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Superconducting transport in flat bands




Normal-superconductor interfaces
and Josepson junctions (JJs)
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Existing theory assumes Fermi energy as a large
energy scale - what about (almost) flat bands?

SINIS supercurrent

flatband-N  F(x) = (crc;) = N(x, x")A(x')
A

Fie~¢/2 Fre'¥/?

—

| > X
0 4 [
Ic < F1Fysinp

Conventional: I o< M(0, L) oc e~ /¢ & =hve/(2nT)
vi — 0= IC — 0

Flat bands: £ =77 role of interactions in FB?



Interactions in FB-N (MF)

2
F = /dx% . TZtrIog[iwn — Hgag(A, As)] ~ ... + / dxdx' A(x)*V(x — x")A(X')

1 FB-N
1/g —MN(q)

V=(q) =

[1(x) short-range
V1(x) doesn’t have to be
g can be small (not intrinsic S)

SNS supercurrent:
A(0) = Age /2 A(L) = Age'#/?
2e 403
h 'V—1(x =0)|

Isint = —OpF[Amin] =~ : V=(x = L)sin(y)

lg ~ IS,int + IS,nonint — F— _|_f As(x)N(x, x")As(x")

x<0 Jx'>L
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Length scales in SIFB-N/S G=af vazm? )
1
(q) = ;=1 — &+ . e o V10, L) ox 6L/
[ dxx*1(0, x) 2, (FB) 7
<r ) — deI_I(O,X) — gg — <g (k)>BZ l—g _ 'Sg T _CT
Proximity effect in long SNS junctions: L — oo (close to Tc)

K Ic ~ Dg Intrinsic SC

/ 3 005 ’
1o ~ exp(—L/&es) Ak 0=

Length

Proximity in isolated flat bands, o = \
no interaction &eff ~ &g et ~ max(vp/T,1/\/2mE,, ,7/T./|T. — T))

c.f. Chen and Law PRL 2024: Li et al. arXiv:2404.09211, Iskin arXiv:2409.14921;
Thumin+Bouzerar arXiv:2405.06215
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Superconductivity and pair density waves from nearest-
neighbor interactions in frustrated lattice geometries

Eeli Lamponen Sofia Pontys

Lamponen, Pdntys, PT, arXiv:2502.20911 (2025)



Generic nearest neighbor interactions J

H=>Y" > 1088l 0bise — 1> &lobing + Hint i, j unit cells
e S m a, B orbitals
Hint - Z Ji@jﬁbiajﬁbiajﬁ
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J ReX ImX
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2sN,. \—ImX ReX
Pairing susceptibility in mean field

Z NF(Ektqm) + NF(€e—qn) — 1

X
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In bipartite lattice flat bands, the form factor vanishes
for nearest-neighbor interaction

Bipartite form of the Hamiltonian

ng Ns

Calugaru... Bernevig
Nat Phys 2022
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Lieb lattice: flat band
completely localized on
orbitals B and C
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Consider a specific form of J (spin-exchange interaction)

H Z Z tzajﬁczad 180 — M Z Cicio Azao' + Hmt

ia,jB3 O oo

3 J
Hiny = —%

2 £La(ia,jf3) hmaﬁh

g 3

Piajp = CiatCipL ~ Cial Cipt



Pairing susceptibility predicts a 2g = M pair-density wave (PDW)
at kagome vHs, due to sub-lattice interference

— Zoaweﬂq'(Tz'a+7°(i+j)6)/2

Aja(iti)B

M-PDW or M-CDW predicted
due to this effect in different
Interaction models

Kiesel, Thomale, PRB 86, 121105 (2012)

Wang et al., PRB 87, 115135 (2013)

Dong, Wang, Zhou, PRB 107, 045127 (2023)
Wu, Thomale, Raghu, PRB 108, L081117 (2023)
Fu et al., arXiv:2405.09451 (2024)
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However, the superfluid weight is zero
In our interaction model
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Kagome vHs M-PDW: insensitivity of the
energy to the order parameter phase (q)

Aja(iri)s = Doajpe™ (TiatTatis)/2

[NF(Ek+g) +Ne(k—q) = 1| =1
Ne(€k+q) +Ne(k—g) —1=0

Band-resolved gap equation integrand

b)

102

10!

Ni,g = (nF(ktq) +nr(Ek—gq) — 1)/((ktq + Ek—q)

—

\

J=2.5T=1e06,2q=M
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Susceptibility without the form factor



At the bipartite Lieb lattice flat band, critical pairing interaction
needed
The ground state is a M-PDW, why?
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The ground state at Lieb flat band is M-PDW; why?

}]=35T= 16062q M
I-DB, k—gq II-DB, k- g

000 0.25 050 0.75 100
e—4

Susceptibility around the Dirac point of the dispersive bands

50, = ~ TR 5 gls A, (R)nd) (n16AL (k) mo)

me)(fé”f@) ng) = (fB( ))
fe(0) fe(0.9)

VIFEs(@) ~ Fec@P +4UFsc@P  Eip@) =5 [ 500500 @

Fpe(@)” < Fpp(@)Féc(a)

In this case, quantum geometry is detrimental for pairing!
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BKT temperatures with NN interactions often low
compared to on-site Hubbard-U

Nearest-neighbour (NN)  H;,,, = —3 Z ice,jB) zagﬁhzag,ﬁ Riais = CiarCipL — CiaiCipt
On-site If]int = _UZ Aj(rTA!’(rlAmlAmT

i

0.175. I NN, FB P el
NN, vHs
T = det(Dg (T ’ 1
BKT = 5V (Thxr)) 0-1501" mmmm On-site, FB
1 d2Q(q’) 0.1251 I On-site, vHs
[Dslij = =———- —— Lieb
J 'dd’. £ 0.100
V szqu q’:q E’ _____
0.075
0.050
For a single-band system 0.025-
2 ]
e2ny(T) 0.000
Dy(T) = 00 05 10 15 20 25 30 35 4.0

m

\

Interaction strength |

Effective mass — infinite on a flat band, finite at the vHs Hubbard-U for onesite
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Quantum geometry of the surface states of
rhombohedral graphite and its effects on the
surface superconductivity

Guodong Jiang Tero Heikkila

Jiang, Heikkila, PT, arXiv:2504.03617 (2025)



1.0 1.0

Drumhead
H={-y, z CriaCnjp + V1 z Cri1iaCnip} + h.c. surface states
n,(iA,jB) n

FT. h(ke by ky) = ( ° - C')

ky + ik, + ez 0

In scaled units: y; (energy), yo/vy (Momentum).

Degeneracies:

_ k, = —cosk,
ky + ik, + etz =0 = ‘|: k, = —sink, nodal spiral



Two incomplete pictures of RG surface states:

(1) Su-Schrieffer-Heeger model 5

* oo o o o

lw| > |v|: topological phase, two E=0 edge states

| . 0 c.cC.
Vi layer 2 hikz) = (v +wefz 0 )

layjer 1 ©SH model corresponds to only one point

(kx ky) = (=,0) in the drumhead region.

For RG, surface state decay length varies with k !

0.4

— 0.2 — kxzo-1 kX:O.G
= 0.0
W

_0.2 /TM 5, 0.4 — ke=1.05
1 0 1

-0.4

1A 1B 2A 2B 3A 3B 4A 4B 5A 5B 6A 6B
kx/ko



(2) Two-orbital effective model ¢ @

From perturbation theory (H = H, + H') o—o

Hege = Eg + PoH' Z;o_l(GOH')jPO , 1%

1 Vo .B

Py = IS the projection to 1A and NB,
1

*N
P1,P1—1 Pp = Heff:(_l)N_l(n}v & )

Go =P
0 1 N _m

Eo

T =k, + ik, McCann 2006, Guinea 2006, Min 2008, etc.

limitations:

« good dispersion near the center

e good quantum geometry at the rim
 topologically incorrect



ely

Quantum metric of RG \/\QL’/ Dispersion with
surface states \ » ) small surface
3 _MT\ potential
Tight binding (v) VS Two-orbital effective (%)
— N=3 15
o —_— N=3
N=6 210}
xx N=6
m = 0.01y, __N=20 & 5}
UL ~ e
— N=oco 0 7 N
Increase 1 -1-05 0 05 1
Ky K,
surface
potential 15 — N=3 15 e
m <10 N=6 2 10 -
X X __ N=6
%, 5 — N=20 & 5 N
m = 0.1y, J S X\ Vo [\ — N=20
L e New .
0—1 -05 0 05 1 0—1 -05 0 05 1
Ky K,

v: valence band



Dispersion with
small surface
potential

Quantum metric of RG
surface states

Two-orbital effective (%)

— N=3
N=6
L v
< N
Increase -05 0 05 1
kx kx
surface
potential N 15 — N=3 15 -
m <10 _ N=6 210 -
_x % __ N=6
=, 5 | — N=20 & 5| |,
m = 0.1y, Na. o 1o AU — e
O 05 0 o5 1 — "= -1 -05 0 05 1
k, Ky
(1) Nonzero at the center;
(2) Peak at the rim; v: valence band

(3)Converge to N=co as N increases



QGT of RG surface states (2) Peak at the rim
A surface hybridization effect. At

N 15 — N=3 some momentum, A(k) = 1/k(k) ~ N
< 10 — N=6
S —n20 BY() = z@ap“’) PO 10,9)
0 =05 0 05 1 — = E 2
Ky Focusonthe ! =cterm o/
(1) Nonzero at the center Kilko
N=co fimit: W19 Hil oYW 10, Hl )
1 — k2 =
@y =Y 0z 1 2
l,b (z) = T e (0) (Ev,k - Ec,k)

Jiang, Heikkila, PT, arXiv: 2504.03617
Bernevig, Kwan, arXiv: 2503.09692
(Different approaches)

K(K) = In[—(ky + ik,)]

() 1 1 i
QGT By’ (K) = (1-k?2)2 (—i 1)

(3) N-independent at the center

No surface hybridization

— wavefunctions for different N are
the same.

The nonzero value is from the
momentum-dependent decay,
l.e. Vyk



LLL quantum geometry B=g-— EQ Trlg] = |Q]

(v/C)(k) = kz)z(l ill) Quantum geometric tensor of RG

X X X T Hamiltonian of the LL problem:
b
H = , =h=1
- l - (e )
a >
A fictitious unit cell Quantum geometric tensor of LL

n _lE(2n+1 —i ) _
Buv(k)_z( i o+ 1 , n=0,1,..

0.4

0.2 The two surface bands of RG resemble a pair
0.0

02 of decoupled LLLs with opposite B fields

ely

-0.4

Ky/ko



Superconductivity and surface polarization

Effects of long-range hoppings: Dispersion at m=0:
ely ely1
_ 0.04\
layer 3 0f N\ N=3 ol \\— N=4 /
-0.04 _0 0al ——
— 03 0 03 & o 2030 03 K
layer 2 e ‘ ' '
Ely4 elyq
.04 ' .04
layer 1 0 OO[\ — N=5 /,/ i 00 — N=6
_004 T N o004
-0.3 0 0.3 Ky -0.3 0 0.3 K
~ Displacement field has two effects:
Py 0.8} [/ (1) Flatten the band and enhance DOS;
Z 07 , (2) Polarize electron density to one surface

Once m is above the m,, QGT is the
same as previously discussed !

0 004 008

m/y: Nissinen, Heikkild, Volovik (2021) PRB 103, 245115



Superconductivity and surface polarization

Gap equation in orbital basis (onsite pairing, s-wave and doped to the

valence band)
Ay = —U(CiniCiat) a=1A or NB

: Ajg + ‘I/Jg]%g‘z Anp

Av (k) — ‘lp](cvl)A

At full polarization, effective coupling strength for one order (e.g. Ayp) is

R, (©)

doubled. e —

0.8 N=3

b

< — .
= 0.7 N=4 m of trilayer ~23 meV
— -15 -1 -05 0
0.5 — N=6 n. (102 cm )

0 004 008
m/y1

Zhou... Young, Nature 2021



Superconductivity and topological heavy-fermion model

Fictitious superconducting state in large N-layer RG:

Distribution of superfluid stiffness in k-space:

Doy = 2 z () + £ ()

Eon — dispersion
conv — U,
fuv™ (K) <Ev,k * 1) Tu0vévik Pairing matrix
1 - - ~ . inorbital basis
8°° (k) = —Tr{d,R"Aa,R"A — 3,0,RARVA}
v,k
Fully polarized order parameter: 10-02
O —
>
~ 0.01 %
A= 0 g
Ang
eo 2 1°
g (k) = 20N (6, — 5k uky)

—k




Superconductivity and topological heavy-fermion model

Unusual heavy-fermion picture of RG

Usual topological HF (Song, Bernevig, PRL 2022)
f-electron localized in all dimensions:
Wannierizable;

We find: Unusual RG HF
only localized in z direction, and delocalized in x-y direction (LLL QG);
non-Wannierizable (topological)

20
c\Y/ MATBG
15
f+c f
o ———— 10
5
Ky Y My Ky -0

Are there other examples of unusual HFs in condensed matter?



elys

-04

Summary

e RG surface bands have similar QGT to LLL
e Unusual HFs localized in reduced dimensions

e Implications for other correlated phases
(fractional topological phases, etc.?)

0.4
0.2
0.0

\_/ 1 ( 1 ii)
0.2 (1-k?)2\+i 1

ki/ko



Quantum state

Kohn-Luttinger Landau Nonequilibrium :
mechanism of levels (2020) dynamics (1990) manifolds (1980)
superconductivity Quantum phase Band topology
(2024) transitions, fidelity Localization (1994)
Effective low susceptibility (2008) ter?ggrlz(i;gg)
energy models Mobility gap in
(2025) Fractional Chern Wannier IQHE (1994)
Curent noise insulators (2014) functions (1997)
2013 Sum rules
( ) Coherence and structure
length (2023) Quantum geome“_‘y Quantum factor (1999)
Ferromagnetism (quantum geomet”(_: information
and spin stiffness tensor, guantum metric) (2009)
(2020) :
Excitons
Photonic Superfluid weight (2022) : :
- Orbital magnetic
SSRGS (AL (el susceptibililt;? (2015)
(2021) QM, 2022) Two-body

problem (2018)

Speed of

sound and Electron-phonon

Semiclassical

depletion in dynamics of Bn"’(‘j”d_rt]ou?:r'::%s coupling (2023)
BECs (2021) electrons (2015) a S&'ngg) S

Review on quantum geometric

Perspective on quantum geometry superconductivity

PT, PRL 2023
Review on quantum geometry
Yu, Bernevig, Queiroz, Rossi, PT, Yang, arXiv 2025

PT, Peotta, Bernevig, Nat. Rev. Phys. 2022



Perspective

PHYSICAL REVIEW LETTERS 131, 240001 (2023)

Essay: Where Can Quantum Geometry Lead Us?

Piivi Tormi®"
Department of Applied Physics, Aalto University School of Science, FI-00076 Aalto, Finland

") (Received 17 November 2023; published 11 December 2023)

Quantum geometry defines the phase and amplitude distances between quantum states. The phase
distance is characterized by the Berry curvature and thus relates to topological phenomena. The
significance of the full quantum geometry, including the amplitude distance characterized by the quantum
metric, has started to receive attention in the last few years. Various quantum transport and interaction
phenomena have been found to be critically influenced by quantum geometry. For example, quantum
geometry allows counterintuitive flow of supercurrent in a flat band where single electrons are immobile. In
this Essay, [ will discuss my view of the important open problems and future applications of this research
topic and will try to inspire the reader to come up with further ideas. At its best, quantum geometry can
open a new chapter in band theory and lead to breakthroughs as transformative as room-temperature
superconductivity. However, first, more experiments directly showing the effect of quantum geometry are
needed. We also have to integrate quantum geometry analysis in our most advanced numerical methods.
Further, the ramifications of quantum geometry should be studied in a wider range, including electric and
electromagnetic responses and interaction phenomena in free- and correlated-electron materials, bosonic
systems, optics, and other fields.

Part of a series of Essays which concisely present author visions for the future of their field.

DOI: 10.1103/PhysRevLett.131.240001

properties of the eigenfunctions. Now, it seems that
topological physics was perhaps only one aspect of a
wider and possibly even more influential concept, namely,
quantum geometric physics.



