
Lecture 1

Introduction

Two body Problem in GR

Comparison with different methods

Why scattering

Worldline EFT formalism

Organizing Principles

Conservative sector

Dissipation sector

Scalar Toy Model

Lecture 2

Scattering Calculation

Waveform Deflection at leading order LO

Extracting effective potential

Dimensional Regularization

Sketch of next to leading order INLO



Δ Additional Reading Materials

I Far from complete
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Self force EFT 2406.14770 2308 15304

and references therein



Δ Useful Integrals

intfracdrz
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n

overrightharpoonk
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Ileftabrightintfracddoverrightharpoonlleft2pirightdleftoverrightharpoonl2rightaleftleftoverrightharpoon9overrightharpoonlright2rightb
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Δ Scalar Toy Model

To do calculation in this lecture we will use a scalar

toy model

Sbulk intddxleftnicefrac12leftpartialphiright2right
Sp sum_alpha12malphaintdlambdaalphaleftfrac12efrac12eValpha2frac1efleftphirightright

sum_alpha12malphaintdlambdaalphaleftfrac12frac12Valpha2qalphafracphiLambdaalphacalphasimphi2ldotsright
To mimi GR we pick Lambdampl qalpha1

EOM

Sintleftnicefrac12leftpartialphiright2ldotsright

leftpartialt2nabla2rightphifracdeltaSintdeltaphi0
equivmdlgwhtsquare

RightarrowDeltaphifracdeltaSintdeltaphisum_alphamalphaintdlambdacdotfrac1LambdacdotdeltaleftXXleftlambdarightright
fracoverlineCalphaLambda2phicdotdeltaleftxxleftlambdarightrightldots

chimuValphamufrac1Lambdapartialmuphioverlinecalphaphipartialmuphildots

eV2nicefrac1e2left12fleftphirightrightche sose 1frac2lambdaphildots





Remarks

1 frac1k2 Need to choose a boundary condition

Classical physics retarded BC v s Feynman in QFT

frac1k2rightarrowleftwiDeltaright2overrightarrowk2

fleftkV2right This is the classical version of on shell condition

coming from a straight worldline

fleftp2m2rightnegk

fleftp2m22pkk2rightPmV PmVk 0

fleftm2vcdotkright12mfleftvcdotkrightKa p
classical

limit3Since V is time like leftV0VTrightsimleft1Vright

k must be space like leftk0kirightsimleftv1right potential mode
x

Rest frame Vleft10right fleftkvrightfleftwright

k2 never on shell TO leftBCright doesn't matter

phileftxrightint_keikxphileftkrightleftfracmlambdarightcdotintfracd3overrightharpoonkleft2pi1rightfrac1overrightharpoonk2cdoteioverrightharpoonkcdotleftoverrightharpoonxoverrightharpoonbrightrangle
leftbeginmatrixmlambdaendmatrixrightcdot14pileftoverrightharpoonxoverrightharpoonbright

This is the standard Coulomb potential

No physical wave k not onshell



This is in contrast with the generated by
a time dependent source SmupintdlambdaQleftlambdarightphileftXleftlambdarightright

DeltaphiJleftxrightintdlambdacdotQleftlambdarightdeltaleftxXleftlambdarightright

phileftkrightfrac1k2intdlambdaQleftlambdarighteikcdotxleftlambdaright

frac1k2intdlambdaQleftlambdarighteiomegalambdafrac1k2cdotQleftomegarightrestframe

Qphileftxrightint_k1leftwi0right2overrightarrowk2eikcdotxQleftwright usingRetarded

Green's function

alpha14pirintfracdw2pieiwnQleftwright Gplot 0 1 Olot 1 Slot or47

orΔWe call the momentum scaling
v

neg lambdasimnicefracrVr

kmuleftk0kirightsimleftnicefracVrnicefrac1rright potential mode

gives instantaneous effective potential

beginmatrix1k2endmatrix1overrightharpoonk2omega2frac1overrightharpoonk2fracomega1overrightharpoonk4ldots

simleftnicefracVrnicefracVrright radiation
modegivesthe gravitational wave



nicefrac1xΔ For the worldline

Valphamufrac1Lambdapartialmuphi

frac1lambdaint_IleftikMrighteileft1xlambdarightphik

ltimes

k
P

fracmPx

frac1lambdaint_kleftikmurighteikbalphaeileftkcdotv2rightlambdax1k2leftsum_rhomrholambdaeikbbetafleftkcdotVrhorightright

sum_betaneqalphamrhoLambda2cdotint_kfleftkcdotVbetarightikmucdoteikleftbalphabbetarighteileftkcdotValpharightlambda
This is a function of lambda

We will need deltaVxleftlambdaright deltaXalphaleftlambdaright

deltaValphamuleftlambdarightint_inftylambdadlambdaValphaleftlambdaright

leftbeginmatrixmrhoLambda2endmatrixrightcdotint_kfleftkcdotVbetarightikmucdoteikleftbalphabbetaright
int_inftylambdadlambdacdoteileftkcdotV2rightlambda

Since deltaValphamuleftlambdarightarrowinftyright0 we promote KUalpharightarrowleftKUalphai0right
retarded BC

int_inftylambdadlambdacdoteileftkcdotValphacdotiorightlambdakcdotValphaii0eileftkcdotValphaiorightlambdalambda infty

kcdotValphaii0eileftkcdotValphaiorightlambda



RightarrowdeltaValphamuleftbeginmatrixmbetaLambda2endmatrixrightcdotint_kfleftkcdotVbetarightikmucdoteikleftbalphabbetarightkcdotValphai0eileftkcdotValphaiorightlambda
Likewise

deltachialphamuleftlambdarightint_inftylambdadlambdadeltaValphamuleftlambdaright

leftbeginmatrixMbetaLambda2endmatrixrightcdotint_kfleftkcdotVbetarightikmucdoteikleftbalphabbetarightleftbeginmatrixikcdotValphai0endmatrixright2eileftkcdotValphaiorightlambda
We are interested in the asymptotic resut lambdarightarrowinfty

int_inftylambdadlambdacdoteileftkcdotValphacdotiorightlambdakcdotValphaii0eileftkcdotValphaiorightlambdalambdarightarrowinftyfleftkcdotValpharight

deltaValphamuleftlambdarightarrowinftyrightleftbeginmatrixmbetaLambda2endmatrixrightcdotint_kfleftkcdotValpharightfleftkcdotVbetarightikmucdoteikleftbalphabbetaright

i
appears as we integrate over XTheK

VatioItis the propagator in the classical limit

leftmvalphakright2m2 2mleftkcdotValpharightk2

KllmV 2mleftbeginmatrix1k2kcdotValphaendmatrixleftkcdotValpharight2ldotsright



From the einbein choice we have V21frac2qalphaLambdaphileftXleftlambdarightright

RightarrowleftValphadeltaValpharight212ValphacdotdeltaValpha0leftdeltaValpha2right

12mbetalambda2cdotint_kfleftkcdotVbetarightcdoteikcdotleftbalphakcdotV2lambdarightbeginmatrixkcdotValphak2leftkcdotValphai0rightendmatrixeikcdotbbeta
1frac2lambdaint_keikcdotxalphaleftlambdarightcdotphileftkright

1frac2lambdaphileftxalphaleftlambdarightright Consistent



Δ Worldline Feynman Rules

see WOFT 2010 02865

phileftkrightfrac1k2fracmLambdaintdlambdaeikcdotxleftlambdaright
eikcdotbeileftkcdotvrightlambdaleft1ikcdotdeltaxleftlambdarightldotsrightPropagator

frac1k2
Interaction

k
leftfracmLambdarighteikcdotbfleftkcdotvrightldots

K

leftfracmlambdarighteikcdotbfleftleftkvarepsilonrightcdotvrightcdotleftikcdotdeltaXleftvarepsilonrightrightldots

97



Vmufrac1lambdapartialmuphi

int_kLambdamleftikmurighteikcdotbemileftkcdotvrightlambdaeikcdotdeltaxphik
Propergator for deltaX

deltaXrfrac1mleftbeginmatrixikcdotVioendmatrixright2
k is the total momentum injected to the worldline

Interaction

kint_nlambdamleftikmurighteikcdotb
rfloor

1

kint_kLambdamleftikMrighteikbfrac1nleftikcdotdeltaxrightn
rfloor

l

7xq1
ldots

q2q3

If the worldline propagates to lambdarightarrowinfty

need to add frac1mfleftkcdotvright where k is the total momentum

injected to the worldline
l

rfloor

7q1
kl9192ldotsnegldotswedge

a2



Δ Examples

phileftkrightfrac1k2timesfracmLambdaeikcdotbdeltaleftkcdotvright7

V1
1

9 deltaV1muint_9leftbeginmatrixm1Aleftiqmurightcdoteiqb1endmatrixrighttimesfrac1m1fleftqcdotv1right
2

V2 propagator

for SU

times1q2timesfracm1Lambdaeiqb2fleftqcdotk2right

v1

V2

int_9fleft9cdotv1rightfleft9cdotv2rightcdotiqmuq2timesleftfracm1Lambda2rightcdoteivarepsilonleftb1b2right



To see the deflection more concretely we choose a

framewiththe initial conditions

V1leftgammagammaV00rightgammafrac1sqrt1V2
V2left1000right

b1left00b0right

b2left0000right

deltaV1muleftbeginmatrixm2lambda2endmatrixrightint_kfleftwrightfleftrleftwvkxrightrightcdotikmueikycdotb
k only lives in kbotleftkykzright

1

k
2

deltaV1botleftbeginmatrixm2Lambda2endmatrixrightcdotfrac1gammaVint_overrightharpoonkbotioverlinekboteioverrightharpoonkbotcdotoverrightharpoonbleftbeginmatrixm1Lambda2endmatrixrightcdotfrac1partialvpartialoverrightharpoonbleftint_overrightharpoonkboteioverrightharpoonkbotcdotoverrightharpoonbright1m1partialoverrightharpoonbleftbeginmatrixm1m2rVLambda2endmatrixint_overrightharpoonkboteioverrightharpoonkbotcdotoverrightharpoonboverrightharpoonkbot2right

equiv eikonal phase xleftbright radial action





Δ Dimensional Regularization

It is convenient to extend d42varepsilon to regulate divergences

without introducing other scales to the integrals

1 IR divergence

1715dd2overrightharpoonk1
left2pirightd 2 I

rangle

Ileftbrightint_overrightharpoonkboteioverrightharpoonkbotcdotoverrightharpoonbkrightarrow0intd2kk2simlnk

rightarrowinfty

2 UV divergence Very common as we shrink finite objects
intopointse

g.Self deflection

deltaVGammaproptoint_kfleftkcdotvrighteileftkcdotvrightlambdafrackmuk2proptoint_kfleftkcdotvrightkmuIintfracddkleft2pirightdfleftkcdotvrightfrackmuk2proptokd2k22varepsilon

But we don't have any scale available

I0 is the only mathematical consistent choice

Similarly rn9 in the potential 0 as rrightarrow0



Δ Detailed Explanation

Consider

Iintddl1leftl2rightaleftlcdotvrightb ab are integers

dn2varepsilon

leftIrightd2ab

leftn2abright2varepsilon

If we rescale l as llambdacdotl

Iintddlleftl2rightaleftlcdotvrightbintddlleftl2righta1leftlcdotvrightb
lambdan2ab2varepsilonI

If Ineq0Rightarrowlambdan2ab2varepsilon1 False

By contraction I0

Lemma

l_rabcdotvarepsilonrrightarrow00 abin integers

Since

rd2ncdn1intddkk2n1eikr r00
becomes scaleless when r0



0 Matching to effective potential

While doing scattering is fun bound systems are more relevant

to observation We are interested in the effective potential Vets

Using scattering angle we can reverse engineer a Vest

Eg in the CM frame

HsqrtoverrightarrowP2m12sqrtoverrightharpoonP2m22VleftoverrightarrowP2rright

sqrtoverrightharpoonp2m12sqrtoverrightharpoonp2m11fraca1leftoverrightarrowprightrfraca2leftoverrightarrowp2rightr2ldots

XfracpartialHpartialP derive scattering angle

PfracpartialHpartialt
fix lefta1a2ldotsright from the known data

We implicitly pick a gauge an is only a function of P

isotropic gaugeto make the inversion possible

We assume Vete is instantaneous until tail appears

This matching procedure gives PM Vets from scattering data



We can compare this onshell matching procedure with

more traditional off shell method by integrating out

ei Seft intDphiei
Sbulk S PP

Since this is Gaussian effectively we evaluate the action

on the support of EOM
Noxleftlambdarightb UX Sx assumed

arbitrary trajectoryphileftkright1k2leftfracmalphaLambdarightintdlambdacdoteikcdotxleftlambdaright
Seff alphaleftbeginmatrixmalphambetalambda2endmatrixrightintdlambdaalphadlambdarhocdotint_kk2eikleftXalphaXrhoright

leftbeginmatrixmalphambetalambda2endmatrixrightintdlambdaalphadlambdarho

xint_k1overrightarrowk2w2eiWcdotlefttalphatbetarighteioverrightharpoonkcdotleftoverrightharpoonxalphaoverrightharpoonxbetaright
potential beginmatrix1overrightharpoonk2endmatrixleft1fracw2overrightharpoonk2ldotsright

Rightarrowfrac1overrightharpoonk2left1frac1overrightharpoonk2leftdtalpha2rightldotsright
frac1overrightharpoonk2left1frac1overrightharpoonk2dtbeta2ldotsright

off shell
gauge ambiga



Δ Leading Order Waveform

It is straightforward to go to higher orders

phileftkrightfrac1k2sum_alphaintdlambdaalphamalphalambdacdoteikcdotleftbalphavalphalambdaalphadeltaxalpharightfrac1k2sum_alphaintdlambdaalphamalphalambdacdoteikleftbalphavalphalambdaalpharightleft1ikcdotdeltaxalphaldotsright

perturbative

expansionDiagrams
V2 V3 21

tq k 1
Z

V1
1leftrightarrow2

Diagram 1frac1k2int_qleftfracm2lambdarightei9b2fleft9v2righttimesfrac1q2 v1

fracm1Lambdaleftiqmurighteiqb1timesfrac1m1leftbeginmatrixiqcdotv1i0endmatrixright2fracm1Lambdaeikcdotb1leftikmurighttimesfleftleftkvarepsilonrightcdotv1right

frac1k2leftbeginmatrixm1m2Lambda3endmatrixrighteikcdotb1

timesint_qfleftvarepsiloncdotv2rightfleftleftk9rightcdotv1rightei9leftb1b2rightleftkcdotvarepsilonrightq2left9cdotv1i0right2



phileftkright diagram 1 1 diagram

2Remarks
1 When 1

2The
integral in 9 becomes scaleless

2
E 9 k are constrained to be in the potential mode

But k can be in the radiation mode leading order

waveformpropto

kq

P Q

OR

potential mode NLO deflection angle

3 phileftkright is homogeneous in m1 m2

No radiation in the probe limit



Δ Deflection at NLO Sketch

Valphamufrac1lambdaint_kleftikmurighteileftleftxlambdarightrightphik

frac1lambdaint_kleftikmurighteikleftbalphavalphalambdaright phikleft1ikdeltaxfrac12leftikdeltaxright2ldotsright
0leftnicefrac1x3righttimes1

Oleftnicefrac11righttimesOleftnicefrac11right
Diagrams

l
19l ql l

2 22

12

11int_lqileft9lrightpl2cdotleft9lright2leftbeginmatrixilcdotV2i0endmatrixright2cdotfleft9cdotV1rightfleft9cdotV2rightfleftlcdotV1righttimesfracm1Lambdafracm2Lambdacdot1Lambda2cdotleftileft9lrightcdotleftillrighttimeseilleftb1b2righteileft9lrightleftb1b2rightrightm1m1Lambda4timesint_qfleftqcdotv1rightfleftqcdotv2righteiqleftb1b2rightxint_lileft9lrightnl2left9lright2leftbeginmatrixilcdotv2i0endmatrixright2left9lrightcdotl

HI

l integral
becomes

scaleless

0

1 2

int_l9ilmucdotleftbeginmatrixi9cdotV1i0endmatrixright2cdotfleft9cdotV2rightfleftleftl9rightcdotV1rightfleftlcdotV1righttimesleft9cdotlrighttimesei9leftb1b1righttimesfracm1m2Lambda4



beginmatrixint_lqleftiqmrightl2left9lright2endmatrixleftbeginmatrixilcdotV1ivendmatrixright2fleftlcdotV2rightfleftleft9lrightcdotV2rightfleft9cdotV1right
1

l 91
2

timesleftfracmiLambda4righttimeseiqleftb1b2right
If we include Sppmintdlambdaleftfraccalpha2Lambda2phi2right we also have

Vmucalpha2Lambda2partialmuleftphi2rightfracCalpha2Lambda2partialmuleftint_k1k2leftbeginmatrixmpLambdaendmatrixright2fleftk1cdotVpright1k121eik2xleftlambdarighteik2bpright

fleftk1cdotVrhoright
alpha

Change variables

to k1l k19l
k2qlk1l lceilneg

betadeltaVmufracCalpha2Lambda2leftbeginmatrixmbetaLambdaendmatrixright2int_qlefti9murightcdoteiqleftbalphabbetarightcdotfleft9Vbetarightfleft9Valpharight
P

similar to LO
deflectionxint_lfleftlcdotVprightl2left9lright2

New

Δ When Vbetaleft1overrightharpoon0right I 9cdotVbetalcdotVbeta0Rightarrow9circlcirc0
q and l are both potential

int_lfleftlcdotVpright1l2left9lright2intfracd3overrightharpoonlleft2piright3overrightharpoone1 9 It beginmatrix18leftoverrightharpoonarightendmatrix



Remarks

Δ Compare to LO the frac1overrightharpoonq2 is replaced with beginmatrix1leftoverrightharpoonarightendmatrix

ldots

In position space frac1overrightharpoonq1 nicefrac1r potential

frac1leftoverrightharpoonqright 1r2 potential

The loop is being cut opened as a tree

phase space

integrals.Δ
In the GR case the Yr term can be determined

from the Schwarzschild background bypassing the need

to calculate such

diagramsΔ2recoil

of 20Norecoilof 2

fixed by Schwartzschild

OSF ISF

See Nabha's lectures



Δ Renormalization

Consider a diagram with phi5 self interaction

k2k

int_l1l2l12l22left9l1l2right2frac18pi2leftfrac1varepsilon2lnoverrightharpoonq2ldotsright
This diagram diverges as l1l2rightarrowinfty Typical

inpointparticle limit

UV divergence shows up

asSTILEThedivergence can be removed by the coupling

inHoweversince leftphiright1varepsilon

We should write

Sppmintdlambdaleftfrac12leftoverlinecdeltaoverlinecrightcdotmu2varepsilonfracphi2lambda2right
Newscale to keep leftoverlineCright0

some constant from
calculatio

leftvldotsrightproptolefttaualnleftnicefracoverrightharpoonq2mu2rightldotsright
finite but depend on

yWecan cancel the M dependence by demanding

fracdctaudlmu2a
The coupling runs

Classical RG effect


