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Statistical Physics

We frequently describe systems with many interacting components in terms
of statistical ensembles

Two important ensembles are:
¢ Microcanonical ensemble: where we fix number of particles and energy

e Canonical ensemble: where we fix number of particles and average
energy (temperature)
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From Microcanonical to Canonical

\0 ® Assume equal probability of states P = 1/Q

Number of microstates Q(E, N, V) and
microcanonical entropy S = kg In Q2
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From Microcanonical to Canonical

\0 ® Assume equal probability of states P = 1/Q

Pa
.f ® Number of microstates Q(E, N, V') and
microcanonical entropy S = kg In Q2

* Inverse temperature: 3 = 25

D3 . = 9S8
./,ﬁl \ ® Pressure: pf = 5

¢ Chemical potential: uf = 22
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From Microcanonical to Canonical

‘E. II Probability system I has energy € [E1, E1 + dE1] given
system I has energy E- :

P4
./‘ Q1 (E1) Qa(Bs) dE: = Q1(Ey) Qa(E — Ey) dE
= Ql(El) ESQ(E_EI) dE1

as
\ = Qi (En) G(SQ(EFElﬁ‘EJF”) dEy
D3

./m o« Q1 (BEy) e PPrdE,
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From Microcanonical to Canonical

‘E. II Probability system I has energy € [E1, E1 + dE1] given
system I has energy E- :

P4
./' Q1 (E1) Qa(Bs) dE: = Q1(Ey) Qa(E — Ey) dE
= Ql(El) ESQ(E_EI) dEl

= Q1(Fh) e(sz(EFEl%‘Eer) dFEn
\[73 X Ql(El) 673E1 dE1
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From Microcanonical to Canonical

Probability system I has energy € [E1, E1 + dE1] given
system I has energy E- :

01 (B1) Q2(Es) dEy = Q1(Ey) Qa(E — By dE,
= Ql(El) eSQ(EiEl) dE1
as
=0 (By) 6(52<E>‘E1ﬁ‘,@+“‘) dE,
X Ql(El) 676E1 dE1

Assumes additivity!
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From Microcanonical to Canonical

Probability system I has energy € [E1, E1 + dE1] given
system I has energy E- :

Q1 (E1) Qa(Bs) dEy = Q1 (E1) Qa(E — Fy) dEs
=y (Fy) 2P gp,
_ Ql(El)e(Sz(E‘)—El%‘E+m) dF,
o« O (E1) e PPLdE,
Assumes additivity!

Convex intruder
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The Model

ot se) s B(a) N

14

Total Spin: S= 3% ,00=(5",5Y,5%,

H =

4J 2\ 2 x 16K z\4
—5 (57— 2h8” — - (57)"
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The Model
() e A (o)

Total Spin: S= 3% ,00=(5",5Y,5%,

H= -2 (57)2 —apge — 10K (geys

N N3

* Z(B,J,h, K)=Tr[e "]

* QE,J,hK)=Tr[0(E —H) .
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The Model

2 4
v () s (3]

Total Spin: S= 3% ,00=(5",5Y,5%,

16K

H= N3

(8%)* — 2nS* — (5%)*.

4
N

* Z(B,J,h, K)=Tr[e "]

* QE,J,hK)=Tr[0(E —H) .
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The Model

2 4
v () s (3]

Total Spin: S= 3% ,00=(5",5Y,5%,

16K
N3

__£ 22_ T zZ\4
H= =7 (57) —2h8 (5.

® Z(B,J,h, K) =35 9(8) 3= (S, 57|75, 5%)

o QE,J b K) =3 9(S) Y 4. (S, S*|5(E — H)[S, S7) .

ETHziirich Nordia

It

23.07.2025

SX

9/39



The Model

H= 7 <§Z:az>2_h§£jaf—% @@> f‘f‘t‘f"

z

IRIRRAN

Total Spin: S= 3% ,00=(5",5Y,5%,

16K
N3

__£ z2_ T zZ\4
H= =7 (57) —2h8 (5.

SX

o Z(8. 70 K) =Y 0(5) Y g (S, 57?5, 57 | W=

o QE,J b K) =3 9(S) Y 4. (S, S*|5(E — H)[S, S7) .

ETHziirich Nordia 23.07.2025  10/39



The Model
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The Model

SY,5%),

)

(5*

%Zz‘” =

Total Spin: S

o~
™n
)
x
|
)
o
0
195]
“
n
19
N
D
>
n
N

* Q(E,J, h,K)

12/39

23.07.2025

Nordita

ETHziirich



The Model
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The Thermodynamic Potentials

__4'] z\2 a:_16K z\4
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S = Zsm with m = (me, my, m.) = (sin 6 cos ¢, sin 6 sin ¢, cos 0)
[E. H. Lieb, Commun. Math. Phys 31, 327 (1973).]
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The Thermodynamic Potentials

__g z\2 a:_lGK z\4
H=—57 (57 = 2h8" — = (5™,

S = Zsm with m = (me, my, m.) = (sin 6 cos ¢, sin 6 sin ¢, cos 0)
[E. H. Lieb, Commun. Math. Phys 31, 327 (1973).]

Uy

1
Z(ﬂ,J,h,K):/ dswg(]v[s)/e*NL*e(San’vhaK) sin 0d0da,
0

U

1
Qe, J,h,K):/ dswgws)/aw—z\re(s,e,(ﬁ, J, h, K)) sin 0dfd¢.
0
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The Thermodynamic Potentials

__g z\2 r_lGK z\4
H=—57 (57 = 2h8" — = (5™,

S = Zsm with m = (me, my, m.) = (sin 6 cos ¢, sin 6 sin ¢, cos 0)
[E. H. Lieb, Commun. Math. Phys 31, 327 (1973).]

1
Z(ﬂ,J,h,K):/ dswg(]ws)/C*Nﬁdsﬂa%”hﬁm sin 0d0da,
0

Uy

1
Q(e, J,h,K):/ dswg(Ms)/a(E—Ne(s,em J,h, K)) sin 0d0d¢.
0

U

171 1 1- 1-
(B, J h,K)=¢c—8/8=—Js*m? — Ks*m? —hs\/l—mg_;_g [ ;len ;rs - 51 - s} 7
1 1 1- 1-
S(s) = — ;rslog( ;S)f ZSlog( 2S>.
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The Thermodynamic Potentials.

__g z\2 a:_lGK z\4
H=—57 (57 = 2h8" — = (5™,

S = Zsm with m = (me, my, m.) = (sin 6 cos ¢, sin 6 sin ¢, cos 0)
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1
Z(ﬂ,J,h,K):/ dswg(]ws)/C*N&(S»‘)@’J”LK) sin 0d0da,
0

U

1
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The Thermodynamic Potentials.

fB,JhK)=c-8/8= —Js*m? — Ks*m? — hsy/1 24+ = [1;5n1;8+1581n155
_ 145 1+s) 1-s 1-s .
S(s) = 3 log( 3 ) 3 log( 3 ) s = s(e).
hif=3, Klj=1/4 hij=1, Klj=1/4

‘ i'sm

[Nicold Defenu, David Mukamel and Stefano Ruffo, Phys. Rev. Lett. 133, 050403 (2024).]
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Suzuki-Trotter decomposition

M2 — iy
Ng—o0

)

(eHl /Ns gH2/Ns ) Ns

Applied to our Hamiltonian + completeness relation: 1 = Z{?} |7 (7|
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Suzuki-Trotter decomposition
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Applied to our Hamiltonian + completeness relation: 1 = Z{?} || (where |7) = | 1] ... 1))
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Suzuki-Trotter decomposition
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Suzuki-Trotter decomposition

N,
eHitHz iy (eHl/NseHQ/Ns) s
Ng— o0

)

Applied to our Hamiltonian + completeness relation: 1 = Z{?} || (where |7) = | 1] ... 1))

DL LR B | (ST D P T

{7} {F(e)} a=1

Ns
z= % Il NSWH JeF 26" (o + 1)),

{F(e)} a=1
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Suzuki-Trotter decomposition

M2 — iy
Ng— o0

)

(eHl /Ns gH2/Ns ) N

Applied to our Hamiltonian + completeness relation: 1 = Z{?} || (where |7) = | 1] ... 1))

Z:Z<T o sz hot Z H 7N£A erZ hot T(a+1))

{7} {F(e)} a=1

ZH“S”‘”H a)[e™F 2 |7 (a 4 1)),

{7(a)} a=1
Introduce classical order parameter by

S(m-(e) = 3 Yot = 5 [ (@A),

N 27
i
[Victor Bapst and Guilhem Semerjian, J. Stat. Mech.: Theory Exp. 2012, P06007 (2012).]
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Suzuki-Trotter decomposition
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Suzuki-Trotter decomposition

Dominant contribution m.(a) = m. and A(a) = A
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Suzuki-Trotter decomposition

Dominant contribution m.(a) = m. and A(a) = A

Z /dmzd)\ exp {NB (Jm§+Km§/\mz+;ln 2 cosh (s/)\2+h2)>:| ,

fB,J hK) = —Jm? — Km® + Am. — %ln (2 cosh (,B\/h2 + )\2>> .

QE, J,h, K) = Tr[6(E — H)]
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Suzuki-Trotter decomposition
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Suzuki-Trotter decomposition

Dominant contribution m.(a) = m. and A(a) = A

Z /dmzd)\ exp {NB (Jm§+Km§/\mz+;ln 2 cosh (s/)\2+h2)>:| ,

f(B,J,h,K) = —Jm2 — Km? + Am. — %m (2 cosh (6\/h2 + )\2>> )
QE, J,h, K) = TH[8(B — H)]= [ 225, (7 ( (B, )) 7

Q x fd'ydmzd)\ exp lN (’y (ng + Km? + 6) — Am; + In 2 cosh (, /A2 + 72h2) >‘| .

[(e, J,h, K) :'y(ng—i—Kmﬁ-f—E) — Am. + In 2cosh (\/)\2+'y2h2),

[Victor Bapst and Guilhem Semerijian, J. Stat. Mech.: Theory Exp. 2012, P06007 (2012).]
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Phase Diagram (Fixed Temperature)
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Phase Diagram (Fixed Temperature)

w3 (5) ()

£

f(3,J,h,K) = —Jm?—Km?+xm,
1
~3 In (2C05h (,3\/ h2 + )\2>) .
Saddle point condition

o _, o

=0, =0
oA om;

F(B, J,h, K) & fo + bam? + bym? + O(m$),
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Phase Diagram (Fixed Temperature)

vt () 5 ()

2

7Jm§ — Kmﬁ + Am;

1
_E In (2005h (,3\/ h2 + )\2)) .
Saddle point condition

o _, o

=0, =0
oA om;

f(ﬁ:‘L h7K) ~ fO +b2m3 +b4m§ +O(m2)7

ETHziirich Nordia
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Phase Diagram (Fixed Temperature)
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Phase Diagram (Fixed Temperature)
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Saddle point condition
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Phase Diagram (Fixed Temperature)
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Saddle point condition

K/J

0 0 0
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af
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Phase Diagram (Fixed Temperature)

2 4

Free-energy

fB, T hK) = —Jm?2—Km*+m,

7% In (2COSh (ﬁ\/ h2 +)\2)) .
Entropy
f(E,J,h,K) = ’y(ng+ng+g)

—Am_ + In 2 cosh (\/)\2 +72h2> ,
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Phase Diagram (Fixed Temperature)

Tri-critical point: 1.2 MCE ]
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Phase Diagram (7" = 0)
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Phase Diagram (Fixed h ~ 1.55)
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Phase Diagram (Fixed h ~ 1.55)
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Phase Diagram (Fixed h ~ 1.55)
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Phase Diagram (Fixed h ~ 1.55)
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Phase Diagram (Fixed h ~ 1.55)
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Conclusion and Outlook.

® We show and example of ensemble inequivalence in LR "Quantum"” spin chains.
® Microcanonical entropy develops a convex intruder

Relevant for current experiments
® “For more details see [arxiv:2504.14008]
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Thanks.
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