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Overview

• Part 1: Anatomy of self-force waveform models. 

• Part 2: SF-PN hybrid models. 

• Part 3: Eccentric generalisations. (SF-PN-PM hybrids)? 



Part 1: Anatomy of self-force 
waveforms.



Key Definitions 
<latexit sha1_base64="O1eWjSrUUdgYAuKrn32WGUktfTE="></latexit>

ω → m2/m1 with m1 ↑ m2,

q → 1/ω,

ε → m1m2/(m1 +m2)
2,

ϑi → Si/m
2
i

Small mass-ratio 

Large mass-ratio 

Symmetric mass-ratio 

Dimensionless spin 

<latexit sha1_base64="ZvwrYenGYWjedcViTMSx4WmOkKw=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUS+Fogc9VnDbQruUbJptQ7PZJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUUvHqaLMo7GIVScgmgkumWe4EayTKEaiQLB2ML6d+e0npjSP5aOZJMyPyFDykFNirOTd1Wnd7ZcrTtWZA68SNycVyNHsl796g5imEZOGCqJ113US42dEGU4Fm5Z6qWYJoWMyZF1LJYmY9rP5sVN8ZpUBDmNlSxo8V39PZCTSehIFtjMiZqSXvZn4n9dNTXjtZ1wmqWGSLhaFqcAmxrPP8YArRo2YWEKo4vZWTEdEEWpsPiUbgrv88ippXVTdy2rtoVZp3ORxFOEETuEcXLiCBtxDEzygwOEZXuENSfSC3tHHorWA8plj+AP0+QPOq44K</latexit>

G = c = 1



Waveform model ingredients

A set of phases / action angles

Binary parameters e.g 

“Fluxes”, e.g 

Waveform amplitudes

Frequencies

<latexit sha1_base64="P3fGxJfVAdfVIe2rTmwKbZi4dNM="></latexit>JB

J̇B

ωA

!A → ω̇A

hk

<latexit sha1_base64="6u/Z19dC/Xirg8JT/bFNxqVq9eM=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiRV0WRXDhooJ9QBPKZDpph04ezNwIIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvceLBVdgWd9GYWV1bX2juFna2t7Z3TP3D9oqSiRlLRqJSHY9opjgIWsBB8G6sWQk8ATreOPrqd95ZFLxKHyANGZuQIYh9zkloKW+WXYE86GKb07xHXYkH47gpG9WrJo1A14mdk4qKEezb345g4gmAQuBCqJUz7ZicDMigVPBJiUnUSwmdEyGrKdpSAKm3Gx2/AQfa2WA/UjqCgHP1N8TGQmUSgNPdwYERmrRm4r/eb0E/Es342GcAAvpfJGfCAwRniaBB1wyCiLVhFDJ9a2YjogkFHReJR2CvfjyMmmf1ezzWv2+Xmlc5XEU0SE6QlVkowvUQLeoiVqIohQ9o1f0ZjwZL8a78TFvLRj5TBn9gfH5A3j+k2E=</latexit>

(E,L)
<latexit sha1_base64="55luv/eRRvzeUHZJXmrqNqHBZAw=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosiuDCRQX7gM5QMplMG5p5kNwRyjA/4cZfceNCEbeCO//G9CFo64HAuefcy809biy4AtP8MnJLyyura/n1wsbm1vZOcXevpaJEUtakkYhkxyWKCR6yJnAQrBNLRgJXsLY7vBz77XsmFY/COxjFzAlIP+Q+pwS01CtWbMF8KGPbl4Sm3lWWepBV8E99M6mxLXl/AMe9YsmsmhPgRWLNSAnN0OgVP20voknAQqCCKNW1zBiclEjgVLCsYCeKxYQOSZ91NQ1JwJSTTq7K8JFWPOxHUr8Q8ET9PZGSQKlR4OrOgMBAzXtj8T+vm4B/7qQ8jBNgIZ0u8hOBIcLjiLDHJaMgRpoQKrn+K6YDovMAHWRBh2DNn7xIWidV67Rau62V6hezOPLoAB2iMrLQGaqja9RATUTRA3pCL+jVeDSejTfjfdqaM2Yz++gPjI9vCgOeww==</latexit>(
dE

dt
,
dL

dt

)



Multiscale expansion
Fast timescale 

Slow timescale

Into Einstein equations (coupled to SF EOMs) 

See e.g Pound + Wardell 2101.04592



Multiscale expansion II

Integrate first equation. 

Adiabatic order (0PA) First post-adiabatic order (1PA) etc.

1SF dissipative +1SF conservative 
 +2SF dissipative



Anatomy of self-force waveforms 

Computed numerically on a grid of the parameters and stored as interpolating functions. 

Complex amplitudes Orbital phases 

Online waveform generation: Integrate ODEs to determine trajectory and sum waveform modes.

2SF limiting factor



Quasi-circular 1PAT1 model

<latexit sha1_base64="WnAhigNid9Qnvqwqul/W033z0ug="></latexit>

d!

dt
= ωF (0)

! (!) + ω2F (1)
! (JA) +O(ω3),

dεm1

dt
= ωF (1)

ωm1
(!) +O(ω2),

dεϑ1

dt
= ωF (1)

ωε1
(!) +O(ω2).

<latexit sha1_base64="/7IivRFj3khdyDJZ3hkKyY/ZHsM="></latexit>

JA → (!, ωm1, ωε1)
<latexit sha1_base64="+BBbqMbVt/MsJW6M6lP2RLYHIR8=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRIp6kaounFnBfuAppTJdJIMnUzCzI1SSn/Ajb/ixoUibt2782+cPhbaeuDC4Zx7ufcePxVcg+N8W7mFxaXllfxqYW19Y3PL3t6p6yRTlNVoIhLV9IlmgktWAw6CNVPFSOwL1vB7VyO/cc+U5om8g37K2jEJJQ84JWCkjn3gpZp3LjzFwwiIUskD9tKIn3tcgncTs5DgLnTsolNyxsDzxJ2SIpqi2rG/vG5Cs5hJoIJo3XKdFNoDooBTwYYFL9MsJbRHQtYyVJKY6fZg/M0QHxqli4NEmZKAx+rviQGJte7HvumMCUR61huJ/3mtDIKz9oDLNAMm6WRRkAkMCR5Fg7tcMQqibwihiptbMY2IIhRMgAUTgjv78jypH5fck1L5tlysXE7jyKM9tI+OkItOUQVdoyqqIYoe0TN6RW/Wk/VivVsfk9acNZ3ZRX9gff4AnGSb5w==</latexit>

ωA → ε =

∫
!dt

Currently limited to a slowly spinning primary, generic spinning secondary.

2SF limiting factor

See 2510.16113



0SF

1SFd 2SFd

1SFc

0PA evolution 1PA evolution

Balance Law (Modulo Schott terms.)

<latexit sha1_base64="NSxQH+IjQ3af7nFyfHeR+Mh2Qlo="></latexit>

d!

dt
= ω

d!

dE0

dE1

dt
+ ω2

(
d!

dE0

)2 (
Ė2

dE0

d!
→ Ė1

dE1

d!

)
+O(ω3)

<latexit sha1_base64="O1i2KNTxNii/jCmHlOC1/1OsWek=">AAACEHicbVDLSgNBEJyNrxhfqx69DAYxIiy7EtSLEJSANyOYByRhmZ10kiGzs8vMrBBCPsGLv+LFgyJePXrzb5w8EE0saCiquunuCmLOlHbdLyu1sLi0vJJezaytb2xu2ds7FRUlkkKZRjyStYAo4ExAWTPNoRZLIGHAoRr0rkZ+9R6kYpG40/0YmiHpCNZmlGgj+fZhEV8UfTfXuAmhQ46OGxArxiOBi773IzqO49tZ13HHwPPEm5IsmqLk25+NVkSTEISmnChV99xYNwdEakY5DDONREFMaI90oG6oICGo5mD80BAfGKWF25E0JTQeq78nBiRUqh8GpjMkuqtmvZH4n1dPdPu8OWAiTjQIOlnUTjjWER6lg1tMAtW8bwihkplbMe0SSag2GWZMCN7sy/OkcuJ4p07+Np8tXE7jSKM9tI9yyENnqICuUQmVEUUP6Am9oFfr0Xq23qz3SWvKms7soj+wPr4B9FWaBw==</latexit>

E = E0(!) + ωE1(!) + ...

<latexit sha1_base64="BTjeX53IohBekvXLZtRRPI96CmU=">AAACJHicbVDLSsNAFJ34rPUVdelmsAhCISRFVBBBlIJLBWuFtpbJZKJDJ5MwcyOUkI9x46+4ceEDF278Fqc1irYeGDiccw937vETwTW47rs1MTk1PTNbmivPLywuLdsrqxc6ThVlDRqLWF36RDPBJWsAB8EuE8VI5AvW9HvHA795y5TmsTyHfsI6EbmWPOSUgJG69n47VIRmAa7nWQA5PmizRHMRS9wOYsjqederfktXtR+xVnUcp2tXXMcdAo8TryAVVOC0a7+YPE0jJoEKonXLcxPoZEQBp4Ll5XaqWUJoj1yzlqGSREx3suGROd40SoDDWJknAQ/V34mMRFr3I99MRgRu9Kg3EP/zWimEe52MyyQFJunXojAVGGI8aAwHXDEKom8IoYqbv2J6Q0xrYHotmxK80ZPHyUXN8Xac7bPtyuFRUUcJraMNtIU8tIsO0Qk6RQ1E0R16QE/o2bq3Hq1X6+1rdMIqMmvoD6yPT6UXpCU=</latexit>

dE

dt
= ωĖ1 + ω2Ė2 + ...

1PAT1 model key ingredients
1SF

1SF 2SF

Binding energy

Asymptotic energy flux



Quasi-circular 1PAT1R model

Pole at ISCO: DO NOT EXPAND

<latexit sha1_base64="qDL06n+HUhO2KYSLBtycLRfnXs0="></latexit>

d!

dt
= →F + FHiωE/ωmi + ε̇i ωE/ωεi

ωE/ω!
,

<latexit sha1_base64="soqi0AzGCbQdU4GYMDCtGyXir7s=">AAACH3icbZDNSgMxFIUz9a/Wv6pLN8EiVIQyU4q6EUQpuFPB2kJnLJn0toZmkiHJCGXom7jxVdy4UETc9W1MawVtPRA4fPdebu4JY860cd2hk5mbX1hcyi7nVlbX1jfym1u3WiaKQo1KLlUjJBo4E1AzzHBoxApIFHKoh73zUb3+AEozKW5MP4YgIl3BOowSY1Erf1g9wT7EmnEpcLXlFf3LCLpkHx/80Luy5eUffuDztjS6lS+4JXcsPGu8iSmgia5a+U+/LWkSgTCUE62bnhubICXKMMphkPMTDTGhPdKFprWCRKCDdHzfAO9Z0sYdqewTBo/p74mURFr3o9B2RsTc6+naCP5XayamcxykTMSJAUG/F3USjo3Eo7BwmymghvetIVQx+1dM74ki1NhIczYEb/rkWXNbLnmHpcp1pXB6Nokji3bQLioiDx2hU3SBrlANUfSIntErenOenBfn3fn4bs04k5lt9EfO8AtdT6C9</latexit>

E = ωE1(!) + ω2E2(!) + . . .

<latexit sha1_base64="0ec9jlCciRhkRGGLCIudMqYkZro="></latexit>

d!

dt
= ωF (0)

! (!) + ω2F (1)
! (JB) +O(ω3)1PAT1

1PAT1R

Effectively re-summed model

C.f Long et al 2406.08363



From asymmetry to symmetry

To restore some of the symmetry in the interchange 
of body 1 and body 2, we perform a re-expansion:

Rationale: Improve accuracy of self-force expansions in the comparable mass limit.



1PAT1, 1PAT1R, NR
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Notes on self-force waveforms

• We can describe the waveform through plunge-merger-ringdown. 
Work in progress.


• We can handle precessing spins and eccentricity, with progress on 
2SF as the limiting factor.


• We need to improve our parameter space coverage at high 
eccentricity (which is hard).  



Part 2: SF-PN hybrid models.



Waveform model ingredients

A set of phases / action angles

Binary parameters e.g 

“Fluxes”, e.g 

Waveform amplitudes

Frequencies

<latexit sha1_base64="P3fGxJfVAdfVIe2rTmwKbZi4dNM="></latexit>JB

J̇B

ωA

!A → ω̇A

hk

1. Map between SF and PN variables 

2. Hybridise 

2. Hybridise 

2. Hybridise 



Composite expansions

All available SF terms + all available PN terms - common terms to both expansion.

<latexit sha1_base64="oLgqCR9DgK9y6XKxtv7Nn6HT2L4="></latexit>

F→ =

0PA (1SF)
︷ ︸︸ ︷
ω2F (0)

→ (x,ε1)+

1PA (2SF)
︷ ︸︸ ︷
ω3F (1)

→ (x,ε1,ε2)+ . . .

=
32

5
ω2x5

︸ ︷︷ ︸
0PN

→
(
2494

105
+

56ω

3

)
ω2x6

︸ ︷︷ ︸
1PN

+ . . .



Composite expansions II

All available SF terms + all available PN terms - common terms to both expansion.

Can exploit PN hierarchy in spins to add available 2SF flux data.

PN Quantity

SF Quantity

<latexit sha1_base64="V5erofJFjFKQwBOPGrEwLFY2+ng="></latexit>

QSF
k̄ l1 l2
k l1 l2

= ωK
li∑

li=li

k̄∑

k=k

Q(k)
l1l2

(x)ωkεl1
1 ε

l2
2 ,

QPN
n̄ l1 l2
n l1 l2

= xN/2
li∑

li=li

n̄∑

n=n

Q
n
2 PN
l1l2

(log x)xn/2εl1
1 ε

l2
2 ,

QSF|PN
k̄ n̄ l1 l2
k n l1 l2

= ωKxN/2
li∑

li=li

k̄∑

k=k

n̄∑

n=n

Qk|n
l1l2

(log x)ωkxn/2εl1
1 ε

l2
2

<latexit sha1_base64="cpRYlSfg1k7Mkn4/tFd+UiKpf/Q="></latexit>

QSF+PN =
∑

k,n,li,k,n,li

(
QSF

k̄ l1 l2
k l1 l2

+QPN
n̄ l1 l2
n l1 l2

→QSF|PN
k̄ n̄ l1 l2
k n l1 l2

)
.

SF-PN expansion



WaSABI-C model

• Currently limited to BH-BH  
(BH-NS in development).


• Includes all 1SF, secondary spin 
2SF, Schwarzschild 2SF, most 
available PN data.

<latexit sha1_base64="kT++XKGPdbDJX8urBYf5xss8g8A="></latexit>

dω

dt
= ε/M,

dε

dt
= Fω(JB),

dϑi

dt
= Fεi(JB),

dϖ

dt
= Fϑ(JB),

dM

dt
= FM (JB),

Both spin magnitudes evolve, along with the total mass, mass-ratio and 
waveform frequency

<latexit sha1_base64="UxBStB0dL/njKJDLpa4qGUC2ayw=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSKeqx6sVjBfsBTSib7aZdutmE3Y1Sag/+FS8eFPHq3/Dmv3Gb5qCtDwYe780wMy9IOFPacb6twtLyyupacb20sbm1vWPv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvp37rnkrFYnGnRwn1I9wXLGQEayN17QMvUax76UnWH2gsZfyAMsUuOxUnA1okbk7KkKPetb+8XkzSiApNOFaq4zqJ9sdYakY4nZS8VNEEkyHu046hAkdU+ePs/gk6NkoPhbE0JTTK1N8TYxwpNYoC0xlhPVDz3lT8z+ukOrzwx0wkqaaCzBaFKUc6RtMwUI9JSjQfGYKJZOZWRAZYYqJNZCUTgjv/8iJpnlbcs0r1tlquXeVxFOEQjuAEXDiHGtxAHRpA4BGe4RXerCfrxXq3PmatBSuf2Yc/sD5/AELKlkU=</latexit>

ωA → ω

<latexit sha1_base64="es3HSyn6nsq7P+pqp7TSw0haWtg=">AAACIHicbVDLSgMxFM34rPVVdekmWASFUmZKsS5L3YggVLC10CnDnTRtg5lkSDJKGfopbvwVNy4U0Z1+jeljodUDIYdz7iU5J4w508Z1P52FxaXlldXMWnZ9Y3NrO7ez29QyUYQ2iORStULQlDNBG4YZTluxohCFnN6Et2dj/+aOKs2kuDbDmHYi6AvWYwSMlYJcxY/ADAjw9GIU1HzF+gMDSsl7fOTLiPahgH0yYIFXmFylgi+SAr48DnJ5t+hOgP8Sb0byaIZ6kPvwu5IkERWGcNC67bmx6aSgDCOcjrJ+omkM5Bb6tG2pgIjqTjoJOMKHVuninlT2CIMn6s+NFCKth1FoJ8dx9Lw3Fv/z2onpnXZSJuLEUEGmD/USjo3E47ZwlylKDB9aAkQx+1dMBqCAGNtp1pbgzUf+S5qlondSLF+V89XarI4M2kcH6Ah5qIKq6BzVUQMR9ICe0At6dR6dZ+fNeZ+OLjiznT30C87XN/sjois=</latexit>

JB → (ω,ε1,ε2, ϑ,M)

<latexit sha1_base64="MOlTv1LeA7TM4AU+uwGERFlVop4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokUdVl1484K9gFNKJPpJB06mQkzE6WEght/xY0LRdz6E+78G6dpFtp64MLhnHu5954gYVRpx/m2FhaXlldWS2vl9Y3NrW17Z7elRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvJn77nkhFBb/To4T4MYo4DSlG2kg9e9+7iUmEeheepNFAIynFA/RErtkVp+rkgPPELUgFFGj07C+vL3AaE64xQ0p1XSfRfoakppiRcdlLFUkQHqKIdA3lKCbKz/IfxvDIKH0YCmmKa5irvycyFCs1igPTGSM9ULPeRPzP66Y6PPczypNUE46ni8KUQS3gJBDYp5JgzUaGICypuRXiAZIIaxNb2YTgzr48T1onVfe0WrutVeqXRRwlcAAOwTFwwRmog2vQAE2AwSN4Bq/gzXqyXqx362PaumAVM3vgD6zPHwUvl8c=</latexit>

!A → ω

See Honet et al, 2510.16112



WaSABI-C model II

<latexit sha1_base64="qDL06n+HUhO2KYSLBtycLRfnXs0="></latexit>

d!

dt
= →F + FHiωE/ωmi + ε̇i ωE/ωεi

ωE/ω!
,

Key point: We hybridise the components of the LHS (binding 
energy, fluxes) to avoid expanding the pole at the ISCO.

<latexit sha1_base64="Wm5EP+HZKNlxuxu98nUJptb+R9Q=">AAACJnicbZDLSgMxFIYz3q23qks3wSIIYpkpom4Koht3KlgVOqVkMmdqMJMMyRmhDPM0bnwVNy4UEXc+iull4e1A4OP/z+Hk/FEmhUXf//AmJqemZ2bn5isLi0vLK9XVtSurc8OhxbXU5iZiFqRQ0EKBEm4yAyyNJFxHdycD//oejBVaXWI/g07KekokgjN0UrfaDHUKPdYME8N4EZRFoxwp3aLRKJvh2YB3Q5XTMAaJjI7cnVDGGm23WvPr/rDoXwjGUCPjOu9WX8JY8zwFhVwya9uBn2GnYAYFl1BWwtxCxvgd60HboWIp2E4xPLOkW06JaaKNewrpUP0+UbDU2n4auc6U4a397Q3E/7x2jslhpxAqyxEUHy1KcklR00FmNBYGOMq+A8aNcH+l/Ja5wNAlW3EhBL9P/gtXjXqwX9+72KsdHY/jmCMbZJNsk4AckCNySs5Ji3DyQJ7IC3n1Hr1n7817H7VOeOOZdfKjvM8vemqlyQ==</latexit>

ω =
1

2
ω22 = !→ εϑω + . . .



WaSABI-C, NR
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Flatten the curve
EOB should recover leading order self-force in the small mass-ratio limits e.g.

<latexit sha1_base64="egKMBh0WBvNI6F1KzGQxYszxKKM="></latexit>

FEOB → FEOB +D(x)
(
ωF1SF ↑ ωF1SF

EOB

)

Add interpolated self-force data to the inspiral part of 
the EOB flux without spoiling the re-summations.



Part 3: Eccentric Generalisations



The pitch: SF-PN-PM hybrid for highly eccentric binaries

• Forgetting spin from here but in practice we do need spins. 

• 1SF conservative quantities (binding energy and angular momentum) are 
difficult to compute at high eccentricity.  

• Hybrid SF-PN fluxes, hybrid SF-PM binding energy and angular momentum.



Key Ingredients 
<latexit sha1_base64="a1H0i8yT5wjNyKixEWvp1wfcYWM=">AAACWHicfVHNS8MwHE2rc1v9mvPoJTgcE6G0MtTLYEwGIjsoOB2so6RZpsE0KUkqjLJ/UvCg/4oX07mDzo8Hgcd7v0d+eYkSRpX2vFfLXlktrBVLZWd9Y3Nru7JTvVUilZj0sWBCDiKkCKOc9DXVjAwSSVAcMXIXPZ7n/t0TkYoKfqOnCRnF6J7TCcVIGymsiG691Q29RhAj/YARyy5nYefwKCCJokxw2A39Zc913SBwevVW759c749cWKl5rjcH/En8BamBBa7CynMwFjiNCdeYIaWGvpfoUYakppiRmROkiiQIP6J7MjSUo5ioUTYvZgYPjDKGEyHN4RrO1a+JDMVKTePITOa7qmUvF3/zhqmenI0yypNUE44/L5qkDGoB85bhmEqCNZsagrCkZleIH5BEWJu/cEwJ/vKTf5LbY9c/cZvXzVq7s6ijBPbAPmgAH5yCNrgAV6APMHgB79aqVbDebGAX7fLnqG0tMrvgG+zqBz5zr5U=</latexit>

E = E0(JB) + ωE1(JB) + ...

L = L0(JB) + ωL1(JB) + ...

<latexit sha1_base64="Hd9cPcbzegf88qSzJy2D566CLcI="></latexit>

Ė = Ė1(JB) + ωĖ2(JB) + ...

L̇ = L̇1(JB) + ωL̇2(JB) + ...

<latexit sha1_base64="q6xsKIbIu8/vjm+252c3rc1+lc8="></latexit>

dJB

dt
=

ωJB

ωE
Ė +

ωJB

ωL
L̇

Binding energy (SF-PN/SF-PM)

Binding angular momentum (SF-PN/SF-PM)

Energy fluxes (SF-PN)

Angular momentum fluxes (SF-PN)

Binary inspiral evolution

Incoming work by Trestini, Nasipak, Pound, +

2SF eccentric flux unknown

Hard for SF high eccentricity



Why do we need PM?
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E = E0(JB) + ωE1(JB) + ...

L = L0(JB) + ωL1(JB) + ...

Binding energy (SF-PN/SF-PM)

Binding angular momentum (SF-PN/SF-PM)

• Re-summed (for high eccentricity) PN results may be accurate enough.


• Lack of self-force data at very high eccentricity to assess PN efficacy. 

• PM may be more accurate and would provide and independent check.



What’s needed from PM?

Step 1: Redshift via b2b map 
from “elapsed proper time”.

Step 2: Binding energy and angular momentum via First Law of Binary Black Hole Mechanics.

Gonzo et al. 2409.03437

Lewis et al. 2507.08081 
Trestini et al. 2601.05223



Ingredients we need
• 0PA self-force waveforms and fluxes to moderate eccentricity.


• 0PA self-force waveforms and fluxes to high eccentricity.


• Numerical 1SF redshift data to moderate eccentricity. 


• High eccentricity 1SF redshift from PN.


• High eccentricity 1SF redshift from PM.


• PN fluxes as a surrogate for 2SF eccentric fluxes.



Concluding remarks

1. Hybrid models may be sufficiently accurate for GW analysis of 
asymmetric binaries for LISA and other detectors.


2. Hybrid models can cover the parameter space prior to 2SF advancements. 


3. There is nearly a WaSABI-E eccentric model. 

4. PM should be incorporated / used to benchmark at high eccentricities.



Public self-force waveform models
Model Type Quasi-circular Eccentric Precessing Eccentric and precessing

0PA
BHPWave 

0PA WaSABI 
…

FEW 
KerrEccentricEquatorial

FEW KerrSpherical

(In development) Not yet implemented.

1PA 1PAT1 
1PAT1R Not for a good while. Not for a while. Haha

0PA+hybrid WaSABI-C WaSABI-E 
(In developement)

WaSABI-P 
(In development)

WaSABI-G 
(Not for a while)

Chapman-Bird 2506.09470Nasipak 2310.19706



Bonus slides
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For SXS:BBH:3136, Minsp
22 = 3.15→ 10

→6
, 2.77→ 10

→5
and 4.01→ 10

→6

<latexit sha1_base64="smbDjuGAub27PZjz3beezoxa6xw="></latexit>

For SXS:BBH:3128, Minsp
22 = 7.69→ 10

→5
, 1.54→ 10

→4
and 6.83→ 10

→5

(WaSABI-C, SEOBNRv5HM and TEOBResumS)



∞ (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

3 (∅,8) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

2 (∅,8) (∅,8) (∅,∅) (∅,∅) (∅,∅)

1 (1,8) (1,8) (1,8) (1,∅) (1,∅)

0 (1,9) (0,8) (0,8) (0,8) (0,∅)

0 1 2 3 ∞

(k, n) orders of ℱSF+PN
∞

χ1
χ2

∞ (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

3 (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

2 (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

1 (1,3) (1,3) (1,3) (1,∅) (1,∅)

0 (0,3) (0,3) (0,3) (0,3) (0,∅)

0 1 2 3 ∞

∞ (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

3 (∅,8) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

2 (∅,8) (∅,8) (∅,∅) (∅,∅) (∅,∅)

1 (1,8) (1,8) (1,8) (1,∅) (1,∅)

0 (1,8) (1,8) (1,8) (1,8) (1,∅)

0 1 2 3 ∞

(k, n) orders of ESF+PN

(k, n) orders of ℱSF+PN
ℋ1

 and 𝒢SF+PN
ℋ1

∞ (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

3 (∅,7) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

2 (∅,7) (∅,7) (∅,∅) (∅,∅) (∅,∅)

1 (1,7) (1,7) (1,7) (1,∅) (1,∅)

0 (1,8) (0,7) (0,7) (0,7) (0,∅)

0 1 2 3 ∞

(k, n) orders of ASF+PN
22

χ1
χ2

χ1
χ2

χ1
χ2

∞ (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

3 (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

2 (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

1 (∅,3) (∅,3) (∅,3) (∅,∅) (∅,∅)

0 (∅,3) (∅,3) (∅,3) (∅,3) (∅,∅)

0 1 2 3 ∞

(k, n) orders of ℱSF+PN
ℋ2

 and 𝒢SF+PN
ℋ2

∞ (∅,∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

3 (∅,7) (∅,∅) (∅,∅) (∅,∅) (∅,∅)

2 (∅,7) (∅,7) (∅,∅) (∅,∅) (∅,∅)

1 (1,7) (1,7) (1,7) (1,∅) (1,∅)

0 (1,7) (0,7) (0,7) (0,7) (0,∅)

0 1 2 3 ∞

(k, n) orders of ASF+PN
ℓm ≠22

χ1
χ2

χ1
χ2



PN order Reference

NS sector 4.5PN [Blanchet, Faye, Henry, Larrouturou, Trestini, 2304.11185]

SO sector 4PN
[Marsat, Bohr, Blanchet, Buonanno, 1307.6793] 

[Blanchet, Buonanno, Faye, gr-qc/0605140] 
[Bohé, Marsat, Blanchet, 1303.7412]

SS sector 4PN
[Boh, Faye, Marsat, Porter, 1501.01529] 

[Cho, Pardo, Porto, 2103.14612] 
4PN: [Cho, Porto, Yang, 2201.05138] [not in Blanchet, Liv.Rev.]

SSS sector 3.5PN [Marsat, 1411.4118]

PN DATA: ENERGY FLUXES AT INFINITY



PN order Reference

All sectors
4PN 

(Starts at 2.5PN 
in spin sector)

[Tagoshi, Mano, Takasugi, gr-qc/9711072] 
[Alvi, gr-qc/0107080] 

[Porto, 0710.5150] 
[Chatziioannou, Poisson, Yunes, 1211.1686] 

[Saketh, Steinhoff, Vines, Buonanno, 2212.13095] 

PN DATA: ENERGY FLUXES AT THE HORIZON



PN order Reference

NS sector 4PN [Damour, Jaranowski, Schäfer, 1401.4548]

SO sector 3.5PN [Bohé, Marsat, Blanchet, 2013] 
[Bohé, Marsat, Faye, Blanchet, 2013]

SS sector 4PN 3.5PN: [Damour, Jaranowski, Schäfer, 1401.4548] 
4PN: [Cho, Porto, Yang, 2201.05138] (not in Blanchet’s Liv.Rev.)

SSS sector 3.5PN [Marsat, 1411.4118]

PN DATA: BINDING ENERGY



PN DATA: AMPLITUDES
• The real-valued  mode  at 4.5PN is provided in [Warburton, 

Wardell, Trestini, Henry, Pound, Blanchet, Durkan, Faye, Miller, 2407.00366] after the 
results of [Blanchet,Faye, Henry, Larrouturou, Trestini, 2304.11186]; [Blanchet, 
Faye, Henry, Larrouturou, Trestini, 2304.11185]


• At 3.5PN order, all amplitudes are known including spin effects for non-precessing 
quasi-circular binaries. They vanish for . We use the amplitudes  

 given in [Henry, 2210.15602] which summarize the results of [Faye, 
Marsat, Blanchet, Iyer, 1204.1043]; [Faye, Blanchet, Iyer, 1409.3546]; [Henry, Faye, 
Blanchet, 2105.10876]; [Favata, 0812.0069]; [Blanchet, Faye, Iyer, Sinha, 0802.1249], 
[Henry, Marsat, Khalil, 2209.00374]


• The  amplitudes are deduced from  .

ℓ = 2, m = 2 ĥPN
22

ℓ ≥ 10 2 ≤ ℓ ≤ 9
0 < m ≤ ℓ

m < 0 hℓ,−m = (−1)ℓh*ℓm


