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Total even-in-velocity scattering angle

~(4,v%)tot 1491 g J

j(even) 400 Voo
(5u)tot (35548627 224057 , 1408

log(2vss) |02
21600 1440 " T ap 108 ))”‘”’

(6700 _ (15036845 _ 401004899 , 201 (voo) 2817 .
( 4032 1146880 © ' 2 8 T 6 ¢B) )
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Total even-in-velocity scattering angle

@or 1491

jeven) 400 Voo »

(5.u7)ior _ (35548627 224057 , 1408 .

j(even) ( 21600 1440 " T ap 108(2V) JVso

(6700 _ (15036845 _ 401004899 , 201 (v;.o) 817, 0\ 4
j(even) ( 4032 1126880 © T 2 °8(5 )T g ¢B) )T

Can we reconstruct an isotropic-like acceleration?
Not derived from o

GM G" Hamiltonian!
— 2 2 2 2 :
Aiso) = —— 3 T + S| (0 (V%) + 0p(v?) (v - n)) 1+ (Bn(v?) (v - N) + Yn(v?)) v
n
dEJ(iso)
53 + 4’—73 + 6’72 G3M4I/2 IMuy (r[zaz] )) —0— dL,E‘lyso)
3 _ iso B
A( )E(RR,iso) — ( 8 ) b3 ) {anBn} dt
< ~ = 4rr5,,2 _ _ _
A(4)E(RR,iSO) _ 53 + 5’)’3 + 7’72 G ]\i v ’ 5PN _ N @ G3 M43 o6+ a4 + Ba — 23 GA M5 L3 A
3 b (iso) 3 r3 4 rd
g NGEMEE as + Bs — au — Ba + 263"\ G°M°
A(2)1-’(RR,iso) = (2’72) b2 = ka]vlc:o y + ( 5 ) ro v’

N (5@6 — 2a5 — 2B5 + 204 + 2P4 — 4ﬂ‘3> G M3
30 '
Manohar et al. (2022)
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Total even-in-velocity scattering DATA! {x, 7, AE, AL,}

b b-A t(vy - alt
AWy GV 3044—%3 3 Ting = ——t b = =T +/dt o 2a( 4,
P(iso) bl 00 vy vy vy
A®) 3 GEMSA | 4(31a4 + 4a5 — 254 — 1803) m(3ay — 263) | Voo
P(iso) = 75 b 2+ A o | U™ - 3 .7 4774, 2
00 COR as+68s+ By \G*M*v
A(6)p(- ) = GSM73 (71' ].340(4 + 340(5 + dag — 2,85 — 16,84 — 68,83)) (ISO) o 8 m b3 Voo
» 16 (@) _ (6164 + 45 + 288 + 2151 + 485\ GOM°?
n (8 3lay + 4o — 2,34 - 18,33)) ] 1 . (1so) 15 b4'voo )
1 o0 oo — — — A - =
° foo I © _ (738a4 + 82a5 + baig — 35603 + 1884 + 2285 W) GO M6
. . . . 1SO 5213
(Notice b and v connection for conservative-like) iso) 80 bv5
Can we reconstruct an isotropic-like acceleration?
Not derived from o
GM G" Hamiltonian!
_ 2 2 2 2 |
Aiso) = —— 3 T + S| (0 (V%) + 0p(v?) (v - n)) 1+ (Bn(v?) (v - N) + Yn(v?)) v
n
dE iso
Mv (a’(iso) . v){amﬂn} =0 - d(t )
_ o dLY
(3) 03 + 473 + 675 G3 M2 2Mv (r[zaﬁso)) =0- d(lso)
A E(RR,iso) — 3 ) {an,Bn} {
8 b
< - - 47 75,,2 B ) B
A(4)E(RR,iSO) _ 53 + 5’)’3 + 7’72 G ]\i v ’ 5PN _ N @ G3 M43 o6+ a4 + Ba — 23 GA M5 L3 A
3 b (is0) 5 |3 1 o,
2M32 .. ~ 1A _ . _7 2 51/6,,3
A(z)Lz(RR is0) = (2 )G ]I\)g zjkb],ulgo . n (a5+55 a; B4+2ﬂ3) G ]7\'45 v 2

N (5@6 — 2a5 — 2B5 + 204 + 2P4 — 4ﬂ‘3> G M3
30 '
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Total even-in-velocity scattering DATA! {x, 7, AE, AL,}

Gauge equivalent to original . .
g q g A(4)p B G4M5V3 (7‘(’ 3ay — 2/83 ) ]v3 Tins = _'U+ 2b+ _ _b QA'U n /dtt(’v+ 2a(t))
harmonic EFT calculation (o) b b| >’ ) v} vi vi
A(S)p . _ G5M6V3 4(31044 -+ 4045 - 2,34 - 18,83) + 7T(35¢4 — 2,83) Vo v
8G* My - 4 b 4 Voo | (@) _ (ot 663 + 81\ G*M*?
amT) = " (1802 - 250 -2 )0 myn - (60 - 1500 o+ AOp ) GS M3 (7r (13464 + 34a5 + 565 — 285 — 1684 — 6863)) T(iso) — 8 )T e
SM3y v.n 180 6 ~ — -
%["* T"]’ b 16 (5) 61lay + 4as + 2803 + 2184 + 485\ G°M°v?
n 8 31014 + 4oy — 2,84 - 18,33) 1 (1so) — 15 bio )
8 G2 M2y 15 Voo | Voo _ _ _ 2 = oo 61/6,,2
OTBT—siso = —3 (v—(v-n)n) (6) [ 738ay + 8245 + S0 — 356083 + 1884 + 22ﬁ5ﬂ_ G°M°v
' T(iso) ~ 80 b5u3,
X [C T T Can we reconstruct an isotropic-like acceleration?
+G3M3u2[( 76 4+52 2(0 - m)? + 4( )4)
7"2 15 viio-n v-n
202 _16(0-m)? ) (v - ) 8 GZM?v 8G3 M3y 17 . . :
< iﬁ‘“)>( | (iR o) = s |v?v 30w n)n| - = —|3v - (v-n)n| < Dissipation comes from iterated
- 1LGMY | GUMY [( 1679 ;136 )2> L 128 )] 5 7 or 3
MT= 105 4 T3 630 35 0 ™ )T 050 ™Y /e ’
U g, 0 G MOIn GMSn[ 49 , 289 linear’ force only!
(566 o T, ) N n)v], A(FT)s0) =g~ 7 + G ¥ " n + —('v n)v
Sy = (202 412) @M G*M*’n [_ 23 4 184 (. ]
(2G25M4535[)((67 334) 2, (@ y)( n)) ( %_%)(v.n)v] + rd 3 vNn A+ — 15 (’U ’n)’v ) . 3 . )
G3M3 ] s 5312 2225 . 45 15 o gGﬁMﬁvzn N G5M51/2n 1951v2n B 5476 (v n)v Eﬂ@l’gY'COnserV| ng
(-5 A (o n) = 17600 )’ (Mijso) = ™ g3~ o7 r6 630 315
+(—— +—( -n) )(v n)v] ’ n G4M41/2'n 1058v4n B 5612’02(’0 . n)'v PN o iG6M7 3 31 G5M6 3 ) §G4M5V3 A
7o 105 315 ’ E(FT,iso) — 30 r6 60 ro + 20 ra v, . .
] 1994 228 GO MS12n N 7 GSMT3 55GSMSS , 1219 GAMSLP lincluding @
No Schott-term G (2RR iso) = + i BN =4 T —v? - v
is0) =\ 225 T 175 r 27 r6 42 7 630 !
Omblgu|ty| GSM52n [ /1861 6 0 3382 100 E5PN ' — 4 118 _ 412\ G M 73 N 643 n H26 G'5M61/3v2 term fl’Om
T 6 505 7 )Vt |t J(vnv (2RR,iso) 225  525) S 225 ' 175) 1P RR-RRI]
C*MY2n [/ 388 728\ , (3344 704\ , N (@ _ 2) GMV
T s 1)Ut s s Jr e 25 5)
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(ON-SHELL) Conservative sector

ezk‘a:

Aret/adv(a:) - AF(x) + A?(x) ) Aret/adv(m) — /k (ko + ’i0+)2 . k2 ?

geons _ G2 dwidws . 4 3 LT I 5 et : ikT 5 (1.2 0
m ®T) = 730 | “@2n)2 (twjwy) Liidgj(w1)1ij(w2)d (w1 + w2) AF(w):/Ick2+i0+, Ai(x)=(2m)/ke S(K2)0(LE)

2 i i i
l I l = G—Lkl / - (—iw") Lk (—w) I (w) Brerfaav() = Fyow, Ar(w)=—pSigawlw,  Axlw) = 2o 6(Fw)w
30 27 ’
cons G2 (3.&)1(1&)2(‘1&)3 . .
m Sups = %/ (2m)3 I;j(w1) Ljk (w3) Iki(we)Sign(ws)Sign(w1 )3 (w1 + w2 +ws) Double PV integrol!
I L/ I X (7wilw§ - wawgw% -+ wawgwg) :
G? [ dwdw . :
== / @T);Iij(—w)ljk(wl)lki(w — w1)Sign(w)Sign(w,)
‘JWI\/Lk‘ X wW2wy (2w4 — 6w wy + 15w?w? — bww; + Zwil) ,
cons _ _2mG [ dw Lii(—w) i (w) A p (w)w?, - 2RR even-in-velocity cons.!
(RR) 5) 2T 7
Apgot — Apgons + Apfitiss , 22 [ dw:dwod
widwodw : :
(Cﬁrf)fZ) — g/ 1(2753 3I,,;j(wl)Ijk(wg)ka-(wg)Slgn(wg)Slgn(w1)3(w1 + wy + w3) MUST INCLUDE

Apgons E[RAP; 3 9 1 9 9 4) RR‘RR'

4, 4 3
X (w1w3 + wjwzw, — §w1w3w2
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(ON-SHELL) Conservative sector

Tail-like region

I(w) = I (@) + Iy (W) + -,

I () = b3 (w) — 026102 8" (W) — vl 8" (w)
dw
m S | 5oSign() (@) f(w) =0
IR Sy =+ [ (i MM () ) g |
# & [0 0ty g (LB Y g ) 78 )y

Feynman symmetry

4, 4 3,2
N (2w1w3 2wiw3w3

5 + 5 )I(N)(wl) (N)(w3)Q(0)(w2)},

T

RAP Riva Yang (2024) /
G? 17
S5 et = S0 + 57+ & arf - GIMIORION (7 Cone o) = —5 / dt{ = %Lklf,g?fz.(f)
— 12)ig ;(3)5k p(3)ik _ _1271(4)Jk[(4)%k+ 1
7 2 2) 73)73) _ (4) (4) (2)  73) (3) (4) 7(4)
+ I AT I Iy 1 I + I 1
%(_Lki1(4)kjl(3)z'j _|_ka'1kj(4)1(4)z'j+Q(2)ki1(3)kj1(3)z‘j) }’ 7 (0),i3" 7k “ka (0),2j 7k (Q(O) i3~ gk Q( 0),iJ gk )}

porated into a local-in-time Hamiltonian (see also [94]). Likewise, at higher orders in G, the
expression in (7.2) will incorporate all of the “tail-like” 5PN contributions to the conservative
sector, provided the multipole moments with n < 2 derivatives are kept unperturbed (setting

the acceleration to zero). However, starting at 5PM, other conservative (Feynman) memory
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(ON-SHELL) Conservative sector

Memory-like region

m p:j(w):jfo)( )+1(N)( W)+ -

cons G2 dwdw 1] . "
St 2~ 7 | o Lo )y (1) (w0 — wn)Sign(e)Signun)

X wiw? (2w — 6w wy + 15w?w? — 6ww; + 2w1)

dwidwsy . .
SV like) = Sign (w1 )Sign(w2) A(—w1)B(w1 — w2)C(w
(M-like) (27)2 gn(w)Sign(wz) A(=w1) B(wr — w2)C(ws) ) Double PV integral!
i &P i I
m / i dtzdtB( 7 tz) ( 12 tB)A(tl)B(tQ)C(tg),

Poincare Bertrand < »  Sign(w)Sign(wi) = 1 — 20(w)¥(—w;) — 20(—w)d(wr) -

|

sign is + on this routing!
(after solving frequencies)
Consistent with tail region

S = / dt1dtadtsd(ty — to)d(ta — t3)A(t1)B(t2)C(t3) -
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(ON-SHELL) Conservative sector

2
seons(PB) _ & / dt{ IO

(tot) 5 30

@ ;33 1 (® 71 @ @) 7 (4) 7(4) T-like [M+RR"2]

W +7I(0)Z]I]k Ikz I(O)'L]IJ I + — 5 (Q( )’LJI]]‘C I -+ Q Z]I]k )
1. ) Cons (PR T-like completion (M+RR"2 |oc)
: : : +2 Iff) 1O _ - i, Iﬁ) 19y +2 (fo) 19710 4 031 7@ I};))_? If ) @) 74 | geons(P) )},
: nonT-like (M+RR"2 loc)
St =+ / dt{ = 3alyri ) 10"+ a8 TR
m ~ rhoah IR = (i I8 - 20l 187 ) (v 1 - 200 1R ")} < M-like cons RR-RR!
" G];M/ dt{ bl Sy’ = (rho 1™ — who 1)) oy (ask me later)

| M/L/I I o

3),kt k 1(2).k\ oti i i
+7r (N) (N) Af,”r (T(O)I((N)) (t) 2v (O)I((N)) )E (5(RR)T +Ag’l‘>}

atyons _ ( 8919 8919>v6 0 v v

Xj(tot) ’

1400 ' 1400 ) *° .
M (5 cons _ (217866437 224057 , 1408 38144 3584 1024 127232\ Perfect agreement in
Xj(tot)PB log(2veo) + oo — 7302 T + V5o .
<<

51200/ 1440 45 225 1125 675 = 3375 pot + T-like [v vs v_inf]
48699841 224057 224 1408 9728\ &
( 30240 1440 45 270) &
~(6,2)cons 7572253 10812865 201 Voo 2817 5864113 2721 i i _
Perfect agreement at 4PM oo =7r( a0 s T Tlog( 2) S C®) + T T S|g.n mismatch verclVl |
(consistent with mass scaling) 63005 _ 52721 149 9427\ in WQFT for M-like!
T 5376 " 5120 T 42 T 120 )”°°

Dlapa Kalin Liu RAP (2021) _ﬂ(96731149 10812865 , 201 (voo) 2817 630661)U4

_ 2 «of
26880 30768 " g 8 6 <)+ %060
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(ON-SHELL) Conservative sector T & M-like

0H(so) 2973 (GM)4 3 (617 608) 5 (G_M)5 B2B from scattering angle

=————D | — + D
2 ) ) .
v 390 r U r Dissipative=Tot - Cons
104833 50299 GM . . .
— 5ro00 = w100 )\ ) (isotropic representation)
FOB coefficients (consistent with Tutti-frutti) I
(5.5)cons, TF (1408 log(20) — 389955 _ 4 2 2240577r2) y ratvt _ 394747 1216 403259 UNIVERSAL
i(to = o) - 5loc 00 Bloc — - —_— 3
j(tot) 45 6048 15 1440 63 9 63 AND LOCAL IN TIME
(6.)cons TP __ (@ c(3) + 61 201, (v;.o ) _ 10812865 raty? _ 13559209 189583 _ 1718599
Nite) =T\ 16 192 2 °\2/ 7 32168 Gloc 12600 12600 1575 DECOMPOSITION!
15 rat v? rat v2 4
—3_2 (d510c +a’610c )) Vo s

_(4,v%)cons __ B 8919 8919\ ¢

j(tot) _”( 1400 T 1400 )V~ =0

(5.%)cons _ (217866437 224057 , 1408 (20) + 38144 3584 1024 127232\ ,

Xjtot)PB ~ \ 151200 1440 © T 45 OB\l T ToosT T 1195 T 675 ' 3375 ) U

B (48699841 | 224057 , 1408 - )+9728> -
— \ 730240 1440 © T g5 OB\EY) T on [ Yoo
_(60%)cons (7572253 10812865 , . 201 (v , 2817 5864113 | ,2721
Xj(tot)PB = ( 2240 32768 | | 2 1°g< 2 )+ 16 @+ 26830 T 5120

63005  ,2721 149 9427\
_W_Wﬁ+42+120>v°° |
_ 7r(96731149 1012865, | 01 vy BT 630661>U4 « pi*2 cancel between
26880 32768 2 2 16 8960 / > tail and memory regions!
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Alternative Memories

F(I{/I)(w) = / (227T)23f(w,w2,w3)IJk(w2)Ik (w3)Aadv(w)Aret (w3) F(i'm (w) = / ?;ir)C;BF(w,wz,w,g)I‘?k(wz)Ik (w3)Ap(w)Ar(ws)
dwidw - ; dw1d - ;
m " / (217r)22]:(w1’ I @) (@) Baay (0) Ares (1) Ret/AdV to - + Elevr)(gQ F (w1, wa, w) ¥ (w1) I (w2) Ap (w) Ap (w1)
dw-d . . dw;d : :
I I I + ./ 202;)053 ‘F(wlawaw3)ljk(w3)Ik (wl)Aret(wl)Aret(w3) ' T ZUZ;);)B ’F(wl’w’ w3)IJk(w3)Ikz(w1)AF(w1)AF(UJ3) .

v-3 prescription

Ap (wl)AF (w3)5(w1 + wo + w3) — Aset (wl)Aret (w3)5(w1 + woy + wg) ~ Driesse etal. (2026)
Rerouting consistent with PB — Symmetric Adv/Ret combination independent of region!

Aret (wl )Aret (w3) — Aret (wl ) Aret (_WB) = Aret (wl ) Aadv (w3) 9

PB prescription flips the ret*ret term whereas g-3 flips the other two ret*adv pieces (different overall sign!)

Key point: Full force [on the left] has a definite routing independent of cons. prescription! [signs must be +!]

If g=3 singularities cancel out 1n full answer: Divergence can only be in terms untouched by g-3 prescription!
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Alternative Memories

1672G? [ dwidwedws , , o
geons _ _ = / E § (w1 + we + w3)Sign(w1)Sign(ws) v-3 prescription
X Aret(w1)Aret (w3) L5 (w1) Lig (w3 ) Iki(we) F (w1, w2, w3) - In principle unrelated (7)
to singular behavior of conservative sector!
1 l 1 o5 = Sf%nﬁf{z)?’) + Sf&nifge)?’ ) = Change the sign of the memory force
M 1 1672G2 [ dwidwod (does not complete a well defined action!)
Iew) = ~15gmyic T O m / L2 5 (wr + wa + w3) Aret (1) Aot (w3)
70 (27)
9 iJ
™ +0O(e Y, X I (wl)I (w;g Ik (wg Ik wg (wl,W2,w3) .
2(PB) = T (g8 e2 (€7) ) () [ ) C? ) ] (Real) Feynman/PB
dim. reg. poles cancel! sign flip between tail and memory! Consistent conservative sector across regions
cons cons cons Equivalent to Ret/Adv symmetric routin
SPBloc = S(T-like) + S(M-like)loc — (Eq Y 2

16m°G7 [ dwidwpdw Most likely singular at g=3 SO WHAT! (v~0.94!)
m - / 1(27r;3 35 (w1 + wa + w3)Aret (W1)Aret (w3)

I L/I I -
X IE{\J)(WI)I N)(w3) [I(o)(w2) + Iéclzll)(w2)] F(wi, wa, w3)

T

same-sign prescription for tail and memories

48699841 224057 14 07928 (5,02 9522061 224057 1408
X(S,Uz)cons _ 86998 05 2 08 log(2voo) ’1)5 X(.(tl(:t))(co_lgs) = 2 + 10g(2'voo) ’05
i(tot)PB 30240 1440 45 270 \/S FORRY 6048 1440 45
| 47419583 10812865 , 2721 201 v 2817
(67cons _ (96731149 10812865 , 201 Voo\ 2817 630661\ , - (6,%)cons _ 2 <24 200 o
Xj(tot)PB —”( 26880 32768 " —log( 5 )+ + 6 CB) g5 )Y Xj(to)(r-3) = "\ "13440 32768 2560 2 log( 2 ) g SV

N

extra pi*2
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ABR/DG/\/W,
FT, M and 2RR effects encapsulated in the (isotropic) structure:

Alternative (non-H) B2B

_ ; 2 5PN 8GZM2v [ , ) 6259 GO MOv? G°M°v? [50783 , 3431
approach to 2-body problem! a0 =~z 3 |v°v - 30’ (v-m)n 38 (is0) = 20 7™ + ,: e300 0" + 5 (v-n)v
{X) T) AE, ALz} ) 4 8G3M3V [~ 17 + G4M4I/2 8977 4 + 12148’02(’0 . n)v
8 i _3v - g(v ‘n)n R 5 175 105 ;
Dissipation comes from iterated ‘Energy’ conservation! —#AE=v-Aa
I||neor/ ]cOI’CG OﬂlY' 5E"| B _131/2 GM 6 + 63891/2 GM 5% ) + 338091/2 GM 4 A
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Energetics and scattering of gravitational two-body systems
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Implemented in the “EOB gauge”

Fourth post-Minkowskian local-in-time conservative dynamics of binary
systems

Donato Bini and Thibault Damour
Phys. Rev. D 110, 064005 — Published 3 September 2024

effective one-body Hamiltonian (in energy gauge). Our computation capitalizes on the tutti frutti approach [D.
Bini et al., Novel approach to binary dynamics: Application to the fifth post-Newtonian level, Phys. Rev. Lett.
123, 231104 (2019)] and on recent post-Minkowskian advances [Z. Bern et al., Scattering amplitudes, the tail
effect, and conservative binary dynamics at O(G4), Phys. Rev. Lett. 128, 161103 (2022); C. Dlapa et al.,
Conservative dynamics of binary systems at fourth post-Minkowskian order in the large-eccentricity expansion,
Phys. Rev. Lett. 128, 161104 (2022); C. Dlapa et al., Local in time conservative binary dynamics at fourth post-
Minkowskian order, 132, 221401 (2024)].
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Conservative Dynamics of Binary Systems at Fourth Post-Minkowskian Order
in the Large-Eccentricity Expansion

Christoph Dlapa®, Gregor Kilin®, Zhengwen Liu®, and Rafael A. Porto®
Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany

PHYSICAL REVIEW LETTERS 128, 161103 (2022)
Scattering Amplitudes, the Tail Effect, and Conservative Binary Dynamics at O(G*)

Zvi Bern,' Julio Parra-Martinez,” Radu Roiban,” Michael S. Ruf®,' Chia-Hsien Shen®,’
Mikhail P. Solon,' and Mao Zeng®’
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WEFT approach state-of-the-art in PN/
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