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Introduction

Given the advances in experiments 105 of LVK 3G exp LISA

we need to improve our theoretical precision on

the waveform models

Scales in the two body problem in GR

Natural units hc I

M11
r

mvuparrowv1
rTnt simrsGm

vcvll1Nonrelativistic

limitInspiral
regime

GR correction
fracrrint simfracGmrll1

Probe limit

SF correction
fracmMll1

Quantum effects fracrr simmcdotleftGmrighthslashleftbeginmatrixm1lmendmatrixright2ll1
mPe 1038Mo not relevant for
astrophysical BH Neutron stars



Standard Binary

Coalescenceringdownmergerinspiral

The two body problem in GR has multiple scales

Numerical Relativity NR is the only way to cover all stages

But there are several cases where NR is not so efficient

long inspiral phase Neutron star NS

Extreme Mass Ratio Inspiral EMRI
LISA

Extreme Mass Ratio Binaries

Large eccentricity Scatterly

Large

spinTocover binaries in all scenarios developing analytic methods

are necessary



Δ One can develope analytic methods when some parameters

become small
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Δ Why Scattering

Many intermediate quantities in GR are gauge dependent

e g effective potential

effective multiple moments

Scattering experiments measure observables in

asymptotic that spacetime gauge invariant

Furthermore the observables can expose hidden

simplicityexample
nearrowGR

m 0
b

1
Standard PN potential

Vroverrightharpoonp2overrightharpoonp 7 7

2
Scatterly input

E overrightarrowp2

M

only two inputs

left15tright in amplitudesJPtimesb

OleftEJright implies V only depends

on two variablesgauge
redundancy in

Vr 72 7.7

3 Natural variables

P1cdotP2gammamM
relative boost

Scattering observables expose the

underlying Poincare invariance

Hidden Simplicity



0 Worldline EFT Formalism

We will focus on rggr int from now on

The object can be shrinked to a point

rint simrs single BH or NS

rint rorbit binary

systemWritedown action based on symmetries locality

Diffeomorphism gauge invariance

Reparametrization of the wouldline RPI

Additional symmetry

e.g no spin 1 5013 symmetry

Action

SS bulk S

PPpoint
particle actionSEH or SEM



Minimal Coupling

int_ppmintdtaumintdlambdaleftgmunufracdxmudxfracdxnudxrightnicefrac12
dtau2gmunudxmudx2Vmufracdxmudlambda

Coupling to gravity

dtaudlambdaleftgmunuXmuXnurightnicefrac12
dlambdaleftoverlineV2hmunuVmuVnurightnicefrac12

dlambdacdotleftoverlinevrightcdotleft1frac12leftoverlinevrighthmunuVmuVnufrac18leftVright2lefthmunuVmuVnuright2ldotsright

overlineV2equivetamunuVmuVnu

ldots

2nd version of minimally coupling

Sppsupsetintdlambdaleftfracm22efrac12ev2right
Reparametrization lambdalambdaleftlambdaright

dlambdarightarrowdlambdadlambdacdotfracdlambdadlambdaeleftlambdarightrightarroweleftlambdarighteleftlambdarightcdotleftfracdlambdadlambdaright
nicefrac12v2frac12e2cdotm20EOM for e

V2nicefrac1e2m2RightarrowemleftV2rightnicefrac12

RightarrowSppmintdlambdacdotleftgmunuVmuVnurightnicefrac12
same as before



But we can also use RPI to choose eleftlambdarightm

gauge fixing eleftlambdarightmRightarrowV21
leftp2m2right

Sppintdxleftfrac12mnicefrac12mv2right
gravitational coupling

intdlambdaleftnicefrac12mnicefrac12mleftoverlineV2hmunuVmuVnurightright

Compare to the 1st version we use RPI

to linearize the coupling of the metric to the world

line.EOM
1 metric fracdeltaSdeltagmunu0RightarrowGmunu8piGcdotTmunu8piGleftfrac2sqrtgfracdeltaSMdeltagmunuright

SMintdlambdaleftnicefrac12mnicefrac12mgmunuVmuVnuright

intddxsqrtgintdlambdacdotnicefrac1sqrtgdeltaleftXXleftlambdarightrightleftnicefrac12mnicefrac12mgmunuVmuVnuright

Tmunuintdlambdacdotfrac1sqrtgdeltaleftxxleftlambdarightrightcdotleftmVmuleftlambdarightVnuleftlambdarightright
2 Worldline fracSppdeltaXmu0 geodesic eq

RightarrowXmuGammarhomusigmaVrhoVsigma0



EFT at Od2

But the power of EFT is that we can systematically

go beyond the leading order

SppC1intdlambdaYeRC2intdlambdaeRmunuVmuV2
x

Coupling
Wilson
coefficient

Operator couplingOperator
Wilson
coefficient

Since leftSright0 I leftRrightleftRmunuright2leftsimnicefrac1r2right
mass dimension leftErightleftPright1

leftLright1

RightarrowleftC1rightleftC2right1

Rightarrowintdtauleftmc1Rrightsimintdtaucdotmmcdott in
r
t leftright

C12simmtimesOrcdot in
beginmatrix2endmatrix

L

As we go to higher
orderWe

probe the system at Orintn
Same as multipole expansion in EM

Finite size effect
mcdot r

C

intbeginmatrixintdxcdot0partialnsimfrac1rnendmatrix



However these two operators do not survive since

RmunuR0 as per Einstein eq in the

vacuum.ΔMore precisely when we redefine phirightarrowphiphideltaphi

Sleftphiright Sleftphirightintd4xcdotleftfracdeltaSpartialqpartialmuleftfracdeltaphideltapartialmuphirightrightdeltaphi

EOMThereforewe can use field redefinition to remove

operatorsthatare proportional to leading order EOM

R1UV Tmunu

m2VmuVnudeltaleftXXleftlambdarightright

intdlambdaRmunuVmuVnu1intdlambdacdotm2leftV2right2cdotdeltaleft0right
absorbed by the minimal coupling
divergence 810 can be removed by
redefine m

There is NO Oleftpartial2right finite size effect

Similar to the removal of 1 by RPI



Finite size Effect

The first two non trivial interactions we can write down are

the ones with Weyl tensor Gurps 1 traceless Riemann

SPP supsetintdtaunicefrac12CEEmunuEmununicefrac12CB BnuBMV

parity preserving
CEBEmunuBmunu

parity violating

We use the 31 decomposition of Weyl tensor

EmunuequivC Mpur UrhoVsigma

rest frame

EijC oioj

Bmunuequivfrac12in pry CalphabetadeltanuVgammaVdelta Bij Eike CKloj

1in 121 1
Since RsimCsimEsimBsimOleftpartial2right the same dim'l

analysisgivesCEsimCBsimCEBsimmcdotr in
L1
t

For BH this gives the correction to potential as

Newtonian

IOPN
RightarrowleftCEBgamma4righttimesV2

leftfracGmrright4timesv2
V10

5PM effect

from

loop
seelater



Δ As we will see the effect corresponds to tidal deformation

The couplings CECB CEB are called Love numbers

static

It is easy to generalize to higher orders

1 More derivatives

e g In the rest frame

Stidal intdtauleftCElnleftnablamu1ldotsnablamulErhosigmarightpartialtaunleftnablamu1ldotsnablamulErhosigmarightldotsright
n time derivativesl spatialderivatives

usuallyprojected to

symmetric trace free STF

eg

7 Or You 0
2

The n0 terms static

nneq0 dynamical
n even conservative

n odd

dissipative2
More Curvatures

SNL tidal intdtleftCEijEjkEkildotsright
Non linear tidal interaction



Δ Dissipative Effect

So far the finite size interactions are quadratic in R

No

emissionToinclude emission we need to add single R terms

In the rest frame of the particle

SsupsetintdtauIijEijJijBijI Ijk partialkE STF ldots

LsWeneed to introduce the multiple moments

to get a nontrivial action

If
rfloor

ijsimmcdotr int c t Iij intrholeftxrightleftXiXjfrac13Jijoverrightharpoonx2right
The worldline EFT describes not only stable BH NS

but also binary

systemsConsider

the previous tidal action

Stidal intdtleftnicefrac12CEcdotEijEijldotsright
If Ej has a background EijleftlangleEijrightrangledeltaEij
Stidal intdtauleftlangleCElangleEijrightrangle sE if ldots

intdtauI j _it



This induces a multipole moment

I
y IijCFleftlangleEijrightrangle

CE is the analog of susceptibility that encodes

how the moment is induced by a background

leftlangleErightrangleneq0leftlangleErightrangle0

That's why we called them tidal

interaction.Worldline
EFT Summary

SS bulk Spp

Sbulk 116piGintddxsqrtgR
S1of mcdotintdtau minimaltidal

intdtauleftnicefrac12CEE2nicefrac12CBB2CEBEijcdotBijldotsright
hatldotsotimesldots

intdtauleftIijEijJijBijldotsright emission

ldotsldots



Tower of EFTS

r
1

lambdaleftfracrorbVright
integrate out orbitaldynamics I1

integrate out hyu GR Veep

point particle EFT

rorb

rs
Full BH NS


