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Self-force approach

e e=1/g=m,/m K1

 Small body perturbs spacetime:

8ap = golfﬁerr + eho%) + ezho([? + ...

» Perturbation affects m,’s motion:

D?z#
— M 201
= 6(1)+€ (2)+...
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Scattered orbits: my motivation

- Lots of analytic progress modelling
scattering orbits within the post- e
Minkowskian (PM) expansion

- There has been much focus on the
(conservative) scattering angle

- On the self-force side work has
been on scalar-field models

- | wanted to compare with the latest
result in the dissipative for gravity

- Led to NW, arXiv:2512.02274, and e R e ]
Barack, Gonzo, Leather, Long, NW,
arXiv:2602.10089 Driesse+, arXivi2411.11846
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G=c=1
Notation:

- U, symmetric mass ratio, b, impact parameter, V., velocity at infinity

(- N\ /. O) " ~5PM ]
F3Mey )| [FPM0)| [FPM,) 1
AES, = v* =+ =5 = +0(— )| +00°)
b3 b bS J\ b6
AN J J L i
r < ~ l )
E. Herrmann+ C. Dlapa+ rM. Driesse+ )
arXiv:2101.07255 arXiv:2210.05541 arXiv:2411.11846
Leaf count: Leat count: 1000s of Feynman Diagrams
| 295 ) | 1,351 )
300,000 CPU hours g
Original goals: Leaf count:
- Cross-check with 5PM result 290,331
- Extract 6PM coefficient
\
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Hyperbolic orbits
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(E,L) < (p,e) < (b,v,) Hyperbolic: ¢ > 1

r,(x) =
Parabolic: e = 1
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Perturbations of Schwarzschild Hopper, arXiv:1706.05455

Hopper and Evans, arXiv:1006.4907

Solve the Regge-Wheeler-Zerilli (ZM and CPM) equations

62 62

= VIMICEM(R) [ W, (5, 7) = Sp(t, 1) = Gp(DS(r — 1) + F 4, (08 (r — 1,(0))

r OO

1 .
v, trn=—| X, (Ne " dw

27 )_,
Transform to the Fourier domain: -
S, t,rV=—/| Z, (e dw
2w )_
WL ] ) A
" 4+ w?— VgM/CPM(r) Xfma)(r) — Zgnl}l/IaﬁCPM(r) Xfma)(’”) — C;mw(r)x;gmw(r) 4+ CL;ma)(r)XL;ma)(r)
L " XZ0o( (1)
Weighting coefficients: Cz (r)== J , dr’
g g g mea) 7 f(l")
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Perturbations of Schwarzschild Hopper, arXiv:1706.05455

Hopper and Evans, arXiv:1006.4907

Solve the Regge-Wheeler-Zerilli (ZM and CPM) equations

0> 0 i )
o VEMICPM() [, (8, 7) = S, (1, 1) = G 1, (DS(r = 1,(1) + F, ()5'(r — 1,(D))

1 (® |
¥, (1) = gy X, (He " dw
TJ_o
Transform to the Fourier domain: -
Syt 1) = - Zs(Pe " dow
TJ_o

d? N A
e + w?— V?M/CPM(F) X (1) = ZE%CPM(F) Xfma)(’”) — C;mw(r)X;ma)(’") + CL;ma)(r)Xz,;ma)(r)

Weighting coefficients:

A r Lz )G (25 () -2 f ] o
o= — r r,) — — e
Cme W, . j;; CmoN P’ Cm rpz 1% fmw™ P ]; dr Zm
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Perturbations of Schwarzschild Hopper, arXiv:1706.05455

Hopper and Evans, arXiv:1006.4907

Write the waveform as:

(l+2)' .
h, —ih, = —Z =2 lZmM_ zT%’M) LY,

Waveform at retarded time u =1 — r. :

r OO

‘le(l/t, Vs = OO) — Cl_il;w)

dw

J —o0

as X, , are asymptotically unit normalised
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Perturbations of Schwarzschild Hopper, arXivi1706.05455

Problem: the integrand for the weighting coefficients falls off too slowly.
Hopper (arXiv:1706.05455) constructed higher-order master functions:

; E?
(n+1) _ W) p WS
PO+, r) = PO, r)+f5VgFfm5(r r, (1))

By construction these have satisfy the same RWZ equations but
with sources which fall off more rapidly:

10 10

1074 1074
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©) = N~ T~
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10719 10-19 |
—A'lO —2IO O 2.0 5.0 160 560 1OIOO 5000 —4‘10 —2.0 O 2I0 5IO 160 560 1000 5000
r.M r/M
Figure credit: Hopper, arXiv:1706.05455
. . - =+
Can then relate the weighting coefficients of £ _ O _ Cimn
the new master function to the old via: Imo = Zlmo—(_jg)n
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Radiated energy and sources of error

Radiated energy given by: Four main sources of error:
- truncation of £m-mode sum
00 [ 00 . .
I (I+2)! - -
ARt — Z Z (I+2) [ 02| CE Pdo sampling density of w-modes
o4 U=21)_ - truncation of @ integral
1=2 m=—I 00 runcation or aw Integra
+ :
- convergence of C > integrals
0.004f ™ T T T T T 7 0.0030986F T T T T T T : S M S ]
I | I 1 0.00 570;
0_003; jv,,, F 0'00309605 ‘ | / 0.0030957o§
0.0030955 \|  0.00309569;
%é o_ooz} .0030950é _ 0.00309569%
© : ) 03095685
0-001} " | 0.00509567
» | 0.0030 40; 0.00309 7
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Results: mode data
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PN results

1PN result derived by Blanchet and Schafer (1989)

e?

2 (%\/62 — 1 (673¢* + 602) + (37¢* + 292¢* + 96) cos ™" (- : ))
EIPN —

A

15L7

” <STIO\/627_1 (1271421e* + 1447788¢% + 1516596) + = (17933¢° + 94542¢* + 1172882 + 52624) cos™! (— \} ) >

+

15L°

We can expand these results as a PM series

2393zv3  37av 28384v,, 1568 1227 . 3583z
+ + +

840 15 1575 45v, 5v3 280v,
AE'YN — + +
b3 b* b3
4672 4 60352 837 4 4397rx
45v3, 315v3, vl 24v3, _g
+ + + O(b~%)
bo b’

2PN is known from Bini, Damour, Geralico, arXiv:2007.11239
3PN expanded through 15PM is known from Cho, arXiv:2203.10872

Niels Warburton Gravitational radiation for hyperbolic orbits



Comparison with PN

-5 : _ B
1.x10 : —eo— AE® AE® - AEOPN ... AE®- AE'PN :
5. x 10_6:—

.——
—”‘.’ —
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Comparison with PN and PM
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A PN/PM composite

0(G,v) O(Gv™) OGv>) 6(G%v™>) O(G',v™")

O0(G>,v’) O(G*v) OG> v O6(G%v3) 6(G',v™>)
OG>, v)) 0(G*v’) OGv) OG%vYH O6(G,v™?)

oG ,v) 0OG*v) O6(G,v) O(G%v) OG,vH

857z 4 4397n 4672 4 60352 1227 4 3583x

_ i 3v7 24p> 45v3 31503 5v3 280
AE4PM/1PN comp031te=AE3PM+AE4PM+ 4 ~ 4 + v x 4 + v s 4
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Comparison with PN, PM, and PN/PM composite

1 x10-5F AE* e~ AE®-AE'PN 5 AE*- AE*PM o AE® - AE*PW1PN-composite
. X — , _ a
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Residual with 5PM
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Horizon flux: comparison with PM

5 6,2
AEEM = ”1 ";2’;”2 Q1E* = 14E2 + IWEX =1 + 6(b™%)

Jones and Ruf, arXiv:2310.00069
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Comparison with NR
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b/ M
NR data for v = 1/4 (g = 1) from Damour+, arXiv:1402.7307
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New results and comparisons

After computing the total radiated energy, | turned my
attention to the total change in the angular momentum

This is much more subtle. PM community has studied
these subtleties extensively. | am just discovering them.

Heissenberg and Russo: arXiv:2406.03937

AJ] = A Jrad + A Jstatic 1+ A Jmem

_— / AN

Radiative: O(G?) Static: O(G?)  Non-linear memory: O(G>)

Everything in this ‘new results’ part is preliminary...
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New results and comparisons: zero frequency limit

The ZM/CPM coefficients have a pole at ® = 0

+ ‘lem 2
C, = 9B, logw + Co(logw)” + ...
0,

2 2 2
" =w"[C;,,]

This does not cause a problem for AElmw ~ | hlma) L

This does cause a problem for AJ,,  ~ hlmw6¢hlmw = mw | C;mw \2

For AJ we also need to worry about the frame, recoil, etc

C(n)

Side note: my code computes Cl(”) . Recall Cl+ =0 - "mo
mao mao Imw (—la))”

Niels Warburton Gravitational radiation for hyperbolic orbits



New results and comparisons: zero frequency limit

(,m)=2.2)

—O 004 -0. 002 0.000 O. 002 0. 004 ¢

010  -005 ‘o.bo‘ “ ‘0.65‘ 010 0.5
W

Recently, Fucito, Morales, Russo (arXiv:2408.07329) computed
o, analytically
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New results and comparisons: waveform

Waveform with linear memory

0.3

I

04}

oxﬁ

Im[Wa (t-r,)]

—on}

_2000 __ -1000 0o 1000 2000
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New results and comparisons: AJ

Total change in angular

_ rad static mem
momentum: AJ = AT+ AJ + AJ

Split C;mw into a regular and singular piece

A of |
Clma) — (Clma) ajm F (60)) : lm F(a)) — Creg 4+ Csmg

W Imw Imw

where F(®) is a regulator, e.g., F(®w) = exp(—w?c?)

o0 [ o0
1 (1+2)! ,
AJHrad — J C* dw
Im Z Zl 64 (1—2)' _Ooma)l fma)l

=2 m=—
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New results and comparisons: AJ

00 [ 00

1 ({+2)!

M= Y | mel e, Pao
Im iy 64 (I-2)!)__

Asw — 0

maw | C % >~ mw|logw|?

mao - 2R[C™E C3"¢] ~ R[log w]

Imow ~ Imw
2
|

i 2 | Im
mao | C;;;f ~ m The +m and -m modes cancel
0

Note: | do not currently account for the recoil or CoM motion
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New results and comparisons: AJ

2 . 1SF — 3PM
0.010~o\ 1SF - 3PM 4PM/10PN -
HENN ¢ :
S o 1SF - 3PM - (4PM/10PN) - b™ reference |
0.001:- - E
j 10 ¢ -

.

10—5,. \\\..\\ ME

: vV, = 0.35 o 3

o
10_671 , . ! | | . ! | ! ! | | ! I L "1‘\'\\' E
20 40 60 80 100

| find agreement with 3PM (Manohar, Ridgway, Shen, arXiv:2203.04283) for the radiative
part. Evidence of agreement with radiative part of 4PM-10PN from Heissenberg+Russo
(arXiv:2511.13835)
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New results and comparisons

Angular momentum absorbed by the horizon

500+

107 i | 2 R USALH
/\‘ \ | b6(ALH—AL§{pM) |
| | e (ALY — AL7py — ALgpy )

107121~ - - - 2 100 . - - e
, | . 501 A .

3107 : ; . i
a' | / M | j |
i .‘:’ | o
10 I 1 10+
20 ' T —gg i
: . /=2 . /=3 | 5 _BCALLL,
7 / H + (=4 . /=5 1 : bGALgPM,ﬁt
10_24j ' ' ] f —b%(b™® reference curve)
~0.10 Z0.05 0.00 0.05 0.10 0.15 1L | | ‘ | g g
wm, 20 40 60 80 100
b
7,2 6 2
abs — 26

Spectrum is free of poles. Find agreement with leading-order
PM from Cipriani+ (arXiv:2602.05766) and | can fit for higher-
order terms.
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New results and comparisons: non-linear memory

To compute the total AJ | also need the contribution from the
non-linear memory

1 | ey 20 =2 SIS
hlm:_% (ulm—zvlm) uz(m ) = ( )',ZZ Z

Gl = /dQ? —81}/llm1(@aq)) —82K2m2(@7¢) —83Y23m3(@) (I)) .

ll al2 ,l3 ,1M7,Mao,Mm3

(51:52,83 _ \/(211 + 1)(2l2 + 1)(2l3 + 1) i 1o l3 l ly l3
lla tama ma,ma 4 S1 S2 83 my Mg Mg

Cunningham+ (including NW), arXiv:2410.23950

Recently, Georgoudis+ (arXiv:2506.20733) computed the @ = 0
contribution to the memory

4G o
by ~ —a,, B ~— (fu +6F,, ) + Ologe), as @ =0

1%
1 . H 1 o
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New results and comparisons: non-linear memory

1 1 1
A) _ hrad hmem _ htotal
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; _ - } 45F20
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New results and comparisons: non-linear memory

0.0053—0 | | | | | | S S, —

_ o 1SF — 3PM |
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Ultra-relativistic limit

GSF scattering NR head-on
b = 60 - f : |
v = 0.999 : | . 3
:n..\.. .t —r . .
1074 N - ] 3 102 3
N : B % _______
S A
< A
§<

107"+ ] 10°E

- |- -~ B=0.36| M,py®qnm q
-4 . I . I A I A

T R — 107 o1 02 03 04 05 06 07
M apm®

Berti+, arXiv:1003.0812

Numerically costly. Summing over modes prohibitively expensive. Would
be very useful to have Im-mode results from PM/NR to compare against.
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Conclusions and future work

This talk:

- Computation of radiated energy for hyperbolic orbits
around a Schwarzschild black hole

- Comparison with PN, PM, and NR

- Creation of a PN-PM composite

- Progress in angular momentum and memory calculations

- Initial exploration of ultra-relativistic limit

Future work:
- Complete angular momentum calculation

- Calculate the dissipative correction to the scattering angle
- Extension to Kerr

- Conservative effects
- More PM/PN composites
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Extra slides
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Future: High-order PM-PN expansions and resummation

- Latest PM results are *
impressive but going to 2ol
higher order is challenging |

0.005¢

- Potential for rapid progress
with PM-PN expansions.

See, e.g., Geralico 0000
. . 3PM . 4PM — 5PM
(Gal:r))l\(;IV-GZF?SS-1 1 7k74l)3f0r AFE to | iPM-?)PN ..... jPM-SPN ..... EPM-BPN

- , WOrks by 0095

03 04 05 06 07 08 09

Usseglio, Kavanagh, Bini+ Veo

AE=/(Mv?)

More speculative: Is there scope for resumming PM-PN results using
information from the ultra relativistic limit?

Niels Warburton Gravitational radiation for hyperbolic orbits



Future: Kerr

Now at least three groups with Teukolsky codes for
scattering orbits

Particularly interesting: scattering in near-extremal Kerr

1.0
: — h.x(D/
0.5¢ (bi) |
: — B5Pawx(M/u)?
0100, | -0.5
0.010- o _u" = % 1.0/
A e - - 2" | I
3 Y o j
S 0.001. % 0.5
< i . | - near—horizon approx. ’
& o4l L e PN approx. ' i ,
F numerical . ] 0.0¢
10_5; ® numerical (2,2)-mode only 1
-9 ¢ - ,
—67 = near-horizon regime PN regime - : Near-horizon
10 3 ] ] ] ] E ! regime
0.001 0.010 0.100 1 10 -1 TR
Xo 0 2 4 6 8
tx (LIMP)
Gralla, Porfyriadis, NW, arXiv:1506.08496 Gralla, Hughes, NW, arXiv:1603.01221
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Source of the divergence at the critical orbit

Whirl radius of critical (homoclinic) orbit := R

Niels Warburton Gravitational radiation for hyperbolic orbits



Resummation: model Et=AE®, E-=AE"

.. o .
As the critical orbit is Esii_n . 7) = BElog [ - ]
approached we have: g )
Where Bi — R(V) FO__I_(R(V))

/G /RO — 1

In the weak-field use PM or a PM-PN composite:

+ _ +
Espviaen = Espy + E3py — (Espn)spy

Resummation:
Ex = Ex + Eg.— CTx  where X € {PM,5PM/3'PN}

Barack, Gonzo, Leather, Long, NW, arXiv:2602.10089
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Resummation: results

ro/M ro/M
4 5 6 7810 20 40 80 o > 6 7810 20 40 &0
]‘OO Em.-—;_‘-'_‘-'-*i‘-‘;-.-\__;__~ | | - | | | | _ 10 %—_T;—';i;-;_:."-‘\fl“\
I ....;":;l‘,*~ V= 0.2 _ 10—1_ ".'l‘.:.\;\.\\ vV = 035

Barack, Gonzo, Leather, Long, NW, arXiv:2602.10089
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Future: Conservative effects

Conservative effects? Requires calculating the metric perturbation
at the particle. Challenging in the frequency domain due to the
poor convergence in the source region (Gibbs Phenomenon)

Progress in scalar-field models: 0025] | — T -~ Gegenbaer
I —— Direct == t=ty(r« =5M)
/M 0.000] 1 —
30 20 10 4 3.28 4 10 20 30 :
,l ] ! ! R ! I I Trrrr ! I ‘ I, I
! ~0.0251
0.05sf — FD | 5 I
- ‘ - I
I | = _0.050{ 1
0.04 r b ;' T'switch I-|r|’ I
i . ; I
L o I o
. 003 Hybrid | £ 00751 |
B | g :
0.02; 5 ] —0.100 - |
:q \ : —— Direct
0.01: | \\ 1 —0.125 - | 10-6 —— Gegenbauer
» | | ] ' : : :
0.00 e | / LY, DU : 00 (25 50 7.5 10.0
L I ] —0.150 - I t—t,[M]
-60 -40 -20 0 20 40 60 1 . : : . .
12 14 16 18 20 22
t/M t [M]
Long, Whittall, Barack, arXiv:2406.08363 Whittall, Barack, Long, arXiv:2509.19439
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Parabolic orbits

1000F " 7 ' I ' ' I ' ] ' -

100+ | :
: /Iﬁ ;

° p7/2AEOO

1w pPAE® — AERY)

o p2(AE® — AE%) p7/2AE€fPN) —
L pAAE® - ABRY) — P AESey :

I 00 50 7/2 00 A
0.01, ~ P7I/Q(AE _AEZTPN) — PPAEy vole=0,e=1"

10 20 | 50 100 200
D NW, arXiv:2512.02274

- Exact (in G) parabolic results through 3PN given by Cho, arXiv:2203.10872
-  ~4% relative error with Martel, arXiv:gr-qc/0311017
- Sub-percent level agreement with H. Khalvati (unpublished)
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Comparison with PN, PM, and PN/PM composite

—eo- AFE™ A AEY - AFE}3y = AE*® - AEZ, _
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Residual with 5PM

'UOO — 07 ----- A ???)M ----- AE’E%OPM)
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Results: mode data

(b,v/c) =(90,0.35)

e {2,2} A {2,0}
m{3,3} v {43}
+ {4,4) e {54}
A {2,1 m{7,7}
v {3, 1}
o {5, 5}
o {3, 2}

{6, 6}

_002 | 000 | 002 | 0.04
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