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LECTURE 3

GW DATA ANALYSIS
(Some) Recommended literature (mostly reviews): 

★ Luc Blanchet, Living Reviews in Relativity: https://link.springer.com/article/10.12942/lrr-2014-2  

★ Buonanno & Sathyaprakash: https://arxiv.org/abs/1410.7832  

★ Talbot & Thrane: https://arxiv.org/abs/1809.02293   

★ Sathyaprakash & Schutz: https://link.springer.com/article/10.12942/lrr-2009-2  

★ Cutler & Flanagan: https://arxiv.org/abs/gr-qc/9402014  

★ Veitch et al.: https://arxiv.org/abs/1409.7215  

★ Finn & Chernoff: https://arxiv.org/abs/gr-qc/9301003  

★ Moore et al.: https://arxiv.org/abs/1408.0740 
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THE GW PIPELINE - A VERY SIMPLIFIED SCHEMATIC 3
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GW OBSERVATORIES

CURRENT DETECTOR NETWORK
5

Virgo

GEO 600

LIGO AUNDHA 
OBSERVATORY

‣ Kilometre-scale interferometres  

‣ Sensitive to GWs between a few Hz to a few kHz 

‣ Simultaneous detection increases detection confidence 

‣ Improved sky localisation & polarisation measurement 

‣ Increased duty cycle

jj_mcloughlin@hotmail.com 
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DETECTION PRINCIPLE
▸ Gravitational wave incident on a GW detector induces a (dimensionless) 

strain: 

▸  are the antenna patterns.  

▸ The antenna response depends on the location and orientation of the 
source. 

▸ Detector output is a real-valued time-series:

(F+, F×)

6
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�L(t)

L
= F+(t;↵, �, )h+(t; ✓) + F⇥(t;↵, �, )h⇥(t; ✓) ⌘ h(t)

Physics, Astrophysics and Cosmology with Gravitational Waves 35

detector’s own axes, then one just sets  = 0. If the arms of the interferometer are not perpendic-
ular to each other, then one defines the detector-plane coordinates x and y in such a way that the
bisector of the angle between the arms lies along the bisector of the angle between the coordinate
axes [334]. Note that the maximum value of either F+ or F⇥ is 1.

The corresponding antenna-pattern functions of a bar detector whose longitudinal axis is aligned
along the z direction, are

F+ = sin2 ✓ cos 2 , F⇥ = sin2 ✓ sin 2 . (58)

Any one detector cannot directly measure both independent polarizations of a gravitational
wave at the same time, but responds rather to a linear combination of the two that depends
on the geometry of the detector and source direction. If the wave lasts only a short time, then
the responses of three widely-separated detectors, together with two independent di↵erences in
arrival times among them, are, in principle, su�cient to fully reconstruct the source location and
gravitational wave polarization. A long-lived wave will change its location in the antenna pattern
as the detector moves, and it will also be frequency modulated by the motion of the detector; these
e↵ects are in principle su�cient to determine the location of the source and the polarization of the
wave.
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Figure 4: The antenna pattern of an interferometric detector (left panel) with the arms in the x-y plane
and oriented along the two axes. The response F for waves coming from a certain direction is proportional
to the distance to the point on the antenna pattern in that direction. Also shown is the fractional area in
the sky over which the response exceeds a fraction ✏ of the maximum (right panel).

Since the polarization angle of an incoming gravitational wave would generally be expected to
be unrelated to its direction of arrival, depending rather on the internal orientations in the source,
it is useful to characterize the directional sensitivity of a detector by averaging over the polarization
angle  . If the wave has a given amplitude h and is linearly polarized, then, if we are interested in
a single detector’s response, it is always possible to align the polarization angle  in the sky plane
with that of the wave, so that the wave has pure +-polarization. Then the rms response function
of the detector is

F =
✓Z

F 2

+
d 

◆1/2

. (59)

The function F is often simply called the antenna pattern. For a resonant bar, the antenna pattern
is

F = sin2 ✓, (60)
and for an interferometer, it is given by

F
2 =

1
4

�
1 + cos2 ✓

�2 cos2 2�+ cos2 ✓ sin2 2�. (61)

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2009-2

Antenna patterns for an L-shaped 
detector the xy-plane with arms along 

the x- and y-axis.
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SOME FOURIER CONVENTIONS
▸ Fourier transform convention: 

▸ For a real function, e.g. a timeseries , we have: 

▸ Time domain translations are equivalent to a Fourier domain phase shift: 

x(t)

7LECTURE 3
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NOISE & SENSITIVITY
▸ Sensitivity of a GW detector is characterised by the power spectral density (PSD) of its background. 

▸ The noise autocorrelation is defined as the average over an ensemble of noise realisations: 

▸ Assuming a stationary stochastic process, then  depends only on . 

▸ Then, the one-sided (i.e. ) noise PSD is the Fourier transform of  (Wiener-Khinchin theorem): 

▸ For stationary, Gaussian noise with zero mean:

κ τ := | t1 − t2 |

f ≥ 0 κ(τ)
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hñ(f)ñ⇤(f 0)i = 1

2
Sn(f)�(f � f 0)

<latexit sha1_base64="+nj8jmuzJQU89M1ghTpJ3WedDBA="></latexit>

Sn(f) =
1

2

Z 1

�1
(⌧)e2⇡if⌧d⌧ 2 R

LECTURE 3

<latexit sha1_base64="GuWOmQ2vfAyozodOTd/M9JPU7fw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EitAtLIlLdKAU3LivaC7SlTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58zvRZwp7TjfVm5tfWNzK79d2Nnd2z+wD4+aKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vLGd2m9NaFSsVA86WlEewEeCuYzgrWx+rb92Bclv4xuUArnfrlvF52KMxdaBTeDImSq9+2v7iAkcUCFJhwr1XGdSPcSLDUjnM4K3VjRCJMxHtKOQYEDqnrJ/PIZOjPOAPmhNE9oNHd/TyQ4UGoaeKYzwHqklmup+V+tE2v/upcwEcWaCrJY5Mcc6RClMaABk5RoPjWAiWTmVkRGWGKiTVgFE4K7/OVVaF5U3Gql+nBZrN1mceThBE6hBC5cQQ3uoQ4NIDCBZ3iFNyuxXqx362PRmrOymWP4I+vzB4zGkao=</latexit>

Sn(f) = Sn(�f)with

ensemble average



Patricia Schmidt - Nordita 2026

NOISE& SENSITIVITY
▸ In practice, we work with one noise realisation. 

▸ Ergodic principle allows us to replace the ensemble average by a time average: 

▸ Measure  for a sufficiently long duration . 

▸ Compute the Fourier transform with  frequency resolution.  

▸ Repeat many times and average.  

▸ Mean square amplitude of the noise is then given by: 

▸ The dimension of the PSD is inverse frequency (time), i.e.,  [PSD] = Hz-1

n(t) T

Δf = T−1

9
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NOISE & SENSITIVITY
10LECTURE 3

ASD = PSD
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MEASURING THE NOISE IN PRACTICE 
▸ Welch’s method: obtains a point estimate of the PSD of a noisy time series 

▸ Split time series into N segments (chunks) of the same duration with a certain overlap (typically 50%) 

▸ Multiply each segment by a window function to reduce spectral leakage and avoid discontinuities 

▸ Compute the periodogram (= distribution of power per frequency bin) for each segment 

▸ Average over all segments to reduce the variance  

▸ NB: Longer segments give a better frequency resolution but higher variance (lower N); higher overlap increases N. 

▸ Commonly used in GW searches and online (fast) analyses.  

▸ Drawbacks: 

▸ Assumes stationarity over the entire interval (typically 32 - 128s) 

▸ Computed ``off-source’’, i.e. at times away from a signal  

▸ Windowing, averaging and finite-sample size can induce biases in the PSD.

11LECTURE 3
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EXTRACTING A KNOWN SIGNAL FROM THE NOISE
▸ For a known (modelled) signal, the optimal extraction strategy is the construction of a Wiener filter . 

▸  is real and linear with Fourier transform . 

▸ Convolution of the data with the filter gives: 

▸ Signal contribution maximised over a time offset: 

▸ Noise contribution = mean square of the convolution in the absence of a signal: 

K(t)

K(t) K̃( f )

12

<latexit sha1_base64="fbg/2IqhFhytL3RAbbrGD8vZDqQ="></latexit>

(d ⇤K)(⌧) =

Z 1

�1
(h(t) + n(t))K(t� ⌧) dt ⇡ S +N

<latexit sha1_base64="wc9xSCakMLnNbi+hZoWfLYuCd1o="></latexit>

S =

Z 1

�1
h(t)K(t) dt =

Z 1

�1
h̃(f)K̃⇤(f) df

<latexit sha1_base64="joLWpq3MZvkhuhy/VxiUjtmtFHo="></latexit>

N 2 =

Z 1

�1
dt

Z 1

�1
K(t)K(t0)hn(t)n(t0)i dt0 = ... =

1

2

Z 1

�1
Sn(f)K̃(f)K̃⇤(f) df

LECTURE 3



Patricia Schmidt - Nordita 2026

▸ The signal-to-noise ratio (SNR) is then given by: 

▸ With the following noise-weighted inner product: 

▸ The function  that maximises the SNR is the optimal filter. From the Cauchy-Schwarz inequality it follows thatK̃( f )
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▸ Implementation = matched filtering 

14

strain data d(t)
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SNR for each template: 
<latexit sha1_base64="GoeY2GFoRgtXpT5aWZRNFCTrO+o="></latexit>

⇢i =
hd|hiip
hhi|hii

 ⇢opt
NB: Loss of SNR if your template 
does not match your signal.

 defines the statistic 
of the matched filter.
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MATCHED FILTERING IN PRACTICE
▸ Template bank = Large collection of precomputed theoretical 

waveforms 

▸ Construction: hybrid method 

▸ Geometric lattice for known metric (green area) 

▸ Metric = mismatch between neighbouring templates 

▸ Stochastic placement 

▸ What physics is currently included in LVK banks? 

▸ Component masses 

▸ Aligned-spins 

▸ Quadrupolar mode 

▸ Ongoing work to include higher-order modes, eccentricity, 
precession, etc.
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Placement of template banks
Ø Match between nearby templates                                      :

Ø Expand in small quantities:

Ø Define a metric tensor on parameter space:

Ø Mismatch between neighboring templates:

Place templates on parameter space such that metric distance never larger than a 
pre-specified mismatch, e.g. 0.03
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FALSE ALARMS 
▸ If the noise is Gaussian, then the probability of observing a noise amplitude in the range  is 

▸ Therefore, the probability that the noise amplitude is above some threshold  is: 

▸ Choosing an acceptable number of noise-generated false alarms, e.g. 1 per year, determines the threshold.  

▸ A high threshold guarantees a purer event list, i.e. the probability of contamination by false alarms is lower.  

▸ Low-SNR signals are discarded.  

▸ Signal enhancement techniques allow us to lower the threshold. 

[n, n + dn]

η
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GAUSSIANITY
▸ Real data are neither Gaussian nor stationary!  

▸ Non-Gaussian transients occur all the time 

▸ O3: 24% of GW candidates occurred 
near “glitches”. 

▸ Glitches can mimic GW signals  

▸ What to do? 

▸ Data cleaning 

▸ Glitch removal/mitigation 

▸ Use a more sophistic statistic than just the 
SNR  

▸ Modify the likelihood

17

Citizen science: Gravity Spy 
https://www.zooniverse.org/projects/zooniverse/gravity-spy 

Some example “glitches”

LECTURE 3
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THE -VETOχ2

▸ The matched filter statistic collapses the frequency evolution into a single number, the SNR . 

▸ BUT: Signals from compact binaries are broadband and have a characteristic frequency evolution. 

▸ To take this into account, split the signal into N frequency bins such that the SNR accumulated in each bin is the same: 

▸ We can now construct a new statistic based on the value in each bin compared to the expected value: 

▸ If the background noise is Gaussian, we will recover the standard -distribution with N-1 degrees of freedom.

ρ

χ2
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SIGNIFICANCE
▸ Significance quantifies how unlikely it is that a signal arose from 

noise alone. 

▸ Quantified via the false alarm rate (FAR) or equivalently the 
false alarm probability: 

19

The matched-filter and cWB search pipelines produce large
numbers of candidate events, but the majority of these are
of very low significance and have a correspondingly low
probability of being of astrophysical origin.
We desire to identify all events that are confidently

astrophysical in origin and additionally provide a manage-
able set of marginal triggers that may include some true
signals but certainly also includes noise triggers. To do this
identification, we establish an initial threshold on estimated
FAR of 1 per 30 days (about 12.2 per year), excluding any
event that does not have a FAR less than this threshold in at
least one of the two matched-filter analyses (see Sec. III).
The cWB search results are not used in the event selection
process. At this FAR threshold, if each pipeline produces
independent noise events, we would expect on average two
such noise events (false alarms) per month of analyzed
coincident time. During these first two observing runs, we
also empirically observe approximately two likely signal
events per month of analyzed time. Thus, for O1 and O2,
any sample of events all of whose measured FARs are
greater than 1 per 30 days is expected to consist of at least
50% noise triggers. Individual triggers within such a
sample are then considered to be of little astrophysical
interest. Since the number of triggers with a FAR less than
1 per 30 days is manageable, restricting our attention to
triggers with lower FAR captures all confident detections
while also probing noise triggers.
Within the sample of triggers with a FAR less than the

ceiling of 1 per 30 days in at least one of the matched-filter
searches, we assign the “GW” designation to any event for
which the probability of astrophysical origin from either
matched-filter search is greater than 50% (for the exact

definition and calculation of the astrophysical probability,
see Sec. VII). We list these events in Table I.
For the remaining events in the sample that pass the

initial FAR threshold, neither matched-filter search finds a
greater than 50% probability of astrophysical origin. These
are considered marginal events and are listed in Table II.
The astrophysical probabilities of all events, confident and
marginal, are given in Table IV.

B. Gravitational-wave events

Results from the two matched-filter searches are shown
in Fig. 2 and that of the unmodeled burst search in Fig. 3. In
each plot, we show the observed distribution of events as a
function of the inverse false-alarm rate, as well as the
expected background for the analysis time, with Poisson
uncertainty bands. The foreground distributions clearly
stand out from the background, even though we show
only rightward-pointing arrows for any event with a
measured or bounded IFAR greater than 3000 y.
We present more quantitative details below on the 11

gravitational events, as selected by the criteria in Sec. IVA,
in Table I. Of these 11 events, seven have been previously
reported: the three gravitational-wave events fromO1 [1–4]
and, from O2, the binary neutron star merger GW170817
[18] and the binary black hole events GW170104 [15],
GW170608 [17], and GW170814 [16]. The updated results
we report here supersede those previously published. Four
new gravitational-wave events are reported here for the
first time: GW170729, GW170809, GW170818, and
GW170823. All four are binary black hole events.
As noted in Sec. III, data from O1 are reanalyzed

because of improvements in the search pipelines and the

FIG. 2. Cumulative histograms of search results for the matched-filter searches, plotted versus inverse false-alarm rate. The dashed
lines show the expected background, given the analysis time. Shaded regions denote sigma uncertainty bounds for Poisson uncertainty.
The blue dots are the named gravitational-wave events found by each respective search. Any events with a measured or bounded inverse
false-alarm rate greater than 3000 y are shown with an arrow pointing right. Left: PyCBC results. Right: GstLAL results.

GWTC-1: A GRAVITATIONAL-WAVE TRANSIENT CATALOG … PHYS. REV. X 9, 031040 (2019)

031040-7

Expected 
background 

LECTURE 3

FAR = number of noise triggers above a threshold/total background time Background Estimation

● We time shift the data of one 
detector relative to the other

● Coincidences in time slides are 
background triggers

● This assumes that the dominant 

noise sources in our 

background are not correlated 

in time between the two 

detectors. …

H1
L1

H1
L1

H1
L1

36

Use time shifts between data 
streams to determine the 
occurrence rate of coincident 
noise triggers = background.

[Image: A. Nitz]

Example: GWTC-1
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IF YOU DON’T KNOW WHAT YOU ARE LOOKING FOR 
▸ Unmodelled searches 

▸ Identification of coincident excess power in the time-
frequency representation of the strain data 

▸ Identifies events that are coherent in multiple detectors 
and reconstructs the source sky location and signal 
waveforms by using the constrained maximum likelihood 
method  

▸ Does not rely on waveform models 

▸ Sensitive to a wide range of short-duration transient signals 
(“bursts”) 

▸ Weak assumption of “chirpyness” of the signal 

▸ Detection statistic: coherent energy constructed via cross-
correlation Ec ∝ ρc

20

[Salemi+, 2019]
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SOURCE CHARACTERISATION
22

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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entering our sensitive band [85,86] and could not have
formed from an asymptotically spin antialigned binary.
We could exclude those systems if we believe the binary is
not precessing. However, we do not make this assumption
here and instead accept that the models can only extract
limited spin information about a more general, precessing
binary.
We also need to specify the prior ranges for the ampli-

tude and phase error functions δAkðf; ~ϑÞ and δϕkðf; ~ϑÞ, see
Eq. (5). The calibration during the time of observation of
GW150914 is characterized by a 1-σ statistical uncertainty
of no more than 10% in amplitude and 10° in phase [1,47].
We use zero-mean Gaussian priors on the values of the
spline at each node with widths corresponding to the
uncertainties quoted above [48]. Calibration uncertainties
therefore add 10 parameters per instrument to the model
used in the analysis. For validation purposes we also
considered an independent method that assumes frequency-
independent calibration errors [87], and obtained consistent
results.

III. RESULTS

The results of the analysis using binary coalescence
waveforms are posterior PDFs for the parameters describ-
ing the GW signal and the model evidence. A summary is
provided in Table I. For the model evidence, we quote
(the logarithm of) the Bayes factor Bs=n ¼ Z=Zn, which
is the evidence for a coherent signal hypothesis divided
by that for (Gaussian) noise [5]. At the leading order, the
Bayes factor and the optimal SNR ρ ¼ ½

P
khhMk jhMk i%1=2 are

related by lnBs=n ≈ ρ2=2 [88].
Before discussing parameter estimates in detail, we

consider how the inference is affected by the choice of
the compact-binary waveform model. From Table I, we see
that the posterior estimates for each parameter are broadly
consistent across the two models, despite the fact that
they are based on different analytical approaches and that
they include different aspects of BBH spin dynamics. The
models’ logarithms of the Bayes factors, 288.7& 0.2 and
290.3& 0.1, are also comparable for both models: the data
do not allow us to conclusively prefer one model over the
other [89]. Therefore, we use both for the Overall column
in Table I. We combine the posterior samples of both
distributions with equal weight, in effect marginalizing
over our choice of waveform model. These averaged results
give our best estimate for the parameters describing
GW150914.
In Table I, we also indicate how sensitive our results are

to our choice of waveform. For each parameter, we give
systematic errors on the boundaries of the 90% credible
intervals due to the uncertainty in the waveform models
considered in the analysis; the quoted values are the 90%
range of a normal distribution estimated from the variance
of results from the different models. (If X were an edge of a

credible interval, we quote systematic uncertainty
&1.64σsys using the estimate σ2sys¼ ½ðXEOBNR−XOverallÞ2þ
ðXIMRPhenom−XOverallÞ2%=2. For parameters with bounded
ranges, like the spins, the normal distributions should
be truncated. However, for transparency, we still quote
the 90% range of the uncut distributions. These numbers
provide estimates of the order of magnitude of the potential
systematic error). Assuming a normally distributed error is
the least constraining choice [90] and gives a conservative
estimate. The uncertainty from waveform modeling is less
significant than the statistical uncertainty; therefore, we are
confident that the results are robust against this potential
systematic error. We consider this point in detail later in the
Letter.
The analysis presented here yields an optimal coherent

SNR of ρ ¼ 25.1þ1.7
−1.7 . This value is higher than the one

reported by the search [1,3] because it is obtained using a
finer sampling of (a larger) parameter space.
GW150914’s source corresponds to a stellar-mass BBH

with individual source-frame masses msource
1 ¼ 36þ5

−4M⊙
and msource

2 ¼ 29þ4
−4M⊙, as shown in Table I and Fig. 1.

The two BHs are nearly equal mass. We bound the mass
ratio to the range 0.66 ≤ q ≤ 1 with 90% probability. For
comparison, the highest observed neutron star mass is
2.01& 0.04M⊙ [91], and the conservative upper-limit for

FIG. 1. Posterior PDFs for the source-frame component masses
msource

1 and msource
2 . We use the convention that msource

2 ≤ msource
1 ,

which produces the sharp cut in the two-dimensional distribution.
In the one-dimensional marginalized distributions we show the
Overall (solid black), IMRPhenom (blue), and EOBNR (red)
PDFs; the dashed vertical lines mark the 90% credible interval
for the Overall PDF. The two-dimensional plot shows the
contours of the 50% and 90% credible regions plotted over a
color-coded PDF.

PRL 116, 241102 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending
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Calibrated (raw-ish) strain data Astrophysical parameter distributions

[LVC,  GW150914 discovery papers]
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THE SIGNAL MODEL
▸ Need a signal model  to compare against the data. 

▸ Compact binary signals span a multi-dimensional parameter 
space: 

▸ Eccentric orbits: Require two parameters to describe the 
ellipse and its orientation 

▸ Binary neutron stars: Many parameters that characterise the 
tidal response of the star

h(θ)
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▸ Frequentist’s approach: Maximum likelihood estimation (MLE) 

▸ The template (point estimator) that best fits the data maximises the likelihood of observing that data given the 
parameters . 

▸ It approximates the true parameters except for the statistical error due to noise. 

▸ The statistical error is the variance of the estimator under different noise realisations.  

▸ For a Gaussian noise realisation, the probability for the noise to have some realisation  is: 

▸ Conversely,  the probability for measuring the data  is given by: 

▸ The waveform that fits the data best, will maximise the probability! 

θ

n0

d(t)

24

MEASURING BINARY PARAMETERS
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d(t)

h(θtrue)

h( ̂θMLE)

MAXIMUM LIKELIHOOD ESTIMATION (MLE)
▸ Consider a data stream containing a signal with true parameters . 

▸ The MLE parameters are then given by: 

▸ Recall that  defines a scalar product. It defines a metric on the signal manifold: 

▸ The metric can be used to compute the proper distance between any two waveforms with parameters  and : 

▸ The MLE minimises the distance between the data and the signal surface.

θtrue

⟨ . | . ⟩

θa θa + dθa
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MLE UNCERTAINTIES
▸ Three options to calculate the parameter uncertainty: 

▸ Fisher information matrix (FIM): quick & dirty; cannot handle correlations; only valid in high-SNR limit.  

▸ Near the ML parameters, the likelihood surface is approximately Gaussian, and the best-fit parameters will follow a 
multivariate Gaussian distribution. 

▸ The Taylor expansion of the inner product in the likelihood around the MLE parameters yields:

26LECTURE 3
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MLE UNCERTAINTIES
▸ 3 methods  

▸ Likelihood ratio: Expensive. 

▸ Repeated noise realisations : Expensive + requires reliable noise model. 

▸ IMPORTANT: All of these error estimates are due to statistical uncertainty induced by the noise!

nk(t)
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MEASURING BINARY PARAMETERS
▸ The Bayesian approach: 

▸ Rather than computing a point estimate, we compute the full 
posterior probability distribution of the signal parameters, 
which encodes the astrophysical information of the source. 

▸ Statistical errors are characterised by the spread of the 
posterior. 

▸ Bayes’ theorem:
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THE LIKELIHOOD
▸ We are free to choose the likelihood. 

▸ As before, we assume a likelihood associated with stationary Gaussian noise that has zero mean and a known variance: 

▸ Likelihood compares theoretical models against the data. 

▸ For a network of GW detectors:
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NON-GAUSSIANITY
▸ Noise transients (glitches) impact the measurement: 

▸ Systematic errors in sky location 

▸ Systematic biases in source parameters

30

[Macas+, 2022]

Additionally, a short instrumental noise transient
appeared in the LIGO-Livingston detector 1.1 s before
the coalescence time of GW170817 as shown in Fig. 2.
This transient noise, or glitch [71], produced a very brief
(less than 5 ms) saturation in the digital-to-analog converter
of the feedback signal controlling the position of the test
masses. Similar glitches are registered roughly once every
few hours in each of the LIGO detectors with no temporal
correlation between the LIGO sites. Their cause remains
unknown. To mitigate the effect on the results presented in
Sec. III, the search analyses applied a window function to
zero out the data around the glitch [72,73], following the
treatment of other high-amplitude glitches used in the
O1 analysis [74]. To accurately determine the properties
of GW170817 (as reported in Sec. IV) in addition to the
noise subtraction described above, the glitch was modeled
with a time-frequency wavelet reconstruction [75] and
subtracted from the data, as shown in Fig. 2.
Following the procedures developed for prior gravita-

tional-wave detections [29,78], we conclude there is no
environmental disturbance observed by LIGO environmen-
tal sensors [79] that could account for the GW170817
signal.
The Virgo data, used for sky localization and an

estimation of the source properties, are shown in the
bottom panel of Fig. 1. The Virgo data are nonstationary
above 150 Hz due to scattered light from the output optics
modulated by alignment fluctuations and below 30 Hz due
to seismic noise from anthropogenic activity. Occasional
noise excess around the European power mains frequency
of 50 Hz is also present. No noise subtraction was applied
to the Virgo data prior to this analysis. The low signal
amplitude observed in Virgo significantly constrained the
sky position, but meant that the Virgo data did not
contribute significantly to other parameters. As a result,
the estimation of the source’s parameters reported in
Sec. IV is not impacted by the nonstationarity of Virgo
data at the time of the event. Moreover, no unusual
disturbance was observed by Virgo environmental sensors.
Data used in this study can be found in [80].

III. DETECTION

GW170817 was initially identified as a single-detector
event with the LIGO-Hanford detector by a low-latency
binary-coalescence search [81–83] using template wave-
forms computed in post-Newtonian theory [11,13,36,84].
The two LIGO detectors and the Virgo detector were all
taking data at the time; however, the saturation at the LIGO-
Livingston detector prevented the search from registering a
simultaneous event in both LIGO detectors, and the low-
latency transfer of Virgo data was delayed.
Visual inspection of the LIGO-Hanford and LIGO-

Livingston detector data showed the presence of a clear,
long-duration chirp signal in time-frequency representations
of the detector strain data. As a result, an initial alert was

generated reporting a highly significant detection of a binary
neutron star signal [85] in coincidence with the independ-
ently observed γ-ray burst GRB 170817A [39–41].
A rapid binary-coalescence reanalysis [86,87], with the

time series around the glitch suppressed with a window
function [73], as shown in Fig. 2, confirmed the presence of
a significant coincident signal in the LIGO detectors. The
source was rapidly localized to a region of 31 deg2,
shown in Fig. 3, using data from all three detectors [88].
This sky map was issued to observing partners, allowing
the identification of an electromagnetic counterpart
[46,48,50,77].
The combined SNR of GW170817 is estimated to be

32.4, with values 18.8, 26.4, and 2.0 in the LIGO-Hanford,

FIG. 2. Mitigation of the glitch in LIGO-Livingston data. Times
are shown relative to August 17, 2017 12∶41:04 UTC. Top panel:
A time-frequency representation [65] of the raw LIGO-Living-
ston data used in the initial identification of GW170817 [76]. The
coalescence time reported by the search is at time 0.4 s in this
figure and the glitch occurs 1.1 s before this time. The time-
frequency track of GW170817 is clearly visible despite the
presence of the glitch. Bottom panel: The raw LIGO-Livingston
strain data (orange curve) showing the glitch in the time domain.
To mitigate the glitch in the rapid reanalysis that produced the sky
map shown in Fig. 3 [77], the raw detector data were multiplied
by an inverse Tukey window (gray curve, right axis) that zeroed
out the data around the glitch [73]. To mitigate the glitch in the
measurement of the source’s properties, a model of the glitch
based on a wavelet reconstruction [75] (blue curve) was sub-
tracted from the data. The time-series data visualized in this figure
have been bandpassed between 30 Hz and 2 kHz so that the
detector’s sensitive band is emphasized. The gravitational-wave
strain amplitude of GW170817 is of the order of 10−22 and so is
not visible in the bottom panel.
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out the data around the glitch [73]. To mitigate the glitch in the
measurement of the source’s properties, a model of the glitch
based on a wavelet reconstruction [75] (blue curve) was sub-
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Example: GW170817 overlapped with a blip glitch in LIGO-Livingston  
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A BETTER NOISE MEASUREMENT
▸ BayesWave [Cornish+]: Obtain a PSD estimate plus uncertainty from the data segment that contains the signal via a 

transdimensional Bayesian analysis that simultaneously models the GW signal, the noise (PSD) and non-stationarities 
(glitches): 

▸ Uses Morlet-Gabor wavelets to represent the GW signal and glitches. 

▸ Uses a flexible spline model to model the PSD. 

▸ Uses reversible-jump MCMC to sample the posteriors for all three simultaneously. 

▸ Pros: 

▸ Fully Bayesian, on-source, flexible, non-parametric, RJMCMC avoids overfitting 

▸ Cons:  

▸ Computationally expensive, can struggle with long/complex signals, sensitive to priors, over- or undersmoothing of lines 
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LECTURE 3

STATIONARITY
▸ The noise floor in GW detectors varies over 

time  

▸  changes between events  

▸ Compute the PSD for every event to take 
PSD drift into account 

▸ Note: Uncertainty in the PSD estimation can 
also be taken into account via marginalisation 
by introducing extra parameters into the 
noise model

Sn( f )

32Stationarity
Recompute the PSD for every detector and for every event
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WHAT ABOUT CALIBRATION?
▸ Calibration quantifies the detector’s response to incident GWs 

▸ Miscalibration results in biased strain data! 

▸ Parameterised model for calibration uncertainty 

▸ Marginalised over during parameter estimation 

▸ Calibration uncertainties are not the limiting factor in current 
GW observations 

▸ Statistical uncertainty from detector noise dominates

33
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THE PRIOR
▸ Uninformative vs. astrophysically motivated priors 

▸ Population priors 

▸ “Standard" GW priors: 

▸ Mass priors: often sample uniform in chirp mass 
 & symmetric mass ratio  

▸ Distance:  (uniform in “luminosity” 
volume) 

▸ Or uniform in comoving volume 

▸ Spins magnitudes: uniform 

▸ Spin orientation: isotropic (i.e. uniform in )

ℳc = η3/5M η = (m1m2)/M

p(DL) ∝ D2
L

cos(θ)
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GW170809 with the different prior choices P1, P2, and P3.
The results are obtained using the nested sampling algo-
rithm implemented in LALINFERENCE [241] and the
precessing waveform model IMRPhenomPv2 [25,26,49].
Marginalized one-dimensional PDFs for various parame-
ters under the three different prior assumptions are shown
in the right column in Fig. 17: The posterior PDFs for well-
measured parameters have similar shapes irrespective of the
assumed prior (e.g., the chirp mass), whereas they are very

different, and hence prior dependent, for ill-measured
parameters such as the effective precession spin.
To quantify the impact of the choice of prior on

parameter estimation and hence our observations from
Fig. 17, we use the Kullback-Leibler (KL) divergence
DKL [159] as defined in Eq. (B2). This divergence allows us
to determine the information gain between the prior and the
posterior distributions. The results are summarized in
Table VI. A similar spread on parameters, where
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FIG. 17. Example prior and posterior distributions for GW170809. Left column: The four panels show the three different prior choices
P1 (black), P2 (blue), and P3 (red) for four different physical parameters: the chirp mass, the effective aligned spin, the effective
precession spin, and the luminosity distance. Right column: The four panels show the corresponding posterior probability distributions
for the same four physical parameters obtained under the three different prior assumptions P1 (black), P2 (blue), and P3 (red). In all
panels, the dashed vertical lines indicate the 90% credible intervals.
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GW170809 with the different prior choices P1, P2, and P3.
The results are obtained using the nested sampling algo-
rithm implemented in LALINFERENCE [241] and the
precessing waveform model IMRPhenomPv2 [25,26,49].
Marginalized one-dimensional PDFs for various parame-
ters under the three different prior assumptions are shown
in the right column in Fig. 17: The posterior PDFs for well-
measured parameters have similar shapes irrespective of the
assumed prior (e.g., the chirp mass), whereas they are very

different, and hence prior dependent, for ill-measured
parameters such as the effective precession spin.
To quantify the impact of the choice of prior on

parameter estimation and hence our observations from
Fig. 17, we use the Kullback-Leibler (KL) divergence
DKL [159] as defined in Eq. (B2). This divergence allows us
to determine the information gain between the prior and the
posterior distributions. The results are summarized in
Table VI. A similar spread on parameters, where
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FIG. 17. Example prior and posterior distributions for GW170809. Left column: The four panels show the three different prior choices
P1 (black), P2 (blue), and P3 (red) for four different physical parameters: the chirp mass, the effective aligned spin, the effective
precession spin, and the luminosity distance. Right column: The four panels show the corresponding posterior probability distributions
for the same four physical parameters obtained under the three different prior assumptions P1 (black), P2 (blue), and P3 (red). In all
panels, the dashed vertical lines indicate the 90% credible intervals.

B. P. ABBOTT et al. PHYS. REV. X 9, 031040 (2019)

031040-34



Patricia Schmidt - Nordita 2026

SAMPLING THE POSTERIOR: MCMC VS. NESTED SAMPLING
35

[Adapted from slides by Will Handley]

▸ Approximate the posterior distribution 

▸ Starting with a “walker” drawn from the prior 

▸ Performs a random walk to explore the posterior 

▸ Next step is rejected or accepted depending on the likelihood ratio 

▸ Can be very fast but jump proposal needs to be carefully tuned 

▸ Can be problematic for multimodal distributions

LECTURE 3
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SAMPLING THE POSTERIOR: MCMC VS. NESTED SAMPLING
36

[Adapted from slides by Will Handley]

▸ Compute the evidence integral by shrinking the prior 
volume X: 

▸ Draw N live points uniformly distributed in prior space 

▸ Start from the lowest likelihood point to draw an iso-
likelihood surface 

▸ Draw a new live point from the prior and keep if its 
likelihood is higher 

▸ Accumulate the evidence to reconstruct the posterior 

▸ Can be slow but well-suited for multimodal distributions

<latexit sha1_base64="93aVPruDeWcfPQZRLjZ6w1RKsOw="></latexit>
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DO IT YOURSELF
▸ All LVK analysis software is publicly available: https://git.ligo.org/lscsoft/

lalsuite  

▸ Tutorials available from the Gravitational Wave Open Science Centre: 
https://gwosc.org/tutorials/  

▸ Perform a matched filter search: https://pycbc.org/  

▸ User-friendly Python inference package Bilby: 

▸ Source code: https://git.ligo.org/lscsoft/bilby   

▸ Documentation: https://lscsoft.docs.ligo.org/bilby/ 
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WHAT WE CAN MEASURE
▸ Waveform written as: 

▸ The GW phase encodes the physics:

39

Amplitude

Phase
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h(v) = A(v) ei�(v)
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Tidal effects first enter here…M =
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Tail terms ~ back reaction  
due to scattering

Spin effects at 1.5PN
[Slide credit: G. Pratten] 
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WHAT CAN WE TYPICALLY MEASURE?
▸ Mass parameters: 

▸ Low-mass binaries: chirp mass 

▸ High-mass binaries: total mass 

▸ Effective spin parameters: 

▸ Effective inspiral spin: 

▸ Effective precession spin: 

▸ Binary tidal deformability: 

▸ Improved detectors = higher SNRs will allows to better constrain individual parameters 

40LECTURE 3
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LECTURE 3

ON THE IMPORTANCE OF THE SIGNAL MODEL
▸ For compact binary mergers, we need signal models that are valid for the inspiral, the merger and the ringdown (IMR) and 

ideally incorporate all the physics. 

▸ Spin precession, higher-order modes, eccentric/hyperbolic/scattering orbits, unequal masses, environmental effects 
etc. 

▸ Everything, everywhere all at once: Missing physics/inaccurate models lead to systematic biases in the inference!
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the approximant. If the approximant is nonprecessing,
we set the option of aligned_spin=True in the
BBHPriorDict function of BILBY, which samples in
the dimensionless spin z components between −0.8 and
þ0.8. For precessing approximants we sample in the tilt
angles ðθ1; θ2Þ, the angle between the spin vectors ϕ12, the
angle between J and L ϕJL, and the dimensionless spin
magnitudes ða1; a2Þ. The priors for a1; a2; θ1; θ2;ϕJL, and
ϕ12 are the same as in Table I of [91]. We also define a
uniform prior for the coalescence time of 2 s centered at the
injection time.
We take three quasicircular models as approximants:

(1) IMRPhenomD [11,12], a nonprecessing model with
only the ð2;$2Þ modes, (2) IMRPhenomHM [15], a non-
precessing model including higher order modes, and
(3) IMRPhenomPv2 [13], an effective precessing model.
We plot the posterior probability distribution for the

chirp mass, mass ratio, effective spin parameter, and
luminosity distance for the PhenomD approximant in
Fig. 7 with 90% credible intervals specified by the dashed
vertical lines and the injected values by the thick vertical
magenta lines. As a control case, we also show in Fig. 7 the
posterior distribution of an equal mass nonspinning zero-
eccentricity injection performed using the hybridized sur-
rogate model NRHybSur3dq8 [19] with the same injected

parameters as in Table II and recovered with the PhenomD
model. The NRHybSur3dq8 injected waveform contains all
higher order modes up to l ¼ 4, which in this case seems to
cause the small bias one observes in the luminosity distance
when recovering with the PhenomD model, which contains
only the ð2; j2jÞ modes. For the rest of the parameters, like
the mass ratio, the chirp mass, and the effective spin
parameter, we obtain results consistent with the accuracy
of the PhenomDmodel for parameter estimation of injected
signals as shown in [22].
The posterior distributions for the rest of the approx-

imants are shown in Fig. 13. The same information is
summarized in Fig. 8, where the median and the error bars
corresponding to the 90% credible intervals of the pos-
terior distribution are shown as a function of the initial
eccentricity. Note that the bars corresponding to the same
initial eccentricity but different approximants have been
separated by a small amount to ease the visualization
of the results. For the lowest initial eccentricity, e0 ¼ 0.09,
the results for the four quantities are pretty different.
The chirp mass and the effective spin parameter produce
similar distributions for the three approximants, while for
the mass ratio and the luminosity distance, PhenomHM
distributions are closer to the injected values than
PhenomD and PhenomPv2.

FIG. 7. Posterior probability distributions for the injected NR simulations of Table I and a zero-eccentricity injection using the
NRHybSur3dq8 model. The vertical dashed lines correspond to 90% credible regions. The magenta thick vertical line represents the
injected value. The green, black, blue, and red curves represent distributions sampled using the IMRPhenomD approximant with
injected initial eccentricities e0 ¼ 0.0, 0.09, 0.14, 0.2, respectively.
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parameters and fM; q; Eg, and marginalizing over the
masses using MCMC algorithms [51]

pðEjdN;H;IÞ ¼ 1

pðdN jH; IÞ

Z
dM dqpðEjH; IÞ;

×
YN

i¼1

pðMi; qijE;H; IÞ

× Lðdi; θin;i;H; IÞjΛ̃i¼Λ̃ðMi;ηi;EOSÞ; ð4Þ

where dM ¼ dM1 $ $ $ dMN , and dq ¼ dq1 $ $ $ dqN . The
term pðMi; qijE;H; IÞ is a conditional prior that captures
the range of masses supported by an EOS with parameters
E. Finally, we construct posterior distributions for the EOS
parameters by marginalizing over the mass parameters
using nested sampling [44]. Using the posteriors for the
EOS parameters E, we reconstruct the posterior distribu-
tions for the macroscopic relation RðmÞ as well as ΛðmÞ.
Results.—Systematic series: To assess the impact of

systematic biases in measurements of the tidal deform-
ability induced by neglecting dynamical tidal effects, we
first consider a series of simulated BNS with fixed mass
ratio q ¼ 0.855 and varying total mass M ¼ m1 þm2 and
hence varying chirp massMc ¼ ðm1m2Þ3=5=M1=5 and tidal
binary deformability Λ̃. The mass and mass ratio are chosen
to be broadly consistent with both GW170817 [1] and
GW190425 [2]. Tidal effects are related to the compactness
of the neutron star, with lighter neutron stars having
larger tidal deformabilities for a fixed EOS. The quad-
rupolar f-mode contribution to the GW phasing scales
as δφdyn ∝ ðΛ2AÞ=ðΩ2

2AÞ, where lighter NS have lower
f-mode frequencies and hence a stronger excitation of
the f modes. Tidal effects, both adiabatic and dynamical,
become suppressed as we simultaneously increaseMc and
decrease Λ̃.
We adopt a soft EOS (APR4 [54]), consistent with

current observations [7]. Further, for this series, we
distribute the binaries at a distance between 95 and
143 Mpc such that the signal-to-noise ratio (SNR) in the
triangular ET-D configuration is fixed to ρET ≃ 500, where
we expect dynamical tides to be distinguishable even for
heavy NS [55]. For the LIGO-Virgo Aþ network, this
translates into a fixed network SNR of ρAþ ≃ 50. We also
adopt a fixed small inclination angle of ι ¼ 12.6°, con-
sistent with GW170817, and fix the sky location.
The one-dimensional posterior probability distributions

of Λ̃ with (dashed) and without (solid) the inclusion of
dynamical tides in the recovery waveform model are shown
in Fig. 1 for the Aþ network (top panel) and ET (bottom
panel). As anticipated from the discussion above, dynami-
cal tides play an increasingly negligible role for larger chirp
masses (i.e., heavier NS and smaller Λ̃), but their neglect
leads to large induced biases in the tidal measurements the
lighter the NS. For the Aþ network we find that the

statistical uncertainties dominate for heavy BNS but for
typical SNRs in ET, the tidal measurements of individual
binaries are dominated by systematic errors.
Tidal effects are larger (smaller) for stiffer (softer)

EOS. The results for the soft APR4 EOS are the most
conservative; for a medium-soft (SLy230A [56]), and a
medium-stiff (MPA1 [57]) EOS the impact of neglecting
dynamical tides is even more prominent leading to even
larger biases in the inferred Λ̃, especially for lighter NS.
In all cases, tides are overestimated in order to compensate
for the lack of dynamical tides, while simultaneously
preferring more equal masses, see Supplemental Material
[58] for details.
BNS population: While the bias in the tidal deform-

ability can be less prominent on an event-by-event basis, it
is manifestly evident at the population level and, strikingly,
already observable in the Aþ detector network.
We now consider a prototypical BNS population with

component masses drawn from a Gaussian distribution
mi ∼N ðμi; σiÞ, where μi ¼ 1.33 M⊙ and σi ¼ 0.09 M⊙
[59], consistent with the observed low-mass peak of binary
neutron stars in the Milky Way [60]. Our knowledge of the
true astrophysical population of BNS is still highly uncer-
tain and current constraints possibly hint at a flatter
distribution than that used here [61]. Given the uncertain-
ties in both GW observations and population synthesis
models, a mass distribution following the Galactic popu-
lation is a reasonable step toward understanding the impact
of dynamical tides in a more realistic set of observations.
We distribute the binaries randomly in the sky, uniformly in

FIG. 1. One-dimensional posterior probability distributions of
Λ̃ for BNSs with mass ratio q ¼ 0.855 and varying source-frame
chirp massMc with the APR4 EOS as measured in Aþ (top) and
ET (bottom). For lighter binaries, which have larger tidal
deformabilities, we see significant biases between adiabatic
(solid) and dynamical tidal (dashed) posteriors. Vertical dashed
lines indicate the injected values. As Mc increases, the effects of
dynamical tides become negligible.

PHYSICAL REVIEW LETTERS 129, 081102 (2022)
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LECTURE 3

ON THE IMPORTANCE OF THE SIGNAL MODEL
▸ In practice, we use different approaches to construct full IMR waveform models: 

▸ EOBNR: NR-Calibrated Effective-One-Body models 

▸ Phenom: NR-Calibrated Phenomenological waveform models 

▸ We also use “partial” waveform models for certain mass regions: 

▸ Pure PN waveform models for low-mass inspirals  

▸ NR surrogate models for high-mass mergers  

▸ (Calibrated) BH perturbation theory waveform for ringdown 
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LECTURE 3

PHENOMENOLOGICAL WAVEFORM MODELS
▸ Original motivations: 

▸ Data analysis predominantly performed in the frequency domain. 
Fourier transforms are costly. 

▸ Traditional Bayesian inference requires 106 to 108 likelihood 
evaluations. 

▸  Require accurate and computationally efficient waveform models. 

▸ Phenom models combine: 

▸ Analytical information from PN, GSF, EOB and 

▸ Non-perturbative information from NR in the strong-field regime
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THE NEED FOR SPEED
44
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FIG. 14. Waveform evaluation timing for four different FD models: P�����XPNR, P�����XO4a, P�����XPHM-S���T����� and
P�����XPHM-MSA. All timings were generated for a fixed binary configuration with q = 3, �1 = (0.2, 0, 0.3) and �2 = (0,�0.5,�0.4)
produced between 20–2048 Hz. The left panel of the figure shows waveform evaluation times computed for a range of total masses between
20–500M� with a fixed frequency interval df = 0.125 Hz. The right panel displays runtime as a function of frequency spacing df for a fixed
total mass of 50 M�. All evaluation times are averaged over 50 waveform generations.

FIG. 15. We compare the runtime evaluation between two models,
P�����XPNR and P�����XPHM-S���T�����, for a set of 10,000
points randomly drawn across the quasi-circular precessing parameter
space. This figure shows the (log10) timing ratio of P�����XPNR to
P�����XPHM-S���T����� plotted for the total mass M and mass-
ratio Q, with values greater than zero denoting a longer runtime for
P�����XPNR compared to P�����XPHM-S���T����� (the red
circles) and values less than zero denoting a faster runtime (the blue
triangles).

tio is less than one. From Fig. 15 it is clear that the runtime
performance of P�����XPNR depends most strongly on the
total mass of the system, with the transition mass across unity
in the timing ratio weakly depending on the mass-ratio. The
slower waveform evaluation at lower total masses arises from
the finer frequency sampling used to generate the interpolants
for the precession inspiral angles to properly account for two-
spin oscillations, again detailed in Ref. [22].

Finally we investigate the likelihood evaluation time of
P�����XPNR compared to multiple members of the P��-
��� waveform family. Given that the likelihood is evaluated
O(107) times in a typical Bayesian analysis, small differences
in timing can significantly impact the efficiency of a Bayesian
inference analysis. We calculate the evaluation time by taking

FIG. 16. Comparison between likelihood evaluation times for vary-
ing data duration. We compare the evaluation times for four dif-
ferent FD models: P�����XPNR, P�����XO4�, P�����XPHM-
S���T�����, and the TD model: SEOBNR�5PHM. Each data point
represents the mean of 10,000 likelihood evaluations calculated via
�����. Binary parameters were drawn from priors distributions that
cut the chirp mass parameter space to ensure that the gravitational
waves fit within the specified data duration: larger data durations
correspond to smaller chirp mass binaries.

the mean of 10,000 likelihood evaluations for different bi-
nary parameters � calculated via �����; � is randomly drawn
from an agnostic prior distribution, with chirp mass cuts ap-
plied to ensure that the gravitational wave signal fits within
the specified data duration. We enforce chirp masses between
25  M  50, 10  M  25, 6  M  10, 4  M  6,
and 2  M  4 for the 4, 8, 16, 32, and 64 second data dura-
tions, respectively3. Since we are uninterested in the value of
the likelihood, d is randomly generated Gaussian noise con-
taining no signal. Each model evaluates the likelihood for the
exact same binary configurations. All likelihood evaluations

3 Although the 32 and 64 second data durations contain binaries with masses
consistent with the observed neutron star population, we ignored potential
tidal affects and assumed that all binary components were black holes.

M̄SNR, using the IMRPhenomXPHM21 as a signal, and the
SEOBNRv5PHMmodel as the templatewaveform. Figure 10
shows the unfaithfulness as a function of mass ratio (q),
effective spin parameter (χeff ), and effective precessing-spin
parameter (χp). We find that for mass ratios q < 5, 96.84%
(41.3%) of cases have a maximum unfaithfulness, in the
total mass range ½20; 300"M⊙, below 10% (1%). The
unfaithfulness increases significantly with mass ratio and
spins, with the highest unfaithfulness values at the largest
mass ratios q ∼ 20, and effective spin precessing parameter
χp ∼ 0.99. In particular, when considering q ≤ 20 we
find 59.19% (13.45%) cases with maximum unfaithfulness,
in the total mass range considered, below 10% (1%). These
unfaithfulness comparisons and the large differences
between models point out the necessity to populate this
challenging region of highmass ratio and high spinswithNR
simulations, which can be used to validate distinct waveform
models, aswell as to improve their accuracy by incorporating
this NR information into them.

E. Computational performance

In previous sections we have demonstrated the accuracy
of theSEOBNRv5PHMmodelwith respect toNRwaveforms
and predictions of other state-of-the-art waveforms models.
Another key aspect to test is the computational efficiency of
the model, as parameter-estimation runs with standard
stochastic samplers require on the order of 107–108 or more
waveform evaluations (see e.g. Refs. [206–208]). Therefore,
computational efficiency is a key feature for the model to be
useful for the analysis of GW signals or Bayesian inference
studies.
The SEOBNRv5PHMmodel is part of the fifth generation

of SEOBNR models implemented in a high-performance
Python package pySEOBNR [169]. As described inRef. [169],
the pySEOBNR infrastructure offers a simple and modular
procedure to develop highly accurate and computationally
efficient waveform models. This new Python infrastructure
moves the development of the SEOBNR family from the
highly efficient, but more rigid C-99 LALSuite [209] libraries
to a more flexible and modular Python framework.
In this section we assess the computational efficiency of

the SEOBNRv5PHM model implemented in pySEOBNR,
by timing the waveform generation and comparing it to
other state-of-the-art time-domain multipolar precessing-
spin models (SEOBNRv4PHM, IMRPhenomTPHM
and TEOBResumS-GIOTTO). We consider binary’s

configurations with mass ratios q ¼ 1, 3, 10, dimensionless
spins χ 1 ¼ ½0.5; 0; 0.8", χ 2 ¼ ½0; 0.5; 0.3", total mass range
M∈ ½10; 100"M⊙ at a starting frequency fstart ¼ 10 Hz. The
results of thewall times to generate thewaveforms are shown
in Fig. 11, where we are including all the modes up to l ¼ 4,
and a maximum frequency consistent with the Nyquist
criterion satisfied for all the multipoles considered.22

The outcome of the benchmark demonstrates the significant
increase in speed of the SEOBNRv5PHM model with
respect to the previous generation SEOBNRv4PHM.
For the arbitrary configurations considered for the bench-
marks, we observe more than an order of magnitude

FIG. 11. Wall times of the SEOBNRv4PHM, IMRPhe-
nomTPHM, TEOBResumS-GIOTTO, and SEOBNRv5PHM mod-
els for a configuration with dimensionless spins χ 1 ¼ ½0.5; 0; 0.8",
χ 2 ¼ ½0; 0.5; 0.3", total mass range M∈ ½10; 100"M⊙, starting
frequency fstart ¼ 10 Hz and three different mass ratios: 1 (top
panel), 3 (mid panel) and 10 (bottom panel).

21We do not include the TEOBResumS-GIOTTO model in
these comparisons as we have found some unphysical growth of
the amplitude at the merger of the l ¼ 2 inertial frame modes
for large spins and mass ratios, which is likely due to the
behavior of the non-quasicircular correction (NQC) coefficients
of the (2,1)-mode as already described in Ref. [102]. We show the
comparison against the IMRPhenomTPHM model in Appen-
dix C.

22The benchmarks of the waveform generation timing were
performed on a computing node (dual socket, 32 cores per socket,
SMT-enabled AMD EPYC (Milan) 7513 (2.60 GHz), with 8 GB
RAM per core) of the Hypatia cluster at the Max Planck
Institute for Gravitational Physics in Potsdam.We keep all default
settings for every model.
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highly efficient, but more rigid C-99 LALSuite [209] libraries
to a more flexible and modular Python framework.
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the SEOBNRv5PHM model implemented in pySEOBNR,
by timing the waveform generation and comparing it to
other state-of-the-art time-domain multipolar precessing-
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and TEOBResumS-GIOTTO). We consider binary’s

configurations with mass ratios q ¼ 1, 3, 10, dimensionless
spins χ 1 ¼ ½0.5; 0; 0.8", χ 2 ¼ ½0; 0.5; 0.3", total mass range
M∈ ½10; 100"M⊙ at a starting frequency fstart ¼ 10 Hz. The
results of thewall times to generate thewaveforms are shown
in Fig. 11, where we are including all the modes up to l ¼ 4,
and a maximum frequency consistent with the Nyquist
criterion satisfied for all the multipoles considered.22

The outcome of the benchmark demonstrates the significant
increase in speed of the SEOBNRv5PHM model with
respect to the previous generation SEOBNRv4PHM.
For the arbitrary configurations considered for the bench-
marks, we observe more than an order of magnitude
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nomTPHM, TEOBResumS-GIOTTO, and SEOBNRv5PHM mod-
els for a configuration with dimensionless spins χ 1 ¼ ½0.5; 0; 0.8",
χ 2 ¼ ½0; 0.5; 0.3", total mass range M∈ ½10; 100"M⊙, starting
frequency fstart ¼ 10 Hz and three different mass ratios: 1 (top
panel), 3 (mid panel) and 10 (bottom panel).

21We do not include the TEOBResumS-GIOTTO model in
these comparisons as we have found some unphysical growth of
the amplitude at the merger of the l ¼ 2 inertial frame modes
for large spins and mass ratios, which is likely due to the
behavior of the non-quasicircular correction (NQC) coefficients
of the (2,1)-mode as already described in Ref. [102]. We show the
comparison against the IMRPhenomTPHM model in Appen-
dix C.

22The benchmarks of the waveform generation timing were
performed on a computing node (dual socket, 32 cores per socket,
SMT-enabled AMD EPYC (Milan) 7513 (2.60 GHz), with 8 GB
RAM per core) of the Hypatia cluster at the Max Planck
Institute for Gravitational Physics in Potsdam.We keep all default
settings for every model.
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[Ramos-Buades+, 2023][Hamilton+, 2025]

▸ Timing comparisons between different flavours of Phenom waveform models and EOB models:
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LECTURE 3

PHENOMENOLOGICAL WAVEFORM MODELS
▸ Traditionally built in the frequency domain via a mode-by-mode ansatz: 

▸ Example: IMRPhenomXAS [Pratten+]
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PHENOMENOLOGICAL WAVEFORM MODELS
▸ Inspiral phase: Combine known PN/EOB with with NR information 

▸ Intermediate region: Use a polynomial ansatz to connect the inspiral to the ringdown 

▸ Ringdown: Modelled as a deformed Lorentzian (inspired by perturbation theory)
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PHENOMENOLOGICAL WAVEFORM MODELS
▸ Key ingredient: Hybrid waveforms = attach a PN/EOB inspiral to a set of NR simulations 

▸ Alignment (e.g. via least squares) such that  

▸ “Blending” with transition functions, e.g.

47

!4;2m-modes from the original precessing-binary GW-
strain modes, h2m, and apply the QA algorithm to !4;2m.

We then choose a matching frequency !m, and locate
the times tPN and tNR when each waveform passes through
that frequency. For our q ¼ 3 configuration, !m ¼ 0:07.
We align the PN and NR frequencies around that time
such that both !PNðtPNÞ ¼ !NRðtNRÞ and !PNðtPNÞ ¼
!NRðtNRÞ ¼ !m. The hybrid waveform is then produced
by blending together !QA

4;PN and !QA
4;NR with a linear tran-

sition function of width "t ¼ 200 M around the matching
frequency. The final waveform is then

!QA
4;hybðtÞ¼a$!

QA
4;PNðt$ tPNÞþaþ!

QA
4;NRðt$ tNRÞ; (4.1)

where a& ¼ ð"t=2& tÞ="t when t 2 ½$"t;"t( and zero
or one otherwise, and the time has been shifted such that
t ¼ 0 coincides with the point at which ! ¼ !m. This
constitutes the QA hybrid. Figure 9 shows the real part of
!4 around the time where the matching was performed,
which is at t ¼ 0. The figure shows the PN and NR wave-
forms, as well as the final hybrid, and we see that the
matching between the PN and NR waveforms is smooth.

To convert this into a physical precessing-binary hybrid,
we also require hybrids of the QA angles f"ðtÞ;#ðtÞ; $ðtÞg.
These are produced as follows. The two angles f"ðtÞ;#ðtÞg
define a vector ~nðtÞ ¼ fsinð$"ðtÞÞ cosð$#ðtÞÞ; sinð$"ðtÞÞ
sinð$#ðtÞÞ; cosð$"ðtÞÞg, which traces out a path on the
unit sphere. The QA angles for the PN waveform define
~nPNðtÞ, while those for the NR waveform define ~nNRðtÞ. We
perform a fixed rotation RPN to ~nPNðtÞ (and another RNR to
~nNRðtÞ), such that both vectors are equal at the matching
frequency, ~nPNðtPNÞ ¼ ~nNRðtNRÞ. Since the angle # is ill-
defined when ~n ¼ f0; 0; 1g, we do not choose that as our
(arbitrary) matching direction, but rather the vector such that
"ðtPNÞ ¼ 0:1 rad. Specification of a third Euler angle allows
us to require that the vectors not only meet at the matching
time, but that the curves they trace out are parallel at that
time. To do this we simply measure the angle between the
two curves at the matching time, and then rotate ~nNRðtÞ

around the axis defined by the matching direction,
~nNRðtNRÞ. Figure 10 shows the first two angles at the times
close to the matching frequency, and the final PN and NR
curves are shown in the lower panel of Fig. 10. The hybrid
angles are constructed by smoothly blending between the
PN and NR angles, in the sameway as for the QAwaveform.
The precessing-binary hybrid can then be constructing by
performing the reverse QA procedure with f#;"; "g !
f$";$";$#g.
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FIG. 9 (color online). The PN (red, from t ¼ $300M to
t ¼ 100M), NR (green, from $100M to 300M) and hybrid
(dashed black) waveforms near the matching time (t ¼ 0).
The PN and NR waveforms are blended together in the window
"t ¼ ½$100; 100(, indicated by the shaded region.
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FIG. 10 (color online). Hybridization of the QA angles " and
#. Upper two panels: the black (dotted) lines indicate the inspiral
PN values, the red (dashed) lines indicate the later NR values,
and the green (solid) lines indicate the hybrids. The lower figure
shows the evolution of the aligned QA directions, where here the
black line indicates long PN inspiral of duration 2:9) 105 M,
and the red line indicates the NR results up to merger.
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LECTURE 3

PHENOMENOLOGICAL WAVEFORM MODELS
▸ Need to fit the phenomenological coefficients: 

▸ Direct fits often problematic 

▸ Recent years: Hierarchical fitting and collocation point method
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Example: IMRPhenomXAS
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LECTURE 3

EFFECTIVE-ONE-BODY NR
▸ Calibration to NR in the strong-field is absolutely crucial!

49

GW cycles

Numerical RelativityEOB

+ information from GSF!
[Credit: Taracchini]
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LECTURE 3

NR SURROGATES
▸ NR simulations are computationally expensive 

▸ Limited, discrete coverage of the full compact binary parameter space 

▸ Are pure NR waveform models achievable? 

▸ Reduced order modelling to compress information (= dimensional reduction) 

▸ Interpolation between discrete waveforms to build a continuous surrogate model
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Image credit: Vijay Varma 
https://github.com/vijayvarma392/SurrogateMovie

https://github.com/vijayvarma392/SurrogateMovie
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LECTURE 3

ACCURACY METRICS FOR WAVEFORM MODELS
▸ Noise-weighted inner product between two waveforms: 

▸ Match/faithfulness optimised over time and phase shift: 

▸ For precession, additional (numerical) optimisation over polarisation:
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M(h1, h2) = max
t0,�0
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ACCURACY
53

[Pürrer & Haster, 2020]

Requirements become more 
stringent for more challenging 

configurations

Current generation 
waveform models 

with precession and 
higher modes 

occupies ~ this band 
(parameter space 

dependent)

Key numbers: 
 
 

𝒪(10−3) → ρ ∼ 100
𝒪(10−4) → ρ ∼ 300
𝒪(10−5) → ρ ∼ 1000
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MODEL ACCURACY: IMR
54

where the SNRðιs;φ0s ; θs;ϕs; κs; dLs; λs; tcsÞ is defined as

SNRðιs;φ0s ; θs;ϕs; κs; dLs; λs; tcsÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhs; hsÞ

p
: ð87Þ

The weighting by the SNR in Eq. (87) takes into account
the dependence on the phase and effective polarization of
the signal at a fixed distance. Finally, we define the sky-
and-polarization-averaged, SNR-weighted unfaithfulness
(or mismatch) as

MSNR ¼ 1 − F̄ SNR: ð88Þ

B. Accuracy of SEOBNRv5 (2,2) mode

We start by considering (2,2)-mode only mismatches. In
this case, the result does not depend on the inclination, and
the mismatch definition reduces to the one used in Sec. V.
Figure 5 shows the (2,2)-mode mismatch over a range of
total masses between 10 and 300M⊙ using the 442 NR
simulations summarized in Sec. V for different state-of-
the-art aligned-spin approximants: SEOBNRv5, its pre-
decessor SEOBNRv4 [77], the aligned-spin model from
the other EOB family TEOBResumS [64,83,113,114],
and IMRPhenomXAS [44], from the fourth generation of
Fourier-domain phenomenological waveform models. All
approximants are called through LALSimulation, except for
SEOBNRv5 and for TEOBResumS, for which we use the
latest available public version TEOBResumSv4.1.4-
GIOTTO.6

The colored lines highlight cases with the worst maxi-
mum mismatch for each model: as expected, the most
challenging cases have high mass ratio and high spins, as
all models have been calibrated to few NR simulations in
this region of parameter space. We note that SEOBNRv5
has no outliers beyond 0.3% and many more cases at lower
unfaithfulness, especially compared to SEOBNRv4 and
TEOBResumS-GIOTTO. Comparing the two upper panels
of Fig. 5, we can see in particular that SEOBNRv5 yields
unfaithfulnesses almost 1 order of magnitude smaller than
those of its predecessor SEOBNRv4 model.
The top panel of Fig. 6 shows histograms of the

maximum (2,2)-mode mismatch over the same range of
total masses. We also show an estimate of the NR error
computed as the mismatch between NR simulations with the
highest and second-highest resolutions, if available. The
mismatch between NR simulations of the highest resolution
and different extrapolation order is typically 1 order of
magnitude smaller than the one obtained comparing differ-
ent resolutions; hence we do not show it in these compar-
isons. The vertical dashed lines correspond to the medians

of the distributions. Overall IMRPhenomXAS achieves the
lowest median unfaithfulness (1.31 × 10−4), while still
having two outliers above 0.3%, with SEOBNRv5 closely
following with median mismatch 1.99 × 10−4, but a larger
tail of cases with low unfaithfulness approaching 10−5.
TEOBResumS-GIOTTO is slightly less accurate with
median mismatch 5.12 × 10−4, while SEOBNRv4 is the
least faithful model with median value 1.44 × 10−3, almost
1 order of magnitude larger than SEOBNRv5. These results
are summarized in Table I, together with the fraction of
cases falling below 10−3 and 10−4 for each approximant.
The NR error is about 1 order of magnitude smaller than

the SEOBNRv5 modeling error, with median value
∼2 × 10−5. Still, there are a few cases where the two are
comparable, and improving the accuracy of the NR simu-
lations used to calibrate the model would be critical to
reducing the modeling errors by another order of magnitude.
The bottom panel of Fig. 6 provides a complementary

FIG. 6. Top panel: histogram of the maximum (2,2)-mode
mismatch over a range of total masses between 10 and 300M⊙,
between different aligned-spin approximants and the 442 NR
simulations used in this work. The NR error is estimated by
computing the mismatch between NR simulations with the
highest and second-highest resolutions. The vertical dashed lines
show the medians. Bottom panel: distribution of the maximum
(blue), median (orange), and minimum (green) mismatch over the
same range of total masses for the different models.

6This corresponds to the commit fc4595df72b2eff4b36e563-
f607eab5374e695fe of the public bitbucket repository https://
bitbucket.org/eob_ihes/teobresums, and it is the latest tagged
version at the time of this publication.

LORENZO POMPILI et al. PHYS. REV. D 108, 124035 (2023)

124035-18

[Pompili+, 2023]

Mismatch against NR simulations, 

(2,2)-mode only 

IMRPHENOMD and SEOBNRv4. We use coherent Bayesian
inference methods to determine the posterior distribution
pðθ⃗jd⃗Þ for the parameters that characterize the binary. We

use the nested sampling algorithm implemented in
LALINFERENCE [3] and the public data from the
Gravitational Wave Open Science Center (GWOSC)

FIG. 19. Time-domain IMRPHENOMXAS waveforms (violet) and SEOBNRv4-NR hybrids (grey) for configurations at the edge of the
calibration domain.
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064001-23

IMRPHENOMD and SEOBNRv4. We use coherent Bayesian
inference methods to determine the posterior distribution
pðθ⃗jd⃗Þ for the parameters that characterize the binary. We

use the nested sampling algorithm implemented in
LALINFERENCE [3] and the public data from the
Gravitational Wave Open Science Center (GWOSC)

FIG. 19. Time-domain IMRPHENOMXAS waveforms (violet) and SEOBNRv4-NR hybrids (grey) for configurations at the edge of the
calibration domain.

SETTING THE CORNERSTONE FOR A FAMILY OF MODELS … PHYS. REV. D 102, 064001 (2020)

064001-23

[Pratten+, 2020]
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MODEL ACCURACY IMR WITH HIGHER ORDER MODES
▸ Mode decomposition:
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against NR waveforms with all (l ≤ 5) modes. As expected
we see an increase of the mismatch with total mass,
indicating that the error due to neglecting some higher
modes is mostly important in the ringdown, and we see it

can reach more than 0.4% for high q and large spins. This
tells us that to reach the same accuracy of just the (2,2) mode
(< 0.3%) for the full polarizations at high ι one would need
to include additional modes in SEOBNRv5HM.
Figure 9 summarizes the comparison of Fig. 7: in the top

panel we show histograms of the maximum unfaithfulness
over the same range of total masses, with the vertical lines
corresponding to the medians of the distributions, and an
estimate of the NR error computed as the mismatch
between NR simulations with different resolutions. As
for the (2,2)-mode only case, the NR error is about 1 order
of magnitude smaller than the SEOBNRv5HM modeling
error, with median ∼1 × 10−4. Overall SEOBNRv5HM
achieves a lower unfaithfulness than SEOBNRv4HM,
IMRPhenomXHM, and TEOBResumS-GIOTTO, with
the median value 1.01 × 10−3 and only seven cases above
1%, as summarized in Table II. The violin plots in the
bottom panel provide a further comparison by showing the
distribution of the maximum (blue), median (orange), and
minimum (green) mismatch for each model.
We note that in the unfaithfulness computation we

include all modes up to lmax ¼ 5 in the NR waveforms,
while the (5,5) mode is not included in IMRPhenomXHM
and TEOBResumS-GIOTTO. To check the impact of
neglecting the (5,5) mode in these two models, we also
repeat the comparison presented in this section using only
multipoles up to lmax ¼ 4, in both the models and the NR
waveforms. We find a result very similar to what is shown
above, with all models displaying a slightly better perfor-
mance, due to fewer missing modes, and the same
hierarchy for the accuracy of different approximants.
To validate SEOBNRv5HM, we compare it to the multi-

polar aligned-spin surrogate model NRHybSur3dq8 [24].
This model was built for binaries with mass ratios 1–8 and
spin magnitudes up to 0.8, and provides waveforms with
errors comparable to the NR accuracy in the region where
the model was trained. NRHybSur3dq8 waveforms were
not used in the construction of SEOBNRv5HM, so this is an
important validation check of the NR calibration pipeline.
We point out that NRHybSur3dq8 is trained on NR
waveforms hybridized with PN and SEOBNRv4 wave-
forms in the early inspiral. In the following comparisons,
we generate waveforms from an initial geometric frequency

FIG. 9. Top panel: histogram of the maximum sky-and-polari-
zation averaged, SNR-weighted mismatch, for inclination
ι ¼ π=3, over a range of total masses between 20 and 300M⊙,
between different aligned-spin multipolar approximants and the
441 SXS NR simulations used in this work. The NR error is
estimated by computing the mismatch between NR simulations
with the highest and second-highest resolutions. The vertical
dashed lines show the medians. Bottom panel: distribution of the
maximum (blue), median (orange), and minimum (green) mis-
match over the same range of total masses for the different
models.

TABLE II. Summary of the sky-and-polarization averaged, SNR-weighted mismatch, for inclination ι ¼ π=3,
over a range of total masses between 20 and 300M⊙, between different aligned-spin multipolar approximants and
the 441 SXS NR simulations used in this work. We display the median of the maximum mismatch across total mass,
and the fraction of cases falling below 10−2 and 10−3.

Approximant SEOBNRv4HM SEOBNRv5HM IMRPhenomXHM TEOBResumS-GIOTTO

MedianmaxMM̄SNR 3.11 × 10−3 1.01 × 10−3 2.50 × 10−3 4.59 × 10−3

%maxM M̄SNR < 10−2 88% 98% 86% 74%
%maxM M̄SNR < 10−3 5% 49% 23% 0%
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MODEL ACCURACY IMR WITH SPIN PRECESSION
▸ Comparison of precessing Phenom and EOB models against NRSur7dq4:

[Hamilton+, 2025] multipoles onlyℓ = 2
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FIG. 6. Histogram showing the value of the mismatch value for
⇠ 4100 binaries. We compute the mismatch between our chosen
model and NRS��7��4. We consider only the ` = 2 multipoles
in the inertial frame. The grey lines give the mismatch threshold
below which we are confident that the model should be unbiased at
SNR 10, 20 and 30 (in order of decreasing mismatch) based on the
distinguishability criterion.

precessing systems in the frequency domain. While the best
performing cases in the low-mismatch tail are largely unaf-
fected, the distribution now extends to much higher values of
the mismatch (O

�
10�1

�
as opposed to O

�
10�2

�
). 91.9, 62.8

and 37.9% of cases satisfy the distinguishability criterion for
signals at an SNR of 10, 20 and 30 respectively. By con-
trast, for SEOBNR�5PHM, the best performing model shown
in this figure, 99.1, 81.2 and 52.4% of cases satisfy the dis-
tinguishability criterion for signals at an SNR of 10, 20 and
30 respectively. We would therefore expect that, for signals
above an SNR of 20, the parameter estimation recovery will be
biassed for all models displayed in this figure across a reason-
able fraction of the parameter space. This is discussed further
in Sec. IV D.

The relative performance of the difference models can be
seen from Fig. 8, which shows the results shown in Fig. 7 as
a direct model-by-model comparison for each binary config-
uration considered. As the distribution of points is largely
symmetric about the diagonal line in all panels, we can see
that the performance of all models is approximately equiva-
lent. However, the slight over-preponderance of points below
the diagonal line in the first three panels shows that on aver-
age P�����XPNR shows a minor improvement the three other
models P�����XO4a, P�����XPHM-S���T����� and P��-
���TPHM. This is expected from combining the S���T��-
��� evolution of the angles present in both P�����XPHM-
S���T����� and P�����TPHM, which improves the model
performance for lower mass binaries, with the calibration of
the precession angles through merger and ringdown present
in P�����XO4a, which improves the model performance for
higher mass binaries. This minor improvement can be seen in
mean of the distribution which goes from 0.00508 and 0.00485
for P�����XPHM-S���T����� and P�����XO4a respec-
tively to 0.00468 for P�����XPNR. However, when compar-
ing against SEOBNR�5PHM, we see that SEOBNR�5PHM
does not extend to quite such high values as P�����XPNR
and the other models. This can be best explained by consider-
ing the performance of the model with varying inclination.

The dependence of the mismatch on inclination for binaries
with a total mass of 150M� is shown in Fig. 9. It should be
noted that for precessing binaries, the inclination ◆, as mea-
sured by the angle between the orbital angular momentum and
the line of sight to the binary, will vary over the evolution of
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PhenomTPHM

SEOBNRv5PHM

FIG. 7. Histogram showing the value of the mismatch value for ⇠
4100 binaries. We compute the mismatch between our chosen model
and NRS��7��4. We consider all available multipoles in the inertial
frame. The grey lines give the mismatch threshold below which we
are confident that the model should be unbiased at SNR 10, 20 and
30 (in order of decreasing mismatch) based on the distinguishability
criterion.

the binary as the orbital plane precesses. The values given here
are therefore only true at the reference frequency. However,
for the majority of cases considered here, the opening angle
of the precession cone (�) will be sufficiently small as we are
considering systems relatively close to equal mass. Therefore,
it is reasonable to assume that the cases labelled ◆ = 0 are close
to face-on while those labelled ◆ = ⇡/2 are close to edge-on.

From Fig. 9 we can see that the improvements made to the
model, and in particular the calibration of the co-precessing
multipoles and merger-ringdown angles to NR, results in com-
paratively low mismatches for systems close to face-on. How-
ever, this improvement is lost as we move to considering sys-
tems close to edge-on where the higher multipoles have a
greater contribution. This is due to the approximations made
when extending the precession angles to higher-order multi-
poles as detailed in Sec. III F. These approximations are not
required when modelling precession in the TD, as is done
for SEOBNR�5PHM. It can clearly be seen that the perfor-
mance of SEOBNR�5PHM is significantly less affected by the
change in inclination than P�����XPNR and P�����XPHM-
S���T�����. Consequently the relative performance of the
models shifts as the inclination angle increases, with P��-
���XPNR the best performing model for “face-on” systems
while SEOBNR�5PHM performs best for “edge-on” systems.

This degradation in model performance can also be seen
when considering the performance of the model across pa-
rameter space, as is shown in Fig. 10. The model performs
best for low-mass, low-precession signals with performance
decreasing with increasing mass ratio and increasing value of
�p. This is in part due to the decreased fidelity of the model of
the precession dynamics for a more highly precessing system
and in part due to the increased contribution of the higher-order
multipoles to the waveform of such a system at any inclination.

Overall, we see that the model P�����XPNR is more
accurate than either P�����XPHM-S���T����� and P��-
���XO4� and as such supersedes them as the most accurate
FD model of precessing quasi-circular BBH systems currently
available. However, the TD model SEOBNR�5PHM con-
tinues to perform better by a factor of 2 on average due to
approximations which are made in the FD when modelling
precessing systems which are not required in the TD. This is
particularly relevant for systems with higher mass ratios and
at higher inclinations. For heavy binaries at lower mass ra-

102030 102030

LECTURE 3



Patricia Schmidt - Nordita 2026

MODEL ACCURACY: NRSUR
57

SURROGATE MODELS FOR PRECESSING BINARY BLACK … PHYSICAL REVIEW RESEARCH 1, 033015 (2019)
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FIG. 12. Dependence of the NR resolution error on the difference
in the relaxation-time spins of the two highest resolutions (labeled
HiRes and MedRes). The horizontal (vertical) axis shows the differ-
ence between the spin of the heavier (lighter) BH. The colors show
the largest (flat noise) mismatch between the waveforms of the two
resolutions over different points in the sky. Large mismatches occur
when the difference between the relaxation-time spins of the two
resolutions is large.

the high mismatch tail seen for the NR resolution mismatches.
In this test, we are treating the surrogate, which is trained
on the HiRes simulations, as a proxy for the HiRes dataset.
Evaluating the surrogate with the parameters of a MedRes
simulation is treated as a proxy for performing the HiRes
simulation with the same parameters. Therefore, the green
histogram in Fig. 13 can be treated as the “true” resolution
error when the parameters of the resolutions are the same.
As expected for this case, this estimate of the resolution error
agrees with the errors for the surrogate model (red histogram).

Together, Figs. 12 and 13 show that the high NR mismatch
tail in Fig. 4(a) is due to the difference in the parameters of
the different NR resolutions. We believe this difference arises
from spurious initial transients known as “junk radiation.”

10 7 10 6 10 5 10 4 10 3 10 2 10 1 100
mismatch

NRSur7dq4 vs HiRes
NRSur7dq4 vs MedRes
NR

FIG. 13. Mismatch histograms for NRSur7dq4 when compared
against the two highest available NR simulations (referred to as
HiRes and MedRes). Also shown are mismatches between the two
resolutions (labeled NR). The “NRSur7dq4 vs HiRes” and NR
errors are the same as the red and black histograms, respectively,
in Fig. 4(a). These are flat noise mismatches, computed at several
points in the sky. The square (triangle) markers indicate median (95th
percentile) values.

FIG. 14. NR resolution mismatches for the simulation leading
to the largest NR mismatch in Fig. 4(a). The different samples in
the histogram correspond to comparisons at different angles on the
sky. The blue histogram shows the current resolution errors when
the two resolutions start with the same initial data at the start of
the simulation. All points in the blue histogram are the same as
those included in Fig. 4(a). The green histogram shows the resolution
errors for the same case when the two resolutions start with the same
initial data at ≈1000M after start, at which point the junk radiation
has left the simulation domain.

These transients result from initial data that do not precisely
represent a snapshot of a binary that has evolved from t =
−∞. The transients quickly leave the simulation domain
after about one or two binary orbits. It is computationally
expensive to resolve the high spatial and temporal frequencies
of the transients, so we typically choose not to resolve these
transients at all, and instead we simply discard the initial
part of the waveform. Because some of the transients carry
energy and angular momentum down the BHs, the masses
and spins are modified, so we measure “initial” masses and
spins at a relaxation time [84] deemed sufficiently late that
the transients have decayed away. Because we do not fully
resolve the transients, their effect on the masses and spins are
not always convergent with resolution.

This issue should ideally be resolved with improved, junk-
free initial data (see Ref. [105] for steps in this direction). In
the meantime, we propose a change in how SpEC performs
different resolutions for the same simulation. Currently, initial
data are constructed by solving the Einstein constraint equa-
tions [77,106]. The same constraint-satisfying initial data are
then interpolated onto several grids of different resolution, and
Einstein’s equations are evolved on each grid independently.
Our proposal is to first evolve the initial data using the
high resolution grid until the transients leave the simulation
domain, then interpolate the data at that time onto grids of
lower resolution, and evolve Einstein’s equations on these
lower resolution grids independently. This way all resolutions
start with the same initial data at a time after transients
have decayed away instead of at the start of the simula-
tion, and the masses and spins of the black holes should be
convergent.

This proposal is tested in Fig. 14 for the case leading to the
largest NR mismatch in Fig. 4(a). We perform the resolution
branching at t ∼ 1000M after the start of the high-resolution
simulation. The outer boundary is at ≈600M and this is

033015-13

[Varma+ arXiv:1905.09300]

Difference between 
NR resolutions

LECTURE 3



Patricia Schmidt - Nordita 2026

INSPIRAL-MERGER-RINGDOWN WAVEFORM MODELS CHEATSHEET
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Phenom EOBNR NR Surrogates

Domain FD & TD TD (&FD) TD

Physics

Precession 
Higher modes 

Some tides 
Eccentricity (AS)

Precession 
Higher modes 

Some tides 
Eccentricity (AS)

Precession 
Higher modes 

Eccentricity (NS)

Efficiency Fast Medium to slow Slow

Accuracy Good Good Best

Caveats
Systematics due to 

approximations & missing 
physics

Systematics due to 
approximations & missing 

physics

Only for massive BBH (can be 
hybridised) 

Limited parameter space
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WHAT PHYSICS IS INCLUDED?
▸ BBH models: Highly accurate for circular binaries with 

aligned spins 

▸ Including higher order multipoles 

▸ Verified up to moderate mass ratios + additional 
gravitational self-force information 

▸ Lack of simulations with large spins & long inspirals 

▸ Some eccentricity (lots of ongoing work & recent 
progress) 

▸ Precessing BBH: modelled only approximate 

▸ Little to no calibration to NR 

▸ BNS: low-order analytic f-mode tides + some calibration to 
NR simulations 

▸ No complete model including post-merger 

▸ NSBH: no precession; no complete model including post-
merger

59

BEWARE OF SYSTEMATICS DUE TO MISSING 

PHYSICS!

LECTURE 3



Patricia Schmidt - Nordita 2026

LECTURE 3

GROWING EVIDENCE FOR NON-CIRCULARITY
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Figure 1. Marginal posterior distributions on 410 for all adequately-sampled binary black hole merger events in GWTC-3 are shown in colour.
The width of the violin at each value of eccentricity is proportional to the posterior distribution at that value. The names of undersampled events
are italicised and their posteriors are not shown. The names of the four events that show considerable support for 410 � 0.05 are emboldened.

Table 1. A summary of the detector-frame eccentricity measurements for newly-analysed events in GWTC-3 with a natural log (ln) Bayes factor
greater than 0 for the hypothesis that 410 � 0.05 and number of e�ective samples � 100. The two events with greater than 50% of their posterior
support at 410 � 0.05 are emboldened. The second and third columns provide the percentage of posterior support for 410 > 0.1 and 4 > 0.05,
two values typically used as thresholds for currently detectable binary eccentricity at 10 Hz. However, these values are somewhat arbitrary, as
each individual signal has a di�erent detectable eccentricity threshold. Furthermore, simulations that quote eccentricity 410 � 0.1 do so in the
source frame; one must redshift any detector-frame eccentricity measurements to perform a direct comparison to such simulations (see Section
4). The third (fourth) column provides the ln Bayes factor for the hypotheses that 410 � 0.1 (0.05) against the hypothesis that 410 < 0.1 (0.05).
The final column states the number of e�ective samples in the eccentric posterior after reweighting. The quantities presented in this table are
provided for newly-studied events in GWTC-3 without significant support for eccentricity in the Appendix in Table 3.

Event name 410 � 0.1 (%) 410 � 0.05 (%) lnB(410 � 0.1) lnB(410 � 0.05) =e�

GW190403 16.64 27.53 0.83 0.56 6358

GW190805 14.33 23.78 0.19 0.03 719

GW191105 10.58 18.52 0.29 0.12 718

GW191109 62.52 71.53 1.89 1.49 7125

GW191126 26.28 33.79 1.27 0.92 293

GW191127 23.68 33.33 1.20 0.88 436

GW200208_22 70.78 73.06 1.94 1.39 219

GW200209 16.58 26.63 0.64 0.44 43848

GW200216 10.62 22.43 0.26 0.25 3108

GW200322 12.57 21.37 0.12 0.07 10203

14

Figure 6. Eccentric violin plots for all events with log10BEAS/QCAS > 1 from the first through third observing runs of the LVK. The posterior
distributions are obtained with DINGO and then importance sampled. The eccentricity is measured at 10 Hz in the detector frame using the
quasi-Keplerian parameterization (see Eq. (3.1)). For each event, the left violins are the posterior distributions using only the (`, |m|) = (2,2)
mode, and the right violins are the posteriors using higher modes (see Eq. (3.2)). Each violin is colored according to the log10 Bayes factor
between the eccentric aligned-spin and quasi-circular aligned-spin hypothesis. Above the plot, we report the log10 Bayes factor when using
higher modes (log10BHM) and when only using the (`,m)= (2,2) mode (log10B22). The dark shaded regions indicate the 90% credible interval
of the distribution and the black lines indicate the median value of the eccentricity.

Figure 7. DINGO-IS versus pBilby marginal eccentricity distributions for four of the events analyzed in the main text. We show that the
presence of eccentricity is also found by nested samplers. Note that while, there are are slight di↵erences between DINGO-IS and pBilby in
the GW200208 22 posterior, this can be attributed to the railing of the eccentricity distribution at 0.5. When extending the prior of the pBilby
run, we again find better agreement.

G. Events with mild eccentricity support

We find marginal evidence for eccentricity in
GW190620 030421. When analyzed with SEOBNRv4EHM,
we observe this is a heavy BBH with support for a positive
e↵ective spin with Msrc = 168.3+36.4

�34.9, Mdet = 126.6+18.7
�17.9 and

�e↵ = 0.20+0.26
�0.27. Unlike the previously discussed events

in this paper, GW190620 030421 was only detected in
LIGO Livingston. We find that log10BEAS/QCAS = 0.56 with
egw, 10Hz = 0.30+0.19

�0.19. While this event does have 97% of it’s
posterior above egw, 10Hz > 0.05, due to the low Bayes factor,
we do not consider it as having evidence for eccentricity.

This event has shown similar Bayes factors for eccentricity in
Refs. [20, 23].

We also analyze GW191109 010717, which has shown
signs of eccentricity in Ref. [20]. When analyzed with
SEOBNRv4EHM, we find this is a heavy BBH with Msrc =
175.6+34.0

�30.0, Mdet = 137+14.0
�14.4 and �e↵ = �0.25+0.24

�0.27. While we
do notice that 93% of the posterior has support above e10Hz >
0.05, we also find log10BEAS/QCAS = 0.07 with egw, 10Hz =

0.26+0.24
�0.22 for this event. Interestingly, the posterior does rail

against the upper bound of the prior, but due to the eccentric-
ity limit enforced by SEOBNRv4EHM, we do not increase the
upper bound. This event also has two peaks in the eccentric-
ity posterior with one at egw, 10Hz = 0.27 and the other and
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model is incompatible with the true signal being a quasi-circular merger 
embedded in Gaussian noise. Regarding other possible scenarios, a 
quantitative comparison is currently not possible as they have not 
been analysed with full Bayesian studies and/or complete waveform 
templates15,18,19.

While our analysis selects a two-encounters merger as the 
best-fitting capture scenario (Fig. 3), the orbital dynamics of these 
encounters is rather sensitive to changes in both the conservative and 
nonconservative part of the dynamics31, as is also evident from fig. 11 of 
ref. 31. Going beyond the conservative assumptions behind our analysis, 
future work will explore the impact of spin and of higher waveform 
multipoles, as well as consider systematic comparisons between our 
(improved46) EOB model and a larger number of NR simulations. The 
inclusion of additional, physically motivated, degrees of freedom (for 
example, BH spins) is expected to further shed light on the nature of 
GW190521.

Methods
The EOB analytical model employed in this analysis, TEOBResumS30,31, 
generates waveforms and scattering angles that are faithful to NR 
simulations of nonspinning BBHs along eccentric and scattering 
orbits30,31,39. The model is directly validated in the regime of interest 
by comparisons with new NR data targeted at GW190521. The simula-
tion parameters are chosen to be compatible with the ones obtained 
by our hyperbolic analysis. Additionally, we compare with 46 selected 
nonspinning, highly eccentric NR simulations47 to validate the model 
in a similar regime. Crucially, for all configurations considered, the 
quasi-circular ringdown provides a reliable approximation of the final 
stage of the coalescence, and the model is more than 97% faithful to 
NR. This is not surprising, and can be attributed to the circularization 
of the system during the last phases of the coalescence. Such results 

ensure the reliability of our model in extracting astrophysical prop-
erties from GW signals. Head-on collisions, conversely, are not well 
approximated by our model. Finally, reliability of this EOB approach 
in describing dynamical captures is further verified in the test-mass 
limit of a body captured by a Schwarzschild BH, using the waveforms 
computed numerically with black hole perturbation theory48,49. These 
results are summarized in the Supplementary Information; further 
details and more in-depth comparisons will also be presented in a future 
work (T. Andrade et al., manuscript in preparation).

The publicly released GW190521 data are analysed around the 
Global Positioning System (GPS) time tGPS = 1,242,442,968, with an 
8-second time window and in the range of frequencies [11, 512] Hz using 
the bajes pipeline45. We employ the power-spectral-density estimate 
and calibration envelopes publicly available from the GW Open Science 
Center50. The Bayesian analysis uses the dynesty sampler51 with 2,048 
live points. We use a uniform prior in the mass components (m1, m2) 
exploring the ranges of chirp mass ℳ

c

∈ [30, 200]M

⊙

 and mass ratio 
q ∈ [1, 8]. The luminosity distance is sampled assuming a volumetric 
prior in the range [1, 10] Gpc. We analytically marginalize over the 
coalescence phase, and sample the coalescence time in ts ∈ [−2, 2] s 
with respect to the central GPS time.

The key quantities to sample the configuration space of hyperbolic 
mergers are (E

0

/M,p

0

φ

). The initial angular momentum is uniformly 
sampled within p0

φ

∈ [3.5, 5], further imposing p0

φ

≥ p

LSO

φ

 for any q. The 
initial energy is uniformly sampled in the interval E0/M ∈ [1.0002, 1.025] 
but with two different additional constraints that result in two different 
prior choices: UE0, E

0

≥ E

min

; CE0, Emin

≤ E

0

≤ E

max

. The UE0 prior spans 
a larger portion of the parameter space, notably including direct cap-
ture, although the dynamic remains far from the head-on-collision 
case. The CE0 prior is contained in the UE0 one, and restricts the param-
eter space to systems closer to stable configurations for which the 
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Fig. 3 | Maximum likelihood (Max L) configurations with the two different 
energy priors. Unconstrained (UE0) and constrained (CE0) energy priors are 
shown in shades of orange and blue, respectively. a, The (r, φ) EOB relative orbit. 
b, The waveform templates projected onto the three detectors compared with 
the whitened LIGO-Virgo data (thin black line) around the time of GW190521. The 
most probable last stable orbits are highlighted with gold (UE0 prior) and cyan 
(CE0 prior) dashed lines and are located, respectively, at ̄r

LSO

= 4.54 and 
̄

r

LSO

= 4.52. Corresponding mass ratios are ̄q = 1.04 and ̄q = 1.27. The inset 

highlights the first close encounter, which is then followed by a highly eccentric 
orbit that eventually ends up with a plunge and merger phase. The part of the 
trajectory from ~(tGPS − 0.8 s) to merger time tmrg, which contributes to the second 
GW burst, is highlighted with thicker lines in the plot. Note that the GW bursts 
corresponding to the first encounter occur ~4 s before the GW190521 time; their 
magnitude is comparable to the detector noise, and they are outside the segment 
of data analysed.
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a black hole merger. While we evaluated GW190521, the presented 
method is readily applicable to other black hole mergers with total 
mass of ≳50 M⊙. The presented numerical relativity waveforms can 
also be the basis of probing low-mass binaries using hybrid wave-
forms21, as highly accurate early inspiral waveforms can be obtained 
using semianalytical approaches.

High eccentricity at LIGO–Virgo’s detectable frequencies can 
occur due to dynamical interactions in galactic nuclei5 or globu-
lar clusters6,22, due to Lidov–Kozai oscillations in isolated triple 

systems12,13 or near supermassive black holes14, binary–single 
interactions in the disks of active galactic nuclei7 (AGNs) and pos-
sibly during the merger of primordial black holes23. For many of 
these scenarios6,13,22 a few per cent of the black hole mergers could 
be highly eccentric with e > 0.5, while for mergers in AGNs7 and 
gravitational capture in galactic nuclei5 this fraction can be ≳15% 
and ≳30%, respectively. Nonetheless, model uncertainties remain, 
and even defining eccentricity at e > 0.5 and high black hole masses 
is difficult (Methods).

The statistical significance of high eccentricity found here for 
GW190521 depends not just on our obtained Bayes factor, but also 
on the prior probability of a detected black hole merger being highly 
eccentric (e > 0.5). For our fiducial analysis, an odds ratio of 10 in 
favour of an eccentric binary requires that at least 13% of mergers 
are highly eccentric. The fraction of LIGO–Virgo’s detections that 
are highly eccentric are probably below this fraction. For example, 
AGN-assisted mergers may contribute about 25% of LIGO–Virgo’s 
observations24, while 30% of these mergers could be highly eccen-
tric7. For these fiducial values, ~8% of LIGO–Virgo’s detections 
could be highly eccentric. The fraction of highly eccentric mergers 
might nevertheless be higher among GW190521-like mergers. Let 
us consider the possibility that the high mass of GW190521 points 
to its dynamical origin. The fraction of highly eccentric binaries in 
such encounters ranges from ~5% (refs. 6,22) to ~50% (ref. 5); that is, 
it could exceed 13%. While these estimates are illustrative, the cur-
rently available limited observational information on binary black 
hole systems and their formation mechanisms make our odds ratio 
estimates uncertain, precluding firm conclusions.

A possible astrophysical scenario that can lead to both high 
eccentricity and high mass is a hierarchical black hole merger that 
is the product of multiple previous chance encounters. Chance 
encounters can naturally lead to an eccentric merger, while multiple 
mergers can increase the black hole mass to beyond what is achiev-
able through stellar evolution. Gravitational capture in a chance 
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Fig. 2 | Reconstructed waveform of GW190521 and consistency test. a–f, High-eccentricity simulation of the present work (a–c) and circular NRSur7dq4 
model61 (d–f) for the LIGO–Hanford (a,d) and LIGO–Livingston (b,e) detectors. The coloured lines in a,b,d,e show the reconstructed waveform of 
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the off-source data and reconstructed with cWB). Black lines show the recorded detector data after whitening with a band-pass filter (28–128!Hz).  
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Table 1 | Reconstructed properties of GW190521. For comparison 
we also show the properties obtained by LIGO–Virgo20 using  
the NRSur7dq4 non-eccentric, precessing waveform model61. 
Error bars show 90% credible intervals

Parameters This work LIGO–Virgo

Primary mass (M⊙)
78

+9

−5

95

+29

−19

Secondary mass (M⊙)
78

+9

−5

69

+22

−24

Total mass (M⊙)
155

+17

−11

164

+39

−23

Mass ratioa 1
0.75

+0.22

−0.35

Luminosity distance (Gpc)
7.7

+1.27

−1.65

3.9

+2.2

−2.0

Redshift
1.13

+0.15

−0.2

0.68

+0.28

−0.28

Eccentricity
0.69

+0.17

−0.22

0

Effective spin χeff 0.27

+0.56

−0.51

0.03

+0.31

−0.40

Precession spin χp 0.66

+0.28

−0.60

0.67

+0.26

−0.44

Sensitive volumeb (Gpc3) 46.5 25.3
aReported here for maximum-likelihood waveform (see refs. 19,32,34 for the possibility of GW190521 
having a low mass ratio). bComputed for the maximum-likelihood waveform, marginalizing over 
total mass (Methods).
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