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To begin : why quantum ? exe few $ far

between

Li) bcc the thing youre lii) ble the thing is ?⃝ii) bk ente-glue-t

measuring is small fuc_ thin ⇒ certain can enhance the prccijih /

=D spatial resolution
tndaintel quantities , 2 H-s-tirty.tn a

measurement

& =D Heisenberg limit.

use sensors that an governed by __

quantum neck-iii.
un quantum mech to mla

better nrasurenntg the_ can

be alone in a classical weld
Mmel

[ focus of our lectures]
① { accuracy , precision }

assure tht we has cheigned paper expt to accurately measure Signet

② how many
measurements does one need to perform in order to

distinguish a sin " vw . ' bein ' ñ s >5-c ' / parameter che El sensing ?

=D variance + Scaling

I



Goali general principle for classifying / making those g. ate-shd

Stites when the precision scaling better then classical ?

A bit of cold water
. . .

[ Hnelsa PRL ( 1997)]

[ Zhou et el Net C-_ 2018]

=D in the presence of generic noise / decoherence
,

one cannot

achieve such an q - e-hued precision scaling . . _

"

wins

"

must be more nuanced
. _

Classical Estimation The-my

problem: construct an estimator that takes in a sample

troop(✗ to ) ¢ yields a- estimate É to our parameter at intent ⊖
I =

exe : [ F . Galton
,

Nature 1907
,
Vox Populi]

# jellybeans in
×,

=

'
'
'

✗5-
"

'

✗ 1=1235 ?⃝ the jar
?

°
0 0

4- ¥ IT É= estimated
/\ ^ ^ value

⊖ = true value = 1198

" "

4 N movements
,
better estm.tw É = ¥ [ ✗n

central result of clussiccl esthetics theory : variance at
any

estmiter

is bounded by Cremer - Rao bound [ Rao 1945
,
Cramer 1946]
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⇒ 00-2 = (⊖ ≥ 00-2 = ¥

÷ intuition : sc-pl.is frm distribution always leads to win on estimates ?
-

Content et CR bond :

( i) fem.li dealing -1 N

Iii) coefficient C is Cathy specified I can be calculated

⇒ { = Fisher Intuition =
1- [2⊖pGl⊖)]

≥

plxto)
F- (⊖)

Quantum Sensing

A.B.
"

classical
"

Cramer - rao bound applies to unentangled g. Sensors

⇔
"
standard quantum limit

"

problem : calculate an estate É far ⊖ given que- tu state p (6)

workflow :

step 1 : step 2 -

step ] step 4

prepare
a probe shh →

interact -1s'S" '
→ pick obsereru.ba Ñ →

p , >+
via U -0 $ mash the gate processing

P t 'teh
⇒ p⊖=U⊖pU⊖ ⇒ É

g.
measure

-t {
⇒ sample from

sa
-ping p( into) 3



e a single g. spin d. of used to estate the strength it B- field

Vic Ramsey spectroscopy

^
=P It

'

= Bo Gz

step ]

step 1 step 2 m=Ñz
Tik
-

Tik - ilt 't

-

n_______n_
,

②

⊖ = Bot

Ho) = ¥( It> + It>) 14-0> = # ( ei
<

it> + e-
"%

/↓)) 140> = co > { It> + isinElt>
-

-

LLA does pluto) lo- k Hn ?

I. can see that a Sangh

i.
Panto)

{

,

mom-t.to?-=T:
doesnt really tell you all

1
that inch about ⊖

0 4-

How does this chap £ µ0gp,
""" '+ "↳him ^ ' - " ' " rectal sensors

.

purely classical intuition
. ..

~ ±
IN
⇒

Ii) it one gets a big value it 07
++ ,

then d- strain should

be sharply peeked at ⊖ = 0
,
a-
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e

cii) it one gets a Snell u.hn it r¥+ ~ 0 _ distrkhu should be

peeked around ⊖ = ¥

N '→

]
_

( co> E)
¥ -
°¥
(gig)

+0£
Pcr:\.to ) = [ ( ¥+0:)

"
"

N= 20

:
0¥01 = 10 1

,

pprI.io) § !
0I+=7

87th = 0 I⇔¥
.

0 ¥ a-

I. what is the Fisher intonation :

f- (a) = É 1-
plrtm.io)

[ do P 1971-10-1 ]
'

= N
=

Hot = -
( independent at ⊖ ) !

Duel perspective on scaling at such N spin renny sensing expt :

analysis above: one
"

big spin
"

on
-2

"

f
"" "
"""
""" " " "" "

measured N times

measured once ( N=1)
: F-(a) = 1

oui = f- = ¥ 00nF = ¥ = ¥

5



Quentin Cramer - Rao bound

-

clepe-Is en partie-to ht of measurements

% considering all possible washouts
,

LL-t is the optimal Film inter- itiir

Sir- g-
ihr shh

p ?

E-
00in ≥ oo-o.fr = ¥ ×

opt Fq [ p⊖ , it]
↓

mm

Ñ

tu pure states :
-

⇒ Fg [ Po , in] = 40142

1

variance it Ñ in stets Poe-

-

two helpful limits :

case 1 : 0142--30 =D Fg ( ( ⊖ , in ) = 0

i-pl.is Po is an eigr.tk it Ñ

this evolution cnlr ruthin tht crack € count in/ Ñ

case 2 : how does one get the maximum Fisher into -.fi ?

eiginbc.si at 1^7 : 141mi> = mi 1mi>

410142 ) ≤ ( Maxx - Morin )2
Mmmm

is there any p~ quentin 'teh that can Schrute this bound ?

Yes ! the cat state 14>
cat

= ¥ ( ' mmcx> + 1mm:-))
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•: sins back very quickly to exempt it N spins $ I
≥

tot

GHZ state

it ._ '↓) 1- It . . .is { mmex = ¥ ,

m
- in =

-¥ =D 4 (0142 ) ≤ N2
=

¥ * shining exe # 1

this
, surprisingly , 4 a cat stele "

big spi
"

( N -_ 1) =D 00-2 ~ § ~ ¥2 =D Hein- tug t.net

et tensing

the chin is really the essence at the quantum Cramer - roo bowl ;

-

00-2 = ( ⊖ - E) 2 ≥ 0¥
,
= ¥2

Metrology $ Parameter Estimation : combining classical

$ quantum Cramer - Rao

combine our Cromer - rao bands together : integrated variance assorted 4 any

quantum sensing experiment

2

+ ⊖◦
9"-them

shot noise : an adf.t.net
00-2 = 0-0

,
?

Sora of error ble 9 .

measure nets are inherently

classical sources at stochastic e- g. another source1
fluctuations / errors . ' t randomness in its own right\

.

une-te- steel
( Cramer - rao)

(SQL Cramer - rao) entanglement

( Heisenberg limit)

quantum Cramer - rao
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2-1 Quantum Shut Noise & Spin - Squeezed Entanglement

↳1- us unpack this shot noir :

recall our previous Ramsey expt
,
but Its redraw it for N spins instead

N spins are in product state
,
aka coherent spin state ( CSS)

- iH 'tÉ%u=
.

×

y →

☐ HE
⑦ = Bt

1%> = ¥ / It> + It>)⊕N .
: to measure the ash ⊖

= I-7 - - -→>×
need to Shun how much spin has

deflated
, ÑY
,
=D her mech

has CSJ precessed ?

What is the intrinsic limitation to hw will maim this ?

=D intuition : compare size of signal in Otoe to inherent variance

associated w/ measuring
◦ ¥0T

histogram of

a
measurements

variance of binomial distribution 0
>

= N p Il- p)/ → ←
⇒

ry N spin
'k in 1403

,
00,12 =

TOT
0

One nice way
to visualize this

"

quantum shot no ,-2
"

:

:Husiini - Q repnnntrhi at state

define: I ⊖
, ¢ , N> a> CSS state on

Bloch sphere

= ( co> It> + e'
"

sin It> )⊕
"
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for any state § : Q ( o
,
4) =

Nt '

¥
<Q.HN/fl0-,0,N>

to he>

U= e-
"t't

-

] it width > 0
. . .

hard to

quantum projection noise : think at it as resolve th signal !

a little
"

blob
"

at uncertainty of tip
it spin vector

Spin squeezing as a

way
to overcome the QPN - limit

↳ classic exe # 2 at type it metnlogically - useful entanglement

again consider .-J : 1%) = I -3 ' - -⇒✗
,

look at th QPN in
yz
- plan

r? E
,

c) mela th QPN Sneller ? ,

leo>
↳ resign than -it"÷

. 1am- h i- pond by
5¥

Hate-by uncertainty 1 / =

I

r? ⇐0¥ ≥ turf? / =
'

ti
"

/
Carlton Caves , 1991

A

spin - squeezed
is this realizable ? Yes ! [ Kitagawa , Ueda 1913]

state

Ex mold system / Hamiltonian known as One - Axis - Twisting COAT)

N spin
'

k Hoa, = ¥ I o?rgt : all - to- all coupled
i,j Ising motel

4 r? = Ir? = (r?=i / N 9i



IV. B. many exits demonstrating OAT null cavity QED I I

[ Leroux etat PRL 2010]

Riedel etat Nature 2010

claim : starting 4
- i HOATT

-eeud stett

Ilo) = I-1 . - -→✗
e-

T

pf by Pietro : recall generate rutitni , crowd it r
,
e

- i É

- i Hoatt
=

- ÷ r? r} t
e

e
~

implements rotten crud 2- by angle

proportional to the value ct OZ
T

How does th QPN evolve wer U = e-i°
+
? ?

r±
,

÷
/ '

-
,
I ↑

squeezed into an elk-pie

=D evolution adv Huat 1-thy shears original QPN into an ellipse !

* to get back to * ,
global rutrti wind I by ⊖g

Properties at the squeezed stilt grertd by OAT : ( Wineland PRA 94)
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← to initial CSS

figure it merit : [
2
=

min
-1
Vcr (F) → Suchet possible var

-__
inga - plane

e. g how much on 201,72 → lush at attention
wins in signal - to - noise / ←

length at CSS spin too short

at Ramsey spectroscopy ↓ cannot do 17cm>

y

22 smell is good !

it turns out that to my system sin N
,
there is an apt.nl stpgirj time tupt

2
which yields zopt

,

b/c at curvature it Bloch sphere at some point the

denominator gets smaller :

C-
opt ~ N

"
=D 2}p+ ~ ¥, =D o_O ~

1-

µ
516

↳
recall : classical cramer rao ( SQL) 00 - ¥ }

does better +h-

classical b-t ut

que-tu Cramer r- o ( Heisenberg 1.na ) O_0 - ¥ a> good opt- I

QCR allows trr

iv. D. then we sgueeedstrhs that /saturate ~ ¥
see e. g. two

- axis - twisting (TAT)
scaling

Note : tht th squeezing percmtr it 1¥ a proxy for the Q
.
Fisher intonation !

* d.fm#typ-esil-mtrukgica1 gain , $ the QFI characterizes the

metrugsccl utility assuming
all possible neon-t >

Ido> → evolve mln HUAT for N
mtrutgiel gain can be

e--
- a used / readout easily

¥
,

GFI

µ
,

/
relief in this

trine window after
"
non -lied properly

" I
but very hard

to use

f-opt ~ N N N that intro logical utility / I



"

Universal
"

pr:4 for
"

predicting
"

vntrolugrally until states

↳
spontaneous symmetry breaking

thus far , we
have seen two "

sharing ex--p↳
"

at e-tangled states tht

beat classical Creme rao bond : GH -2 state
, spin squeezed

seem like these states
:

' it ¥ ( Imax>+ 1min) )

are very
" finely

"

constructed "i) shear QPN at CSS state . .

Goal : more general framework for protecting / clues - tying netrutgicclly until

entanglement

;%¥%Éj?↳a www..ws system a- spins --+ +

QC 2025 do it low te-puts > ?

Imagine : Jt
,

write down the symmetries at St

UHU+=H

SSB : posable to the system to exhibit a shh tht

has a Sneller
sym- try the

_ its parent How. /1-< ii,

transverse field
7-/ = - [ Jojo! - hr? syn-try : rot by 180°

Ising motel
Zij> _ - =

crowd Z
D= 2

131 larger 1h1 =D lerromegwtri regime / phase.

/ ↓ - - - ↓> or 19 - - - T>

=D order can be diagnosed by order punter
12



Si-pleat order punter : magnets-+ chin Mz = I 0¥

turns out : one dragnets>tri at Long - range order that is
useful for

connected correlate tenchi
_

connecting to metrology / QFI
:
-
-
-

N-
B

- perhaps not as common an object

in card . mat . as disconnected CF

connected correlation = [ So?oF ) - so? > <OF>
e- i

, j

⇒ just by looking at it , already see natural connection to QFI

in fact
,
fer pin guetu- stets there is a l - to- l relation beta

long - range order ( SSB) scaling at the QFI

order scaling at the QFI

--⇔
Long range

order :

QFI ~ NZ ( q . Cramer rao)

=D connected c.f. → plateau f- ti- ji-soo

1
Algebraic long ← red

◦ 'b

f µ ≤ QFI < N2
- . - l

no order : /
-Ii-511g 1 GFI ~ N ( classical rao)connected c. f. → e

take home msscsitm th tbh ? it one can generate a

pure state 4

long range order , then such a state must be metnlugrcdly - until

in the sense that it beets classical CR - bound
,

saturates QCR board !
, }



c"(ij it nay net be easy t gente such a site

Iii) even if one does great such a stele
,
hey be d-tticnlt to

use it / ie . readout a sensing signet trim it .

Is there
any

universal Antsy band on

"
connote

"

between order QFI

to teenage SB to gerintemtnd-j.clly until q . Stites : yes ,

↳ band on ETH !

stnhsy:

step 1 : find a H that exhibits that T order below To

step 2 : pick ' nihil shh 1%7 sit the temperature at state

✗ is The> < Tc
•
: energy density it stole

preparable
is low critical

energy

lusty
step ] : time evolve 1%3 umber It

=D left))→ evolve into one -1 e-tingle-t

allies on to sethrh QCR bowl !

Let us explore this strategy in two distinct cases via examples :

case 1 : spontaneous symmetry breaking at di symmetry

exe : D= 2 Transverse field Ising model

-

HTFIM =
_ L J riff - I.hr? ÷. 22 symmetry

< i,j>
i

take it to be in the ferromagnetic Ising phase : IJI > 1h1

=D there exists tonite Tc to FM order in d≥ 2

step ✓ 14



take initial state to be 14)= / ↓ - - - ↓)
,

which is clearly,

very
cold

.

! i. e. Tie
.>
£ 1T€ step 2 ✓

GHZ -
like

step 3- : what happens when one time evolves
gt.de

'

.

- i HTFIMT

/%) = I ↓ . - - ↓) e- ~

/ ↓ - - - ↓> + It . - -T)

÷

why ? for any finite size N

key issue:
to get to a

+" """"° """ """ "

} GHZ - like state
,

one has to

spectrum = wait a time t.pt ~ e
" !

FM ↑ 011 )
1. - i - t -- +

= ¥ e-
N

↓ - I 1- Til

•! conclusion : for any
discrete symmetry breaking motel ,

the

ETH - based metrology strategy is not very
usntel ble time to

prepare a metro logically - until state diverges exponentially in

system size

case 2 : spontaneous symmetry breaking of continuous symmetry
-.

exe: d =3 Ferromagnetic XY model

H×y =
- [ 4 if + 070¥ ) : easy plane

< i. j) ferromagnet

Uli) symmetry
=-D I a finite Tc for FM XY order

for dimn d ≥ 3

step 1 ✓

15



take initial state to be 1%7=1-3 ' ' - →7
,

which is clearly,

very
cold

.

! i. e. Tie
.>
1 T€ step 2 ✓

step 3- : what happens when one time evolves

- i Hxyt

/4.) =/→ . . . -s>
e- at late times t - poly in)

get a metro logically - until

therme lived state
. . -

interestingly
,

even before full " thumclization
"

,

one gets a metro logically -

until entangled state
. . . . . .

a spin squeezed state !

☒ Nature Physics 20
,
1575 - 1581 12024)

in particular : at topt ~ N
"
t

get a spin
- squeezed state

µ
215

=D ☐⊖ ~

1-
w/ { 'opt ~

t

µ
7110

intuition ? why does one get a spin squeezed state ?

carefully look at low -

energy spectrum it 7×4

F-

% look at spectrum
= resolved by 0¥, b/c

I'
r
'

"

of Uli) symmtyr

"

= , ,
,

I 10¥12 "

Anderson tower/
÷.

" ""7

3
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concept : each low energy
state in 0¥

,
sector has a natural

counterpart in other sectors that is an

energy
~

"ÉT)
"

Nancy!

=D if 140) is sufficiently low temperature
,

then one can

expand 14) over the low energy spectrum $ evolution is

governed by effective OAT - like Hamiltonian !

if this is true
, why is {

2

opt scaling d.Herat $ worn then OAT?

because it thermal-2-choir ? b/c Stxy ☐ not integrable 1-la Huat
,

the area at the QPN isnt conferred as a function at time
,

so the shearing dynamics must compete 4 growth it area at

QPN associated v1 thermal-2-ation

Impact on expt :
_-

connection between spin - squeezing & continuous

symmetry breaking has dramatically increased

the # it motels =D scalable spin - squeezing

[dipolar interactions in d=2 !

for example : NN FM XY in D= 3
,

etc . _ .

3d spin - exchange in / Cs atoms

experiments : arXiv : 2409.17398

12024)

dipolar Rydberg dipolar magnetic dipolar NV centers

atom array
atom in optical lattice in solid-state

arXiv : 2411 . 07219 12024 ) arXiv : 2,503.14585
Nature 621

,
728 ( 2023 )

( 2025) 17


