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Statistical Physics

We frequently describe systems with many interacting components in terms
of statistical ensembles

Two important ensembles are:

• Microcanonical ensemble: where we fix number of particles and energy

• Canonical ensemble: where we fix number of particles and average
energy (temperature)
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From Microcanonical to Canonical

~p1

~p2

~p3

~p4

• Assume equal probability of states P = 1/Ω

• Number of microstates Ω(E, N, V ) and
microcanonical entropy S = kB ln Ω

• Inverse temperature: β ≡ ∂S
∂E

• Pressure: pβ ≡ ∂S
∂V

• Chemical potential: µβ ≡ ∂S
∂N
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From Microcanonical to Canonical

~p1

~p2

~p3

~p4

I

II Probability system I has energy ∈ [E1, E1 + dE1] given
system II has energy E2 :

Ω1(E1) Ω2(E2) dE1 = Ω1(E1) Ω2(E − E1) dE1

= Ω1(E1) eS2(E−E1) dE1

= Ω1(E1) e

(
S2(E)−E1

∂S2
∂E2

∣∣
E

+...

)
dE1

∝ Ω1(E1) e−βE1 dE1

Assumes additivity!
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The Model

H = − J

N

(∑
ℓ

σz
ℓ

)2

− h
∑

ℓ

σx
ℓ − K

N3

(∑
ℓ

σz
ℓ

)4

,

Total Spin: S = 1
2
∑

ℓ
σℓ = (Sx, Sy, Sz),

H = −4J

N
(Sz)2 − 2hSx − 16K

N3 (Sz)4.

• Z(β, J, h, K) = Tr
[
e−βH] ,

• Ω(E, J, h, K) = Tr [δ(E − H)] .

Sx

Sy

Sz
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The Thermodynamic Potentials

H = −4J

N
(Sz)2 − 2hSx − 16K

N3 (Sz)4. Sx

Sy

Sz

S = N
2 sm with m ≡ (mx, my, mz) = (sin θ cos ϕ, sin θ sin ϕ, cos θ)

[E. H. Lieb, Commun. Math. Phys 31, 327 (1973).]

Z(β, J, h, K) =
∫ 1

0
ds

N(Ns + 1)
8π

g(Ms)
∫

e−Nβe(s,θ,ϕ,J,h,K) sin θdθdϕ,

Ω(ε, J, h, K) =
∫ 1

0
ds

N(Ns + 1)
8π

g(Ms)
∫

δ(E − Ne(s, θ, ϕ, J, h, K)) sin θdθdϕ.

f(β, J, h, K) = ε − S/β = −Js2m2
z − Ks4m4

z − hs
√

1 − m2
z +

1
β

[1 + s

2
ln

1 + s

2
+

1 − s

2
ln

1 − s

2

]
,

S(s) = −
1 + s

2
log
(1 + s

2

)
−

1 − s

2
log
(1 − s

2

)
.

[Nicolò Defenu, David Mukamel and Stefano Ruffo, Phys. Rev. Lett. 133, 050403 (2024).]
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The Thermodynamic Potentials.

f(β, J, h, K) = ε − S/β = −Js2m2
z − Ks4m4

z − hs
√

1 − m2
z + 1

β

[1 + s

2 ln 1 + s

2 + 1 − s

2 ln 1 − s

2

]
,

S(s) = −1 + s

2 log
(1 + s

2

)
− 1 − s

2 log
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)
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[Nicolò Defenu, David Mukamel and Stefano Ruffo, Phys. Rev. Lett. 133, 050403 (2024).]
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Suzuki-Trotter decomposition

eH1+H2 = lim
Ns→∞

(
eH1/Ns eH2/Ns

)Ns
,

Applied to our Hamiltonian + completeness relation: 1 =
∑

{τ⃗} |τ⃗⟩⟨τ⃗ |

(where |τ⃗⟩ = | ↑↓ . . . ↑⟩)

Z =
∑
{τ⃗}

⟨τ⃗ |e−βĤz+β
∑

i
hσ̂x

|τ⃗⟩ =
∑

{τ⃗(α)}

Ns∏
α=1

⟨τ⃗(α)|e− β
Ns

Ĥz e
β

Ns

∑
i

hσ̂x

|τ⃗(α + 1)⟩

Z =
∑

{τ⃗(α)}

Ns∏
α=1

e− β
Ns

Ez(α)
Ns∏

α=1

⟨τ⃗(α)|e
β

Ns

∑
i

hσ̂x

|τ⃗(α + 1)⟩.

Introduce classical order parameter by

δ(mz(α) − 1
N

∑
i

σz
i (α)) = 1

2π

∫
e

−iλ
(

mz(α)− 1
N

∑
i

σz
i (α)
)

dλ

[Victor Bapst and Guilhem Semerjian, J. Stat. Mech.: Theory Exp. 2012, P06007 (2012).]
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Phase Diagram (Fixed Temperature)

H = −
J
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(∑
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σ
z
ℓ

)2
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σ
x
ℓ −

K
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z
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,
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Saddle point condition
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f(β, J, h, K) ≈ f0 + b2m2
z + b4m4

z + O(m6
z),

m

f(m
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Phase Diagram (Fixed Temperature)

Tri-critical point:

0 0.5 1.0 1.5 2.0

T/J

0.15

0.25

0.35

0.45

0.55

K
/J

Canonical

Microcanonical

1.5 2.0 2.5

h/J

0

0.4

0.8

1.2

K
/J

MCE
(mz = 0)

MCE
(mz 6= 0)

CE

Ferromagnet
(mz 6= 0)

Paramagnet
(mz = 0)

βJ = 2/3

Nordita 23.07.2025 28/39



Phase Diagram (Fixed Temperature)

Tri-critical point:

0 0.5 1.0 1.5 2.0

T/J

0.15

0.25

0.35

0.45

0.55

K
/J

Canonical

Microcanonical
Canonical:

b2 = 0 : hc

2J
= tanh (βhc) ,

b4 = 0 : Ktcp = J3

h2
c

+ βJ2

2
(
1 − tanh (βhc)2) .

Microcanonical:

a2 = 0 : hc[MCE] = 2J tanh (βhc) ,

a4 = 0 : Ktcp[MCE] = J

4 tanh (βhc)2 .

Nordita 23.07.2025 29/39



Phase Diagram (Fixed Temperature)

Tri-critical point:

0 0.5 1.0 1.5 2.0

T/J

0.15

0.25

0.35

0.45

0.55

K
/J

Canonical

Microcanonical
Canonical:

b2 = 0 : hc

2J
= tanh (βhc) ,

b4 = 0 : Ktcp = J3

h2
c

+ βJ2

2
(
1 − tanh (βhc)2) .

Microcanonical:

a2 = 0 : hc[MCE] = 2J tanh (βhc) ,

a4 = 0 : Ktcp[MCE] = J

4 tanh (βhc)2 .

Nordita 23.07.2025 29/39



Phase Diagram (T = 0)

Tri-critical point:

0 0.5 1.0 1.5 2.0

T/J

0.15

0.25

0.35

0.45

0.55

K
/J

Canonical

Microcanonical

1.5 2.0 2.5

h/J

0

0.25

0.50

0.75

1

K
/J

Ferromagnet
(mz 6= 0)

βJ =∞

Paramagnet
(mz = 0)

Nordita 23.07.2025 30/39



Phase Diagram (Fixed h ≈ 1.55)
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Phase Diagram (Fixed h ≈ 1.55)
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Phase Diagram (Fixed h ≈ 1.55)
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Phase Diagram (Fixed h ≈ 1.55)
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Conclusion and Outlook.

• We show and example of ensemble inequivalence in LR "Quantum" spin chains.
• Microcanonical entropy develops a convex intruder
• Relevant for current experiments
• ∗For more details see [arXiv:2504.14008]

[Alexander Schuckert, et al. Nature Physics 21, 374–379 (2025).]
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Thanks.
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