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Runaway electron generationmay be understood via Coulomb
collision physics.

The presence of a strong E field can accelerate
electrons beyond the point where they can be
slowed by collisions.

e|E| & mvν(v) = e4n ln λ

4πε2
0mv2

Classically, for a given electric field strength,
any electrons with v2 & e3n ln λ

4πε0me
|E| would be

expected to runaway. Considering relativistic
effects sets a lower limit1.

Figure 1. Friction force resulting from collisions as a
function of electron momentum2.

1J. Connor and R. Hastie, “Relativistic limitations on runaway electrons”, Nuclear Fusion 15, 415–424 (1975)
2B. N. Breizman et al., “Physics of runaway electrons in tokamaks”, Nuclear Fusion 59, 10.1088/1741-

4326/ab1822 (2019)
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REs are produced during a tokamak thermal quench.

Rapid cooling of the plasma increases
resistivity =⇒ E‖ = ηJ‖ is large.
Electrons are accelerated into the
runaway region, RE current plateau is
reached.
RE current is eventually terminated -
possibly damaging PFCs. This figure
from Breizman illustrates the process
schematicallya.

aB. N. Breizman et al., “Physics of run-
away electrons in tokamaks”, Nuclear Fusion
59, 10.1088/1741-4326/ab1822 (2019).
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RE+MHDmodel starts with resistiveMHD.

∂B

∂t
= −∇ × E (1)

∂n

∂t
+ ∇ · (nv) = 0 (2)

mn

(
∂v

∂t
+ v · ∇v

)
= J × B − ∇p − ∇ · Π (3)

n

γ − 1

(
∂T

∂t
+ v · ∇T

)
= −p

2∇ · v − ∇ · q (4)

With a modified Ohm’s law:

E = −V × B + η (J − Jr) (5)
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The runaway electronsMHDmodel is defined by amodified
resistive Ohm's law.

E = −V × B + η (J − Jr) (6)

Here, Jr ≡ −enrur is the current density associated with a beam of REs of density nr moving
at at ur. This Ohm’s law is valid for

nr

ne
� 1, menr

dγrur

dt
≈ 0
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The fluidmodel of REs evolves a beam-like population with
density nr - including volumetric sources.

Continuity equation for runaway electron population:

∂nr

∂t
+ ∇ · (nrur) = SD(E‖) + SA(E‖), (7)

SD, SA are source terms

E|| ≡
E||
ED

, ur = sgn(E‖)crb̂ + E × B

B2 , cr = const. ∼ c

ED = nee3 ln Λ
4πε0Te

.
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The source termsmodel the Dreicer and avalanche
mechanisms.

The model for the Dreicer source SD is that presented by Connor and Hastie3

SD = n2
e

e4 ln Λ
4πε2

0m2
ev3

th

E||
− 3

16 (1+Zeff ) exp
{

− 1
4E||

−

√
1 + Zeff

E||

}

× exp
{

− Te

mc2

(
1

8E2
‖

+ 2
3

√
1 + Zeff

E3
‖

)}
The avalanche source SA is given by Rosenbluth and Putvinski4:

SA = nr

τ

√
πa

3(Z + 5)

(
E‖

Ec
− 1
)(

1 − Ec

E‖
+ 4π(Z + 1)2

3a(Z + 5)(E2
‖/E2

c + 4/a2 − 1)

)−1/2

Ec = nee3 ln Λ
4πε2

0mc2 , a(ε) = (1 + 1.46
√

ε + 1.72ε)−1, τ = mc ln Λ
eEc

3J. Connor and R. Hastie, “Relativistic limitations on runaway electrons”, Nuclear Fusion 15, 415–424 (1975)
4M. N. Rosenbluth and S. V. Putvinski, “Theory for avalanche of runaway electrons in tokamaks”, Nuclear

Fusion 37, 1355–1362 (1997) 9/24
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Source terms are effective at capturing the current plateau
phase of a diruption.

The density of runaways is zero at t = 0.
At t = 13.3 ms, the perpendicular thermal
conductivity, κ⊥, is increased by a factor of
100.
As the temperature in the simulation drops,
the resistivity increases =⇒ increase in
E‖ =⇒ REs are generated via source terms

4C. Sovinec et al., “Nonlinear magnetohydrodynamics simulation using high-order finite elements”, Journal
of Computational Physics 195, 355–386 (2004)
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Resistive hosemode6 at S = 10−3.
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5
5A. P. Sainterme and C. R. Sovinec, “Resistive hose modes in tokamak runaway electron beams”, Physics of

Plasmas 31, 10.1063/5.0183530 (2024).
6S. Weinberg, “The hose instability dispersion relation”, Journal of Mathematical Physics 5, 1371–1386

(1964).
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Resistive hosemode growth rate depends on α ≡ acr/η = Scr/VA.
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7A. P. Sainterme and C. R. Sovinec, “Resistive hose modes in tokamak runaway electron beams”, Physics of

Plasmas 31, 10.1063/5.0183530 (2024). 12 / 24
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Flattening of parallel current profile does not extend to thewall
in toroidal case.
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Parallel current isosurfaces show kinked helical structure
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Nonlinear consequences of hosemodes on field line topology.
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Hall-MHD in Rotating Flows

A. Sainterme and F. Ebrahimi, “Global non-axisymmetric hall instabilities in a
rotating plasma”, The Astrophysical Journal 1001, 160 (2026)
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Hall-MHD includes the Hall term in the Ohm's law

E = −v × B + J × B/ene (8)

Generates an EMF perpendicular to J and B.
E depends on µ0J = ∇ × B, but the effect is non-dissipative. i.e.
electromagnetic energy is conserved.

Here we use simple viscous stress and adiabatic heat flux closures:
Π = ρν(∇v + ∇vT − 2

3(∇ · vI)), and ∇ · q = 0
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Model

Ω, Bϕ

r1

r2

ℓ{

Bz

Plasma Couette flow rotating with Keplerian
frequency Ω(r) ∝ r−3/2 around the z-axis.

Rigid, conducting boundaries at r = r1 and
r = r2. Periodic boundary conditions at
z = ±`/2,. Define the aspect ratio
A ≡ `/(r2 − r1). Here, ` = 8r1

Either vertical or azimuthal magnetic field:
B = Bzẑ or B = Bφφ̂.
Uniform Bz, and current free
Bφ =⇒ Bφ ∝ 1/r
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Consider of the linearized, incompressible Hall-MHD equations.

The incompressible Hall-MHD equations for a fully-ionized plasma linearized about a steady,
differentially rotating azimuthal flow are given, in cylindrical coordinates, by

ρ∂tv + Ω∂φρv +
(

κ2

2Ω φ̂r̂ − 2Ωr̂φ̂

)
· ρv = −∇P̃ + 1

µ0
(B · ∇b + b · ∇B) ,

∂tb + Ω∂φb − rΩ′φ̂br = (B · ∇)
(

v − di√
µ0ρ

∇ × b

)
−
(

v − di√
µ0ρ

∇ × b

)
· ∇B

∇ · v = ∇ · b = 0.

Ω is the azimuthal rotation frequency

κ2 ≡ 4Ω2 + 2ΩrΩ′ is the square of the
epicyclic frequency (= Ω2 for Keplerian
rotation)

di = c/ωpi is the ion skin depth

solns. of the form
v, b ∝ exp(ikz + imφ − iωt)
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Incompressible Hall-MHD supports twowaves.
Uniform B, single ion species: q, mi, ni. ωA ≡ (k · B)/√

µ0ρ, Ωci ≡ qB/mi.
(ω2 − ω2

A) = ±kdiωAω (9)
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Hall-MHD have bothwhistler and Alfvénic/ion cyclotron
instabilities.

‘Outer’ MRI

Whistler (HSI)

Ion-cyclotron

m = 1, k = π/4 mode growth
rate as a function of vertical
field strength
VA,z > 0 =⇒ B ‖ to the
vorticity of the steady flow.
The MHD limit recovers the
‘outer’ MRI modes with
resonances near the
boundary1

1[9]
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The asymmetry is exaggerated in the azimuthal field case

‘Outer’ MRI

Whistler (HSI)

Ion Cyclotron
B = Bφφ̂

VA,φ > 0 =⇒ B ‖ to the
flow direction.
m = 1, k = π/4 mode
growth rates as a function of
azimuthal field strength at
the inner boundary.

1[10]
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Nonlinear NIMROD calculations show a combination of
turbulent and laminar structures.
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Turbulence changesmagnetic field line topology
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