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Time-independence does not limit 
information flow
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• arbitrary time dependence allowed

• arbitrary time-dependent on-site terms allowed

• what is the shortest time  to achieve                           ?     t
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||[A(t), B]|| → 1

• answer:      t & r

• bounds many things, including quantum state transfer time    

A(t) = eiHtAe−iHtHeisenberg evolution under H =
X
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Review: Chen, Lucas, Yin, Rep. Prog. Phys. 86, 116001 (2023)
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•               & other forms: ion crystals, atoms in multimode cavities    
                                                                      or along waveguides
∼ 1/rα

• long-range interactions = decaying with distance slower than 
exponential (e.g. decaying as          )1/rα

AMO and other synthetic quantum systems often exhibit

Examples:

1/r3•         : Rydberg or magnetic atoms, excitons, NV centers,  
                                                               polar molecules K

Rb1/r6•         : Rydberg atoms

Long-range interactions

3 0  N O V E M B E R  2 0 1 7  |  V O L  5 5 1  |  N A T U R E  |  6 0 3

LETTER RESEARCH

Further signatures of the DPT are observed by measuring the spa-
tially averaged two-spin correlations
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From the behaviour of the magnetizations described above, we expect 
that C2 →  1 for small !Bz and C2 →  1/2 for large !Bz at long times, because 
the collective spin precesses around the z axis and C2 oscillates between 
1 and 0. In Fig. 3 we show the cumulative time-averaged correlations. 
Near the critical value of !Bz we observe the emergence of a dip in C2, 
which is a direct signature of the DPT. The sharpening of the dip for 
larger system sizes is not strong, which might be due to a logarithmic 
finite-size scaling (see Methods).

For a non-integrable system such as the long-range transverse-field 
Ising model studied here, it might be conjectured that the spins even-
tually reach a thermal distribution30. However, we find that this is true 
only for small !Bz  (Fig. 3a, b). We note that the thermal values of the 
correlator C2 do not exhibit a dip or signatures of a phase transition 
with varying /!B Jz 0 for the system sizes that we are able to model numer-
ically. Interestingly, thermalization appears to break down in this 
quenched system, which we suspect is a consequence of the inherent 
long-range nature of the Ising interactions31.

We further explore many-body dynamical properties of this system 
by investigating higher-order correlations, which are even harder to cal-
culate classically25. Through high-efficiency single-shot state detection 
of all of the spins, we measure the distribution of domain sizes in the 
chain directly as a higher-order correlation observable (see Methods). 
Single-shot images for N =  53 spins are shown in Fig. 4a and are recon-
structed from binary thresholding and image convolution of the fluo-
rescence distribution of the ion chain (see Methods).

The occurrence of long domains of correlated spins in the state | ↑ 〉 x 
(fluorescing spins) signifies the fully polarized initial state, in which 
the correlations are largely preserved by the interactions. With an 
increasing transverse field, the absence of spin ordering is reflected by 
exponentially small probabilities of observing long strings. We plot the 
domain length statistics at late times in Fig. 4a (see Methods) for three 
transverse field strengths, / = . . .!B J (0 1, 1 0, 1 6)z 0 . The dashed lines in 
Fig. 4a are fits to exponentials on the histogram of domain sizes. The 
rare occurrence of especially large domains (see, for example, the red 
boxes in Fig. 4a) demonstrates the existence of many-body high-order 
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Figure 3 | Two-body correlations. a–d, Long-time-averaged values of the 
two-body correlations C2 over all pairs of spins as a function of the 
transverse field /!B Jz 0 for different numbers of spins in the chain. The final 
evolution times correspond to 2π J0t =  (10.3, 5.3, 4.8, 6.5) for 8 (a), 12 (b),  
16 (c) and 53 (d) spins, respectively. Statistical error bars are ± 1 s.d. from 
measurements covering 21 different time steps. Solid lines in a–c are exact 
numerical solutions to the Schrödinger equation; the shaded regions take 
into account uncertainties from experimental Stark shift calibration errors. 
Dashed lines in a and b are calculations using a canonical (thermal) 
ensemble with an effective temperature corresponding to the initial energy 
density. For N =  53 spins (d), the correlations are uniformly degraded from 
residual Stark shifts across the ion chain, so in this case we normalize to the 
maximum correlation at small field (see Methods). Exact diagonalization for 
N =  53 spins is not possible, so we instead fit the experimental data to a 
Lorentzian function with linear background (dashed line).
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Figure 4 | Domain statistics and reconstructed single-shot images of 53 
spins. a, Top and bottom, reconstructed images based on binary detection 
of spin states (see Methods). The top image shows a chain of 53 ions in 
‘bright’ (corresponding to |↑〉x) spin states. The other three images show 53 
ions in combinations of ‘bright’ and ‘dark’ (corresponding to |↓〉x) spin 
states. Centre, statistics of the domain size, or of blocks with spins pointing 
along the same direction, for different values of the transverse field. 
Histograms are plotted on a logarithmic scale to visualize the rarity of 
regions with large domains; example large domains for the different 
transverse fields (coloured coded) are boxed in the top and bottom images. 

Dashed lines are fits to exponential functions, which are expected for a 
thermal state of the spins and could thus characterize defects such as 
imperfect preparation and measurement of the qubits. Long tails of 
deviations from the exponential are clearly visible, and vary depending on 
/!B Jz 0. b, Mean largest domain size over the repeated single experimental 

shots. Error bars are the standard deviation of the mean (see Methods). 
Dashed line represents a piecewise linear fit, from which we extract  
the transition point (see text). The green, yellow and red data points 
correspond to the transverse fields shown in the domain statistics  
data in a.
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• how quickly can quantum information propagate in these systems?
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Lieb-Robinson-type bounds for        interactions

~ “shortest time     to send quantum info over distance    ”t r

r−α

= dimensiond

↵ = 1↵ = 0



(formulas shown for               )
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N ⇠ rd

Lieb-Robinson-type bounds for        interactions

~ “shortest time     to send quantum info over distance    ”t r

r−α

= dimensiond N = total number of sites

↵ = 1↵ = 0

2d+ 1 t & r
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PRL ’19
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PRL ‘19
          :  Tran et al 
(AVG, Lucas), PRL ‘21
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Guo, Tran, Childs, AVG, 
Gong, PRA (2020)
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t → log2 N

N1→ω/d

• fastest protocols use time-dependent Hamiltonians
• can we achieve the same with a time-independent Hamiltonian?
• yes*, i.e. time-independence does not limit information flow
*need number of local ancilla qubits for each data qubit  
 polylogarithmic in the number of data qubits
Mooney, Yuan, Ehrenberg, Baldwin, AVG, Childs, arXiv:2505.18254
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t → log2 N

N1→ω/d

• approach: “staticize” time-dependent protocols using a clock 
construction

• fastest protocols use time-dependent Hamiltonians
• can we achieve the same with a time-independent Hamiltonian?
• yes*, i.e. time-independence does not limit information flow
*need number of local ancilla qubits for each data qubit  
 polylogarithmic in the number of data qubits
Mooney, Yuan, Ehrenberg, Baldwin, AVG, Childs, arXiv:2505.18254



Staticizing time-independent Hamiltonians

Mooney, Yuan, Ehrenberg, Baldwin, AVG, Childs, arXiv:2505.18254

• Watkins, Wiebe, Roggero, Lee, arXiv:2203.11353: given a time-
dependent Hamiltonian, output an equivalent (up to small 
controllable error) time-independent Hamiltonian driven by a 
global clock

• to preserve locality, we replace one global clock with many local 
clocks (one per site)



Staticizing time-independent Hamiltonians

Mooney, Yuan, Ehrenberg, Baldwin, AVG, Childs, arXiv:2505.18254
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H(t) = H{a,b}(t) +H{b,c}(t) +H{a,c}(t)

3-qubit example of our construction:
2

ized WWRL construction. While one might worry that
the di!erent clocks desynchronize during the course of
the time evolution, we prove that this e!ect can be made
negligible and that the performance guarantees from the
original WWRL construction continue to hold.

Since time-dependent Hamiltonians that saturate a
variety of Lieb-Robinson bounds are known, this lo-
calized WWRL construction yields corresponding time-
independent Hamiltonians that also saturate the bounds.
In other words, if allowed polylogarithmically many an-

cillas per site, Lieb-Robinson bounds cannot be tightened

by assuming time-independence.

As examples, we “staticize” (i.e., make time-
independent) state-transfer protocols for systems with
long-range interactions and disordered qubit chains from
Refs. [37] and [24], respectively. These are two sce-
narios for which Lieb-Robinson bounds with non-linear
light cones have been derived (i.e., information propa-
gates across distance r in time t → r

z for z ↑= 1). In
the long-range case, we have z < 1, and in the dis-
ordered case, we have z > 1. These light cones are
saturated via the aforementioned time-dependent proto-
cols, and thus via our staticized versions as well. We
are not aware of prior work that realizes optimal time-
independent state-transfer protocols in these settings.
While these examples illustrate the capabilities of our
construction, the localized WWRL procedure works for
any piecewise-continuous protocol, including in particu-
lar quantum circuits.

Setup.—Consider an N -qubit Hilbert space H =

(C2)
→N

, with the qubits located on the vertices V of a
graph with edges E. We are given some time-dependent
Hamiltonian H(t) :=

∑
e↑E

He(t) (where any single-site
terms are absorbed into an edge incident on the site)
defined for t ↓ [0, T ]. While we will later relax these
assumptions, for now suppose that H is di!erentiable,
that H(0) = H(T ) and Ḣ(0) = Ḣ(T ) = 0, and that the
following quantities are finite:

h :=
∑

e↑E

max
t

↔He(t)↔, h1 : =
∑

e↑E

max
t

↔Ḣe(t)↔. (1)

We wish to construct some time-independent Hamilto-
nian H, with O(log(TN)) local ancilla qubits per site
and respecting the same locality constraints as H(t),

such that e
↓iTH ↗ U(T ), where the latter is the time-

evolution operator generated by H(t) from 0 to T .

We do this by modifying the WWRL construction from
Ref. [36]. Specifically, we augment the Hilbert space at
every vertex v with an ancillary clock qudit of dimension
Nc ↓ N that we specify later. The augmented Hilbert

space is Haug := (C2 ↘ CNc)
→N

. Since H(0) = H(T )
and Ḣ(0) = Ḣ(T ) = 0, we can define the Hamiltonian
for all t ↓ R by making it periodic with period T—take
H(t) to refer to this extension from now on.

Details of the Localized WWRL Construction.—We

FIG. 1. A cartoon of the localized WWRL construction acting
on 3 qubits. The color of edge e corresponds to the color of
the Gaussian clock state attached to vertex ω(e), where ω(e) is
an arbitrary fixed function that picks one of the two vertices
of e. Note that there is no a priori requirement that all ω(e)
are di!erent, but in this cartoon, that happens to be the case.

have Nc clock states, each corresponding to a time step
of duration ω := T/Nc within a total time period of T .
For later technical convenience, we let Nc = NpNq, with
Np, Nq ↓ N, and ε := T/Np = Nqω. We use this two-
level coarse-graining of the discretization to control the
two main sources of error in the construction described
below.

The intuition for the modified WWRL construction is
as follows. We construct a time-independent Hamilto-
nian H on Haug which is the sum of two non-commuting
terms. The first term, !, is the sum of discretized mo-
mentum operators on each clock, which drives the clocks
forward. The second term, C(H), implements controlled
applications of the Hamiltonian terms He, depending on
the clock state of one of the vertices in each edge. Thus,
the momentum operators keep the clocks moving, while
the controlled Hamiltonian terms ensure the correct evo-
lution is happening to all data qubits. See Fig. 1 for a
schematic of the construction.

More concretely, for any v ↓ V , let Uv :=∑
k↑ZNc

(|k + 1≃ ⇐k|)v, where |k≃ denotes the state of the

clock associated to qubit v. Then let ! :=
∑

v↑V
”v,

where

”v := i
Uv ⇒ U

†
v

2ω
. (2)

This is our discretized total momentum operator. Next,
we implement controlled applications of the He terms.
To preserve the locality structure of the base Hamilto-
nian, we associate our clocks with vertices, not edges.
This means that for each interaction term He we have
to choose one of the vertices in e on which to control
the interaction. We encode this (arbitrary) choice into
a function ϑ : E ⇑ V with ϑ(e) ↓ e for all e. With this

• divide total time      into       small intervals 
of duration  
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Nc
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ω = T/Nc

• each clock has       states 
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Nc
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|k→
• clock Hamiltonian      advances the clock 
on each site: 
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e→i!ω|k→ = |k + 1→
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H = !+
∑

k

∑

e

He(kω)→ (|k↑↓k|)ω(e)

• for each edge   , we arbitrarily 
choose one of the vertices in  
(call it        ) to control the 
interaction 
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2

ized WWRL construction. While one might worry that
the different clocks desynchronize during the course of
the time evolution, we prove that this e ffect can be made
negligible and that the performance guarantees from the
original WWRL construction continue to hold.

Since time-dependent Hamiltonians that saturate a
variety of Lieb-Robinson bounds are known, this lo-
calized WWRL construction yields corresponding time-
independent Hamiltonians that also saturate the bounds.
In other words, if allowed polylogarithmically many an-
cillas per site, Lieb-Robinson bounds cannot be tightened
by assuming time-independence.

As examples, we “staticize” (i.e., make time-
independent) state-transfer protocols for systems with
long-range interactions and disordered qubit chains from
Refs. [ 37] and [24], respectively. These are two sce-
narios for which Lieb-Robinson bounds with non-linear
light cones have been derived (i.e., information propa-
gates across distance r in time t � r z for z = 1). In
the long-range case, we have z < 1, and in the dis-
ordered case, we have z > 1. These light cones are
saturated via the aforementioned time-dependent proto-
cols, and thus via our staticized versions as well. We
are not aware of prior work that realizes optimal time-
independent state-transfer protocols in these settings.
While these examples illustrate the capabilities of our
construction, the localized WWRL procedure works for
any piecewise-continuous protocol, including in particu-
lar quantum circuits.

Setup.—Consider an N -qubit Hilbert space H =
(C 2 )� N , with the qubits located on the vertices V of a
graph with edges E . We are given some time-dependent
Hamiltonian H ( t) := e� E H e( t) (where any single-site
terms are absorbed into an edge incident on the site)
defined for t � [0, T ]. While we will later relax these
assumptions, for now suppose that H is differentiable,
that H (0) = H (T ) and Ḣ (0) = Ḣ (T ) = 0, and that the
following quantities are finite:

h :=
e� E

max
t

H e( t) , h1 : =
e� E

max
t

Ḣ e( t) . (1)

We wish to construct some time-independent Hamilto-
nian H , with O (log(TN )) local ancilla qubits per site
and respecting the same locality constraints as H ( t),
such that e− iT H ≈ U (T ) , where the latter is the time-
evolution operator generated by H ( t) from 0 to T .

We do this by modifying the WWRL construction from
Ref. [ 36]. Specifically, we augment the Hilbert space at
every vertex v with an ancillary clock qudit of dimension
N c � N that we specify later. The augmented Hilbert
space is H aug := ( C 2 � C N c )� N . Since H (0) = H (T )
and Ḣ (0) = Ḣ (T ) = 0 , we can define the Hamiltonian
for all t � R by making it periodic with period T—take
H ( t) to refer to this extension from now on.

Details of the Localized WWRL Construction. —We

FIG. 1. A cartoon of the localized WWRL construction acting
on 3 qubits. The color of edge e corresponds to the color of
the Gaussian clock state attached to vertex ρ(e), where ρ(e) is
an arbitrary fixed function that picks one of the two vertices
of e. Note that there is no a priori requirement that all ρ(e)
are different, but in this cartoon, that happens to be the case.

have N c clock states, each corresponding to a time step
of duration δ := T/N c within a total time period of T .
For later technical convenience, we let N c = N pN q, with
N p , N q � N , and τ := T/N p = N qδ. We use this two-
level coarse-graining of the discretization to control the
two main sources of error in the construction described
below.

The intuition for the modified WWRL construction is
as follows. We construct a time-independent Hamilto-
nian H on H aug which is the sum of two non-commuting
terms. The first term, ∆ , is the sum of discretized mo-
mentum operators on each clock, which drives the clocks
forward. The second term, C (H ) , implements controlled
applications of the Hamiltonian terms H e , depending on
the clock state of one of the vertices in each edge. Thus,
the momentum operators keep the clocks moving, while
the controlled Hamiltonian terms ensure the correct evo-
lution is happening to all data qubits. See Fig. 1 for a
schematic of the construction.

More concretely, for any v � V , let Uv :=
k � ZN c

( |k + 1 k |) v , where |k denotes the state of the
clock associated to qubit v. Then let ∆ := v� V ∆ v ,
where

∆ v := i
Uv − U †

v

2δ
. (2)

This is our discretized total momentum operator. Next,
we implement controlled applications of the H e terms.
To preserve the locality structure of the base Hamilto-
nian, we associate our clocks with vertices, not edges.
This means that for each interaction term H e we have
to choose one of the vertices in e on which to control
the interaction. We encode this (arbitrary) choice into
a function ρ : E � V with ρ(e) � e for all e. With this



Summary

• can we reduce the local ancilla account to a constant or even to 
zero?

• time-independence does not limit information flow, provided we 
allow for a polylogarithmic number of ancilla qubits per data qubit

Outlook

• can get rid of ancillas in the restricted setting of free-particle 
Hamiltonians!

• our staticization construction applies to any piecewise-continuous 
Hamiltonian, including circuit-based quantum algorithms, quantum 
annealing protocols, entangled-state preparation (e.g. for sensing)
- would be interesting to investigate the specifics

• in some scenarios (architecture + application), it can be easier to 
implement Hamiltonian dynamics without time-dependent control
• our protocols incur error (which can be made arbitrarily small), 
but can we find a protocol that achieves perfect state transfer?
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N = total number of sites

• can we achieve the same with a time-independent Hamiltonian?
Yes!
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• can we achieve the same with a time-independent Hamiltonian?
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.

anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (

√
dL )α =

Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√

N − 2
N − 2
i=1 |i [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
√
dL )

α

N − 2

i=1

( |X i | + |i Y | + h .c.)

=
√
N − 2

(
√
dL )

α ( |X col| + |col Y | + h .c.) . (2)

Hence, the long-range hopping Hamiltonian forN sites re-
duces to the Hamiltonian of a system with the three levels
{| X , |col , |Y } , which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.

anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (

√
dL )α =

Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√

N − 2
N − 2
i=1 |i [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
√
dL )

α

N − 2

i=1

( |X i | + |i Y | + h .c.)

=
√
N − 2

(
√
dL )

α ( |X col| + |col Y | + h .c.) . (2)

Hence, the long-range hopping Hamiltonian forN sites re-
duces to the Hamiltonian of a system with the three levels
{| X , |col , |Y } , which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
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i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.

anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (
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Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√
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that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
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hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (
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anticommutatorforfermions(−).Thefree-particleLieb-
RobinsonboundsgivenbyEq.(1)holdfortime-dependent
Jij(t)andforarbitrarilystrongtime-dependenton-siteterms
µi(t)[25,26].Notethatsincetheyentailrestrictionsonthe
formoftheHamiltonian,free-particleLieb-Robinsonbounds
establishtighterspeedlimitscomparedtothegeneralinteract-
ingcasewiththesameα[28–31].

Statetransferofasingleparticlefromsitejtositeiwith
Ω(1)fidelityrequiresthat[ci(t),c†j(0)]±=Ω(1)[42].As
aresult,theabovefree-particleLieb-Robinsonboundscon-
straintheminimaltimerequiredforquantumstatetransfer.
Previousworks[25,26]haveconstructedtwotime-dependent
free-particlestate-transferprotocolsthatsaturatethesebounds
forallpower-lawexponentsα.Inthenexttwosections,we
“staticize”(i.e.,maketime-independent)thefree-particlepro-
tocolsofRef.[25]andRef.[26],respectively,torealizeopti-
maltime-independentquantumstatetransfer.Weemphasize
thatitisnotclearwhetheranygivenprotocolcanbestati-
cizedwithoutaslowdown.Ourapproachtostaticization
dependsonthesetting—forexample,ourtime-independent
protocolforα≥d/2reliesonadelicaterecursiveconstruc-
tionoflong-rangeHamiltonianscombinedwithaquantum
tunnelingtrick.Takentogether,ourprotocolsachievestate-
transfertimeT=O(Lα−d/2)forα<d/2,T=O(1)for
d/2≤α<d,T=O(logL)forα=d,andT=O(Lα−d)
ford<α<d+1,whichareoptimal—i.e.,saturatethe

boundsinEq.(1)—uptosubpolynomialcorrections[43].

Theprotocolforα<d/2.—Forα<d/2,sinceparticle
hoppingisstronglylong-rangesothateverysiteisappreciably
coupledtoallothersites,weconstructthefollowingsimple
time-independentHamiltoniantoachieveoptimalstatetrans-
fer.Inad-dimensionalcubiclatticewithside-lengthL,we
connectthedeparturesiteX[withcoordinates(0,0,...,0)]
andthearrivalsiteY[withcoordinates(L−1,0,...,0)]
withalltheothersites[labeledas1,2,...,N−3,N−2,
whereN=Ld].AsshowninFig.1(a),cruciallywetakeall
thehoppingstrengthstobethesame,equalto 1/(

√
dL)α=

Θ(1/Lα).Therefore,forthesitesinthemiddlecolumn,the
onlyrelevantstateinvolvedinthehoppingprocessistheuni-
formsuperpositionstate|col=1 √

N−2
N−2
i=1|i[Fig.1(b)].

ThisprocedureisdescribedbytheHamiltonian

H=
1

(
√

dL)
α

N−2

i=1

(|Xi|+|iY|+h.c.)

=
√

N−2
(
√

dL)
α(|Xcol|+|colY|+h.c.).(2)

Hence,thelong-rangehoppingHamiltonianforNsitesre-
ducestotheHamiltonianofasystemwiththethreelevels
{|X,|col,|Y},whichcanbesolvedexactlyandadmits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.

anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (

√
dL )α =

Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√

N − 2
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J ij ( t) and for arbitrarily strong time-dependent on-site terms
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form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
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free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.

anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (

√
dL )α =

Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√

N − 2
N − 2
i=1 |i [Fig. 1(b)].

This procedure is described by the Hamiltonian
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duces to the Hamiltonian of a system with the three levels
{| X , |col , |Y } , which can be solved exactly and admits
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with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
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identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
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of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
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J ij ( t) and for arbitrarily strong time-dependent on-site terms
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form of the Hamiltonian, free-particle Lieb-Robinson bounds
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for all power-law exponentsα . In the next two sections, we
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that it is not clear whether any given protocol can be stati-
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for d < α < d + 1 , which are optimal—i.e., saturate the
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The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
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tocolsofRef.[25]andRef.[26],respectively,torealizeopti-
maltime-independentquantumstatetransfer.Weemphasize
thatitisnotclearwhetheranygivenprotocolcanbestati-
cizedwithoutaslowdown.Ourapproachtostaticization
dependsonthesetting—forexample,ourtime-independent
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tionoflong-rangeHamiltonianscombinedwithaquantum
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ford<α<d+1,whichareoptimal—i.e.,saturatethe

boundsinEq.(1)—uptosubpolynomialcorrections[43].

Theprotocolforα<d/2.—Forα<d/2,sinceparticle
hoppingisstronglylong-rangesothateverysiteisappreciably
coupledtoallothersites,weconstructthefollowingsimple
time-independentHamiltoniantoachieveoptimalstatetrans-
fer.Inad-dimensionalcubiclatticewithside-lengthL,we
connectthedeparturesiteX[withcoordinates(0,0,...,0)]
andthearrivalsiteY[withcoordinates(L−1,0,...,0)]
withalltheothersites[labeledas1,2,...,N−3,N−2,
whereN=Ld].AsshowninFig.1(a),cruciallywetakeall
thehoppingstrengthstobethesame,equalto 1/(
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onlyrelevantstateinvolvedinthehoppingprocessistheuni-
formsuperpositionstate|col=1 √

N−2
N−2
i=1|i[Fig.1(b)].

ThisprocedureisdescribedbytheHamiltonian

H=
1

(
√

dL)
α

N−2

i=1

(|Xi|+|iY|+h.c.)

=
√

N−2
(
√

dL)
α(|Xcol|+|colY|+h.c.).(2)

Hence,thelong-rangehoppingHamiltonianforNsitesre-
ducestotheHamiltonianofasystemwiththethreelevels
{|X,|col,|Y},whichcanbesolvedexactlyandadmits

Tran et al (Gong, AVG, Lucas), PRX (2020)

<latexit sha1_base64="hk7ffs7tRdXvlTLTPbxaH5E9okg="></latexit>

|X→
<latexit sha1_base64="15nEECy95uuKitsr9C3irz7p1/M="></latexit>

|Y →
<latexit sha1_base64="mreuBKjoxX6t3lKpyLh3Lw/5U4Y="></latexit>

|A→ ↑ 1↓
2j

∑

i→A

|i→
<latexit sha1_base64="j3zKBQX8a/UnsxO2UGszXOUCzsk="></latexit>

|B→ ↑ 1↓
2j

∑

i→B

|i→

• time to spread to full lattice

<latexit sha1_base64="+gpjrbexYiUm1R5A9tFTqi5bkD4="></latexit>

→
logL∑

j=1

(2ω→1)j

<latexit sha1_base64="4DoBRhs3EuTMAiGhGVrUhOInY6w="></latexit>

ω < 1<latexit sha1_base64="F2R6d3r9omQSsImEnWgp9MEiwDg="></latexit>→ 1
<latexit sha1_base64="3y+CfkvsSL5YPH1hfVtVDwYrQd4="></latexit>

→ logL
<latexit sha1_base64="ELBXzDS2EM24hbPxwP5BhvNOCGY="></latexit>

ω = 1
<latexit sha1_base64="rTEem5AYABJxPpicWv8Ul2YLcUs="></latexit>

→ Lω→1 <latexit sha1_base64="LpY6VulCiU9M59apstmHtcLT3p8="></latexit>

ω > 1

Time-dependent protocol for                  hi
<latexit sha1_base64="11ulVrzGCKuwQ/rGLkhzOaQjLVw="></latexit>

d/2 < ω < d+ 1

<latexit sha1_base64="E6v8k6JV+IklzMgWy0aFYN9pQYM="></latexit>

20
<latexit sha1_base64="Hp97NVwh7YVM5vJuGFSteL5us+U="></latexit>

21
<latexit sha1_base64="ZUy5/7pPKrKY9+cas89vyPCLLxo="></latexit>

22
<latexit sha1_base64="4+0v1wh+nL5WXZJp14r1LJ1ajKM="></latexit>

23

) )
• want to evolve from        to 

<latexit sha1_base64="hk7ffs7tRdXvlTLTPbxaH5E9okg="></latexit>

|X→
<latexit sha1_base64="15nEECy95uuKitsr9C3irz7p1/M="></latexit>

|Y → • show for d=1

•               sites on a d-dimensional cubic lattice of linear size 
<latexit sha1_base64="iAWUeaFnfbIlla247A8HsNR2a88="></latexit>

L
<latexit sha1_base64="B7KBt7beOopHu4ybhjZ15AuwSGg="></latexit>

N → Ld

• interaction strength upper bounded by 
<latexit sha1_base64="61P65QqtSYdQOxVz9iQWWeKlKRI="></latexit>

1/rω

• time to spread to additional      sites ~  
<latexit sha1_base64="e46WxaKT0suskMBizLgq32O3fWI="></latexit>

2j
<latexit sha1_base64="NM5doIgB26ID8Lh7AUXkkiUQ0Fc="></latexit>

2j(ω→1)

• spread to larger uniform superpositions, then reverse to 
<latexit sha1_base64="15nEECy95uuKitsr9C3irz7p1/M="></latexit>

|Y →



2

⋯

= 0 1 2 ⋯

FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.
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J ij ( t) and for arbitrarily strong time-dependent on-site terms
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State transfer of a single particle from sitej to site i with
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mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
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tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
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The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (

√
dL )α =

Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√

N − 2
N − 2
i=1 |i [Fig. 1(b)].

This procedure is described by the Hamiltonian
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Hence, the long-range hopping Hamiltonian forN sites re-
duces to the Hamiltonian of a system with the three levels
{| X , |col , |Y } , which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
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anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (
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tionsoftheoptimaltime-independentprotocolfor α<d/2.ThedeparturesiteXandthearrivalsiteYareconnectedthroughallothersites,
withuniformhoppingstrengthsΘ(1/Lα)[(a)].Forthesitesinthemiddlecolumn,theonlyrelevantstateinvolvedinthehoppingprocess
istheuniformsuperpositionstate|col.Hence,thelong-rangehoppingHamiltonianreducestoathree-levelHamiltonianandadmitsperfect
statetransfer[(b)].(c)–(f)Illustrationsoftheoptimaltime-independentprotocolfor α≥d/2.Insteadofone-steptransferasin(a)–(b),
weconstructamulti-steprecursivetransferprotocolusingalong-rangequantumwalkHamiltonian[(c)].Byrearrangingthesites[(d)]and
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anticommutatorforfermions(−).Thefree-particleLieb-
RobinsonboundsgivenbyEq.(1)holdfortime-dependent
Jij(t)andforarbitrarilystrongtime-dependenton-siteterms
µi(t)[25,26].Notethatsincetheyentailrestrictionsonthe
formoftheHamiltonian,free-particleLieb-Robinsonbounds
establishtighterspeedlimitscomparedtothegeneralinteract-
ingcasewiththesameα[28–31].

Statetransferofasingleparticlefromsitejtositeiwith
Ω(1)fidelityrequiresthat[ci(t),c†j(0)]±=Ω(1)[42].As
aresult,theabovefree-particleLieb-Robinsonboundscon-
straintheminimaltimerequiredforquantumstatetransfer.
Previousworks[25,26]haveconstructedtwotime-dependent
free-particlestate-transferprotocolsthatsaturatethesebounds
forallpower-lawexponentsα.Inthenexttwosections,we
“staticize”(i.e.,maketime-independent)thefree-particlepro-
tocolsofRef.[25]andRef.[26],respectively,torealizeopti-
maltime-independentquantumstatetransfer.Weemphasize
thatitisnotclearwhetheranygivenprotocolcanbestati-
cizedwithoutaslowdown.Ourapproachtostaticization
dependsonthesetting—forexample,ourtime-independent
protocolforα≥d/2reliesonadelicaterecursiveconstruc-
tionoflong-rangeHamiltonianscombinedwithaquantum
tunnelingtrick.Takentogether,ourprotocolsachievestate-
transfertimeT=O(Lα−d/2)forα<d/2,T=O(1)for
d/2≤α<d,T=O(logL)forα=d,andT=O(Lα−d)
ford<α<d+1,whichareoptimal—i.e.,saturatethe

boundsinEq.(1)—uptosubpolynomialcorrections[43].

Theprotocolforα<d/2.—Forα<d/2,sinceparticle
hoppingisstronglylong-rangesothateverysiteisappreciably
coupledtoallothersites,weconstructthefollowingsimple
time-independentHamiltoniantoachieveoptimalstatetrans-
fer.Inad-dimensionalcubiclatticewithside-lengthL,we
connectthedeparturesiteX[withcoordinates(0,0,...,0)]
andthearrivalsiteY[withcoordinates(L−1,0,...,0)]
withalltheothersites[labeledas1,2,...,N−3,N−2,
whereN=Ld].AsshowninFig.1(a),cruciallywetakeall
thehoppingstrengthstobethesame,equalto 1/(

√
dL)α=

Θ(1/Lα).Therefore,forthesitesinthemiddlecolumn,the
onlyrelevantstateinvolvedinthehoppingprocessistheuni-
formsuperpositionstate|col=1 √

N−2
N−2
i=1|i[Fig.1(b)].

ThisprocedureisdescribedbytheHamiltonian

H=
1

(
√

dL)
α

N−2

i=1

(|Xi|+|iY|+h.c.)

=
√

N−2
(
√

dL)
α(|Xcol|+|colY|+h.c.).(2)

Hence,thelong-rangehoppingHamiltonianforNsitesre-
ducestotheHamiltonianofasystemwiththethreelevels
{|X,|col,|Y},whichcanbesolvedexactlyandadmits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol forα < d/ 2. The departure siteX and the arrival siteY are connected through all other sites,
with uniform hopping strengthsΘ (1 /L α ) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state|col . Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol forα ≥ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state|col j of each column forj = 0 to 2l ), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (forα < d ) or decrease (for
α > d ) away from the ends [(e)]. The single particle tunnels from (red) state|X to (red) state|Y through the zero-energy eigenstate|k = l
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strengthg.

anticommutator for fermions (− ). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
J ij ( t) and for arbitrarily strong time-dependent on-site terms
µ i ( t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the sameα [28–31].

State transfer of a single particle from sitej to site i with
Ω(1) fidelity requires that [ci ( t) , c†j (0)] ± = Ω(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed twotime-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponentsα . In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independentquantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol forα ≥ d/2 relies on a delicate recursive construc-
tion oflong-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer timeT = O (L α − d/ 2 ) for α < d/ 2, T = O (1) for
d/2 ≤ α < d , T = O (log L ) for α = d, and T = O (L α − d)
for d < α < d + 1 , which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol forα < d/ 2.—For α < d/ 2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-lengthL , we
connect the departure siteX [with coordinates(0 , 0, . . . , 0) ]
and the arrival siteY [with coordinates(L − 1, 0, . . . , 0) ]
with all the other sites [labeled as1, 2, . . . , N − 3, N − 2,
whereN = L d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to1/ (

√
dL )α =

Θ (1/L α ) . Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state|col = 1√

N − 2
N − 2
i=1 |i [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
√
dL )

α

N − 2

i=1

( |X i | + |i Y | + h .c.)

=
√
N − 2

(
√
dL )

α ( |X col| + |col Y | + h .c.) . (2)

Hence, the long-range hopping Hamiltonian forN sites re-
duces to the Hamiltonian of a system with the three levels
{| X , |col , |Y } , which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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FIG. S1. An illustration of the block arrangement in our time-independent quantum state-transfer protocol for ω → d/2. The neighboring
blocks are disjoint and touch only at their corners. All the hopping strengths between sites in the jth block and those in the (j +1)st block are
uniformly equal to

[√
d↑ (lj + lj+1)2

]→ω. Here we show the d = 2 case, and higher-dimensional cases are analogous.

As illustrated in Sec. S1, the state-transfer time of our time-independent protocol is upper bounded by

T = O
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Our ultimate task is to rigorously prove that the quantity Q =

√
∑

k →=l

(
t
(0)
k /t

(0)
l

Ek

)2

scales as O(1) when a > 1 and as O(a↑l)

when a < 1. Our proof has two main parts: (1) We employ the methods of proof by contradiction and induction to show that
El↑1 (the smallest energy gap) is lower bounded by !(1) when a > 1 and !(al) when a < 1; (2) By exploiting the orthonormal
property of the coefficients {t(j)

k
}, we use several inequalities to upper bound the quantity Q.

We start by solving the eigenstate equation H |k→ = Ek |k→, which gives us the following recurrence relations:
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In particular, we find that the lth eigenstate with El = 0 can be exactly solved, which gives

t
(2j)
l

=
1

(↑a)j
↓

a
l/2

√
1 + 2(al ↑ 1)/(1↑ a↑2)

, t
(2j+1)
l

= 0. (S41)

For other eigenstates with Ek > 0, in order to find a pattern to acquire some physical intuition, we explicitly calculate the first
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Summary
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• slower than interacting protocols but
- do not depend on whether intermediate sites are occupied
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits

2

ized WWRL construction. While one might worry that
the di!erent clocks desynchronize during the course of
the time evolution, we prove that this e!ect can be made
negligible and that the performance guarantees from the
original WWRL construction continue to hold.

Since time-dependent Hamiltonians that saturate a
variety of Lieb-Robinson bounds are known, this lo-
calized WWRL construction yields corresponding time-
independent Hamiltonians that also saturate the bounds.
In other words, if allowed polylogarithmically many an-

cillas per site, Lieb-Robinson bounds cannot be tightened

by assuming time-independence.

As examples, we “staticize” (i.e., make time-
independent) state-transfer protocols for systems with
long-range interactions and disordered qubit chains from
Refs. [37] and [24], respectively. These are two sce-
narios for which Lieb-Robinson bounds with non-linear
light cones have been derived (i.e., information propa-
gates across distance r in time t → r

z for z ↑= 1). In
the long-range case, we have z < 1, and in the dis-
ordered case, we have z > 1. These light cones are
saturated via the aforementioned time-dependent proto-
cols, and thus via our staticized versions as well. We
are not aware of prior work that realizes optimal time-
independent state-transfer protocols in these settings.
While these examples illustrate the capabilities of our
construction, the localized WWRL procedure works for
any piecewise-continuous protocol, including in particu-
lar quantum circuits.

Setup.—Consider an N -qubit Hilbert space H =

(C2)
→N

, with the qubits located on the vertices V of a
graph with edges E. We are given some time-dependent
Hamiltonian H(t) :=

∑
e↑E

He(t) (where any single-site
terms are absorbed into an edge incident on the site)
defined for t ↓ [0, T ]. While we will later relax these
assumptions, for now suppose that H is di!erentiable,
that H(0) = H(T ) and Ḣ(0) = Ḣ(T ) = 0, and that the
following quantities are finite:

h :=
∑

e↑E

max
t

↔He(t)↔, h1 : =
∑

e↑E

max
t

↔Ḣe(t)↔. (1)

We wish to construct some time-independent Hamilto-
nian H, with O(log(TN)) local ancilla qubits per site
and respecting the same locality constraints as H(t),

such that e
↓iTH ↗ U(T ), where the latter is the time-

evolution operator generated by H(t) from 0 to T .

We do this by modifying the WWRL construction from
Ref. [36]. Specifically, we augment the Hilbert space at
every vertex v with an ancillary clock qudit of dimension
Nc ↓ N that we specify later. The augmented Hilbert

space is Haug := (C2 ↘ CNc)
→N

. Since H(0) = H(T )
and Ḣ(0) = Ḣ(T ) = 0, we can define the Hamiltonian
for all t ↓ R by making it periodic with period T—take
H(t) to refer to this extension from now on.

Details of the Localized WWRL Construction.—We

FIG. 1. A cartoon of the localized WWRL construction acting
on 3 qubits. The color of edge e corresponds to the color of
the Gaussian clock state attached to vertex ω(e), where ω(e) is
an arbitrary fixed function that picks one of the two vertices
of e. Note that there is no a priori requirement that all ω(e)
are di!erent, but in this cartoon, that happens to be the case.

have Nc clock states, each corresponding to a time step
of duration ω := T/Nc within a total time period of T .
For later technical convenience, we let Nc = NpNq, with
Np, Nq ↓ N, and ε := T/Np = Nqω. We use this two-
level coarse-graining of the discretization to control the
two main sources of error in the construction described
below.

The intuition for the modified WWRL construction is
as follows. We construct a time-independent Hamilto-
nian H on Haug which is the sum of two non-commuting
terms. The first term, !, is the sum of discretized mo-
mentum operators on each clock, which drives the clocks
forward. The second term, C(H), implements controlled
applications of the Hamiltonian terms He, depending on
the clock state of one of the vertices in each edge. Thus,
the momentum operators keep the clocks moving, while
the controlled Hamiltonian terms ensure the correct evo-
lution is happening to all data qubits. See Fig. 1 for a
schematic of the construction.

More concretely, for any v ↓ V , let Uv :=∑
k↑ZNc

(|k + 1≃ ⇐k|)v, where |k≃ denotes the state of the

clock associated to qubit v. Then let ! :=
∑

v↑V
”v,

where

”v := i
Uv ⇒ U

†
v

2ω
. (2)

This is our discretized total momentum operator. Next,
we implement controlled applications of the He terms.
To preserve the locality structure of the base Hamilto-
nian, we associate our clocks with vertices, not edges.
This means that for each interaction term He we have
to choose one of the vertices in e on which to control
the interaction. We encode this (arbitrary) choice into
a function ϑ : E ⇑ V with ϑ(e) ↓ e for all e. With this
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FIG. 1. Summary of our two time-independent quantum state-transfer protocols via single-particle long-range quantum walks. (a)–(b) Illustra-
tions of the optimal time-independent protocol for ω < d/2. The departure site X and the arrival site Y are connected through all other sites,
with uniform hopping strengths !(1/Lω) [(a)]. For the sites in the middle column, the only relevant state involved in the hopping process
is the uniform superposition state |col→. Hence, the long-range hopping Hamiltonian reduces to a three-level Hamiltonian and admits perfect
state transfer [(b)]. (c)–(f) Illustrations of the optimal time-independent protocol for ω ↑ d/2. Instead of one-step transfer as in (a)–(b),
we construct a multi-step recursive transfer protocol using a long-range quantum walk Hamiltonian [(c)]. By rearranging the sites [(d)] and
identifying the relevant subspace during the hopping process (the uniform superposition state |col j→ of each column for j = 0 to 2l), we
obtain a one-dimensional nearest-neighbor hopping graph with hopping strengths that exponentially increase (for ω < d) or decrease (for
ω > d) away from the ends [(e)]. The single particle tunnels from (red) state |X→ to (red) state |Y → through the zero-energy eigenstate |k = l→
of the internal blue chain [(f)]. Other off-resonant eigenmodes lead to the state-transfer infidelity, which is made small by tuning the external
coupling strength g.

anticommutator for fermions (→). The free-particle Lieb-
Robinson bounds given by Eq. (1) hold for time-dependent
Jij(t) and for arbitrarily strong time-dependent on-site terms
µi(t) [25, 26]. Note that since they entail restrictions on the
form of the Hamiltonian, free-particle Lieb-Robinson bounds
establish tighter speed limits compared to the general interact-
ing case with the same ω [28–31].

State transfer of a single particle from site j to site i with
!(1) fidelity requires that ↑[ci(t), c†j(0)]±↑ = !(1) [42]. As
a result, the above free-particle Lieb-Robinson bounds con-
strain the minimal time required for quantum state transfer.
Previous works [25, 26] have constructed two time-dependent
free-particle state-transfer protocols that saturate these bounds
for all power-law exponents ω. In the next two sections, we
“staticize” (i.e., make time-independent) the free-particle pro-
tocols of Ref. [25] and Ref. [26], respectively, to realize opti-
mal time-independent quantum state transfer. We emphasize
that it is not clear whether any given protocol can be stati-
cized without a slow down. Our approach to staticization
depends on the setting—for example, our time-independent
protocol for ω ↓ d/2 relies on a delicate recursive construc-
tion of long-range Hamiltonians combined with a quantum
tunneling trick. Taken together, our protocols achieve state-
transfer time T = O(Lω→d/2) for ω < d/2, T = O(1) for
d/2 ↔ ω < d, T = O(logL) for ω = d, and T = O(Lω→d)
for d < ω < d + 1, which are optimal—i.e., saturate the

bounds in Eq. (1)—up to subpolynomial corrections [43].

The protocol for ω < d/2.—For ω < d/2, since particle
hopping is strongly long-range so that every site is appreciably
coupled to all other sites, we construct the following simple
time-independent Hamiltonian to achieve optimal state trans-
fer. In a d-dimensional cubic lattice with side-length L, we
connect the departure site X [with coordinates (0, 0, . . . , 0)]
and the arrival site Y [with coordinates (L → 1, 0, . . . , 0)]
with all the other sites [labeled as 1, 2, . . . , N → 3, N → 2,
where N = L

d]. As shown in Fig. 1(a), crucially we take all
the hopping strengths to be the same, equal to 1/(

↗
dL)ω =

”(1/Lω). Therefore, for the sites in the middle column, the
only relevant state involved in the hopping process is the uni-
form superposition state |col↘ = 1

↑
N→2

∑
N→2
i=1 |i↘ [Fig. 1(b)].

This procedure is described by the Hamiltonian

H =
1

(
↗
dL)

ω

N→2∑

i=1

(|X↘ ≃i|+ |i↘ ≃Y |+ h.c.)

=

↗
N → 2

(
↗
dL)

ω (|X↘ ≃col|+ |col↘ ≃Y |+ h.c.). (2)

Hence, the long-range hopping Hamiltonian for N sites re-
duces to the Hamiltonian of a system with the three levels
{|X↘ , |col↘ , |Y ↘}, which can be solved exactly and admits
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