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OUTLINE

NR, EOB & DATA ANALYSIS
▸ Lecture 1: Introduction & Numerical Relativity 

▸ Tuesday, April 7 @ 14.30 

▸ Lecture 2: Effective-One-Body (Geraint Pratten) 

▸ Wednesday, April 8 @ 9.30 

▸ Lecture 3: GW Data Analysis 

▸ Thursday, April 9 @ 11.30 

▸ Hands-on session: 

▸ Friday, April 10 @ 14.30
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LECTURE 1
NUMERICAL RELATIVITY

Literature:  
Miguel Alcubierre: Introduction to 3+1 Numerical Relativity 
Thomas Baumgarte & Stuart Shapiro: Numerical Relativity 
Eric Gourgoulhon: “3+1 Formalism and the Bases of Numerical Relativity” (available at https://arxiv.org/pdf/gr-qc/0703035.pdf)

https://arxiv.org/pdf/gr-qc/0703035.pdf
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WHY NUMERICAL RELATIVITY (NR)?
▸ Examples include:  

▸ Relativistic two-body problem & gravitational waves (“holy grail”) 

▸ Supernovae explosions 

▸ Perturbations of isolated stars or BHs 

▸ Cosmological simulations beyond Newton gravity 

▸ Critical collapse phenomena (e.g. primordial BH formation) 

▸ Black hole shadows and jet formation 

▸ … and of course most things beyond GR (not discussed here)
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Inspiral 

Ringdown: 
Black Hole Perturbation Theory  
and Numerical Relativity

Merger: 
Numerical Relativity

Analytical 
approximations 
begin to break 
down

COMPACT BINARY MERGERS
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SOLVING THE TWO-BODY PROBLEM IN GR 
7

en route to merger
[Image credit: H. Pfeiffer]
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GOAL: SOLVING THE TWO-BODY PROBLEM IN GR 
▸ Need to solve the Einstein field equations (EFEs): 

▸ GR is a non-linear theory 

▸ 10 coupled non-linear PDEs 

▸ Analytic solutions only exist for a handful of special cases, .e.g. Schwarzschild, Kerr, TOV 

▸ No (known) analytic solutions for more general spacetimes, e.g. multiple black holes 

▸ The EFEs can be solved: 

▸ “Exactly” with Numerical Relativity (NR) 

▸ Approximately using perturbative methods (weak-field, slow-velocity, etc.) 

▸ In practice, we require both analytical and numerical solutions to build accurate waveform models for compact binaries. 
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Mass/energy curve 
spacetime

LECTURE 1



Patricia Schmidt - Nordita 2026

NUMERICAL RELATIVITY (NR)
▸ In the strong-field regime, the perturbative approach 

breaks down.  

▸ We need to solve the EFEs numerically. 

▸ Breakthrough in 2005 [Pretorius; Baker+; Campanelli+]: 
First simulation of the final inspiral, merger & ringdown 
plus extraction of the gravitational-signal. 

▸ Today, thousands of NR waveforms are publicly available, 
see e.g. the SXS database: https://data.black-holes.org/
simulations/index.html 
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FIG. 3: A sample of the gravitational waves emitted during
the merger, as estimated by the Newman-Penrose scalar Ψ4

(from the medium resolution simulation). Here, the real com-
ponent of Ψ4 multiplied by the coordinate distance r from the
center of the grid is shown at a fixed angular location, though
several distances r. The waveform has also been shifted in
time by amounts shown in the plot, so that the oscillations
overlap. If the waves are measured far enough from the cen-
tral black hole then the amplitudes should match, and they
should be shifted by the light travel time between the loca-
tions (i.e. by 25M0 in this example). That we need to shift the
waveforms by more than this suggests the extraction points
are still too close to the black hole; the decrease in amplitude
is primarily due to numerical error as the wave moves into
regions of the grid with relatively low resolution.

binary system, and so possibly in a region where (6) is
not strictly valid. However, the larger integration radii
are in regions of the grid that do not have very good
resolution (due both to the mesh refinement structure
and the spatially compactified coordinate domain), and
so numerical error (mostly dissipation) tends to reduce

the amplitude of the waves with distance from the source.
With all these caveats in mind, the numbers we obtain
from (6) are 4.7%, 3.2%, 2.7%, 2.3% at integration radii
of 25M0, 50M0, 75M0 and 100M0 respectively (from the
high resolution simulation[20]), and where the percent-
age is relative to 2M0. Another estimate of the radiated
energy can be obtained by taking the difference between
the final and initial horizon masses (Table I)—this sug-
gests around 5% (high resolution case).

V. Conclusion: In this letter we have described a nu-
merical method based on generalized harmonic coordi-
nates that can stably evolve (at least a class of) bi-
nary black hole spacetimes. As an example, we pre-
sented an evolution of a binary system composed of non-
spinning black holes of equal mass M0, with an initial
proper separation and orbital angular velocity of approx-
imately 16.6M0 and 0.023/M0 respectively. The binary
merged within approximately 1 orbit, leaving behind a
blackhole of mass Mf ≈ 1.9M0 and angular momentum
J ≈ 0.70M2

f . A calculation of the energy emitted in
gravitational waves indicates that roughly 5% of the ini-
tial mass (defined as 2M0) is radiated . Future work
includes improving the accuracy of simulation (in par-
ticular the gravitational waves), exploring a larger class
of initial conditions (binaries that are further separated,
have different initial masses, non-zero spins, etc.), and
attempting to extract more geometric information about
the nature of the merger event from the simulations.

Acknowledgments: I would like to thank Carsten
Gundlach for describing their constraint damping
method for the Z4 system[13], and suggesting that it
can be applied in a similar fashion with the harmonic
scheme. I would also like to thank Matthew Choptuik,
Luis Lehner and Lee Lindblom for stimulating discussions
related to this work. I gratefully acknowledge research
support from NSF PHY-0099568, NSF PHY-0244906 and
Caltech’s Richard Chase Tolman Fund. Simulations were
performed on UBC’s vn cluster, (supported by CFI and
BCKDF), and the Westgrid cluster (supported by CFI,
ASRI and BCKDF).
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▸ Many decades of research preceded the 2005 breakthrough
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1962 ADM  
formulation

1952 Choquet-Bruhat 
IVP

1964 Hahn-Linquist 
2 wormholes

1984 Unruh 
excision

1992,3 Choptiuk 
Abrahams, Evans 

critical phenomena

1997 
Brandt&Brügmann 

puncture data

1994-98 
BBH grand challenge

1999-00 
AEI/PSU 

Grazing Collisions

2000-04 
AEI/UTB/NASA 

Lazarus

~2000 Choptuik,  
Brügmann, Schnetter 

mesh refinement
2005 Gundlach+ 

constraint damping

2005 Pretorius 
IMR w harmonic

2005-06 Campanelli+, 
Baker+; IMR w BSSN & 

moving punctures

2006-08 SXS 
IMR w spectral

1975-77 Smarr-Eppley 
head on collisions

1979 York 
Kinematics & 

dynamics of GR

1989-95  
Bona-Masso 

Modified ADM

1994 Cook 
Bowen-York ID

94-95 NCSA/WSU 
improved head-on

1999 
BSSN

1999 York 
CTS ID

1999-2005  
 JW York,  

Cornell, Caltech, LSU 
hyperbolic formulations

2000-02 
Alcubierre 

gauge conditions
2004 

Brügmann+ 
one orbit
2003-08 

Cook, Pfeiffer ea 
improved ID

2000 Ashtekar 
isolated horizons

2006,07 Baker+; 
Gonzalez+ 

non-spinning BBH  
kicks

2007-11 
RIT; Jena; AEI;... 
BBH superkicks

2008 
NINJA

2009-11  
Bishop+ 

CCE

2010  
Bernuzzi+ 

C4z

2011 Lovelace+ 
a=0.97

2011 Lousto+ 
q=100

2015 Szilagyi+ 
175 orbits

2014-17 Ruchlin+ 
high spin puncture ID

Adapted from slides by C. Lousto & H. Pfeiffer

1950s 2005 2015+
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NR INGREDIENTS LIST (FOR BBH)
▸ (Well-posed) Initial value problem formulation of the EFEs 

▸ Yvonne Choquet-Bruhat (1952) 

▸ Numerically stable formulation 

▸ Well-posedness & hyperbolicity 

▸ ADM, BSSN, Z4C 

▸ Initial data 

▸ Bowen-York, conformal think sandwich (CTS), Kerr-Schild 

▸ “Good” coordinates (gauge conditions) 

▸ Slicing & shift conditions 

▸ Handle singularities  

▸ Moving punctures, excision 

▸ “Find” and “track” black holes (dynamics) 

▸ Apparent horizons 

▸ Extract gravitational waves  

▸ Newman-Penrose formalism, Regge-Wheeler-Zerilli formalism

11LECTURE 1
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3+1 FORMALISM
▸ Goal: Determine the dynamical evolution of a physical system governed by the Einstein field equations (EFE) 

▸ Initial value problem (Cauchy problem) formulation of GR: 

▸ To rewrite the EFE as an IVP, we first separate spacetime into space and time (3+1 formalism) 

▸ Assumption: The considered spacetime  is globally hyperbolic, i.e. the spacetime admits a Cauchy surface.  

▸ Definition: A Cauchy surface is a spacelike hypersurface in  such that each causal curve intersects it once and only 
once.

(M, gμν)

M

13

Given a set of adequate initial (and boundary) conditions, the fundamental 
equations must predict the future (past) evolution of the system. 



Patricia Schmidt - Nordita 2026

LECTURE 1

3+1 FORMALISM
▸ Any globally hyperbolic spacetime  can be completely foliated by space-like hypersurfaces (foliation, slicing): 

▸ The foliation can be identified as the level sets of a global, smooth, regular scalar function (e.g. time). 

M

14

time

t1

t2

t3

spacelike 
hypersurfaces
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SPACELIKE HYPERSURFACES Σt
▸ We define spacelike hypersurfaces    as the level set of the scalar field  on . From , we define the (unnormalised) 1-

form: 

▸ From the 4-metric , we can compute its square norm: 

▸ We assume  , then  is space like and  is timelike. 

▸ The unit normal vector to  is then given by: 

▸  denotes the lapse and  can be thought of as the 4-velocity of a normal (Eulerian) observer  

▸ Note: Since  is spacelike,  .   

▸ Convention: .

Σt t M t

gμν

α > 0 Σt Ωμ

Σt

α nμ

Σt gμνnμnν = − 1

sign(gμν) = ( − + + + )
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SPACELIKE HYPERSURFACES
▸ With the definition of a hypersurface normal , we can now construct the spatial metric  on the hypersurface 

induced by the spacetime metric : 

▸ To “break up” 4D objects into their components parallel and orthogonal to the hypersurface, we require a projection 
operator: 

▸ The projection operator allows us to construct purely spatial objects. Together with  we have the tools to relate 4D 
objects in  to 3D objects on .

nμ γij
gμν

nμ

M Σt
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LECTURE 1

SPACELIKE  HYPERSURFACES
▸ 3D covariant derivative: Let  be the induced non-degenerate metric on . Then there exists a unique connection 

(covariant derivative) : 

▸ The Riemann tensor associated with this connection defines the intrinsic curvature of the hypersurface: 

▸ The intrinsic (scalar) curvature of the hypersurface is given by:

γμν Σt
D

17
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(3)R = �µ⌫ (3)Rµ⌫
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LECTURE 1

SPACELIKE HYPERSURFACES
▸ Extrinsic curvature: Describes the “bending” of (3D)  in (4D) , and is measured by the change of direction of  as 

one moves along the hypersurface via parallel transport. 

▸ The extrinsic curvature tensor (second fundamental form) is defined as: 

▸  is symmetric & purely spatial 

▸  are the fundamental variables in the 3+1 formulation.

Σt M nμ

Kμν

(γμν, Kμν)
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nµ
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nµ

<latexit sha1_base64="rD/03iUj5pTF+PFI1DaoDYEtCT8="></latexit>

Kµ⌫ := � ↵
µ � �

⌫ r↵n� = �rµn⌫ � nµn
↵r↵n⌫ ⌘ �1

2
Ln�µ⌫

Lie derivative
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LECTURE 1

GAUSS, CODAZZI & RICCI EQUATIONS
▸  and  cannot be chosen arbitrarily - they are related to our 4D manifold .  In particular, we need to relate 

the 3D and the 4D Riemann tensor. Obtained via contractions with  and . 

▸ Complete spatial projection of   => Gauss equation:  

▸ 3 spatial + 1 normal projection of  => Codazzi equation: 

▸ Note: The Gauss and Codazzi equations depend only on the spatial metric, the extrinsic curvature and their spatial 
derivatives. 

▸ 2 spatial + 2 normal projections of => Ricci equation: 

▸ Note: All other projections vanish due to the symmetries of .

γμν Kμν (M, gμν)
nμ γμ

ν

(4)Rμ
νσρ

(4)Rμ
νσρ

(4)Rμ
νσρ

(4)Rμ
νσρ
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<latexit sha1_base64="uKzt1ARP768/S8y8J7SJLj90xZc="></latexit>

� ↵
µ � �

⌫ � �
� � �

⇢
(4)R↵��� = (3)Rµ⌫�⇢ +Kµ�K⌫⇢ �Kµ⇢K⌫�

<latexit sha1_base64="SsppqK0lO/LKim1QIbRV5q9nOUU="></latexit>

� ↵
µ � �

⌫ � �
� n�(4)R↵��� = D⌫Kµ� �DµK⌫�

<latexit sha1_base64="xjXMaogYGl95fmksP8/sdKTKly0="></latexit>

� ↵
µ � �

⌫ n�n�(4)R↵��� = LnKµ⌫ +
1

↵
DµD⌫↵+K�

⌫Kµ�
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LECTURE 1

THE EINSTEIN CONSTRAINTS
▸ So far we have only considered the kinematics of hypersurfaces.  

▸ The true gravitational DOF are contained in the Einstein field equations. We now need to link our geometric objects to 
the physics to obtain a system of constraint & evolution equations. 

20

Geometry
Gravity
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LECTURE 1

CONSTRAINT EQUATIONS
▸ Contracting the Gauss equation twice and using the EFEs, one finds: 

▸  is the total energy density measured by a normal observer.  

▸ Contracting the Codazzi equation once yields: 

▸  is the momentum density measured by a normal observer. 

▸  is the trace of the extrinsic curvature (mean curvature) 

▸ The constraint equations only involve the spatial metric, the extrinsic curvature and their spatial derivatives.  
are imposed on a timeslice  and have to satisfy the constraint equations.  

▸ We need to solve the constraint equations to find suitable initial data. 

ρ ≡ nμnνTμν

Sμ ≡ − γ α
μ nβTαβ

K

(γμν, Kμν)
Σt
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(3)R+K2 �K↵�K
↵� = 16⇡⇢

<latexit sha1_base64="UKPZHghBPd+Ltob3oV4v10/wYJw="></latexit><latexit sha1_base64="UKPZHghBPd+Ltob3oV4v10/wYJw="></latexit><latexit sha1_base64="UKPZHghBPd+Ltob3oV4v10/wYJw="></latexit><latexit sha1_base64="UKPZHghBPd+Ltob3oV4v10/wYJw="></latexit>

Hamiltonian constraint

<latexit sha1_base64="G5OjIoqZ9gp126UwZEoWjiAFjKI="></latexit>

D↵K
↵

µ �DµK = 8⇡Sµ Momentum constraint
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EVOLUTION EQUATIONS
▸ We already have “evolution equations” for   from the definition of the extrinsic curvature and the Ricci 

equation.  

▸ The evolution equations to evolve the data forward in time are given by the Lie derivative of the spatial metric and 
the extrinsic curvature along the hypersurface normal .   

▸ However,  is not a natural time derivative since  is not the dual of : 

▸ Instead, consider the following vector: 

▸ For any purely spatial vector  - the shift vector -  is the dual of , i.e. . 

▸  provides a natural congruence along which to propagate the spatial coordinates from one slice to the next. 

▸  are arbitrary (gauge variable) and encode how coordinates evolve in time. 

(γμν, Kμν)

nμ

ℒn nμ Ωμ

βμ tμ Ωμ tμΩμ = 1

tμ

(α, βμ)
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nµ⌦⌫ = �↵gµ⌫rµtr⌫t =
1

↵
6= 1
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tµ = ↵nµ + �µ
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FOLIATION ADAPTED COORDINATES
▸ Let us now consider coordinates adapted to this 3+1 split:

23

Worldline of an 
Eulerian (normal) 
observer

coordinate line
normal line

⌃t
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⌃t+dt
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3+1 metric in adapted coordinates:
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ADM EQUATIONS (IN YORK FORM)
▸ The entire content of the 3+1 decomposed EFE is contained the spatial components.  

▸ In foliation-adapted coordinates . 

▸ Constraint equations: 

▸ Evolution equations: 

▸ The ADM equations are quasi-linear. 

▸ Note: The 3+1 evolution equations are non-unique. We can always add arbitrary multiples of the constraints.

ℒt = ∂t
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WELL-POSEDNESS
▸ Well-posedness of the system of evolution equations is essential for stable numerical evolution, but it is not enough. 

▸ Definition (Hadamard): A system of PDEs is well-posed if 1) there exists a solution for every admissible set of initial 
data; 2) the solution is unique and 3) the solution depends continuously on the initial data. 

▸ A system of linear, first-order PDEs is well-posed if and only if it is strongly hyperbolic.  

▸ Original ADM equations are mathematically are weakly hyperbolic, and hence ill-posed. 

▸ The formulation after York is well-posed but still not numerically robust.  

▸ NB: Mathematical well-posedness does not guarantee numerical stability. 

▸ Due to the non-uniqueness of the evolution equations, we can derive “new” evolution equations, that are 
mathematically well-posed AND numerically robust.  

▸ Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima (BSSNOK) formulation  

▸ Conformal rescaling of the spatial metric + auxiliary variable  

▸ Obtain a strongly hyperbolic system of evolution equations (with the appropriate gauge choice).

Γi

25LECTURE 1
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BSSNOK FORMULATION - SUMMARY
▸ Goal: Modify the ADM equations in York form to obtain a numerically stable evolution. 

▸ It achieves this by doing the following:  

▸ Introduce a conformal rescaling of the spatial metric: 

▸ Choose the conformal factor such that . Therefore, . 

▸ Introduce  (or ). 

▸ Separate the extrinsic curvature into its trace  and a trace-free part  and conformally rescale: 

▸ Introduce auxiliary variables known as the conformal connection functions: 

▸  The BBSNOK variables are:  

▸ Addition of multiples of the constraint equations to manipulate the evolution equations and make them numerically 
stable. 

det(γ̄ij) = 1 ∀t ψ4 = γ1/3

ϕ = ln ψ χ = exp(−4ϕ)

K Aij

(ϕ, K, γ̄ij, Āij, Γ̄i)
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REMARK: OTHER FORMULATIONS
▸ Characteristic formalism: 2+2 formulation, where ingoing 

(outgoing) null hypersurfaces emanate from a timelike world 
tube.  

▸ Conformal formalism: Hyperboloidal slicing  

▸ Generalised harmonic formulation: 

▸ Evolve the full 4D spacetime 

▸ Used in SpEC 

▸ Z4c: constraint-damping, conformal formulation of EFEs 

▸ Promotes constraints to dynamical fields 

▸ Hence any constraint violations can propagate and be 
damped away 

27

Credit: C. Reisswig
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GENERALISED HARMONIC (GH) FORMULATION - SUMMARY
▸ The EFEs become manifestly hyperbolic of spacetime coordinates satisfy the generalised harmonic gauge condition: 

▸  are freely specifiable gauge source functions. 

▸ Introduce auxiliary variables to replace second order derivatives.  

▸ The EFEs are then rewritten as a system of coupled first-order PDEs in the metric and its derivatives with a symmetric 
hyperbolic principal part guaranteeing well-posedness (wave equations for the metric!) 

▸ Constraint:  

▸ Adds constraint damping terms proportional to the constraints to ensure numerical errors (constrain violations) 
decay exponentially.  

▸ Note: In a numerical implementation, coordinates are still evolved in a 3+1 split, i.e.  becomes a function of  and 

Hμ(x, g, ∂g, . . . )

Hμ α βi
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INITIAL DATA
▸ The spatial metric, the extrinsic curvature (and any matter fields) have to satisfy the constraint equations on every 

hypersurface : 

▸ We first need to specify  on some initial slice. We start with 12 dynamical components  

▸ 4 constraint equations - not all 12 can be chosen freely 

▸ 3 components are related to the spatial coordinate freedom 

▸ 3 components are related to the choice of slicing and embedding  

▸ Seek a split between the constrained and free components of the field (no natural way!) 

▸ 2 main approaches: Conformal decomposition & conformal thin-sandwich approach 

Σt ∀t

(γij, Kij)
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CONFORMAL TRANSVERSE-TRACELESS (CTT) DECOMPOSITION
▸ Consider a conformal transformation of the spatial metric: 

▸ The Hamiltonian constraint the becomes:  

▸ Separate the extrinsic curvature into its trace and trace-free part: 

▸ Then the momentum constraint becomes:  

▸ Result: Any symmetric trace-free (STF) tensor can be split into a transverse (divergence-free!)  and longitudinal part: 

▸ The operator                                                                      is the conformal Killing form of the vector . 

▸ If , then  is a conformal Killing vector.

Wi

(LW )ij = 0 Wi
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<latexit sha1_base64="BuFEJJ0m9rOE91PfKiYmRR5iIzA=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0mkoBel4MVjBfsBTSyT7bZdu5uE3Y1QQv6BF/+KFw+KePXqzX/jNu1BWx8MPN6bYWZeEHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGVxO/9UClYlF4q8cx9QUMQtZnBLSRuvaxNwAhoJuy+wxfYC9W7K6KvQBkOnWy3OraZafi5MCLxJ2RMpqh3rW/vF5EEkFDTTgo1XGdWPspSM0Ip1nJSxSNgYxgQDuGhiCo8tP8nwwfGaWH+5E0FWqcq78nUhBKjUVgOgXooZr3JuJ/XifR/XM/ZWGcaBqS6aJ+wrGO8CQc3GOSEs3HhgCRzNyKyRAkEG0iLJkQ3PmXF0nztOI6FfemWq5dzuIoogN0iE6Qi85QDV2jOmoggh7RM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDt/pyV</latexit><latexit sha1_base64="BuFEJJ0m9rOE91PfKiYmRR5iIzA=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0mkoBel4MVjBfsBTSyT7bZdu5uE3Y1QQv6BF/+KFw+KePXqzX/jNu1BWx8MPN6bYWZeEHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGVxO/9UClYlF4q8cx9QUMQtZnBLSRuvaxNwAhoJuy+wxfYC9W7K6KvQBkOnWy3OraZafi5MCLxJ2RMpqh3rW/vF5EEkFDTTgo1XGdWPspSM0Ip1nJSxSNgYxgQDuGhiCo8tP8nwwfGaWH+5E0FWqcq78nUhBKjUVgOgXooZr3JuJ/XifR/XM/ZWGcaBqS6aJ+wrGO8CQc3GOSEs3HhgCRzNyKyRAkEG0iLJkQ3PmXF0nztOI6FfemWq5dzuIoogN0iE6Qi85QDV2jOmoggh7RM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDt/pyV</latexit><latexit sha1_base64="BuFEJJ0m9rOE91PfKiYmRR5iIzA=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0mkoBel4MVjBfsBTSyT7bZdu5uE3Y1QQv6BF/+KFw+KePXqzX/jNu1BWx8MPN6bYWZeEHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGVxO/9UClYlF4q8cx9QUMQtZnBLSRuvaxNwAhoJuy+wxfYC9W7K6KvQBkOnWy3OraZafi5MCLxJ2RMpqh3rW/vF5EEkFDTTgo1XGdWPspSM0Ip1nJSxSNgYxgQDuGhiCo8tP8nwwfGaWH+5E0FWqcq78nUhBKjUVgOgXooZr3JuJ/XifR/XM/ZWGcaBqS6aJ+wrGO8CQc3GOSEs3HhgCRzNyKyRAkEG0iLJkQ3PmXF0nztOI6FfemWq5dzuIoogN0iE6Qi85QDV2jOmoggh7RM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDt/pyV</latexit><latexit sha1_base64="BuFEJJ0m9rOE91PfKiYmRR5iIzA=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0mkoBel4MVjBfsBTSyT7bZdu5uE3Y1QQv6BF/+KFw+KePXqzX/jNu1BWx8MPN6bYWZeEHOmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqiiRhDZIxCPZDkBRzkLa0Exz2o4lBRFw2gpGVxO/9UClYlF4q8cx9QUMQtZnBLSRuvaxNwAhoJuy+wxfYC9W7K6KvQBkOnWy3OraZafi5MCLxJ2RMpqh3rW/vF5EEkFDTTgo1XGdWPspSM0Ip1nJSxSNgYxgQDuGhiCo8tP8nwwfGaWH+5E0FWqcq78nUhBKjUVgOgXooZr3JuJ/XifR/XM/ZWGcaBqS6aJ+wrGO8CQc3GOSEs3HhgCRzNyKyRAkEG0iLJkQ3PmXF0nztOI6FfemWq5dzuIoogN0iE6Qi85QDV2jOmoggh7RM3pFb9aT9WK9Wx/T1oI1m9lHf2B9/gDt/pyV</latexit>

8D̄2 �  R̄+  5(KijK
ij �K2) + 16⇡ 5⇢ = 0

<latexit sha1_base64="YtTXshdwcxq0IWSRXuUs3GR/bT4="></latexit><latexit sha1_base64="YtTXshdwcxq0IWSRXuUs3GR/bT4="></latexit><latexit sha1_base64="YtTXshdwcxq0IWSRXuUs3GR/bT4="></latexit><latexit sha1_base64="YtTXshdwcxq0IWSRXuUs3GR/bT4="></latexit>

LECTURE 1

Elliptic PDE for the 
conformal factor.

<latexit sha1_base64="9G3qXuniEKwnmk4XhsmgNdN5PiI=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARBKUkKtWNUnEjdFPBXqCJZTKdtGNnkjAzEUrIS7jxVdy4UMSt4M63cdpmoa0HBj7+/xzOnN+LGJXKsr6N3Nz8wuJSfrmwsrq2vmFubjVkGAtM6jhkoWh5SBJGA1JXVDHSigRB3GOk6Q2uRn7zgQhJw+BWDSPictQLqE8xUlrqmIfVu4Tep/AcXk7gADq+QDix0+Q4hU4PcY4mThV2zKJVssYFZ8HOoAiyqnXML6cb4piTQGGGpGzbVqTcBAlFMSNpwYkliRAeoB5pawwQJ9JNxlelcE8rXeiHQr9AwbH6eyJBXMoh93QnR6ovp72R+J/XjpV/5iY0iGJFAjxZ5McMqhCOIoJdKghWbKgBYUH1XyHuIx2K0kEWdAj29Mmz0Dgq2eVS+eakWLnI4siDHbAL9oENTkEFXIMaqAMMHsEzeAVvxpPxYrwbH5PWnJHNbIM/ZXz+AFR2na8=</latexit>

Kij = Aij +
1

3
�ijK

<latexit sha1_base64="B3TlfpCwkfkfCI1JYcKaP4+s+6U=">AAACFXicbVDLSgMxFM34rPU16tJNsAgutMxUqd0oFbsQ3FSwD+hMSybNtGkzD5KMUIb5CTf+ihsXirgV3Pk3pu0stPXAhZNz7iX3HidkVEjD+NYWFpeWV1Yza9n1jc2tbX1nty6CiGNSwwELeNNBgjDqk5qkkpFmyAnyHEYazvB67DceCBc08O/lKCS2h3o+dSlGUkkd/bjSGcCrdkwHCTyBlssRjgtJfJpU2hTeKqlkhRQO1OMCGh09Z+SNCeA8MVOSAymqHf3L6gY48ogvMUNCtEwjlHaMuKSYkSRrRYKECA9Rj7QU9ZFHhB1PrkrgoVK60A24Kl/Cifp7IkaeECPPUZ0ekn0x643F/7xWJN2SHVM/jCTx8fQjN2JQBnAcEexSTrBkI0UQ5lTtCnEfqWSkCjKrQjBnT54n9ULeLOaLd2e58mUaRwbsgwNwBExwDsrgBlRBDWDwCJ7BK3jTnrQX7V37mLYuaOnMHvgD7fMHwyScCQ==</latexit>

DjA
ij � 2

3
DiK � 8⇡ji = 0

<latexit sha1_base64="tU2+AbjkCRE46ORvjK7Bxt9fMMU="></latexit>

(LW )ij := DiW j +DjW i � 2

3
�ijDkW

k

<latexit sha1_base64="mlNxYAgug3nWg6hwPuG5VU3hgW4=">AAACFnicbZDLSsNAFIYn9VbrrerSzWARKmJJRKobpeDGhYsKvQSaGCbTSTt2cmFmIpSQp3Djq7hxoYhbcefbOGmz0NYfBn6+cw5zzu9GjAqp699aYWFxaXmluFpaW9/Y3Cpv73REGHNM2jhkITddJAijAWlLKhkxI06Q7zLSdUdXWb37QLigYdCS44jYPhoE1KMYSYWc8rF5l9D7FF5A00ks7sNWK52SI1i1fCSHrpfcpN3DCXTKFb2mTwTnjZGbCsjVdMpfVj/EsU8CiRkSomfokbQTxCXFjKQlKxYkQniEBqSnbIB8IuxkclYKDxTpQy/k6gUSTujviQT5Qox9V3Vmi4rZWgb/q/Vi6Z3bCQ2iWJIATz/yYgZlCLOMYJ9ygiUbK4Mwp2pXiIeIIyxVkiUVgjF78rzpnNSMeq1+e1ppXOZxFMEe2AdVYIAz0ADXoAnaAINH8AxewZv2pL1o79rHtLWg5TO74I+0zx/lwp6b</latexit>

Xij = Xij
TT + (LW )ij
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CONFORMAL TRANSVERSE-TRACELESS (CTT) DECOMPOSITION
▸ Now consider a conformal transformation of the extrinsic curvature:  

▸ And then apply the transverse decomposition: 

▸ Then the momentum constraint becomes: 

▸ Given ( ) we can solve for  and reconstruct the physical metric and extrinsic curvature. 

▸ BUT: It is difficult to construct a TT tensor as transversality is a differential condition. Guessing is hard. 

▸ Instead, consider an arbitrary STF tensor  and perform the analogous decomposition into its TT and longitudinal 
parts. Assuming  then 

▸ With  

γ̄ij, K, Āij
TT ψ, W̄i

M̄ij

Āij
TT = M̄ij

TT

V̄i := W̄i − Ȳi

32LECTURE 1

<latexit sha1_base64="/TAAkxHVgAAqUPXvO5bJoe9Yu/c=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEqhulxY3LCvYBTVom00k7djIJMxOhhCzd+CtuXCji1k9w5984TbPQ1gMXDufcy733eBGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS98fXUbz8QIWnI79QkIm6Ahpz6FCOlpb556HhIJPW0l9D7FF5CJ5K0l9hWCuuZ1DfLVsXKABeJnZMyyNHom1/OIMRxQLjCDEnZta1IuQkSimJG0pITSxIhPEZD0tWUo4BIN8keSeGxVgbQD4UurmCm/p5IUCDlJPB0Z4DUSM57U/E/rxsr/8JNKI9iRTieLfJjBlUIp6nAARUEKzbRBGFB9a0Qj5BAWOnsSjoEe/7lRdI6rdjVSvX2rFy7yuMoggNwBE6ADc5BDdyABmgCDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwDjJZlB</latexit>

Āij =  10Aij

<latexit sha1_base64="3hU2PuxBSBY37yx/5elIr3yi7nY="></latexit>

Āij = Āij
TT + (L̄W̄ )ij

<latexit sha1_base64="/Ds9wONvXEE/+NuK5rPILuLcj0c="></latexit>

�̄L̄W̄
i � 2

3
 6D̄iK � 8⇡ 10ji = 0

�̄L̄W̄
i := D̄j(L̄W̄ )ij

<latexit sha1_base64="aQ3O/jpCizdmDdpyIMBefUHil60="></latexit>

Āij = M̄ ij
TT + (L̄W̄ )ij = M̄ ij + (L̄V̄ )ij
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CONFORMAL TRANSVERSE-TRACELESS (CTT) DECOMPOSITION
▸ Putting it all together, the constraint equations then have the following final from (York&Lichnerowicz): 

▸ Solve the constraint equations for the vector potential  and the conformal factor . 

▸ We see that we can freely choose: , and the energy and momentum densities.  

▸ Then construct the physical solutions for  

▸ Choices for background fields   need to be motivated.

V̄i ψ

γ̄ij, K, M̄ij

γij, Kij

γ̄ij, K, M̄ij

33LECTURE 1

<latexit sha1_base64="JaekBZJWgmvvx2xEuvuV6oHq1SE="></latexit>

8D̄2 � R̄ +  �7ĀijĀ
ij � 2

3
 5K2 + 16⇡ 5⇢ = 0

�̄L̄V̄
i + D̄jM̄

ij � 2

3
 6D̄iK � 8⇡ 10ji = 0
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CONFORMAL THIN-SANDWICH (CTS) DECOMPOSITION
▸ If we want to have (quasi-)equilibrium solutions, we require initial data that have a certain time evolution. 

▸ CTS: Instead of providing data on one slice , data are provided on two slices with infinitesimal 
separation. 

▸ Define the time derivative of the conformal metric: 

▸ Consider the trace-free part of the spatial metric and define: 

▸ Adopt the same conformal decomposition but do not split  into its TT and longitudinal part, one finds:

Σ

Aij

34

<latexit sha1_base64="hqN0dSucsHzpIqYVqm6ALX4SQD0="></latexit>

ūij ⌘ @t�̄ij ) �̄ij ūij = 0

<latexit sha1_base64="kgfYw1zKwtHjqh/XZ1E/Y+CcrWw="></latexit>

uij := @t�ij �
1

3
�ij(�

mn@t�mn) = �2↵Aij + (L�)ij

<latexit sha1_base64="J9PgRon4J4LiYl6UjCaSYQHQUwg="></latexit>

Āij =
1

2↵̄

⇣
(L̄�)ij � ūij

⌘

LECTURE 1
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CONFORMAL THIN-SANDWICH (CTS) DECOMPOSITION
▸ Applying the conformation transformation, we find: 

▸ The momentum constraint then becomes an equation for the shift vector : 

▸ After solving the Hamilton constraint for , the physical solutions are constructed from: 

▸ The freely specifiable variables are  

▸ NB: The lapse & shift appear in the initial data construction, i.e. they cannot be specified freely but are 
solved for instead. 

▸ Instead of explicitly choosing a gauge one chooses how the metric changes in time.

βi

ψ

γ̄ij, ūij, K, ᾱ

35

(�̄L�)
i � (L̄�)ijD̄j ln(↵̄) = ↵̄D̄j(↵̄

�1ūij) +
3

4
↵̄ 6D̄iK + 16⇡↵̄ 10Si

<latexit sha1_base64="IXWrG90IVSgrFXULzRzGuLFyHfw="></latexit><latexit sha1_base64="IXWrG90IVSgrFXULzRzGuLFyHfw="></latexit><latexit sha1_base64="IXWrG90IVSgrFXULzRzGuLFyHfw="></latexit><latexit sha1_base64="IXWrG90IVSgrFXULzRzGuLFyHfw="></latexit>

Āij =
1

2↵̄

⇣
(L̄�)ij � ūij

⌘

<latexit sha1_base64="xWpHwkIUGpMLaBqFJADN+8QUEjo="></latexit><latexit sha1_base64="xWpHwkIUGpMLaBqFJADN+8QUEjo="></latexit><latexit sha1_base64="xWpHwkIUGpMLaBqFJADN+8QUEjo="></latexit><latexit sha1_base64="xWpHwkIUGpMLaBqFJADN+8QUEjo="></latexit>

↵̄ =  6↵
<latexit sha1_base64="SIaGLiqJB2YlF0WCfC3GMlAf9DU=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhV0RtVAI2FhGMA/IruHuZDYZMjs7zMwKYUlj46/YWChi6z/Y+TdOHoUmHrhwOOde7r0nkpxp43nfzsLi0vLKamGtuL6xubXt7uzWdZopQmsk5alqRqApZ4LWDDOcNqWikEScNqL+9chvPFClWSruzEDSMIGuYDEjYKzUdg+CCFQeAJc9GOIrHEjN7s/wRGi7Ja/sjYHniT8lJTRFte1+BZ2UZAkVhnDQuuV70oQ5KMMIp8NikGkqgfShS1uWCkioDvPxF0N8ZJUOjlNlSxg8Vn9P5JBoPUgi25mA6elZbyT+57UyE1+EORMyM1SQyaI449ikeBQJ7jBFieEDS4AoZm/FpAcKiLHBFW0I/uzL86R+Uva9sn97WqpcTuMooH10iI6Rj85RBd2gKqohgh7RM3pFb86T8+K8Ox+T1gVnOrOH/sD5/AF9mJfj</latexit><latexit sha1_base64="SIaGLiqJB2YlF0WCfC3GMlAf9DU=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhV0RtVAI2FhGMA/IruHuZDYZMjs7zMwKYUlj46/YWChi6z/Y+TdOHoUmHrhwOOde7r0nkpxp43nfzsLi0vLKamGtuL6xubXt7uzWdZopQmsk5alqRqApZ4LWDDOcNqWikEScNqL+9chvPFClWSruzEDSMIGuYDEjYKzUdg+CCFQeAJc9GOIrHEjN7s/wRGi7Ja/sjYHniT8lJTRFte1+BZ2UZAkVhnDQuuV70oQ5KMMIp8NikGkqgfShS1uWCkioDvPxF0N8ZJUOjlNlSxg8Vn9P5JBoPUgi25mA6elZbyT+57UyE1+EORMyM1SQyaI449ikeBQJ7jBFieEDS4AoZm/FpAcKiLHBFW0I/uzL86R+Uva9sn97WqpcTuMooH10iI6Rj85RBd2gKqohgh7RM3pFb86T8+K8Ox+T1gVnOrOH/sD5/AF9mJfj</latexit><latexit sha1_base64="SIaGLiqJB2YlF0WCfC3GMlAf9DU=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhV0RtVAI2FhGMA/IruHuZDYZMjs7zMwKYUlj46/YWChi6z/Y+TdOHoUmHrhwOOde7r0nkpxp43nfzsLi0vLKamGtuL6xubXt7uzWdZopQmsk5alqRqApZ4LWDDOcNqWikEScNqL+9chvPFClWSruzEDSMIGuYDEjYKzUdg+CCFQeAJc9GOIrHEjN7s/wRGi7Ja/sjYHniT8lJTRFte1+BZ2UZAkVhnDQuuV70oQ5KMMIp8NikGkqgfShS1uWCkioDvPxF0N8ZJUOjlNlSxg8Vn9P5JBoPUgi25mA6elZbyT+57UyE1+EORMyM1SQyaI449ikeBQJ7jBFieEDS4AoZm/FpAcKiLHBFW0I/uzL86R+Uva9sn97WqpcTuMooH10iI6Rj85RBd2gKqohgh7RM3pFb86T8+K8Ox+T1gVnOrOH/sD5/AF9mJfj</latexit><latexit sha1_base64="SIaGLiqJB2YlF0WCfC3GMlAf9DU=">AAACBXicbVC7SgNBFJ31GeNr1VKLwSBYhV0RtVAI2FhGMA/IruHuZDYZMjs7zMwKYUlj46/YWChi6z/Y+TdOHoUmHrhwOOde7r0nkpxp43nfzsLi0vLKamGtuL6xubXt7uzWdZopQmsk5alqRqApZ4LWDDOcNqWikEScNqL+9chvPFClWSruzEDSMIGuYDEjYKzUdg+CCFQeAJc9GOIrHEjN7s/wRGi7Ja/sjYHniT8lJTRFte1+BZ2UZAkVhnDQuuV70oQ5KMMIp8NikGkqgfShS1uWCkioDvPxF0N8ZJUOjlNlSxg8Vn9P5JBoPUgi25mA6elZbyT+57UyE1+EORMyM1SQyaI449ikeBQJ7jBFieEDS4AoZm/FpAcKiLHBFW0I/uzL86R+Uva9sn97WqpcTuMooH10iI6Rj85RBd2gKqohgh7RM3pFb86T8+K8Ox+T1gVnOrOH/sD5/AF9mJfj</latexit>

where

<latexit sha1_base64="8CQHjVpu/nqGMpVieogCCDXVISI="></latexit>

�ij =  4�̄ij , Kij =  �10Āij +
1

3
�ijK, ↵ =  6↵̄

LECTURE 1
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EXAMPLE: BRILL-LINDQUIST INITIAL DATA FOR MULTIPLE BLACK HOLES
▸ Assume time symmetry & vacuum = static black holes:   

▸ Momentum constraint is trivially  fulfilled.  

▸ Conformal flatness:   

▸ Hamiltonian constraint becomes flat-space Laplace’s equation for the 
conformal factor:  

▸ Need to impose appropriate boundary conditions to solve Laplace’s equation: 

▸ Asymptotic flatness:  

▸ Possible solutions:  

▸ Minkowski space: 

▸ Schwarzschild in isotropic coordinates if :  

▸ Linearity allows superposition of solutions: 

▸ Note: The points  are singularities, i.e. the solution is defined on . 
The removed points are referred to as punctures.

Kij = 0

γ̄ij = δij

k = M/2

r = ri ℝ3\{ri}

36

<latexit sha1_base64="XksdrcnbkhN2F+pIYIPWt9VxIzM=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQyCpzAjEr0IAT14jGAWyAyhp9OTNOlZ6K4R4pAv8eJBEa9+ijf/xs5y0MQHBY/3qqiqF6RSaHScb6uwtr6xuVXcLu3s7u2X7YPDlk4yxXiTJTJRnYBqLkXMmyhQ8k6qOI0CydvB6Gbqtx+50iKJH3Cccj+ig1iEglE0Us8ue7dcIiVeqgW5Jk7PrjhVZwayStwFqcACjZ795fUTlkU8Riap1l3XSdHPqULBJJ+UvEzzlLIRHfCuoTGNuPbz2eETcmqUPgkTZSpGMlN/T+Q00nocBaYzojjUy95U/M/rZhhe+bmI0wx5zOaLwkwSTMg0BdIXijOUY0MoU8LcStiQKsrQZFUyIbjLL6+S1nnVrVVr9xeVen0RRxGO4QTOwIVLqMMdNKAJDDJ4hld4s56sF+vd+pi3FqzFzBH8gfX5AwEEkgU=</latexit>

� = 0
<latexit sha1_base64="08eSNDre65hgoqxIyNz0ByKuksQ=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwUUoiUnVXcOOygn1AU8pkOmmHTiZh5kYJod/ixl9x40JRV4If4zTtQlsPDJw5517uvcePBdfgOF9WYWV1bX2juFna2t7Z3bP3D1o6ShRlTRqJSHV8opngkjWBg2CdWDES+oK1/fH11G/fM6V5JO8gjVkvJEPJA04JGKlvX3mx5thTfDgColT0gF3sVbwKzjwV4iBSk/ynfld4XAaQ9u2yU3Vy4GXizkkZzdHo2x/eIKJJyCRQQbTuuk4MvYwo4FSwSclLNIsJHZMh6xoqSch0L8tPnOATowym+5gnAefq746MhFqnoW8qQwIjvehNxf+8bgLBZS/jMk6ASTobFCQCQ4SneeEBV4yCSA0hVHGzK6YjoggFk2rJhOAunrxMWmdVt1at3Z6X6/V5HEV0hI7RKXLRBaqjG9RATUTRI3pGr+jNerJerHfrc1ZasOY9h+gPrO8fNxWjgw==</latexit>

 ! 1 for r ! 1

<latexit sha1_base64="VxWvivnkA/A/f4nETCqBV9tOykI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCURqW6EghuXFewDmlAm00k7dDIJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYxuJn77gUrFYnGvxwn1IzwQLGQEayP17EMvUQxdI/fMCyUm2SjPZN6zK07VmQItErcgFSjQ6NlfXj8maUSFJhwr1XWdRPsZlpoRTvOylyqaYDLCA9o1VOCIKj+bXp+jE6P0URhLU0Kjqfp7IsORUuMoMJ0R1kM1703E/7xuqsMrP2MiSTUVZLYoTDnSMZpEgfpMUqL52BBMJDO3IjLEJgVtAiubENz5lxdJ67zq1qq1u4tKvV7EUYIjOIZTcOES6nALDWgCgUd4hld4s56sF+vd+pi1LlnFzAH8gfX5A69YlMI=</latexit>
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108 INITIAL DATA

Brill-Lindquist type data Misner type data

Fig. 3.1: Topology of a spacetime containing two black holes. The left panel shows the
case of Brill-Lindquist data, for which our universe is joined to two distinct universes
via wormholes. The right panel shows Misner type data for which there are only two
isometric universes joined by two wormholes.

of images (as each hole can “feel” the others an infinite number of times through
the wormholes). The construction of Misner data is rather involved, and here I
will just give the result for the case of two equal-mass black holes. In this case
the black hole throats are coordinate spheres whose centers are located on the
z-axis by construction. The solution is given in terms of a parameter µ that is
related to the position of the centers of the spheres z = ±z0 and their coordinate
radius a through

z0 = cothµ , a = 1/ sinhµ . (3.4.14)

In terms of this parameter, the conformal factor turns out to be

ψ = 1 +
∞∑

n=1

1
sinh(nµ)

[
1
r+
n

+
1
r−n

]
, (3.4.15)

with
r±n =
√

x2 + y2 + (z ± coth(nµ))2 (3.4.16)

From this expression for the conformal factor we can find that the total ADM
mass of the system is given by

MADM = 4
∞∑

n=1

1
sinh(nµ)

. (3.4.17)

We can also show that the proper distance L along a straight coordinate line
between the throats is

L = 2

[
1 + 2µ

∞∑

n=1

n

sinh(nµ)

]
. (3.4.18)

Notice how, as µ increases, the centers of the holes approach each other and the
coordinate radius of their throats decreases (for infinite µ we find z0 = 1 and
a = 0). At the same time, the total ADM mass becomes smaller and the two
holes move closer also in terms of proper distance, but the ratio L/MADM in fact

[Image: Alcubierre]
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EXAMPLE: BOWEN-YORK INITIAL DATA
▸ We want moving (boosted) and spinning black holes. Need to solve the momentum constraint.  

▸ There exists an analytic solution with the desired properties!  

▸ Assume: Vacuum, conformal flatness, maximal slicing ( ). 

▸ Using the CTT decomposition and choosing , one finds: 

▸  are constant vectors corresponding to the linear and angular momentum. 

▸ From this, we find the conformal, trace-free extrinsic curvature (as  for maximal slicing): 

▸ Brandt & Brügmann showed that the Brill-Lindquist ID can be generalised to

K = 0

M̄ij = 0

Pi, Si

Kij = ψ−2Āij
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▸ Hamiltonian constraint becomes a PDE for : 

▸ Regular near puncture, . Therefore,  is  in all of ! Punctures can be ignored!  

▸ No special boundary conditions for puncture needed. 

▸ Limitations: 

▸ : Does not reduce to Kerr but to Kerr + gravitational radiation  

▸ : Does not reduce to Schwarzschild but to Schwarzschild + gravitational radiation  

▸ This “junk radiation” is the result of the the specific choices made to solve the constraint equations.  

▸ Bowen-York initial data can only approximate Kerr BHs with spins up to 0.93 due to conformal flatness. 

▸ Alternative: (Superposed) Kerr-Schild initial data

u

Δu = 0 u C2 ℝ3

Pi = 0, Si ≠ 0

Pi ≠ 0, Si = 0
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GAUGE CHOICES: SLICING & SHIFT CONDITIONS
▸ In the 3+1 formulation, there are 4 gauge functions: Lapse  and shift vector . 

▸  We need to impose coordinate conditions (our choice). 

▸ Finding “good” gauge conditions is not trivial but geometric insight combined with numerical experimentation (trial and 
error) can lead to success. 

▸ Some desired features for BH spacetimes are: 

▸ Adapted to the underlying geometry/symmetries 

▸ Should avoid the formation of coordinate singularity 

▸ Should penetrate the BH horizon  

▸ Should lead to minimal distortion (keep topology simple) 

▸ Be mathematically well-behaved and easy to implement numerically   

▸ Slicing condition to determine the lapse, i.e. how proper time advances between two slices 

▸ Shift conditions to determine how the spatial coordinates move within a slice

α βi

40LECTURE 1
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EXAMPLE 1: GEODESIC SLICING
▸ Simplest possible choice:  

▸ Coordinate observers coincide with normal 
observers. 

▸ Normal observers are freely falling  and 
hence follow timelike geodesics. 

▸ Unfortunately, coordinate singularities develop very 
quickly as geodesics focus near gravitating sources, 
which can be seen from the expansion (rate of 
change of volume elements):

(aμ = 0)

41
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K grows monotonically in time, the volume element will collapse:

@tK � 0
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↵ dt

LECTURE 1

The coordinates become singular. 
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EXAMPLE 1: GEODESIC SLICING
▸ Example: Schwarzschild spacetime (in Kruskal coordinates U,V)
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4.2 Maximal slicing and singularity avoidance 103
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Figure 4.1 The shaded regions on the Kruskal–Szekeres diagrams represent the development of the initial v = 0
time slice in a Schwarzschild spacetime for geodesic slicing in the left panel (a) and maximal slicing in the right
panel (b). The geodesic slices hit the singularity at (areal) radius rs = 0 after a coordinate time t = π M (=
proper time for any normal observer), during which only a small fraction of the black hole exterior is covered.
The maximal slices, on the other hand, cover the entire black hole exterior and approach a limiting surface at
rs = (3/2)M in the interior as t → ∞. [After Smarr and York (1978a).]

4.2 Maximal slicing and singularity avoidance

From equation (4.7) it is evident that the divergence of normal observers can be controlled
by imposing a suitable condition on the mean curvature K . If K is specified as a function
of both space and time, equation (2.137) becomes an elliptic equation for the lapse α,

D2α = −∂t K + α
(

Ki j K i j + 4π (ρ + S)
)

+ β i Di K . (4.9)

Evidently this condition simplifies when K is chosen to be a constant in both space and
time. A common choice is the maximal slicing condition

K = 0, (4.10)

which we have already encountered in the context of initial data.7 If we assume maximal
slicing not only on one slice, but at all times, then the time derivative of K must vanish as
well,

K = 0 = ∂t K . (4.11)

7 For some applications it may be advantageous to choose K to be a constant value different from zero. It can be shown
that this choice leads to time slices that are asymptotically null in asymptotically flat spacetimes.
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[Taken from Baumgarte & Shapiro, Numerical Relativity]

Does not fully 
cover  the BH 
exterior!

Slice “hits” the 
singularity at 
coordinate time t = πM 
(free fall time)

LECTURE 1
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EXAMPLE 2: MAXIMAL SLICING 
▸ To control the divergence of normal observers, we need to impose a suitable condition on . 

▸ A common choice is “maximal" slicing (for all times): 

▸ Maximal slicing is volume preserving along congruences of  and the 3-volume is maximal. 

▸ The contraction of the evolution equation for  yields an elliptic PDE for the lapse: 

▸ Note: Elliptic equations are costly. We can recast the equation into a parabolic one via “approximate” maximal 
slicing, i.e. . Also need appropriate boundary conditions, which can be tricky.  

▸ Maximal slicing chooses hypersurfaces that avoid the focusing of normal congruences and that “spread out” as much 
as possible in spacetime. 

K

nμ

Kij

∂tK = − cK
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GEODESIC VS MAXIMAL SLICES
▸ Example: Schwarzschild spacetime (in Kruskal coordinates)

44

4.2 Maximal slicing and singularity avoidance 103
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Figure 4.1 The shaded regions on the Kruskal–Szekeres diagrams represent the development of the initial v = 0
time slice in a Schwarzschild spacetime for geodesic slicing in the left panel (a) and maximal slicing in the right
panel (b). The geodesic slices hit the singularity at (areal) radius rs = 0 after a coordinate time t = π M (=
proper time for any normal observer), during which only a small fraction of the black hole exterior is covered.
The maximal slices, on the other hand, cover the entire black hole exterior and approach a limiting surface at
rs = (3/2)M in the interior as t → ∞. [After Smarr and York (1978a).]

4.2 Maximal slicing and singularity avoidance

From equation (4.7) it is evident that the divergence of normal observers can be controlled
by imposing a suitable condition on the mean curvature K . If K is specified as a function
of both space and time, equation (2.137) becomes an elliptic equation for the lapse α,

D2α = −∂t K + α
(

Ki j K i j + 4π (ρ + S)
)

+ β i Di K . (4.9)

Evidently this condition simplifies when K is chosen to be a constant in both space and
time. A common choice is the maximal slicing condition

K = 0, (4.10)

which we have already encountered in the context of initial data.7 If we assume maximal
slicing not only on one slice, but at all times, then the time derivative of K must vanish as
well,

K = 0 = ∂t K . (4.11)

7 For some applications it may be advantageous to choose K to be a constant value different from zero. It can be shown
that this choice leads to time slices that are asymptotically null in asymptotically flat spacetimes.
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[Taken from Baumgarte & Shapiro, Numerical Relativity]

geodesic slicing maximal slicing

Maximal slices penetrate the BH interior but avoid the singularity 
asymptoting to the limiting surface at . 
“Collapse of the lapse” when approaching the singularity [Smarr 
& York] but slice stretching.

rS = 3M/2

Cover the BH 
exterior fully!
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SOME OTHER SLICING CONDITIONS
▸ Hyperbolic slicing conditions: avoid the costly elliptic PDE but share the good properties of maximal slicing. 

▸ Harmonic slicing condition: 

▸ 1+log slicing: Popular (algebraic) slicing condition 

▸ Bona-Masso family of slicing conditions, which encompass both of the above” 

▸ Taking a second time derivative, one finds that the lapse obeys a wave equation. 

▸ It can be shown that hyperbolic slicing conditions are singularity avoiding!

45
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SHIFT CONDITIONS
▸ Many scenarios work well for , but not for BH spacetimes. 

▸ Zero shift means eventually all spatial coordinates end up inside inside the BH horizon. :-(  

▸ Frame-dragging for rotating BHs causes large shears in the spatial metric. 

▸ Similar to slicing conditions, we have elliptic-type and hyperbolic-type shift conditions: 

▸ Minimal distortion shift condition 

▸ Gamma freezing shift condition 

▸ (Hyperbolic) Gamma-driver shift condition: counteracts slice stretching & allows punctures to move 

▸ Generalised harmonic shift condition 

▸ For orbiting BHs: Use shift vector to transform to a corotating coordinate frame. 

βi = 0

46LECTURE 1
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FORMULATION COMPARISON
47

Feature BSSNOK GH Z4c

Hyperbolicity Strong Symmetric Strong

Constraint 
propagation

No (zero-speed 
modes) Yes Yes

Constraint 
damping None Yes Yes

Gauge 
condition

1+log & 
Gamma-driver GH gauge 1+log & 

Gamma-driver

Punctures Yes No Yes

LECTURE 1
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HOW TO HANDLE SINGULARITIES: MOVING PUNCTURES
▸ Idea: We keep the physical singularity but make sure that the it never coincides with a grid point, where the 

calculations are performed. This is controlled via appropriate gauge conditions.  

▸ 1+log slicing & gamma-driver shift condition 

▸ Recall: Bowen-York initial data for BHs

49

60 Chapter 3 Constructing initial data

r = ∞

r = M/2

r = 0

Figure 3.1 Schematic embedding diagram of Schwarzschild geometry at a moment of time symmetry with one
degree of rotational freedom suppressed (θ = π/2). The spatial metric is given by equation (3.19). Here a spatial
slice of Schwarzschild in the equatorial plane is embedded as a 2-dimensional surface (paraboloid) in a
Euclidean 3-space.

The isotropic radius r corresponding to the smallest areal (or circumferential) radius R is
r = M/2, which we refer to as the black hole throat. The throat is located in the horizontal
symmetry plane on the circle of smallest circumference in the embedding diagram9 in
Figure 3.1. In Chapter 7.2 (equation 7.26) we will see that, for a single Schwarzschild
black hole, the throat coincides with both the apparent and event horizons.

The isometry (3.20) maps points on the throat into themselves, and applying the isometry
twice yields the identity transformation. We can therefore think of (3.20) as a reflection in
the throat. In the embedding diagram in Figure 3.1 this is a reflection across the horizontal
symmetry plane. The geometry close to the origin (r → 0) is identical to the geometry
near infinity (r → ∞). We can therefore think of the geometry described by the solution
(3.19) as two separate, identical universes, which are connected by a throat, or a so-called
Einstein–Rosen bridge. Equivalently, a time-symmetric slice of Schwarzschild as depicted
in Figure 3.1 corresponds to the v = 0 (t = 0) hypersurface in the Kruskal–Szekeres
diagram in Figure 1.1. On this diagram the throat at areal radius R = 2M connecting the
two asymptotically flat universes is located at the origin, (u, v) = (0, 0).

So far we have only rediscovered the vacuum Schwarzschild solution, and that alone
would hardly justify the effort of having developed all this decomposition formalism. The
formalism is very powerful, however, and allows for the construction of much more general
solutions. In Chapters 12 and 15, for example, we will use this approach to construct binary
black hole and neutron star initial data. To catch a glimpse of how useful this formalism
is, we point out that it is almost trivial to generalize our one black hole solution (3.18) to
an arbitrary number of black holes at a moment of time symmetry.10 Since (3.16) is linear,

9 See, e.g., Misner et al. (1973), Chapters 23.8 and 31.6 for the construction of embedding diagrams for Schwarzschild
geometry.

10 E.g., Brill and Lindquist (1963).
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Topology of the initial slice is a wormhole 
connecting two asymptotically flat copies. 

Singularity can be identified with spatial 
infinity (regular).
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MOVING PUNCTURES
▸ As we evolve the initial data with the 1+log slicing condition, 

the topology of the slices changes for a short time before the 
topology settles down to a stationary “trumpet” geometry. 

▸ The conformal factor now diverges at .  

▸ Such a slice terminates on a finite limit surface that does not 
reach the singularity.

1/ r

5013.1 Handling the black hole singularity 435

r = ∞

r = M /2

r = 0

Figure 13.1 A schematic embedding diagram of a maximally sliced Schwarzschild geometry with
C = 3

√
3M2/4 (for t = constant and θ = π/2; see equations 4.23–4.25). In contrast to the “wormhole” solution

shown in Figure 3.1, this “trumpet” solution has only one asymptotically flat end, while the other end,
corresponding to r → 0, approaches an infinitely long cylinder of areal radius rs = 3M/2. [After Hannam et al.
(2008).]

Appendix H we analyze this solution in more detail, and, in particular, we show that the
conformal factor for this solution indeed features a 1/

√
r singularity at the isotropic radius

r = 0, corresponding to an areal radius rs = 3M/2 (see equation H.8). In Figure 13.1
we sketch an embedding diagram for this solution, the appearance of which suggests
the name “trumpet” solution for this type of solution. For the “advective” version of the
1+log condition, only parts of the late-time solution can be constructed analytically (see
Appendix H), but qualitatively the results are very similar. In particular, the asymptotic
solution again features a “trumpet” geometry.18

The key point is that the singularity at isotropic radius r = 0 is again a mere coordinate
singularity. Since the numerical grid terminates at r = 0 and rs > 0, it does not include
the spacetime singularity at rs = 0. This result helps to explain in part the success of the
moving puncture method. In a nut-shell, it can be described as “excision-without-excision”;
instead of excising the spacetime explicitly as in the excision method, the moving puncture
method excises the innermost part of the black hole interior containing the spacetime
singularity with the help of a particular gauge choice.

Further insight into this behavior was provided by Brown (2008), who also performed
moving puncture simulations of Schwarzschild. Starting again with “wormhole” initial
data representing the Schwarzschild solution at an instant of constant Schwarzschild time,
he also evolved the data with the 1+log slicing condition (4.51) and α = 1 initially, but
chose different shift conditions. Evolving with zero shift, Brown (2008) points out that the
spatial slices, which start out connecting the two asymptotically flat ends of the “wormhole”
solution, cannot possibly disconnect from either one of these two asymptotic regions. In
fact, for zero shift the solution has to remain symmetric across the Kruskal–Szekeres
coordinate u = 0 at all times, as shown in Figure 13.2. All spatial slices remain connected

18 Hannam et al. (2008).
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Figure 13.2 The spatial slice at t = 3M in a moving puncture simulation of a single Schwarzschild black hole,
plotted in a Kruskal–Szekeres diagram. The solid blue line shows the slice that results from an evolution with
zero shift in equation (13.3), while the dots represent the location of individual grid points when evolved with the
Gamma-driver condition (4.83). The upper red line represents the spacetime singularity at rs = 0. [From Brown
(2008).]

to both asymptotic ends. But since the slicing condition (4.51) is independent of the
shift, the same result must hold for any other shift condition, including the Gamma-driver
condition (4.83). The only difference is that individual spatial coordinate locations, or
numerical grid points, now move on the spatial slices. For the Gamma-driver condition,
the grid points, marked by dots in Figure 13.2, move “away” from the “other” asymptotic
region very quickly, toward the right hand side in a Kruskal–Szekeres diagram. Even
for a very fine grid resolution, and after only a very short time, no grid points remain
in region III of the diagram. It is in this sense that a dynamical evolution approaches
a “trumpet” solution like the one we discussed above. Even though the solutions have
different asymptotic behavior, the Gamma-driver condition moves all grid points into a
region where the two solutions converge towards each other.19 Moreover, the grid points
drift safely away from the coordinate singularity at large negative u.

Figure 13.2 also illustrates that the spatial slices again do not encounter the black hole
spacetime singularity. In fact, these slices have properties similar to those of “singularity
avoiding” coordinates, except that the gauge conditions used in moving puncture simu-
lations avoid the coordinate pathologies (e.g., “grid stretching”) often encountered when
using other singularity avoiding coordinates.

13.2 Binary black hole inspiral and coalescence

In this section we will review some of the earliest successful simulations of binary black
hole inspiral and coalescence. In Section 13.2.1 we focus on the first complete simula-
tions, which marked an important breakthrough in the numerical evolution of strong-field,

19 We refer to Hannam et al. (2008) for a more detailed discussion.
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to the maximal value of 3M=2 as n! 1, and to the
singularity as n! 0.

2. Penrose diagrams

One advantage of working in spherical symmetry is that
redundant coordinates may be suppressed and we can
visualize the way the spacetime is sliced on two-
dimensional diagrams, such as the Carter-Penrose diagram.

In order to do this for a given solution (39), we first
integrate the height function h using (33) to obtain T for
every R. The singularity at R ¼ 2M can be handled (at
least numerically) by introducing a different quantity, such
as e"h, around the horizon. The undetermined value of t in
Eq. (24), which can be interpreted as the constant of
integration, expresses the fact that we do not calculate a
single slice but a foliation of the Schwarzschild spacetime.
As expected, the slices are related to each other by sliding
along the Killing vector field @T .

From the coordinates ðR; TÞ along one slice we trans-
form to Kruskal coordinates ðu; vÞ by either

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2M
" 1

s
eR=ð4MÞ cosh

T

4M
; (44)

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2M
" 1

s
eR=ð4MÞ sinh

T

4M
; (45)

for R> 2M or

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1" R

2M

s
eR=ð4MÞ sinh

T

4M
; (46)

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1" R

2M

s
eR=ð4MÞ cosh

T

4M
; (47)

for R< 2M. Compactifying the result via

u% v ¼ tanðU% VÞ; (48)

where U and V are the abscissa and the ordinate of the
Penrose diagram, yields the picture displayed in Fig. 4.
Note that we chose non-negative shift !R, which also
determines the sign of h [as well as u and v in Eqs. (44)
and (45)]. The opposite choice would lead to slices that are
mirror images of those in Fig. 4, connecting iþR to i0L.

3. Trumpet data in isotropic coordinates

We have now derived the stationary 1þ log solution. In
Paper I we compared this solution with the late-time data
from moving-puncture evolutions of wormhole puncture
data, which wewill discuss again in Sec. III. Wewould also
like to put this solution into isotropic coordinates, as was
done for the maximal trumpet data in [33,58]. This pro-
vides a good test case for numerical evolution codes, and

could be a starting point for generating trumpet data for
black-hole binaries.
The implicit nature of the solution (39) makes it difficult

to analytically construct the transformation to isotropic
coordinates. However, solving (39) for a function Rð"Þ
leads to four roots of a fourth-order polynomial, which, if
chosen appropriately, represent the analytical solution. In
this section, R should always be understood as this function
of ", whereas " becomes the independent variable that
parametrizes the spatial dependency. Apart from that, our
approach is similar to the one used in [58]. We note that the
#RR component of the stationary 1þ log metric can be
related to the #rr in isotropic coordinates by

#RR ¼
"
@r

@R

#
2
#rr (49)

¼
"
@r

@R

#
2
 4: (50)

We therefore find that, using R ¼  2r and #RR ¼ ""2,

@r

@R
¼ r

"R
; (51)

and a relation between the isotropic coordinate r and
Schwarzschild R may be found by either

r ¼ exp
"Z " 1

!"R

dR

d"
ð !"Þd !"

#
; (52)

or

r ¼ R1=" exp
"
"
Z 1

"

lnR

!"2 d !"
#
; (53)

where the last equation is obtained by integration by parts
and the upper integration limit is chosen such that r! R as
" ! 1, i.e., towards spatial infinity. Both integrals (52) and

FIG. 4. The Penrose diagram of the slices defined by the sta-
tionary solution of the 1þ log condition with n ¼ 2. Every slice
approaches iþL along the curve R ¼ R0 ' 1:31M and spatial
infinity i0R along a curve of constant T. The slices are displayed
in time steps of 4M.
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HANDLING PHYSICAL SINGULARITIES: EXCISION
▸ Formulations that do not use moving punctures have to handle the physical singularity differently.  

▸ The black hole horizon is a causal boundary. Anything inside the horizon is causally disconnected from the exterior 
region and hence cannot affect the physics there. 

▸ Singularity “hidden” inside the horizon. 

▸ Information cannot escape. 

▸ Solution: Remove (“excise”) the BH interior, and hence the physical (or coordinate) singularity, from the computational 
domain. 

▸ Two ingredients needed: 

1. A boundary that lies inside the BH horizon such that the BH interior is removed. 

2. A non-zero shift vector  that keeps the horizon at a roughly constant coordinate location during the evolution.βi
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BLACK HOLE EXCISION
▸ Problem 1: The BH event horizon is a globally defined 

quantity. To determine it, we require require the entire future 
development of the spacetime. 

▸ Define a proxy instead: 

▸ Apparent horizon (AH) with  define on every 
time slice. 

▸ Definition: The AH is the outmost 2-surface embedded in 
a spatial slice , whose outgoing null geodesics have 
vanishing expansion everywhere.  

▸ Problem 2: Excision boundary must track the horizon which 
may develop a complex geometry.  

▸ Problem 3: Gauge needs to be controlled precisely to ensure 
that no characteristic fields leak out of the horizon. 

rAH < rEH

Σt
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NUMERICAL METHODS: FINITE DIFFERENCING
▸ To solve PDEs on a computer, we need to discretise them. 

▸ Given a continuous function , we approximate it by 
its value at a discrete set of points: 

▸ Substitute a continuous spacetime with a set of 
discrete points (grid or mesh) 

▸ Replace differential operators by finite differences 
(algebraic equation) 

▸ Note: Numerical grids are not infinite - appropriate 
(outer) boundary conditions have to be chosen

f(t, x)
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@xf
��
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=
fi+1 � fi�1

2�x
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@2
xf

��
xi

=
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(�x)2
+O(�x2)
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FINITE DIFFERENCING
▸ Example: Advective equation (hyperbolic) 

▸ Solution:  

▸ FD representation: 

▸ Explicit forward scheme: 

▸ Stability criterion: Courant-Friedrichs-Lewy (CFL) condition

u(t, x) = u(x − vt)
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NUMERICAL METHODS: SPECTRAL METHODS
▸ Represent the solution to a differential equation, e.g.  as a truncated series in a complete set of basis function : 

▸ Derivatives can be expressed analytically: 

▸ Advantage: Numerical error often drops exponentially with N. Often fewer computational resources needed for the 
same accuracy as FD. 

▸ Disadvantage: More difficult to implement. Discontinuities are a problem.

u(x) ϕk(x)
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MESH REFINEMENT
▸ BBH simulations span a “dynamic range” that we want to 

resolve, i.e. the dynamics of the black holes in a relatively 
small area of  the grid and gravitational-waves in the wave 
zone far from the black holes.  

▸ BUT: A uniform numerical grid across the dynamic range is 
very  expensive! 

▸ Perform the simulation using a multi-grid structure with a 
different spatial resolution on each grid as required. 

▸ Note: Special care needs to be taken at grid boundaries.

56

Adaptive mesh: boxes 
move with the BHs
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GRAVITATIONAL WAVE EXTRACTION
▸ Different methods to extract GWs, e.g. Newman-Penrose formalism 

▸ 10 independent components of the Weyl tensor can be expressed as 5 scalars , which are formed by 
contracting the Weyl tensor with a null tetrad. 

▸ For certain tetrads (quasi-Kinnersley), we can interpret  and  as ingoing and outgoing null rays: 

▸ Where l and k are real radially outgoing and ingoing null vectors; m is a complex vector such that 
.  

▸ In the TT gauge we find  

▸ Requires the 4D Riemann tensor, which is constructed from spatial 3D quantities on each slice.

ψ0, . . . , ψ4

ψ0 ψ4

−laka = 1 = mam̄a

57

 4 = �(4)Cabcdk
am̄bkcm̄d

<latexit sha1_base64="W1MVDEfmyX1L9JKwMfDoEqeYuPo=">AAACHnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdKoRuXFewDOtPhTiZtQzMPkoxQhvkSN/6KGxeKCK70b0wfiLYeuHByzr3k3uPFnEllml/G0vLK6tp6biO/ubW9s1vY22/KKBGENkjEI9H2QFLOQtpQTHHajgWFwOO05Q1rY791T4VkUXinRjF1AuiHrMcIKC25hXM7lsyt4Ct8mmbdtFQ5yWpuCh7xs2EXsO2BSIOs6+Fhl/y8fLdQNMvmBHiRWDNSRDPU3cKH7UckCWioCAcpO5YZKycFoRjhNMvbiaQxkCH0aUfTEAIqnXRyXoaPteLjXiR0hQpP1N8TKQRSjgJPdwagBnLeG4v/eZ1E9S6dlIVxomhIph/1Eo5VhMdZYZ8JShQfaQJEML0rJgMQQJRONK9DsOZPXiTNs7Jllq3bSrF6PYsjhw7RESohC12gKrpBddRABD2gJ/SCXo1H49l4M96nrUvGbOYA/YHx+Q3cqKG5</latexit><latexit sha1_base64="W1MVDEfmyX1L9JKwMfDoEqeYuPo=">AAACHnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdKoRuXFewDOtPhTiZtQzMPkoxQhvkSN/6KGxeKCK70b0wfiLYeuHByzr3k3uPFnEllml/G0vLK6tp6biO/ubW9s1vY22/KKBGENkjEI9H2QFLOQtpQTHHajgWFwOO05Q1rY791T4VkUXinRjF1AuiHrMcIKC25hXM7lsyt4Ct8mmbdtFQ5yWpuCh7xs2EXsO2BSIOs6+Fhl/y8fLdQNMvmBHiRWDNSRDPU3cKH7UckCWioCAcpO5YZKycFoRjhNMvbiaQxkCH0aUfTEAIqnXRyXoaPteLjXiR0hQpP1N8TKQRSjgJPdwagBnLeG4v/eZ1E9S6dlIVxomhIph/1Eo5VhMdZYZ8JShQfaQJEML0rJgMQQJRONK9DsOZPXiTNs7Jllq3bSrF6PYsjhw7RESohC12gKrpBddRABD2gJ/SCXo1H49l4M96nrUvGbOYA/YHx+Q3cqKG5</latexit><latexit sha1_base64="W1MVDEfmyX1L9JKwMfDoEqeYuPo=">AAACHnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdKoRuXFewDOtPhTiZtQzMPkoxQhvkSN/6KGxeKCK70b0wfiLYeuHByzr3k3uPFnEllml/G0vLK6tp6biO/ubW9s1vY22/KKBGENkjEI9H2QFLOQtpQTHHajgWFwOO05Q1rY791T4VkUXinRjF1AuiHrMcIKC25hXM7lsyt4Ct8mmbdtFQ5yWpuCh7xs2EXsO2BSIOs6+Fhl/y8fLdQNMvmBHiRWDNSRDPU3cKH7UckCWioCAcpO5YZKycFoRjhNMvbiaQxkCH0aUfTEAIqnXRyXoaPteLjXiR0hQpP1N8TKQRSjgJPdwagBnLeG4v/eZ1E9S6dlIVxomhIph/1Eo5VhMdZYZ8JShQfaQJEML0rJgMQQJRONK9DsOZPXiTNs7Jllq3bSrF6PYsjhw7RESohC12gKrpBddRABD2gJ/SCXo1H49l4M96nrUvGbOYA/YHx+Q3cqKG5</latexit><latexit sha1_base64="W1MVDEfmyX1L9JKwMfDoEqeYuPo=">AAACHnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdKoRuXFewDOtPhTiZtQzMPkoxQhvkSN/6KGxeKCK70b0wfiLYeuHByzr3k3uPFnEllml/G0vLK6tp6biO/ubW9s1vY22/KKBGENkjEI9H2QFLOQtpQTHHajgWFwOO05Q1rY791T4VkUXinRjF1AuiHrMcIKC25hXM7lsyt4Ct8mmbdtFQ5yWpuCh7xs2EXsO2BSIOs6+Fhl/y8fLdQNMvmBHiRWDNSRDPU3cKH7UckCWioCAcpO5YZKycFoRjhNMvbiaQxkCH0aUfTEAIqnXRyXoaPteLjXiR0hQpP1N8TKQRSjgJPdwagBnLeG4v/eZ1E9S6dlIVxomhIph/1Eo5VhMdZYZ8JShQfaQJEML0rJgMQQJRONK9DsOZPXiTNs7Jllq3bSrF6PYsjhw7RESohC12gKrpBddRABD2gJ/SCXo1H49l4M96nrUvGbOYA/YHx+Q3cqKG5</latexit>

LECTURE 1

<latexit sha1_base64="bmFGC2C/DfveomqMKNqxQt/CyIQ=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URxJJIqW6UghuXFewDmhAmk2k7dPJg5kYooX/gxl9x40IRt27d+TdO2yBaPTBw7jn3cucePxFcgWV9GoWFxaXlleJqaW19Y3PL3N5pqTiVlDVpLGLZ8YligkesCRwE6ySSkdAXrO0PryZ++45JxePoFkYJc0PSj3iPUwJa8sxDJ1Hcq+IL7ARBDNlg7B3jE8y/Kwd4yJRnlq2KNQX+S+yclFGOhmd+OEFM05BFQAVRqmtbCbgZkcCpYOOSkyqWEDokfdbVNCJ6iZtN7xnjA60EuBdL/SLAU/XnREZCpUahrztDAgM1703E/7xuCr1zN+NRkgKL6GxRLxUYYjwJBwdcMgpipAmhkuu/YjogklDQEZZ0CPb8yX9J67Ri1yq1m2q5fpnHUUR7aB8dIRudoTq6Rg3URBTdo0f0jF6MB+PJeDXeZq0FI5/ZRb9gvH8B1rub8Q==</latexit>

 4 = ḧ+ � iḧ⇥



Patricia Schmidt - Nordita 2026

THE BREAKTHROUGH IN 2005
▸ In 2005, Frans Pretorius produced the first successful numerical relativity simulation of two equal mass black holes 

▸ Generalised harmonic formulation, excision, finite differencing
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II. Overview of the numerical method.—We briefly summarize the formulation of the field equations, gauge conditions,
and initial data used here, emphasizing details that are not contained in [9]. We discretize the Einstein field equations
expressed in the following form (using units where Newton’s constant and the speed of light are equal to 1):

g!"g#$;"!!g"!;$ g#!;"!g
"!
;# g$!;"!2H"#;$#$2H!!!#$!2!"!$!!"#%$8%"2T#$$g#$T#$&"n#C$!n$C#$g#$n"C"#:

(1)

H' are (arbitrary) source functions encoding the gauge
freedom of the solution, !!#$ are the Christoffel symbols,
T#$ is the matter stress tensor with trace T, & is a positive
constant multiplying the new constraint-damping terms
following [13], n' % 1=#"@=@t#' $ $i=#"@=@xi#' is the
unit hypersurface normal vector with lapse function # and
shift vector $i (x0 & t, xi & 'x1; x2; x3( & 'x; y; z(), and
C' are the constraints:

C' & H' $ g'(!x(: (2)

We use the following to evolve the source functions:

!Ht % $)1
#$ 1

#*
! )2Ht;(n(; Hi % 0; (3)

where )1 and * are positive constants. Note that (3) is not
the usual definition of spatial harmonic gauge, which is
defined in terms of contravarient components H'.

We use scalar field gravitational collapse to prepare
initial data that will evolve towards a binary black-hole
system. Specifically, at t % 0 we have two Lorentz boosted
scalar field profiles, and choose initial amplitude, separa-
tion, and boost parameters to approximate the kind of orbit
that the black holes (which form as the scalar field collap-
ses) will have. The procedure used to calculate the initial
geometry is based on standard techniques [14], and is a
straightforward extension of the method described in [9] to
include non-time-symmetric initial data. The initial spatial
metric and its first time derivative is conformally flat, and
we specify a slice that is maximal and harmonic. The
Hamiltonian constraint is used to solve for the conformal
factor. The maximal conditions K % 0 and @tK % 0 (K is
the trace of the extrinsic curvature) give the initial time
derivative of the conformal factor and an elliptic equation
for the lapse, respectively. The momentum constraints are
used to solve for the initial values of the shift vectors, and
the harmonic conditions H' % 0 are used to specify the
initial first time derivatives of the lapse and shift.

III. Results.—In this section we describe results from the
evolution of one example of a scalar field constructed
binary system. The present code requires significant com-
putational resources to evolve binary spacetimes [15], and
thus to study the orbital, plunge, and ringdown phases of a
binary system in a reasonable amount of simulation time
we chose initial data parameters such that the black holes
would merge within roughly one orbit—see Fig. 1 and
Table I. The following evolution parameters in (1) and (3)
were chosen: & ) 1:25=M0, )1 ) 19=M0, )2 ) 2:5=M0,
* % 5 (these parameters did not need to be fine-tuned),
where M0 is the mass of one black in the binary. This
system was evolved using three different grid hierarchies,

which we label as ‘‘low,’’ ‘‘medium,’’ and ‘‘high’’ resolu-
tion. The low resolution simulation has a base grid of 323,
with up to 7 additional levels of 2:1 refinement (giving a
resolution in the vicinity of the black holes of )M0=10).
For computational efficiency we only allowed regridding
of level 6 and higher (at the expense of not being able to
accurately track outgoing waves). For the medium resolu-
tion simulation, we have one additional level of refinement
during the inspiral and early phases of the merger, though
have the same resolution over the coarser levels and at late
times; thus we are able to resolve the initial orbital dynam-
ics more accurately with the medium compared to low
resolution run, though both have roughly the same accu-
racy in the wave zone. The high resolution simulation has
up to 10 levels of refinement during the inspiral and early
ringdown phase, 9 levels subsequently, and the grid struc-
ture of the lower levels is altered so that there is effectively
twice the resolution in the wave zone. The reason for this
set of hierarchies is again for computational efficiency:
doubling (quadrupling) the resolution throughout the low
resolution hierarchy would have required 16 (256) times
the computer time, which, in particular, for the higher
resolution simulation is impractical to do at this stage.

Figure 2 shows the horizon masses and final horizon
angular momentum as a function of time. The Arnowitt-

FIG. 1 (color online). A depiction of the orbit for the simula-
tion described in the text (see also Table I). The figure shows the
coordinate position of the center of one apparent horizon relative
to the other, in the orbital plane z % 0. The units have been
scaled to the mass M0 of a single black hole, and curves are
shown from simulations with three different resolutions.
Overlaid on this figure are reference ellipses of eccentricity 0,
0.1, and 0.2, suggesting that if one were to attribute an initial
eccentricity to the orbit it could be in the range 0–0.2.

PRL 95, 121101 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
16 SEPTEMBER 2005

121101-2

4

FIG. 3: A sample of the gravitational waves emitted during
the merger, as estimated by the Newman-Penrose scalar Ψ4

(from the medium resolution simulation). Here, the real com-
ponent of Ψ4 multiplied by the coordinate distance r from the
center of the grid is shown at a fixed angular location, though
several distances r. The waveform has also been shifted in
time by amounts shown in the plot, so that the oscillations
overlap. If the waves are measured far enough from the cen-
tral black hole then the amplitudes should match, and they
should be shifted by the light travel time between the loca-
tions (i.e. by 25M0 in this example). That we need to shift the
waveforms by more than this suggests the extraction points
are still too close to the black hole; the decrease in amplitude
is primarily due to numerical error as the wave moves into
regions of the grid with relatively low resolution.

binary system, and so possibly in a region where (6) is
not strictly valid. However, the larger integration radii
are in regions of the grid that do not have very good
resolution (due both to the mesh refinement structure
and the spatially compactified coordinate domain), and
so numerical error (mostly dissipation) tends to reduce

the amplitude of the waves with distance from the source.
With all these caveats in mind, the numbers we obtain
from (6) are 4.7%, 3.2%, 2.7%, 2.3% at integration radii
of 25M0, 50M0, 75M0 and 100M0 respectively (from the
high resolution simulation[20]), and where the percent-
age is relative to 2M0. Another estimate of the radiated
energy can be obtained by taking the difference between
the final and initial horizon masses (Table I)—this sug-
gests around 5% (high resolution case).

V. Conclusion: In this letter we have described a nu-
merical method based on generalized harmonic coordi-
nates that can stably evolve (at least a class of) bi-
nary black hole spacetimes. As an example, we pre-
sented an evolution of a binary system composed of non-
spinning black holes of equal mass M0, with an initial
proper separation and orbital angular velocity of approx-
imately 16.6M0 and 0.023/M0 respectively. The binary
merged within approximately 1 orbit, leaving behind a
blackhole of mass Mf ≈ 1.9M0 and angular momentum
J ≈ 0.70M2

f . A calculation of the energy emitted in
gravitational waves indicates that roughly 5% of the ini-
tial mass (defined as 2M0) is radiated . Future work
includes improving the accuracy of simulation (in par-
ticular the gravitational waves), exploring a larger class
of initial conditions (binaries that are further separated,
have different initial masses, non-zero spins, etc.), and
attempting to extract more geometric information about
the nature of the merger event from the simulations.
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TWO MAIN APPROACHES TO BBH EVOLUTIONS
59

• Quasi-equilibrium excision initial data 

• Generalised harmonic (GH) with constraint 
damping 

• Damped harmonic gauge 

• Constraint preserving, minimally reflective 
outer boundary condition 

• Multi-domain spectral methods 

• SXS Collaboration (SpEC)

Pretorius: 
FD, GH, AMR

▸ Puncture initial data  

▸ BSSN or C4z with moving  punctures 

▸ 1+log, Gamma-driver shift condition 

▸ Sommerfeld outer boundary condition 

▸ Finite differencing (FD) with adaptive 
mesh refinement (AMR) 

▸ BAM, MayaKranc, LazEv, Einstein Toolkit, 
Lean, Goddard, Perimeter, GRChombo, …
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CURRENT STATE-OF-THE-ART
▸ O(1000s) of NR simulations available today: 

▸ Predominantly quasi-circular  bound systems 

▸ Moderate mass ratios ( ) 

▸ A handful with larger mass ratios 

▸ Spin magnitudes up to  

▸ A few high-spin simulations 

▸ (Accurate) higher harmonics  

▸ Spin-precession

(e ≤ 0.01)

m1/m2 ≤ 18

χi ∼ 0.85
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CURRENT STATE-OF-THE-ART
▸ Recent push to explore: 

▸ Binaries on eccentric bound orbits 

▸ Hyperbolic encounters  

▸ Strong-field black hole scattering 

▸ Higher mass ratios 
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[Simulations: G. Pratten, P. Schmidt, S. Swain]
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