = det(B) = 1, then

x = tr(A)
y = tr(B)
z = tr(AB)
k = 2 + tr(ABA−1B−1)

 x2 + y2 + z2 = xyz + k

(Fricke’s trace identity)
- Special cases

A = B A = B =

(
cos θ − sin θ
sin θ cos θ

)
(trA)2 = tr(A2) + 2 cos(2θ) = 2(cos θ)2 − 1
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Markoff graphs

(x , y , z) (x , y , xy − z)

(yz − x , y , z)

(x , xz − y , z)

x 7→ yz − x

preserves

x2 + y2 + z2 − xyz
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Dynamics
... yz − x

z(yz − x)− y
z

 →

 yz − x
z(yz − x)− y

(yz − x)
(
z(yz − x)− y

)
− z


x

y
z

 →

yz − x
y
z

 ↗
↘

 yz − x
y

y(yz − x)− z

 · · ·

tetrahedral symmetry:

x
y
z

 7→

z
x
y

 ,

y
x
z

 ,

−x
−y
z


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Modulo p
0

1

23

4

xy mod 5 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

4 ≡ −1 mod 5
2 and 3 mod 5 are

√
−1

clock arithmetic with p hours

xy mod 7 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 1 2 3 4 5 6
2 0 2 4 6 1 3 5
3 0 3 6 2 5 1 4
4 0 4 1 5 2 6 3
5 0 5 3 1 6 4 2
6 0 6 5 4 3 2 1

no
√
−1 mod 7
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Adjacency operator

-

Af

x
y
z

 = f

yz − x
y
z

+ f

 x
xz − y

z

+ f

 x
y

xy − z


- Af = 3f for constant function f = 1

- multiplicity of eigenvalue 3 ⇐⇒ number of connected components
other eigenvalues far from 3 ⇐⇒ robustly connected, no bottleneck
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Markoff graph for p = 5

Af = (1 +
√

3)f

localized eigenfunction!
possible project:
localization vs delocalization
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Thanks to Seungjae Lee!
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Largest planar example

(for k = 0)

x2+y2+z2 = xyz mod 7

333

633

336363

631613

431413
411

163 136

361 316

134143

114141
341 314

434443

664

344

644

446 464

466

646
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x2 + y2 + z2 = xyz +1 mod 7
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Contact!
- Soon Hoe Lim (tenure-track; machine learning, AI)
soon.hoe.lim@su.se

- Niccolò Zagli (postdoc; networks, dynamics, climate)
niccolo.zagli@su.se

- Hanlin Sun (postdoc; higher-order networks, critical phenomena)
hanlin.sun@su.se

- Henri Riihimäki (postdoc; networks, topology, neuroscience)
henri.riihimaki@su.se

- me (Matthew de Courcy-Ireland)
matthew.decourcy-ireland@math.su.se
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