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Long-range interacting quantum systems
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a<d Strong Long-range
d<a<a* Weak Long-range

a> a* Short-range physics



Long-range quantum simulators
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“Long-range interacting quantum systems”, ND et al. Rex. Mod. Phys. 95, 035002 (2023).
“Out-of-equilibrium dynamics of quantum many-body systems with long-range interactions”, ND et al. Phys. Rep. 1074, 1, (2024)



Sachdev-Ye-Kitaev model

il T

H = 2 Jal,...aq,...bl,...,bq Cl1°°°CCqub1°”qu
dy, ...aq

b, b,

Identically distributed independent, Gaussian random couplings

<Ja1,...a bi...,b > =0 < ‘Jal,,,,aq,bl,,,,bq ‘2> — Jz/quq_l(q!)z
N fermonic flavor Cli, bl — 1, i N

All-to-all connected g-body interactions



Sachdev-Ye-Kitaev model

Interesting porperties:

1. NO quasiparticle description - level spacing above the
oround state is exponentially small ~ ¢ 0V

. . s i)
2. Residual zero temperature entropy lim lim

— SO > O
T—0 N->oo N

3. “Maximally chaotic” - fast scrambler
4. High energy perspective: toy model for a quantum black hole

5. Condensed matter perspective: beyond Fermi-Liquid description



Sachdev-Ye-Kitaev model: exact solution

Disorder average of the FEuclidean action: replica trick
- @n+ n
p

Saddle point N = oo Matsubara Frequencies @,

1 — I — (_1\q+1 12 g g—1,
G(lw,) >(7) = (- D J*GU)GI  (-7)

lw, — 2(lw,)

] . / |
(1) = 7 Zf(iwn)e"”"ﬂ fliw,) = J dzf(r)e' " .
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Sachdev-Ye-Kitaev model: exact solution

Disorder average of the FEuclidean action: replica trick

. | 2n+ r
Saddle point N — oo Matsubara Frequencies o, = 5
G(iw,) = 1 >(7) = (- DI GG (-7)
Y iw, — Z(iw,)
Low energy solution a T = 0 : power law ansatz
A H g L Fermions scaling
Gl = Ce " O; Im(z) > 0,|z| «J A=—

2g  dimension



Sachdev-Ye-Kitaev model: exact solution

Gl=Ce ™ 0,01 Im(H>0lzle] A= Eerrmops scaling
¢ dimension

G(r) x sgn(7) | r\_m = sgn(7) | T‘—l/q T—0



Sachdev-Ye-Kitaev model: exact solution

Gl=Ce ™ 0,01 Im(H>0lzle] A= Eerrmops scaling
¢ dimension

G(7t) « sgn(?) | 7| ** = sgn(@) |z|™"" T=0
J R R S =G )]
T — f(r) Euclidean time reparametrizations (conformal) invariance

G(z,7) = [f @O)f ()I*G(f(2), f(z")) 2(7,7) = [f @f (@) VZ(f(2), f(7'))



Sachdev-Ye-Kitaev model: exact solution

Gl=Ce ™ 0,01 Im(H>0lzle] A= Eerrmops scaling
2g  dimension
G(t) = bsgn(?) | 7|7 = bsgn(o) || T=0
. f(r) = tan(rwz/p)



Sachdev-Ye-Kitaev model: exact solution

Gl=Ce ™ 0,01 Im(H>0lzle] A= Eerrmops scaling
¢ dimension

G(t) = bsgn(?) | 7|7 = bsgn(o) || T=0

N
G(r) = b [ ] sgn(7) 7

T
f sin(rwz/f)



Sachdev-Ye-Kitaev model: exact solution

Gl=Ce ™ 0,01 Im(H>0lzle] A= Eerrmops scaling
¢ dimension

G(tr) = bsgn(7) | T\_ZA = bsgn(7) | Tl_l/q I —0

2A
G(r)=b [ ] sgn(7) T >0

U
Bsin(zz/ )

I [F

BF = = ) In(-iw, + Xiw,))) - ZJ dr |GI(f — )G (1) + Z(1)G(f — 7)|
n 0



Sachdev-Ye-Kitaev model: exact solution

Gl=Ce ™ 0,01 Im(H>0lzle] A= Eerrmops scaling
¢ dimension

G(tr) = bsgn(7) | T\_ZA = bsgn(7) | Tl_l/q I —0

2A
T
G(t)=0b T >0
2 [ F: sin(m/ﬁ)] et
A

. MAN ) .
3 = 1111(1) lim N - 5 log(2) — | dxz(1/2 — x)tan(zx) + O(T) Residual entropy

T—-0 N—>oo

0
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An analogy?

e o o o o e o o o

=1 10y [+1)

nitial State: | ;) = |i) Wwith i€ {1,-+, N}
Final Hamiltonian: H, = — JZ )i+ 1|+h.c.= ZEkﬁk
j k

Fidelity: — f(1) = | [ {(w|e Py |17 = | x> And () = Z p.e B with p, = (|1l |y).



The characteristic function

It the initial state only overlaps with eigenstate in the continuous portion
ot the spectrum.

lim y(£) = 0

[— OO

Or more 1n general

17
lim (f(¢)), =0, where ([...]);= —J [...]dt



The long-range case

® o o o e e e e °

=1 10 |+1)

nitial State: | ;) = |i) Wwith i€ {1,-+, N}

Final Hamiltonian: Hf =—J Z

k

Fidelity: — f(1) = | [ {(w|e Py |17 = | x> And () = Z p.e B with p, = (|1l |y).



Discrete Spectrum

N/2 COS (27m )

— =J,
(r/N)®

1 V& 1cos(kr) C,
Iim J, = Iim —
N—>o0 k= N— o0 N Z

r—1 7"—1




An example involving disorder

Harmonic Oscillator Variables: [ S i’ ﬁ]] — iéij [S;, §j] = | p; ]5]] =0

sz __z i zS]+//t(z§i2_%> '

l

The chemical potential y 1s chosen 1n such a way that tor each values ot g one has:

4V 52
A = L =1
N




The disordered case

= j 279 72
Vi=J;+u; with  P(u;) ~ exp(=Nu;/2J7)

Leading to the density of states

\/812—82

2
€1

o(e —¢,)

. 2
p(e) = pyle) + ) —— " Wwith py(e) =17
n<ns O lf ‘8‘ > 81

if |e] < ¢



Long-range interactions interplay with disorder

dy
ple) ~ €27

2d
d_

C a—d

Strong long-range regime

1

d, — oo

“Freezing and Shielding under Global Quenches for Long-Range Interacting Many-Body Systems”, D. A. Viciente, ND. arXw:2407.06072 (20



Lifting the constraint

— 2J=0.27 — 2J=1.17

— 2J=0.57 2J=1.47

Initial Stﬂt@: %4 > gc SU.Ch that H = 2//tc . —— 2J=0.87 2J=1.7T

At t = 0 the constraint 1s removed:

H = K

And the system 1s let free to evolve.

PNAS | Metastability and discrete spectrum of long-range systems, Nicolo Defenu, 2021.




My question ©

Are long-range interactions the origin ot the black-hole entropy?

Maldacena’s answer:
Chain of black holes!

A.k.a. a non-fermi liquid...

X-Y. Song, C-M. Jian, and L. Balents, Phys. Rew. Lett. 119, 216601 (2017)



The a-SYK model ©
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The long-range spectrum

L N
Z Z X,y xa ya+ﬂzzcjacxa+H
x,y=1 a=1 x=1 a=1
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ingle particle spectrum Ea\t) = K g g’ 2 e
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The long-range spectrum: weak long-range

a>d=1 No.® (@)  Continuum limit k, = k

OO n

f (k) & C(la) [Lia(eik) + Lia(e‘ik)] Li(z) = pa e polylogarithm




The long-range spectrum: weak long-range

a>d=1 No.® (@)  Continuum limit k, = k
fo (k) =~ ; Li,(e™) + Li(e™™)] Li(z) = S 2
C(Cl) B n*

Dispersion relattion k — 0

J k) =1+ sin (%) F(;(_)a) \k\“‘l + O(k?) if 1 <a<3,
a
2In(k) — 3 , . |
fo(k) =1+ ) k“+ OK°) ifoa=3
Jfo k) =1 — e k” -+ 6% if a > 3.

4

polylogarithm



The long-range spectrum: weak long-range

a>d=1 N~ C(a)  Continuum limit k, — k
f.(k) = [Lia(eik) + Lia(e‘ik)] 1i(z) = Z—x polylogarithm
(@) -

leg«>s a> 3




The long-range spectrum: strong long-range
a<d=1 g =] ¢

L2 cos(2an— )

. | LZ/Z cos(kr) c_ Z
L—>0 '/Va g BaBEE (I/'/L)a




The long-range spectrum: strong long-range
a<d=1 g =] ¢

L2 cos(2an— )

. | LZ/Z cos(kr) c_ Z
L—>0 '/Va g BaBEE (r/L)O‘

N— o0

£.(n) = lim f,(k) = Jm | i i lim f,(n) =0  f,(n) = 5,n°"' + O(n™)

a n— Qoo
0 \)

Discrete spectrum  €,(n) = u — f,(n) Accumulation point ~ max e,(n) = p
n



The long-range spectrum: strong long-range

a<d=1 g =] ¢

Discrete specttum  €,(n) = p —f,(n) Accumulation point = maxegy(n) = u
n




Low energy T = ( solution

Saddle point equations N — oo Analitic continuation iw, = @ + 0"

, 1 1
Glim,) = — Zk‘, omEEET, || GG b G o

Ansatz  G(w) = Cew?2! A = Aa, q) w — 0

w < 2Z(w) Interaction-dominated solution: Non-Fermi-Liquid

Y(w) < w Interaction becomes irrelevant: Fermi-Liquid



Strong long-range a < 1

| |

G(w) ~ — Z 72=w — 2(w) ga(n) i Sana—l 4 @(n—z)
L™~ z-e¢,

e e 3 Ly oY Y ne-t = oL
Z ZL B nl—(l .

Gliw,) = 1 + O Same equations as for the

iw, — 2(iw,) standard SYK model



Strong long-range a < 1

Residual entropy ~ S¢>'F = S5Y8 + 6(L*)

¢a=0.50 2a=0.80

Oa=0.60 a=0.90
oa=0.70 —SYK




Weak long-range a > 1

Saddle point equations N — oo

AN

G(w) zJ g

o 1Ng+1T 72 1y
e (1) = (=D U“GYr)GT ' (—1)




Weak long-range a > 1

Saddle point equations N — oo

AN

G(w) zJ g
A 60—2(60)—8

(1) = (- DN U*GUr)G (-7

Density ot states
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T=0 solution: weak long-range

A
O oL J RS elhe ol 70
a o= b
Z_% o >3
G(z) x 4 < l+55 % <a<3 G(w) = Cefgp?A-]
% | <(x§%



T=0 solution: weak long-range

G(w) L CeinZA—l

- o > 3 0 <K 2(w)
A= iy Non-Fermi-Liquid
200 — 3
2[1 + 2q(a — 2))] alq) <a <3 a < a.(q) = 5 + g
TR RLELAC) a0l g Fermi-Liquid
(a—1) 2

A = :

1 l o<~



T=0 solution: weak long-range

G- (e

£ |
3 ! ) :
N K2 a >3 ; ; ;
- 9% 3 i | |
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Residual entropy

= ,BLL ; ; In (—ia)n + £ + Z(ia)n))) — ( 2q2; 1 ) % ; 2(lw,)G(iw,)

D) =1 S(T) = — oF/0T ~ T°



Residual entropy

= ,BLL ; ; In (—ia)n + £ + Z(ia)n))) — ( 2q2; 1 ) % ; 2(lw,)G(iw,)

D) =1 S(T) = — oF/0T ~ T°

4

. 22g — 1)A — 1) -] 1+2g
G = = 4g — 10 — 2a(2g — 3)
11+ 2g(a—2)|(a=1)

C¥>3 NFL-SR

a— 1

a(q) <a<3 NFL-LR



Residual entropy

F~ _%Z stg(e)ln W _%J'dgga‘g‘“ll In(l+e)

1
a1 S(T) = — OF/dT = T¢ o FL - LR
a e




entropy

Residual

1. SRL: Strong Long-range

OD<a<l

S(T =

¢ . T3

2. Il
l <a<a,

3. LR-NFL.:
a <a<a*

\./
S
S

N

\n
1

\n

S ~ T¢

4. SR-NFL

a > aF

¢ =¢(q)

S~ T¢



SR

Weak LR

Strong LR
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