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The real Ising quantum Otto engine

Q1:

Q2:

Can it produce work?
Role of many body interactions?
Critical enhancement?

New J. Phys. 24 103023 (2022)

What about real transformations?
Can real engines produce work?
Can we optimize power?
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Q1: « Can it produce work?
= Role of many body interactions?

« Critical enhancement?
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. From classical to quantum Otto engine
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A-B: adiabatic compression
B-C: isochoric heating up

C-D: adiabatic expansion

D-A: isochoric cooling down
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From classical to quantum Otto engine
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A B o, 1. Termodynamics
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= Internal energy: £ = (H) Absorbed heat 50 > 0

T l 1sttd law: dFE = 6Q — 6W Performed work 5117 > 0

Work: Energy exchanged with an external source
o, c o,

D Heat: Energy exchanged with a thermal source
|:%[— D EF quantum
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2. Cycle
A-B: adiabatic compression

B-C: isochoric heating up
C-D: adiabatic expansion

D-A: isochoric cooling down



From classical to quantum Otto engine

A o B o, 1. Termodynamics

E—E Absorbed heat  §Q > 0
T l 1sttd law: dFE = 6Q — 6W Performed work 5117 > ()

Work: Energy exchanged with an external source

Internal energy: F = (H)

D i C i Heat: Energy exchanged with a thermal source
[ —[F quantum
% 2. Cycle
A-B: adiabatic compression Working medium: quantum Ising chain
B-C: isochoric heating up Bath: continuum of fermionic harmonic oscillators at finite T
C-D: adiabatic expansion Adiabatic processes: Hamiltonian evolution (only work)

D-A: isochoric cooling down Isocoric processes: Incoherent evolution (only heat)



The cycle

Working medium: quantum Ising chain 5

N-1
H(ty=-J Y 6567, —h(t)) &7
J J

= Free fermions: exactly solvable
= Gaussian eigenstates: polinomial scaling
= Critical system: gap closure h.=J =1 :



The cycle

Working medium: quantum Ising chain Bath: continuum of N fermionic harmonic oscillators at
© finite T

N-1 Np
H(t)=—J Y 6767, —h() > & Ao =Y [ ke 200 2,0
J J n=1

= Free fermions: exactly solvable . We assume:
= Gaussian eigenstates: polinomial scaling .= The baths state to be thermal at temperature T

. Critical system: gap closure h. = J =1 '« Constant density of state J



The cycle

Working medium: quantum Ising chain Bath: continuum of N fermionic harmonic oscillators at
© finite T

N-1 Np
H(t)=—J Y 6767, —h() > & Ao =Y [ ke 200 2,0
J J n=1

= Free fermions: exactly solvable . We assume:
= Gaussian eigenstates: polinomial scaling .= The baths state to be thermal at temperature T
= Critical system: gap closure h,=J =1 '« Constant density of state J

Adiabatic processes: Hamiltonian evolution (only work) |
dE = 5 — 6W

h(t) =5 hz + vt
(Which velocity? Quantum adiabaticity?)

i ty

Wiesy = (H(t)),, — (H ()



The cycle

Working medium: quantum Ising chain ' Bath: continuum of N fermionic harmonic oscillators at
' finite T

N-1 Np
H(t)=—J Y 6767, —h() > & Ao =Y [ ke 200 2,0
J J n=1

= Free fermions: exactly solvable We assume:
. Gaussian eigenstates: polinomial scaling .= The baths state to be thermal at temperature T
. Critical system: gap closure h. = J =1 '~ « Constant density of state 7
Adiabatic processes: Hamiltonian evolution (only work) |socoric processes: Incoherent evolution (only heat
dE = 3¢ — 6W dE =0Q —
h(t) — hz + vt E atpsyS(t) - _i[HSysa pSyS] + D[psyS]
(Which velocity? Quantum adiabaticity?) (Which dissipator to describe thermalization?)
Wisy= (H(t:)),, — (H(tf)),, Q= (H)p, —(H)g,
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Bath: continuum of NB fermionic harmonic oscillators at
© finite T

Np
; Ao =Y [ ke 200 2,0
n=1

. We assume:
.= The baths state to be thermal at temperature T
.« Constant density of state J

: Isocoric processes: Incoherent evolution (only heat
! dE = 60Q) —

A

E at:osys(t) — _i[Hsys: psys] + D[psys]
(Which dissipator to describe thermalization?)

i Q= <H>T2 _<H>T1




Oipsys(t) = —i[Hsys, poys| 4 Dlpsys]

Local Lindblad ops do not describe thermalization
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Bath: continuum of NB fermionic harmonic oscillators at
© finite T

Np
Ao =Y [ ke 200 2,0
n=1

We assume:
'« The baths state to be thermal at temperature T
= Constant density of state J

: Isocoric processes: Incoherent evolution (only heat
! dE = 60Q) —

A

atpsys(t) — _i[Hsysa psys] + D[psys]
(Which dissipator to describe thermalization?)

Q= (H),, - (H)y,




Thermalization

A

atpsys(t) — _i[HsySa psys] + D[psys]

Local Lindblad ops do not describe thermalization

We can write non-local Lindblad operators’ (in the
Hamiltonian eigenbasis) that simulates thermalization

'D'’Abbruzzo et al., Phys. Rev. A 103, 052209 (2021)

New J. Phys. 24 103023 (2022)

Bath: continuum of NB fermionic harmonic oscillators at

finite T

Np
Ao =Y [ ke 200 2,0
n=1

We assume:

= The baths state to be thermal at temperature T
= Constant density of state J

Isocoric processes: Incoherent evolution (only heat

atpsys(t)

dE = 5Q —

A

_i[Hsysa IOSyS] + D[psys]

(Which dissipator to describe thermalization?)

Q

<H>T2 - <H>T1




Thermalization

A

atpsys(t) — _i[HsySa psys] + D[psys]

Local Lindblad ops do not describe thermalization

We can write non-local Lindblad operators’ (in the
Hamiltonian eigenbasis) that simulates thermalization

p(t) = pT(l = e_zlt) + p(t = 0) e 2t

\

Thermal state . Initial state

Bath density of states

COEHPPD — 1
p(t=0) PT

'D'’Abbruzzo et al., Phys. Rev. A 103, 052209 (2021)
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Bath: continuum of NB fermionic harmonic oscillators at
© finite T

Np
Ao =Y [ ke 200 2,0
n=1

We assume:
'« The baths state to be thermal at temperature T
= Constant density of state J

: Isocoric processes: Incoherent evolution (only heat
! dE = 60Q) —

A

atpsys(t) — _i[Hsysa psys] En D[psys]
(Which dissipator to describe thermalization?)

Q= <H>T2 _<H>T1
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. The Ising quantum Otto cycle

1. Forward adiabatic —> 2. Hot isochoric

s HEEEDRY

hi = hy B hy Bl =Bt

! |

4. Cold isochoric «€— 3. Backward adiabatic

feiviiiziri M e

hi Bt =Bt hg = hi Bt

A-B: Forward Hamiltonian evolution
B-C: Hot isochoric

C-D: Backward Hamiltonian evolution
D-A: Cold isochoric



. The Ising quantum Otto cycle

Lots of parameters:

= System size

= Initial transverse field
= Quench amplitude

= Quench velocity

= Hot bath temperature
= Cold bath temperature

= Thermalization time

m< T omTm< <

F: Fixed
V: Varying

New J. Phys. 24 103023 (2022)

1. Forward adiabatic ~—> 2. Hot isochoric

s HEEEDRY

h; — hy B! hy Bt — Bt

f |

4. Cold isochoric «€—— 3. Backward adiabatic

DTEVDD et

h; Bt — B! hy = h; leh

A-B: Forward Hamiltonian evolution
B-C: Hot isochoric

C-D: Backward Hamiltonian evolution
D-A: Cold isochoric



. Zoology: can it be useful?

Heat engine

Refrigerator

Energy produced
Heat from hot to cold

—hE
l

Energy absorbed
Heat from cold to
hot

oy
A
&Tﬁ —

. 2N}
Heater
Energy absorbed Energy absorbed
Heat from hot to Heat to hot and cold

cold

Solfanelli et al. Phys. Rev. B, 101 054513

(2020)
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. Zoology: can it be useful?

Heat engine Refrigerator
Energy produced Energy absorbed
Heat from hot to cold

Heat from cold to
hot

Energy absorbed Energy absorbed
Heat from hot to Heat to hot and cold
cold

Solfanelli et al. Phys. Rev. B, 101 054513
(2020)
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. Checking parameters #1

0.5 T, = 0.5
0.375-
= 025

0.125-

|
0.5

« System size = Quench amplitude « Hot temperature
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Checking parameters #1

0.5 T, =0.5
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« System size = Quench amplitude « Hot temperature
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Checking parameters #1

0.5 T, = 0.5

0.375-
= 025
0.125§
0.5
« System size = Quench amplitude « Hot temperature
Th = 0.2
0.5 N = 20 0.2
0.375 0.15)
o
= 025 =~ 0lg
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0.125
0 I
0.5

0.5




New J. Phys. 24 103023 (2022)

0.5 1.0 L5 2.0
hi

« System size = Quench amplitude « Hot temperature

T, =0.2
05 N = 20 s @ Ti=05 b))  Tw=05 b2
0.15-
0.375 0.375 L
Q
3 ~ 0.1-
N 025 . 0.25 F
&~
0.125 0.05 -
: 0125 51 _ o2
oh =0.5
6h =0.8 1
0 L L L 0.5
0.5 5 ; . 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

hi hi
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N =50
oh =0.5
Th = 0.5

« System size = Quench amplitude « Hot temperature

T, =0.2
05 N = 20 s @ Ti=05 b))  Tw=05 b2
0.15-
0.375 0.375 L
Q
3 ~ 0.1-
N 025 . 0.25 F
&~
0.125 0.05 -
: 01251 5 02
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. Work and efficiency
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Ty, = 0.5
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Two peaks structure:
= Paramagnetic 5, > 1

» Critical b; < 1
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Ty, = 0.5

0.5

0.375%
= 025

0.125+
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Two peaks structure:
= Paramagnetic 5, > 1

» Critical b; < 1

Paramagnetic: (in general) more
performant but linear with the system size

Critical: hyperscaling with the system size



. The role of criticality
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Nat. Commun. 7 11895 (2016)

Critical enhancement

The divergence of the
fluctuations at the critical point
can lead to an enanchement of
the performances

I = W/én
on=mnc—n

(how much work with an efficiency
close to the Carnot one)
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Nat. Commun. 7 11895 (2016)

Critical enhancement
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. Critical enhancement

Nat. Commun. 7 11895 (2016)
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work 2 heat

The larger the temperature
gradient the larger the work

Q

work 2 magnetization

The larger the magnetic
susceptibility the larger the work

At criticality diverges!

Dorner et al. PRL 109 160601 (2012)
Fusco et al. PRX 4 031029 (2014)
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Critical enhancement
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What about real engines?

1. Non perfect thermalization

. . 0.016
e Non perfect thermalization reduce temperature cecoecoecoeceslil
. 2 = —@ @ @ @ 9
gradient =
e Non perfect adiabatic dissipates energy in the = ‘ Jt=05
. . 0.008 - o 0 ® 002000 eeceo¢o0qe0
excited eigenstates & IO TN g g: 13275
B e o e U
...... .7t.:0.125
: 1 5 10 15 20

Extracted work is smaller than from ideal engines!
2. Fast quenches

0.02

N

>~ 0.01
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What about real engines?

1. Non perfect thermalization

. . 0.016
e Non perfect thermalization reduce temperature ceeoecoocoecesliil |
. 2 ® oo ©9® 0000 ©4
gradient =
e Non perfect adiabatic dissipates energy in the = ‘ Jt=05
. . 0.008 - o 0 © 0000 oo eceoo0eoee9
excited eigenstates Py el C s i b g: 13275
SN
\ e o Jt =0.125
: 1 5 10 15 20

Extracted work is smaller than from ideal engines!
2. Fast quenches

What about power? 0.02

/ Total work

Cycle duration

0.01

W/N

Tcycle
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Q2: « What about real transformations?
= Can real engines produce work?

= Can we optimize power?
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What about real engines?

Working medium: quantum Ising chain (or any free fermions chain) Dij=J 641 Oij=h(t) &
N-1
H(t)= =7 ) 67070 —h(t) ) o] - H= Y Dijcle;+5(0uclc] + He)
J J 0]
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. What about real engines?

Working medium: quantum Ising chain (or any free fermions chain) Dij=J 641 Oij=h(t) &
N-1
H(t)= =7 ) 67070 —h(t) ) o] - H= Y Dijcle;+5(0uclc] + He)
J J 0]

Diagonalizing free fermion chains:

H=V'HU+TD] W= (c,....cn. .. clh)

I D 0

1
H= Zwk(k)<b,tbk B 5) ® = (by,...,by, b, ..., b}
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. What about real engines?

Working medium: quantum Ising chain (or any free fermions chain) Dij=J 801 Oij=h(t) 6
N-1 |
H(t> =—J Z a_;v A;p—i-l - h(t) Za'; g H = ZDi’jC;-Cj + E(Oi,jcjcj- + HC)
J J 0]

Diagonalizing free fermion chains:

, e New thermal fermions
H=V'HU+TID]  W=(c1,...,cn, ¢, ) Tr[bybi p] = [1 + e PP = fIB, (M)
1 D (0]
e (_0* _D*> e Work of the system (performed > 0)
W = (HA))poy) — HA5)) s

1

1 — A . N —
H — Zwk()\')<b]tbk s 5) b = (bl ,,,, bN’ b'fl' .... b}.\/)T - ;[a)k()\‘l) wk()\‘f )]{f[ﬁa a)k()"l)] 2 }

k>0
) y e Heat exchanged (absorbed > 0)
U= ( . cu*) 0=(H), —(H), =Y olf(Bwr)—f(Br,wp)]
k



What about real engines?
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Working medium: quantum Ising chain (or any free fermions chain) Dij=J 641 Oij=h(t) &

We only need two-point correlations!

H = ZD,Jccj—i— (O,JIJ—FHC)

ij

New thermal fermions
Te[blbi p] = [1 + e PP = 1B, w (V)]

Work of the system (performed > 0)
W = (HA)) o) — (HA ) pn)
1
= Z[wk(ki) = wk()\f)]{f[ﬁ, wi(Ai)] — 5}
k

Heat exchanged (absorbed > 0)

Q= (H), —(H), =Y oclf(Br o) = f(Br, )]
k



What about real engines?

T — 85 T=y/2
1. Forward adiabatic =~—) 2. Hot isochoric

He GEEEDED

hi—hy B hy B = Byt

! |

4. Cold isochoric «€—— 3. Backward adiabatic

DHBDDDD  ef

h,  Bito Bt hy — h; Byt
‘[:)//2 T=3/2

Tcycle =0+ Y

Physical Review B 109 (22), 224309

0:ldeal 9,7 — o0

1: Non perfect thermalization § — co, v < o

2: Non perfect adiabatic v — oo,

3: Nothing perfect

J,7 < 00

d < o0
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1. Non perfect thermalization

) =00, v<©

Ocny = diag{f[Ben)> wx (Xicr))Vr=1,..N
n . + ~[n
H—E(}x) = dlag{Tr[bkbk pc[‘(l]n]}k:l N

Iterative equation

M = (@, +e70)(1 —e 7))+ e
T = (@4 +e70)(1 — ™) + Tl ey



1. Non perfect thermalization

) =00, v<©

Ocny = diag{f[Ben)> wx (Xicr))Vr=1,..N

"—5’3:) = diag{Tr[bek 'Z)c[‘,(ll]x)]}k=l N

Iterative equation

M = (@, +e70)(1 —e 7))+ e
T = (@4 +e70)(1 — ™) + Tl ey

whose stationary solution is

I =h(y)(©Oc +e770;)
hy)=(1+e7)"!
I = h(y)(©p +e770,)

Physical Review B 109 (22), 224309



1. Non perfect thermalization

) =00, v<©

Ocny = diag{f[Ben)> wx (Xicr))Vr=1,..N

"—5’31) = diag{Tr[bek 'Z)c[‘,(,ll)]}k=l N

Iterative equation

M = (@, +e70)(1 —e 7))+ e
T = (@4 +e70)(1 — ™) + Tl ey

whose stationary solution is
e =h(y)O;+e"0p)

hy)=(1+e7)"!
I = h(y)(©p +e770,)

Power becomes
n-th

§+y

P, y) = = p@.y)W"

’Ym ax

03

0.1

Physical Review B 109 (22), 224309

tanh(y/2) — (?:0'5
p@,y) = / o=1
S+y -0

— 6=5

— =10

—_— =20
— 0=50

(xew/(_/ ‘9) d
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2. Non perfect adiabatic

vy —00, 06<00

Work of a real adiabatic process

1
W = Z[wk()\i) = @k()\f)]{f[ﬂ, wr(A;)] — 5}
k
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2. Non perfect adiabatic

vy —00, 06<00

Work of a real adiabatic process

o ¢ f>p1<T)

1
W= lox(h) - @k(kf)]{f[ﬂ, wp(Ai)] — 5} > W= (H), —|(H
k

v = Ul (T)WU(T) = V(T)® (Hf) )y = ZTY[‘I’}r(ﬂ"_f)ij‘l’j Uer(T)p1UL(T)]
i.j
H = VI(T)HW(T) = > Te[ W (Hp) v pi]

i.J




2. Non perfect adiabatic

vy —00, 06<00

Work of a real adiabatic process

1
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2. Nothing perfect
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2. Nothing perfect

— =14
9,7 < 00 — h; = 0.76
08 F — 6=2
— =30
< e (1 — e g — 5=3
=06
A =
00 r N\ 8
—2k k k 0.4
A=) e Q) QKIQT(QTQT] =
k=0 0.2
We can consider the first k elements only 0 : : : :
0 1 2 3 4 5

0.00048

0.00044

0.0004

0.00036

N/qa-u ‘['eald

0.00032

0.00028




. Conclusions

What we learned:

The Ising quantum Otto engine can be useful
(refrigerator, heat engine)

The absolute performances are maximized with the
“classical” work extraction mechanism

However to have the best scaling with the system size
we need to go close to criticality

Sometimes criticality maximizes also the absolute
performances

Real engines can also be useful

It is not easy to find the optimal working point

What we have to learn:

Power?

Different engines (e.g. Carnot)?

Some shortcuts to adiabaticity?

Is this behavior universal? If yes, can we say
something more? (Spoiler: extremely non trivial)
What about fluctuations?

What about non thermal engines?
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