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Overview of the lectures

First and second lectures (roughly)

- Brief recap of BCS theory and basics of guantum
Geometry, from background material sent to you

- Basics of the role of quantum geometry in
superconductivity (superfluid weight/stiffness, flat bands),
from arxiv:2308.08248

Third and fourth lectures (roughly)

- Brief recap of the basics of quantum geometry in superconductivity

- Recent research results on superconductivity and quantum geometry,
especially in flat bands (specific materials, beyond-mean-field,
non-equibrium, etc.)

- Other contexts where quantum geometry matters (Bose-Einstein
Condensation, light-matter interactions, conductivity)

- The many-body quantum metric and physical responses: example

From slides
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Superconductivity

-Mmb.l.em_pressure)
~150 K — lust a factor oi two|

-




Superconductivity: Cooper pair formation
competes with kinetic energy

A1

Weak interaction U
Large kinetic energy (Fermilevel) 1, e~ 1/(Uno(E))
Low critical temperature

Constituents: interactions, density of states (DOS)

Remove the kinetic energy/maximize DOS:
Interaction effects dominate!



Flat bands: interactions dominate

Dispersive band U<<W:
€nk " (r) o eik'ru k(r) TC for Cooper pairing
n — n

«W{™\_ " / T, o o=/ Uno(Ey)

(periodic part of) the Bloch function

k
Flat band U>>W: —
€k = constant 1. o< UVRat band
€ Oe
nk Group velocity: azk =0 High Z¢ for pairing
(Khodel, Shaginyan, Volovik,
No interactions: insulator at any filling Kopnin, Heikkila)
k

This is the critical temperature for Cooper pairing

A(r) = o (r)Yer(r))  A(r) = |A(r)]




Superfluid weight:
supercurrent and Meissner Effect

Supercurrent Current
J=—-D;A j=ocE E=-0A/0t
Order parameter phase gradient ~ A(r) = |A(r)]e?*¢(r)

V¢ — eA/h Invariant under gauge transformations

Free energy change associated with phase gradient

h2
AF = dSrZ +Ji;0i6(r);0(r)

22

London equation and penetration depth

V x B = 1]
VZB — /,L()DSB
Az = (poDs)~1/2




Superfluid weight:
supercurrent and Meissner Effect

Supercurrent Current

j=—-D;A j=ocE E=-0A/0t

Order parameter phase gradient  A(r) = \A(r)|e2i¢(r)

V¢ — eA/h Invariant under gauge transformations

Free energy change associated with phase gradient

h2

AF = — dSrZ +Ji10:(r)0;6(r)
2 1/2
Conventional BCS: D, = € Mp (1 — (@) eA/(kBT))
Meft ksl Zero at a flat

/ band!!!

Bandwidth 1,] =2,Y, 2

1
Meoff

ox J X 8;%.8,{].61{



Formation of flat bands

. AN
- E

= b

P——

0 Original BZ
- | W | = | Lattice I'J'I | 'I" " 'u' '|. '. |'II " " " 'I' 'I' '.,_ Landau levels
Destructive interference /I\
in tunneling E

—l.ocalization

y |

| k>

Superlattice BZ

Lattice \z\pn/Y VANV Y\

Review: Leykam, Andreanov, Flach,
Advances in Physics 2018
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Sebastian
Huber Tovmasyan

Sebastiano
Peotta Andrei

Bernevig

Kukka-Emilia Huhtinen

Peotta, PT, Nat Comm 2015

Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017  AleksiJulku  Dong-Hee Kim Tuomas Vanhala
Liang, Peotta, Harju, PT, PRB 2017 =
Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018

PT, Liang, Peotta, PRB(R) 2018

Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022
Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022

Ari Harju Topi Siro



Our multiband approach

MULTIBAND BCS MEAN-FIELD THEORY

multiband two-component attractive
Fermi-Hubbard model -U <0

Z tzagﬁczaa jBo -U Z nza']‘”zaJ, f Z n;

1joafBo 1o
Introduce supercurrent
Ar) — A(r)e*9r Vo —eA/h
2q Cooper pair momentum Zng w,q)A;(w,q)

& &0
HDﬁ]]Tij — VGM&G&HJLF(B — Cllgl}) X(w — O? q)

LI1=%Y,%



Superfluid weight in a multiband system

Ds=D s,conventional D s,geometric

/ \ 1,7 =T,Y, 2

X akz 8k] Ek Can be nonzero also in a flat band

Present only in a multiband case
Proportional to the quantum metric

\

[Ds,geometric] - X ngg
¥



Superfluid weight and quantum metric

Isolated flat band: W < U < Epand gap
| <
Uniform pairing: A, hital 4= /A Valid when orbitals

related by symmetry!

4¢*Uv(1 = v) | Romin
— [Ds]ij — M2
(2m)4—1N "
orb A U \/1/(1 )
R 1 d Norb
Voo Jgg 22 A2 o
quantum metric Jij orb
Mean-field <: Peotta, PT, Nat Comm 2015

Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022
Exact many-body —— Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022



Lower bound for flat band superfluidity

Peotta, PT, Nat Comm 2015

The quantum geometric tensor 3, ;
IS complex positive semidefinite

— Ds 2 fB.Z. ddk‘QBerry(k)‘ 2 C

Time reversal symmetry assumed; C is a spin Chern number

Constituents: interactions, density of states (DOS)
and Bloch functions = quantum geometry and topology



Why can there be transport in a flat band?

Localization and flat band due to vanishing Localization and flat band due to
overlap interference

‘ “ “ ‘ P / | \ N
Non-interacting 1-__4" ;;-"" | ‘A'\_f‘gt’: —A ,—15’-; —
2 . ~

- /. T
/ \ y,
/’ Y '\ / Y \
— * » - LargeToverIap - t
' .
Nooverlap
- w A Mgt — —
p- . /. . a % B
Interacting ‘s' ./'QQ\

/P '\'/ |

Q< o - T . \T
1 I

d Electrons can move because of Wannier
function overlap

C 74 () <= non-localized ’LU(I‘) = F[u(k)]

Brouder, Panati, Calandra, Marzari, PRL 2007

DSOng'j}C

Electrons stay localize



Uniform Pairing Condition from Symmetry

Are uniform pairing flat bands just
fine tuning?
No! Uniform pairing is guaranteed by space
group symmetry and the orbitals

Intuition: orbitals related by symmetry
have uniform pairing

Precise statement: Orbitals forming an
irrep of the site-symmetry group of a
single Wyckoff position have uniform
pairing



Complete equation for the superfluid weight
Huhtinen, Herzog-Arbeitsman, Chew, Bernevig, PT, PRB (2022)

d2Q 9%Q)
— — (d;Im(A))A(d;Im(A))
dgidg;|4—o  99:04) | 4—0 ) g=0
no
conserved ik conserved
conserved
920 020 \
OImAL0ImA 4 e ImA;0ImAN__
A = : , :
9*Q 9?0
8ImAN0rb OImAs T 8ImAN0rb 8Im/_\N0rb /
d ImA d ImA
dIm(A) = (=2, = Don
dg; dg;

® The minimal quantum metric, i.e. the one with the smallest possible
trace, is related to the superfluid weight in isolated flat bands with TRS
and uniform pairing.




Example of the orbital dependence: the Lieb

0.6 T T T T 0 T T T T 1. T T T
lattice o T
I— ""I— -"'I— 05 o 1 ey
: : .............. : od |
: 'A 1 — 04
: @ 05
W el ¢
1 ---?. ---- 40_3 03- {1 o4
: : : = 06-
1 . . 0.3
oz .
L S |
—— *h :g Z ((]38 ] o1k 02 oooo
1 + 6 -go?npiete . °°°°
----1_6 032468100246810 0246815
Ul U U]
0°Q) _ _ | |
At worst, — can give an incorrectly nonzero superfluid weight.

V aqié‘qj

Orbital dependence of quantum geometric quantities: Simon and Rudner, PRB (2020)

q=0




Non-isolated bands:
Band touchings increase the critical temperature

T
TRKT = g\/ det D3(TpkT)

0.25F

0.2

0.05F

6 7 8 9 10

0 1 2 3 4

5
U]

Huhtinen, Herzog-Arbeitsman, Chew, Bernevig, PT, PRB (2022)



Quantum geometric superconductivity:
confirmed beyond mean-field

BCS-state is the exact ground state at T=0

Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016

Exact diagonalization, DMFT, OMC, DMRG

Julku, Peotta, Vanhala, Kim, PT, PRL 2016

Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017

Mondaini, Batrouni, Grémaud, PRB 2018

Hofmann, Berg, Chowdhury, PRB 2020, PRL 2023

Peri, Song, Bernevig, Huber, PRL 2021

Chan, Grémaud, Batrouni, PRB 2022 (x 2)

Herzog-Arbeitman, Peri, Schindler, Huber, Bernevig, PRL 2022
Preformed pairs

Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018
Perturbation theory with a Hamiltonian projected to a flat band

Tovmasyan, Peotta, Térméa, Huber, PRB 2016
U _ _
H = |7| Z(niaT — nia¢)2
(104

Exact results on the excitations possible! .... next ....




Quantum geometric superconductivity: exact results
on Cooper pair mass and excitations

1 Ny
Project to the flat band ~ CTkao = Z CLBGPga(k) N Z P..(k) = ~
and assume the uniform 8 ¢ k orb

pairing condition Po(k) = > |nke) (nio|
Ul e

/X%

Ground state |7’l> X nTn ’()) 77T — ZELQTEJr—ka¢
ko

Cooper pair excitations governed

0.3

U
by an effective single particle ha3(q) = — |N| Z P,s(k + q)Pga (k)
Hamiltonian © k '

» Single particles immobile 1 \U\ S 5
e Cooper pair mass from » = N Mij’ "
guantum geometry i orb =

* Leggett and Goldstone modes 0.1

Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022 0.0 oy Yt e



Contents

Quantum geometric superconductivity
in twisted bilayer graphene




Twisted Bilayer Graphene (TBG) superconductivity since 2018
Reviews: Balents, Dean, Efetov, Young, Nat Phys 2020

Andrei, Efetov, Jarillo-Herrero, MacDonald, Mak, Senthil, Tutuc, Yazdani,
Young, Nat Rev Mater 2021

-9

TIK)

Band energy (meV)

n {10 cm?)

Figure credits see Fig.1in
PT, Peotta, Bernevig,
Nat Rev Phys 2022



Geometric contribution in TBG
l)S ::‘l)s

conv

S T
-+ D Tkt = g\/ det D3(TpkT)

geom

ergy €

51 ~ DS
4 |l—e—D3
Dj

N

qé 3—<—Dj conv & D§ conv
Va)

Q

Single-particle en

I I~ 1
0 10 20 30 40 50 60
k in MBZ (arb. units, path from K - T' = M — K)

] -0.3

2 4 6
max |A| (meV) max |A| (meV) -
Non-local (RVB) interaction Local (s-wave) interaction %

Julku, Peltonen, Liang, Heikkila, PT, PRB(R) (2020); Editors’ Suggestion

Confirmed by (only s-wave): Hu, Hyart, Pikulin, Rossi, PRL (2019)
Euler class bound of TBG superconductivity: Xie, Song, Lian, Bernevig, PRL (2020)
The calculation should be revisited with modern understanding of TBG



Relevant for TBG superconductivity?

Theoretically suggested:

Julku, Peltonen, Liang, Heikkila, PT, PRB 2020
Hu, Hyart, Pikulin, Rossi, PRL 2020

Xie, Song, Lian, Bernevig PRL2020

Tian,... , Lau, Bockrath, Nature 2023 Tanaka,..., Jarillo-Herrero, Oliver, Nature 2025
7 D{cmv}
&x10 - Ve=700ms"
-~~~ ¥z=300ms"
2.0 0.5
e Hole doped
. ¢ Electron doped
‘T:E 1.5 4 \':I& :xr-
T ® : /"'\\Au- z
) b . ™ .

Q g 1.0 - F1.0 &

3 g @ v z

R % 8

o 05 "J-' 20 —

i (x10"" em™)

e2n (T) Isolated flat band
N 5 Peotta, PT, Nat Comm 2015
[Ds]ij — MR
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Flat-band ratio and quantum metric in the
superconductivity of modified Lieb lattices
- how general are the isolated flat band results?

Reko Penttila Kukka-Emilia Huhtinen

Penttila, Huhtinen, PT, Communications Physics (2025)
Focus Issue “Flat band engineering: from quantum materials
to quantum simulation”



Dynamical Mean Field Theory (DMFT) to capture quantum effects
beyond mean-field

Impurity solver

Single site DMFT

Cellular/cluster DMFT: Non-local correlations



Different extended Lieb lattices

g A
A B
0 p®, Isolated flat band, mean-field:
0‘&99/ —_— =146 | [D ] 4UV(1_V)NfMRm1n
c | Decorated O C =1-4| sji] —
J (27) 4~ Noxn,
A,
07’@%.
- ‘--\__70’79/A
. A |
1/2 2/3 2/3 2/3
Lieb diagonal x-directional decorated
0=0 _ d=0 0=0 e d=0




Quantum metric determines the superfluid
weight also in DMFT results, T=0

Lieb diagonal

- - - - 0.00
G ™M x G

4Uv(1 — v)Ny
Ds 1] —
[ ] J (zﬂ)d_lNorb

R,min

Lieb diagonal

% \// :;\::

3
2
1
o
=1
2
3

3 0.3s o1s
3
0.30 0.30
2
2
025 0.2s
1
1
0.20 o020
.
o o
// ©.as 0.1s
=1
-1
0.10 010
-2 -
-2
0.05 005
-3 ~
-3 . v v - 0.00
G ~ x G

0.12 = . . ]
3

o.10
2

0.08 1

x-directional

decorated

prediction
054 Lieb
o diagonal
0.4 1 x-directional
2 03 - decorated
&
024
0.1 4+
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
)
x-directional decorated

o
1
0.04
2 4
0z 3
(<3 [ = [

o6 3
os 2
1

0.3
-1

0.2
-2

.1
-3

[3 ™M x [

U] =0.3



BKT temperature

The flat-band ratio and minimal quantum metric are able to
qualitatively predict the BKT temperatures.

M=1.3
| I
0.10 o gs a7 —
.“t. 4. x-directional
d ‘ decorated
S 0.05 -
0.00 -
1 T !
0.02 0.04 0.06
T

All lattices have the same minimal integrated
guantum metric but the Lieb lattice has a

smaller flat-band ratio.



Temperature dependence of the superfluid weight

All lattices have similar behavior of the superfluid weight as a function of temperature

2D extensions

1.0 - 1.0 -
S 038 - S 08 -
9 S
3 0.6 S 0.6
?" 0.4 Taeb ?' 0.4
% ’ extended % ' diagonal
el - e} - _di :
< 02 corlmected < 02 ®  x-directional
twice extended 0 decorated
0.0 0.0 —
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
TIT. TIT,
B/ det D(T) =/ det Dy(0) (1 (TVT,)°)
3D extensions
1.0 -
0.8
§J 0.6
9.,.
Q 045 3D extended
02 - @ 3D connected
00 ® 3D twice extended B D, (7)=D(0)(1 = (TIT.)°)

T T T
0.0 0.2

0.4

0.6
T/T,
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-v‘
Ph)/SICS ABOUT BROWSE PRESS COLLECTIONS _

SYNOPSIS

PDF Version m

Static Electrons in Flat-Band
age . Suppression of Nonequilibrium
N on eq ul I | b rium S u pe rcon d u Cto rs Quasiparticle Transport in Flat-Band

Superconductors

May 25,2023 « Physics 16,576 Ville A. J. Pyykkonen, Sebastiano Peotta, and Paivi

Torma
Single electrons stay stationary in superconductors with “flat-band” electronic structures, which could lead to Phys. Rev. Lett. 130, 216003 (2023)
low-energy-consumption devices made from such materials. Published May 25, 2023

v

A. ParaoanujfAalto University

Ville Pyykkdnen  Sebastiano Peotta

Pyykkonen, Peotta, PT, PRL 2023
Editors’ Suggestion



Flat band transport in Keldysh formalism

Middle part M ) ) )
U,V, Fermi-Hubbard Hamiltonian
lead L taB tas B Lead R
pr,Ar, Ty “Rr, AR, Tr 2 A d AF A A
A at,Bj,0 at
'?-L)tl,f\.’ taa tRM.?I; =
a,B € {L,R, M}
Mean-field
approximation
: it (Taigi + Vi,ai(t)oaig; Aaidai,pj ;
Hyr (t) = Aoy A* 8 o —T%* o — Vit ai(t)00i.g; dp;
. . (64 Oﬁ’l,ﬁj Oé?,,ﬁj H,Ot?, CM'L,Bj
at,B]
5 R A T Superconducting order parameter
d'ozi — Cai‘[‘acau

Aai(t) = Uniléaiy (éair (1))
Hartree potential
Vit ai(t) = Uai (€1 ()2air (1))
Keldysh formalism, non-equilibrium Green's functions
Dyson equation (FR/A (w) = ght/A (w) + gtt/4 (w)ER/A (w)GR/A (w)
Kadanoff-Baym kinetic equation

G<(w) = [I + G’R(w)ER(w)] g<(w) [I + Z‘A(w)GA(w)]+GR(w)E<(w)GA(w)



Flat, edge and dispersive states in the sawtooth ladder

Middle part M
UV,
lead L taB taB B Lead R
pr, A, T, v, R AR, TR
E @—.—.—
X_A A x_A
tr tov taa trMm tR

~.| Flat band 7 —~Flat band states
Select a state by %” —
gate potential S
| = Edge states
{/g g

> M
Quasimomentum

— Dispersive states



Transport

Constant bias Vary gate potential
Middle part M
lead L taB tas B Lead R
pr, A, T, v pr, Ar,Tr i
I t:41m(t <c 1) t>)
)—4 7 %\—’—Q— Current L( ) ML M,left edge,T( ) L,OT( )
tr, toar taa trv tr
03] — DC, U= 03ty | Vi=pp e bin =28/ =28/5 "\ o3
—— ACsine coeff., w= 2V, U= -0.3tas 012 n =5 particles transported ", _ -oAst::
---- DC, 9= 0 \ ---= NN,U=0
0.21 ---—- ACsine coeff., w=2V,U= 0 | =-A NS U= 0
0.1 1
3 L _
= ool . 0 -
Flat band x|n/2| =2
-0.1
"N ~F¥9t band
—0.27 Dispersive states prsive states T T
_‘4 _r3 _I2 _‘1 c’) 1‘ 2‘ 3' _'Jlu.ll_,}._luu DraperCoOTtraC TS — v
Superconducting junction: at fir!ite _inf[eraction flat Normal-normal and normal-superconducting
band AC Josephson current is finite but DC junction: flat band current is quenched

current (multiple Andreev reflections) quenched

Quasiparticle transport quenched at flat band! Pure supercurrent!



Quasiparticle transport quenched at flat band! Pure supercurrent!
Quasiparticle poisoning

Nonequilibrium Quasiparticles and 2e Periodicity in Single-Cooper-
Pair Transistors

J. Aumentado, Mark W. Keller, John M. Martinis, and M. H. Devoret
Phys. Rev. Lett. 92, 066802 — Published 13 February 2004

{ A}

e
agnetic fielg g

= —

Tunng) gate

EfEC!rode s
Majoranananowire. H. Zhang, D.E. Liu, M. Wimmer, Four transmons. FJ.M. Gambetta,
L.P. Kouwenhoven (Nat Commun 10, 5128, 2019) J.M. Chow, and M. Steffen (npj
by CC BY 4.0 license QuantumInformation 3:2, 2017) by

CC BY 4.0 license

G. Catelani and J. P. Pekola, Using materials for quasiparticle
engineering, Materials for Quantum Technology 2, 013001 (2022)

D. Rainis and D. Loss, Majorana qubit decoherence by
guasiparticle poisoning, Phys. Rev. B 85, 174533 (2012)
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Conductivity in a flat band

Kukka-Emilia Huhtinen

KE Huhtinen, PT, PRB (2023)



Conductivity in a flat band

ag

Semiclassical Boltzmann theory of transport:
Ouen (k)0 n (k) 9, = 00k,

de Bnp
ﬁ“’ a Z /B z. E=e, (k) (h&J)Q + 772

Full Kubo—Greenwood formula:

np(en(k)) — nr(em(k)) [ju(k’)]nm['V(k)]mn
O (W) = mv ZZ en(k) —em(K)  en(k) — em(k) + Fw + in

k mn

[ (B)mn = Opem(k)0mn + (€ (k) — €n(k))(0um|ni)

At low temperatures and finite scattering rate 77 , the interband geometric
part is dominant on a flat band.

Insprired by

G. Bouzerar and D. Mayou, Phys. Rev. B 103, 075415 (2021)
J. Mitscherling and T. Holder, Phys. Rev. B 105, 08515 (2022)
B. Mera and J. Mitscherling, Phys. Rev. B 106, 165133 (2022)
G. Bouzerar, Phys. Rev. B 106, 125125 (2022)



Conductivity in a flat band

Streda formula:

e [  Onp(e)
sym . =
iy (w=10)= ] de e

g Tr{Im[Gr(e + in)lj, (k) Im|Gr (€ +in)]7, (F)]

Gr(E) = (E - H,)™
This gives a result proportional to the integrated quantum metric in the limitn — 0"
when 7' — 0 is taken first.

This occurs only in perfectly (partially) flat bands due to ill-defined terms for states at
the Fermi energy. The Kubo-Greenwood and Streda formulas do not give the
same conductivity when a flat band is in the vicinity of the Fermi energy.

Sawtooth 0.14 —r———————r
Sawtooth, p = 2t
V2t | \V2t 0.12 '.
" Streda, n = 0.1
0.1 i Streda, 17 = 0.05

t i ===Streda, = 0.025
0.08}4 K-G, n=0.2
LY,

i K-G,n=0.1
1 L. —K-G, =005
0.06} %

0 “
E - 004f

=2 \\ LA

) 002F  “sel - -

-4t 0 1 n 1 L L L i L L

e N B 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
k kT

Lack of Fermi surface requires extra care in transport calculations.
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Drude weight and the many-body quantum metric

Grazia Salerno Tomoki Ozawa

Salerno, Ozawa, PT, PRB Letter (2023)



The many-body quantum metric (MBQM)

Defined on many-body states with respect to the twisted boundary condition phase

9(¢) = Re[{0pWo| (1 — [¥0)(Wo|) |05 Wo)]

determines the “quantum distance” along a given path in f space.

m=) Many-body generalization of the quantum metric

(¥ |3¢H (¢)[P0)?
g(0) = Re
2, (Eul0) - Eo0)7




Defined on many-body states with respect to the twisted boundary condition phase

9(¢) = Re[{0pWo| (1 — [¥0)(Wo|) |05 Wo)]

determines the “quantum distance” along a given path in f space.

m=) Many-body generalization of the quantum metric

(¥ |3¢H (¢)[P0)?
g(0) = Re
2, (Eul0) - Eo0)7

0,H(¢) = LOs H(®) = J + O(d)



Drude weight and twisted boundary conditions

AP
S S

ﬁO:ﬁkin+ﬁv+ﬁU:(K+KT)+ﬁV+ﬁU

Superfluid response of the system to a small external flux F introduced by the twisted
boundary conditions:

92E(®)
0P

D, =mnL

d=0

A

H(®) = Ke'®l 4+ KTe "/ L fy, + Hy



Drude weight within perturbation theory

) ) A . . 1/0\%.
H(@) = HO -+ Hpert with Hpert — ZJ — 5 (E) Hkin

Current operator J = i(K —KT)
m\J \‘I’OH

Eo(0)

J

\
L(%!Hkmmfo - = Z

> g(0) - ¢

Can be bounded by the many-body quantum metric
If the system has a gap e

Independent of particle statistics and spatial dimensions!
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BEC in continuum

2
(k) = —
Qmeff
e(k)+Un | k
neX<k) _ ( ) 0 1

vek)[e(k) + 2Ung)]

n() condensate density U repulsive contact interaction strength

= density of non-condensed bosons (quantum depletion)



BEC In continuum

~N~
-

- 2m€ff

For any finite interaction:

Uny

Nex — —1—> o

\/E(k)QUno

Obviously, flat band BEC in a single band model not possible.




BEC in a flat band?

BEC in a flat band should not be possible???

True for a single band system, not for multiband
models (as shown in earlier works)

Huber & Altman, PRB 82, 184502 (2010)
You et al., PRL 109, 265302 (2012) (H. Zhai group)

What determines the stability?



Flat band BEC & quantum geometry

Kagome lattice:
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Julku, Bruun, PT, PRL 2021, PRB 2021

Julku, Salerno, PT, Fizika Nizkikh Temperatur (journal
il T T of ILTPE, Kharkiv, Ukraine) 49, 770 (2023); special

Aleksi Julku Georg Bruun Grazia Salerno issue coordinated by Andrei Bernevig




Flat band BEC & quantum geometry

Kagome lattice:

DISPERSIVE BAND FLAT BAND a b /
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k=q k=0 k=k, k=k,+q £
g 04
Iy Condensate density I1, Excitation density U mnteraction U(k) Bloch function =
SPEED OF SOUND % 0.05 kC
CSOC\/ﬁno CSOCUnngrzﬂ(kc)
Quantum metric % o1 02 03 0.4
Gup=R[(0, uld, w)~ (0, ulu)(ulo, u)] Uro/ By
Quantum metric dictates the speed
of sound

Julku, Bruun, PT, PRL 2021, PRB 2021

Julku, Salerno, PT, Fizika Nizkikh Temperatur (journal
i | of ILTPE, Kharkiv, Ukraine) 49, 770 (2023); special

Aleksi Julku Georg Bruun Grazia Salemo iSsue coordinated by Andrei Bernevig, Princeton




Flat band BEC & quantum geometry
Excitations do not cost energy; can BEC be stable?

Yes: finite quantum distance between Bloch states
sets the limit for excitation density = stable BEC

1-D
ne(k)U—)O 2D e b i
Quantum distance —a— Dispersive band BEC
D:\/l—‘(u(kc+q)|u(kc—q)>|2 P0'15'—B—Flatband BEC
Q
3
Excitation density can be finite in the =01
. y € - —_—
non-interacting limit... =
0.05
...In contrast to dispersive band BEC
—~

0 0.5

|
U/l
Interaction effects prominent even in the limit of vanishing interactions

Julku, Bruun, PT, PRL 2021, PRB 2021
Julku, Salerno, PT, Fizika Nizkikh Temperatur (journal of ILTPE, Kharkiv, Ukraine) 49, 770
(2023); special issue coordinated by Andrei Bernevig
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nght matter coupling (LMC) in multi-band

systems £

: -
G. E. Topp, C. J. Eckhardt, D. M. Kennes, M. A. O

Sentef, and PT, PRB 2021

Reminder: Single-band LMC classical | geometrlc
eminder: Single-ban
HiNE =) Opue(k) - A +123k Orve(k)- A, A 6 -
LMC z nT g 2 Chnhy iy P T D e
paramagnetic diamagnetic O /‘.\
Linear (A,) Quadratic (A,A))
Intra-band (n) Ouen OuOven|—| 2 psn (En—n) ((Oun|n') (n"|0un) + h.c.)

Inter-band (n, m) (en — €m)(m |0un) (Ouen — Ouem)(m|0un) + %em(auaum In)

+%En(m 10u0un) + Z‘Eﬂ’ (<3#m |nl> (n’ la"n>) +(pev)

== ‘classical’ = determined by band dispersion

== ‘geometric’ = determined by Bloch states



QAHE in graphene

Neto, et al., Rev. Mod. Phys. 81 (2009)

circular drive:

[H_y,H]

He =~ Hy + —a + O(.A4)
2A2
~ vgoyky — oxky Tl O o nf 0(A%)
breaks TRS

Finite Strip

()

T. Oka & H. Aoki, PRB 79, 081406
(2009)
Kitagawa et al. PRB 84, 235108 (2011)




Energy (eV)

Gap (meV)

Application: Light-induced Dirac gap in TBG

G. E. Topp, C. J. Eckhardt, D. M. Kennes, M. A. Sentef, and PT, PRB 2021

EQ band structure

driving amplitude
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Summary

Quantum geometry — geometric properties of eigenstates — is important
Flat band superconductivity is given by quantum metric
Quantum metric of the bands tells much more than the band structure;
even “remote” bands relevant
Quasiparticle movement guenched in flat band superconductivity
BEC is stabilized by quantum geometry; guantum distance restricts
excitations
Light-matter coupling in flat bands has significant quantum geometric
terms
Many-body quantum metric limits Drude weight
Be cautious with flat bands: Fermi surface is missing! (DC
conductivity)
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