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Black hole scattering in the strong-field regime: 
Merging post-Minkowskian theory with 

numerical methods



The curious case of GW231123

To do all the exciting physics with 
gravitational waves, we need waveform 
models that cover the required parameter 
space at the required accuracy.
We are already running into problems with 
our waveform models: GW231123.
Current waveform models are not 
constructed/calibrated/validated up to spins 
of ~0.8, but the spins are estimated to be:

Need to extend parameter space of models.
To do this, we need to understand the 
underlying physics of the two-body problem.
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[Abac+ 25]
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a1 = 0.9+0.1
→0.19 a2 = 0.8+0.2

→0.52



Scattering motivation: Model comparisons and strong-field

High-energy scattering systems can reach small separations and 
return to infinity.
Can parameterise systems in terms of asymptotic quantities e.g. 
initial energy & angular momentum etc.
Can define asymptotic observables e.g. scattering angle.
Removes coordinate ambiguities that complicate comparisons for 
bound systems.
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Scattering systems can act as a clean probe of 
the ultra-strong gravitational potential.

Information can be translated to from scattering to bound orbits through 
“Boundary-To-Bound” mappings e.g. scattering angle to periastron 
advance [Kälin & Porto 20]:

<latexit sha1_base64="pAq151SnaZmT45/Kahu69qea16Q="></latexit>
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The two-body parameter space of General Relativity
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Expansion in the mass ratio
Valid at any separation

Only valid in small mass 
ratio limit

Expansion around flat space
Valid at any velocity

Breaks down for small separations

Expansion in weak-field 
and low velocity

Accurate during inspiral
Breaks down near mergerSolve Einstein’s equations 

on HPC infrastructure
Full non-linear information
Computationally expensive

Credit: A. Carvalho
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Credit: NASA
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Dissipative GSF and the mixed PM/PN expansion [Barack+(inc. OL) 26]

Consider the total radiated energy along the 
scattering orbit:

Can compare GSF numerics with analytic 
expressions at a variety of separations.

Combining data from 5PM and 3PN to form 
a mixed 5PM/3PN expansion gives more 
accurate results across most separations.

All of the analytic expressions break down 
when approaching the scatter-capture 
separatrix.
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Separatrix
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ω2E+ + ...
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Divergence at the scatter-capture separatrix [Damour & Rettegno 23]

Near-separatrix geodesics undergo many 
revolutions in the very strong field.

Number of orbits increases logarithmically as 
approaching the critical orbit:

The whirl behaviour quickly dominates the 
value of the angle:

Can use this behaviour to resum PM.

9

ISCO

<latexit sha1_base64="XpOfDzG13LdJ/8OE1ejt9TRynEE="></latexit>

Norbits → log(b↑ bcrit)
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b = bcrit + 10→10
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ωgeo → log(b↑ bcrit) + const



Geodesic resum
Base PM

Geodesic resummation of the scattering angle [OL, Whittall & Barack 24]

Consider a resummation of the form:

Resummation properties:
• Diverges logarithmically when 
• Recovers 4PM at large impact parameter.
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b ! bcrit.

Resummation improves 
accuracy across all space.
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Weak-field 
expansion 
of E
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ω0SFsing
Strong-field 
log behaviour Weak-field analytics

<latexit sha1_base64="T689sTHRUmWY+4zBjrX0Hj+JA1o="></latexit>

ω̃0SFresum = ω0SFsing + ω0SF4PM → CT
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Resummation of radiated energy [Barack+ (inc. OL) 26]

Use similar methodology to approximate the singular behaviour of the radiated energy as:

Construct a resummation:
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Numerical 1SF 
flux on critical 
circular orbit

<latexit sha1_base64="e+5pweIojccwiSCL1o8SyHfcAzo="></latexit>

E+
sing → F→ ↑Norbits → F→ log

(
1↓ j

jcrit

)

Critical angular 
momentum
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Ẽ+ = E+
sing + E+

PM/PN → CT+

Strong-field log 
behaviour

Weak-field 
analytics

Weak-field 
expansion 
of E
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Numerics

Resummation of bound orbit fluxes

Eccentric bound geodesics show the same near-separatrix
zoom-whirl behaviour during each orbit.
Can use the same resummation for the 
radiated energy per orbit:
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[Barack, Gonzo, Leather, OL, 
 Nasipak, Pound, Trestini, & Warburton]
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Resummation of bound orbit fluxes

Eccentric bound geodesics show the same near-separatrix
zoom-whirl behaviour during each orbit.
Can use the same resummation for the 
radiated energy per orbit:
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[Barack, Gonzo, Leather, OL, 
 Nasipak, Pound, Trestini, & Warburton]

6PN vanilla
6PN resum

Numerics
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4.8%

Resummation matches 
numerics to ~1% precision 

across whole parameter space
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E
+

<latexit sha1_base64="l/0+72GDqImhZsEJTIia2ImEd+A=">AAACGHicbVDLSsNAFL2pr1pfVZduBovgqiQitcuCG5cV7APaUCaTSTt0MgkzE7GE/oRL9WPciVt3fosbJ0kXtvXAwOGce+ZejhdzprRtf1uljc2t7Z3ybmVv/+DwqHp80lVRIgntkIhHsu9hRTkTtKOZ5rQfS4pDj9OeN73N/N4jlYpF4kHPYuqGeCxYwAjWRuoPfco1RvGoWrPrdg60TpwFqbXKkKM9qv4M/YgkIRWacKzUwLFj7aZYakY4nVeGiaIxJlM8pgNDBQ6pctP83jm6MIqPgkiaJzTK1b+J9KkYXNJwqNQs9Ew6xHqiVr1M/M8bJDpouikTcaKpIMXyIOFIRygrBPlMUqL5zBBMJDP3IzLBEhNtalvakv0tVaDmpi1ntZt10r2qO4164/661moWtUEZzuAcLsGBG2jBHbShAwQ4PMMrvFkv1rv1YX0WoyVrkTmFJVhfv6EcoeI=</latexit>

ωp

<latexit sha1_base64="/yIxQ/z8fZ3YPoXj2466Mj398y8="></latexit>

Ẽ+ = E+
sing + E+

PN → CT+
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Resummation of bound orbit fluxes

Eccentric bound geodesics show the same near-separatrix
zoom-whirl behaviour during each orbit.
Can use the same resummation for the 
radiated energy per orbit:

Or the radiated angular 
momentum per orbit:

14

[Barack, Gonzo, Leather, OL, 
 Nasipak, Pound, Trestini, & Warburton]

Resummation matches 
numerics to ~1% precision 

across whole parameter space

6PN vanilla
6PN resum

Numerics
Preliminary
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<latexit sha1_base64="nLM86PXWtp2J5fGubvylrfGjU6M=">AAACFXicbVBNT8JAFHzFL8Qv1KOXjYTEE2mJQY4kXjxiYoEEGrJdtrBhu212t0bS8Bs8qj/Gm/Hq2d/ixS30IOAkm0xm3ux7GT/mTGnb/rYKW9s7u3vF/dLB4dHxSfn0rKOiRBLqkohHsudjRTkT1NVMc9qLJcWhz2nXn95mfveRSsUi8aBnMfVCPBYsYARrI7n1Wn1QHZYrds1eAG0SJycVyNEeln8Go4gkIRWacKxU37Fj7aVYakY4nZcGiaIxJlM8pn1DBQ6p8tLFsXNUNcoIBZE0T2i0UP8m0qfl4IqGQ6VmoW/SIdYTte5l4n9eP9FB00uZiBNNBVkuDxKOdISyNtCISUo0nxmCiWTmfkQmWGKiTWcrW7K/pQrU3LTlrHezSTr1mtOoNe6vK61m3lsRLuASrsCBG2jBHbTBBQIMnuEV3qwX6936sD6XowUrz5zDCqyvX5Ijn5k=</latexit>

2.2%

<latexit sha1_base64="l/0+72GDqImhZsEJTIia2ImEd+A=">AAACGHicbVDLSsNAFL2pr1pfVZduBovgqiQitcuCG5cV7APaUCaTSTt0MgkzE7GE/oRL9WPciVt3fosbJ0kXtvXAwOGce+ZejhdzprRtf1uljc2t7Z3ybmVv/+DwqHp80lVRIgntkIhHsu9hRTkTtKOZ5rQfS4pDj9OeN73N/N4jlYpF4kHPYuqGeCxYwAjWRuoPfco1RvGoWrPrdg60TpwFqbXKkKM9qv4M/YgkIRWacKzUwLFj7aZYakY4nVeGiaIxJlM8pgNDBQ6pctP83jm6MIqPgkiaJzTK1b+J9KkYXNJwqNQs9Ew6xHqiVr1M/M8bJDpouikTcaKpIMXyIOFIRygrBPlMUqL5zBBMJDP3IzLBEhNtalvakv0tVaDmpi1ntZt10r2qO4164/661moWtUEZzuAcLsGBG2jBHbShAwQ4PMMrvFkv1rv1YX0WoyVrkTmFJVhfv6EcoeI=</latexit>

ωp

<latexit sha1_base64="I6D+h0DqkfpyoYufRytbJSYPzGw=">AAACFXicbVBNS8NAFHypX7V+VT16CRbBU0hEay9CwYvHCqYttKFstpt26WYTdjdiCf0NHtUf4028eva3eHGT9GBbBxaGmTf7HuPHjEpl299GaW19Y3OrvF3Z2d3bP6geHrVllAhMXByxSHR9JAmjnLiKKka6sSAo9Bnp+JPbzO88EiFpxB/UNCZeiEacBhQjpSWX3NjW1aBasy07h7lKnDmpNcuQozWo/vSHEU5CwhVmSMqeY8fKS5FQFDMyq/QTSWKEJ2hEeppyFBLppfmxM/NMK0MziIR+XJm5+jeRPhWDCxoKpZyGvk6HSI3lspeJ/3m9RAUNL6U8ThThuFgeJMxUkZm1YQ6pIFixqSYIC6rvN/EYCYSV7mxhS/a3kIGc6bac5W5WSfvCcupW/f6y1mwUtUEZTuAUzsGBa2jCHbTABQwUnuEV3owX4934MD6L0ZIxzxzDAoyvXzlToAM=</latexit>

e = 0.5

<latexit sha1_base64="Be36T+x/9yJS/J7ax9abqE0RxUg=">AAACE3icbVDLSgMxFL1TX7W+qi7dBIsgCGVGpHZZcOPCRUX7gHYsmTTThmYyQ5IRS+knuFQ/xp249QP8FjdmZrqwrQcCh3Puyb0cL+JMadv+tnIrq2vrG/nNwtb2zu5ecf+gqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJX4rUcqFQvFvR5H1A3wQDCfEayNdHfzcNYrluyynQItE2dGSrU8pKj3ij/dfkjigApNOFaq49iRdidYakY4nRa6saIRJiM8oB1DBQ6ocifpqVN0YpQ+8kNpntAoVf8mJk/Z4JyGA6XGgWfSAdZDtegl4n9eJ9Z+1Z0wEcWaCpIt92OOdIiSLlCfSUo0HxuCiWTmfkSGWGKiTWNzW5K/pfLV1LTlLHazTJrnZadSrtxelGrVrDbIwxEcwyk4cAk1uIY6NIDAAJ7hFd6sF+vd+rA+s9GcNcscwhysr19MXZ+P</latexit>

L
+

<latexit sha1_base64="A6fVYZhTYt7t6V/ErOzuApv5Qzg="></latexit>

L̃+ = L+
sing + L+

PN → CT+

<latexit sha1_base64="/yIxQ/z8fZ3YPoXj2466Mj398y8="></latexit>

Ẽ+ = E+
sing + E+

PN → CT+



Future work in self-force

Resummation of bound fluxes:
• Include Boundary-to-Bound PM information in flux resummation.
• Extend flux resummation to primary spin and 2SF fluxes.
• Use flux resummations to build a highly eccentric waveform model (WaSABI-E).
• Combine flux models with astrophysics simulations for e.g. more accurate EMRI rates.

15



Numerical Relativity



The basics of Numerical Relativity

Numerical solving of Einstein’s equations:

Spacetime split into spatial hypersurfaces and 
decomposed into numerical domains.

Two types of equations:
• 4 elliptic constraint equations.
• Evolution equations:
• 40 equations for 10 metric components 

(generalised harmonic formulation).
• Plus 4 coordinate gauge degrees of 

freedom.

Credit: C. Reisswig

hypersurface

<latexit sha1_base64="aKVb9QsABOqlpT/YoC8SpFDTAo0="></latexit>

Gµ⌫ =
8⇡G

c4
Tµ⌫

t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

Credit: H. Pfeiffer 17



The outputs of Numerical Relativity
Spacetime:
• Curvature scalars.
• Black hole horizons.
• Induced spin.
Dynamics:
• Scattering angle.
• Centre of mass recoil 

velocity.
Asymptotics:
• Waveforms.
• Radiated energy and

angular momentum.
• Linear/nonlinear 

memory.
18

<latexit sha1_base64="2FtkeqY/Ni7MWC74hVuhco6UeCk=">AAACFXicbVBNS8NAFNzUr1q/qh69LBZBBEsipXosePFYwbSFNpTNdtMu3WzC7otYQn+DR/XHeBOvnv0tXty0OdjWgYVh5s2+x/ix4Bps+9sqrK1vbG4Vt0s7u3v7B+XDo5aOEkWZSyMRqY5PNBNcMhc4CNaJFSOhL1jbH99mfvuRKc0j+QCTmHkhGUoecErASC5cqv5Fv1yxq/YMeJU4OamgHM1++ac3iGgSMglUEK27jh2DlxIFnAo2LfUSzWJCx2TIuoZKEjLtpbNjp/jMKAMcRMo8CXim/k2kT/PBBY2EWk9C36RDAiO97GXif143geDGS7mME2CSzpcHicAQ4awNPOCKURATQwhV3NyP6YgoQsF0trAl+1vpQE9NW85yN6ukdVV16tX6fa3SqOW9FdEJOkXnyEHXqIHuUBO5iCKOntErerNerHfrw/qcjxasPHOMFmB9/QJ4G6Ae</latexit>

t� r⇤

<latexit sha1_base64="t0oldMFYBiIIaJbbbPN05qnSFao=">AAACKHicbVDLSsNAFJ34rPUVFdy4GSxC3ZSklCquCm5cVrEPaEKZTCft0JkkzEzEEvMzLtWPcSfd+htunLRZ2NYDA4dz7pl7OV7EqFSWNTXW1jc2t7YLO8Xdvf2DQ/PouC3DWGDSwiELRddDkjAakJaiipFuJAjiHiMdb3yb+Z0nIiQNg0c1iYjL0TCgPsVIaalvngro3MDEERw+kBSWR/2kWk0v+2bJqlgzwFVi56QEcjT75o8zCHHMSaAwQ1L2bCtSboKEopiRtOjEkkQIj9GQ9DQNECfSTWb3p/BCKwPoh0K/QMGZ+jeRPM8HFzTEpZxwT6c5UiO57GXif14vVv61m9AgihUJ8Hy5HzOoQpgVBAdUEKzYRBOEBdX3QzxCAmGla1zYkv0tpC9T3Za93M0qaVcrdr1Sv6+VGrW8twI4A+egDGxwBRrgDjRBC2DwAl7BO/gw3oxP48uYzkfXjDxzAhZgfP8CkA+mQw==</latexit> r
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PM/NR comparison: Equal mass [OL+ 25]

19

Can compare scattering angle values 
between NR (SpEC) and PM.
Initial conditions:
• Fixed energy.
• Equal mass.
• Non-spinning.

PM does not capture the 
divergence at separatrix

5PM(1SF) within NR errors for
 b > 35M

<latexit sha1_base64="UJarlReug5PkYsV9VWoQJ+eyu8s=">AAACHXicbVDLSgMxFM3UV62vqks3wSK4KjM+apcFN26ECvYB7VAyaaYNzWTG5I5Yhn6HS/Vj3Ilb8VvcmGlnYVsPBA7n3JN7OV4kuAbb/rZyK6tr6xv5zcLW9s7uXnH/oKnDWFHWoKEIVdsjmgkuWQM4CNaOFCOBJ1jLG12nfuuRKc1DeQ/jiLkBGUjuc0rASK6HuwMwboDPL297xZJdtqfAy8TJSAllqPeKP91+SOOASaCCaN1x7AjchCjgVLBJoRtrFhE6IgPWMVSSgGk3mR49wSdG6WM/VOZJwFP1byJ5mg3OaSTQehx4Jh0QGOpFLxX/8zox+FU34TKKgUk6W+7HAkOI01ZwnytGQYwNIVRxcz+mQ6IIBdPd3Jb0b6V9PTFtOYvdLJPmWdmplCt3F6VaNestj47QMTpFDrpCNXSD6qiBKHpAz+gVvVkv1rv1YX3ORnNWljlEc7C+fgE2M6Mf</latexit>

b ↭ 35M



Order-by-order PM/NR comparison [OL+ 25]

10 20 30 40
b/M

10°2

10°1

100

101

102

µ
[d

eg
]

#1PM/b

#2PM/b2

#3PM/b3

#4PM/b4

#†
5PM/b5

#0SF
6PM/b6

SpEC

SpEC ° 1PM

SpEC ° 2PM

SpEC ° 3PM

SpEC ° 4PM

SpEC ° 5PM†

† all currently available terms

Can check the convergence order by 
order.

Start by comparing LO with NR

Subtract LO from NR and compare 
to NLO

Rinse and repeat

NR tends towards 
next-order PM at 

all orders

Not able to fit PM 
coefficients as 
within errors

25
[Driesse+ 26]
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Can also compare radiated energy.
Initial conditions:
• Fixed energy.
• Equal mass.
• Non-spinning.

PM does not capture the 
divergence at separatrix

5PM(1SF) within NR errors for
 b > 35M

<latexit sha1_base64="rVJ8SaLOcp+L+gWJQnAlOUTt8gA=">AAACHXicbVDLSgMxFM3UV62vqks3wSK4KjNSa5cFN26ECvYB7VAyaaYNTWbG5I5Yhn6HS/Vj3Ilb8VvcmGlnYVsPBA7n3JN7OV4kuAbb/rZya+sbm1v57cLO7t7+QfHwqKXDWFHWpKEIVccjmgkesCZwEKwTKUakJ1jbG1+nfvuRKc3D4B4mEXMlGQbc55SAkVwP94ZgXIkrl7f9Ysku2zPgVeJkpIQyNPrFn94gpLFkAVBBtO46dgRuQhRwKti00Is1iwgdkyHrGhoQybSbzI6e4jOjDLAfKvMCwDP1byJ5mg8uaERqPZGeSUsCI73speJ/XjcGv+YmPIhiYAGdL/djgSHEaSt4wBWjICaGEKq4uR/TEVGEguluYUv6t9K+npq2nOVuVknrouxUy9W7Sqley3rLoxN0is6Rg65QHd2gBmoiih7QM3pFb9aL9W59WJ/z0ZyVZY7RAqyvXzfioyA=</latexit>

b ↭ 45M

Preliminary



PM/NR comparison: Radiated energy

27

Can also compare radiated energy.
Initial conditions:
• Fixed energy.
• Equal mass.
• Non-spinning.

PM does not capture the 
divergence at separatrix

5PM(1SF) within NR errors for
 b > 35M

<latexit sha1_base64="rVJ8SaLOcp+L+gWJQnAlOUTt8gA=">AAACHXicbVDLSgMxFM3UV62vqks3wSK4KjNSa5cFN26ECvYB7VAyaaYNTWbG5I5Yhn6HS/Vj3Ilb8VvcmGlnYVsPBA7n3JN7OV4kuAbb/rZya+sbm1v57cLO7t7+QfHwqKXDWFHWpKEIVccjmgkesCZwEKwTKUakJ1jbG1+nfvuRKc3D4B4mEXMlGQbc55SAkVwP94ZgXIkrl7f9Ysku2zPgVeJkpIQyNPrFn94gpLFkAVBBtO46dgRuQhRwKti00Is1iwgdkyHrGhoQybSbzI6e4jOjDLAfKvMCwDP1byJ5mg8uaERqPZGeSUsCI73speJ/XjcGv+YmPIhiYAGdL/djgSHEaSt4wBWjICaGEKq4uR/TEVGEguluYUv6t9K+npq2nOVuVknrouxUy9W7Sqley3rLoxN0is6Rg65QHd2gBmoiih7QM3pFb9aL9W59WJ/z0ZyVZY7RAqyvXzfioyA=</latexit>

b ↭ 45M
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Effective one body (EOB) relies on an expanded Schwarzschild (or Kerr) Hamiltonian: 

A and Q potentials usually expanded via post-Newtonian and calibrated to NR.
System solved numerically using Hamilton’s equations with radiation reaction forces:

Two evolved EOB models for scattering: SEOBNRv5 and TEOBResumS-Dalí.

Evolved effective one body models

28

<latexit sha1_base64="DVTM4S+lbJ7jJ0T+IQCRHFMw+84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaND44YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bZXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4Ez gtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77p8Vb8sVStZHHk4gVM4Bw9uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZMbjMU=</latexit>

A
<latexit sha1_base64="gaHB79mQOw1sICMmeKs+8lz5k3s=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip0eiXym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasKqn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8m8p146pcq+ZxFOAUzuACPLiFGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPq1uM1Q==</latexit>

Q

Dissipative terms

Quasicircular fluxes Eccentric fluxes



Closed-form effective one body models
Alternatively can use expanded or resummed post-Minkowskian (PM) potential from mass-
shell constraint:

Fix coefficients of PM expanded w by matching to PM expanded scattering angle:

The potential w contains both conservative and dissipative information from the scattering 
angle.

Two models:

29

Uses PM-expanded w.
[Damour & Rettegno 23, Rettegno+ 24] 

Uses PM-resummed w from SEOB-PM 
Hamiltonian, that reduces to the test-body limit.
[Buonanno, Jakobsen & Mogull 24, OL+ 25]

Angular momentum
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Initial conditions:
• Fixed energy.
• Equal mass.
• Non-spinning.

Very good agreement between 
SpEC and EOBs in weak field.

Good agreement persists into 
strong field (≲ 3%).
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Initial conditions:
• Fixed relative Lorentz factor.
• Fixed rescaled angular momentum.
• Non-spinning.

32

Very good agreement between 
SpEC and EOBs (<1%).



Extracting self-force from NR: Scattering angle [OL+ 25]

<latexit sha1_base64="J1c93IHoi80RCtHqg0S0ruxPQz0="></latexit>

ω0SF ω1SF ω2SF ω3SF

187.77(3) →27.2(2) – –
188.06(4) →31.2(7) 12(2) –
188.1(2) →32(4) 19(24) →12(50)
188.211 →29.8(3) – –
188.211 →33.3(2) 18.5(9) –
188.211 →34.4(4) 32(5) →40(14)

<latexit sha1_base64="uOv17wxeSmYJS36HecjX2hOrTQI=">AAACinicbZFdS8MwFIbT+jXn19RLb4JDEITRbjIVEQaKeKnoVFjnSLN0C0vTkpyOjbIf6o1/xBuzrairHgi8vE9OTniPHwuuwXHeLXtpeWV1rbBe3Njc2t4p7e496yhRlDVpJCL16hPNBJesCRwEe40VI6Ev2Is/uJ7ylyFTmkfyCcYxa4ekJ3nAKQFjdUojD/oMCL7C3pCome6kngqx83g7wSfYk0meuN/krZpn1R9Wy7Naxk Q3Al3slMpOxZkV/ivcTJRRVved0qfXjWgSMglUEK1brhNDOzUjOBVsUvQSzWJCB6THWkZKEjLdTmcJTfCRcbo4iJQ5EvDM/d2RjuYXFzwSaj0OfdMdEujrPJua/7FWAsF5O+UyToBJOh8eJAJDhKcrwF2uGAUxNoJQxc3/Me0TRSiYRS1Mmb6tdKAnJi03n81f8VytuPVK/eG03KhnuRXQATpEx8hFZ6iB7tA9aiKKPqxla8vatjftqn1hX86v2lbWs48Wyr75AvoUxH4=</latexit>

ω = ε0SF + ϑε1SF + ϑ2ε2SF + ϑ3ε3SF + . . .

Bold is fixed to known 0SF value
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Can use NR data to fit self-force 
coefficients of the scattering angle:
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<latexit sha1_base64="/xhQdnEiA6WFe/ncIEZcj0ovjW8="></latexit>

ω0SF + εω1SF + ε2ω2SF + ε3ω3SF

Fixed to known geodesic value

2SF fit within NR 
errors everywhere



Extracting self-force from NR: Scattering angle [OL+ 25]

<latexit sha1_base64="J1c93IHoi80RCtHqg0S0ruxPQz0="></latexit>

ω0SF ω1SF ω2SF ω3SF

187.77(3) →27.2(2) – –
188.06(4) →31.2(7) 12(2) –
188.1(2) →32(4) 19(24) →12(50)
188.211 →29.8(3) – –
188.211 →33.3(2) 18.5(9) –
188.211 →34.4(4) 32(5) →40(14)

<latexit sha1_base64="uOv17wxeSmYJS36HecjX2hOrTQI=">AAACinicbZFdS8MwFIbT+jXn19RLb4JDEITRbjIVEQaKeKnoVFjnSLN0C0vTkpyOjbIf6o1/xBuzrairHgi8vE9OTniPHwuuwXHeLXtpeWV1rbBe3Njc2t4p7e496yhRlDVpJCL16hPNBJesCRwEe40VI6Ev2Is/uJ7ylyFTmkfyCcYxa4ekJ3nAKQFjdUojD/oMCL7C3pCome6kngqx83g7wSfYk0meuN/krZpn1R9Wy7Naxk Q3Al3slMpOxZkV/ivcTJRRVved0qfXjWgSMglUEK1brhNDOzUjOBVsUvQSzWJCB6THWkZKEjLdTmcJTfCRcbo4iJQ5EvDM/d2RjuYXFzwSaj0OfdMdEujrPJua/7FWAsF5O+UyToBJOh8eJAJDhKcrwF2uGAUxNoJQxc3/Me0TRSiYRS1Mmb6tdKAnJi03n81f8VytuPVK/eG03KhnuRXQATpEx8hFZ6iB7tA9aiKKPqxla8vatjftqn1hX86v2lbWs48Wyr75AvoUxH4=</latexit>

ω = ε0SF + ϑε1SF + ϑ2ε2SF + ϑ3ε3SF + . . .

Bold is fixed to known 0SF value

Weighted average values
<latexit sha1_base64="kxBU9ahmOUw7V9zsE1Lpaey8eqc="></latexit>

ωFit
1SF = →33.36± 0.15 (0.45%)

ωFit
2SF = 18.0± 0.8 (4.4%)
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Can use NR data to fit self-force 
coefficients of the scattering angle:
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2SF fit within NR 
errors everywhere
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Can also extract radiated energy SF coefficients.

Extracting self-force from NR: Radiated energy

35

1SF

2SF

3SF

4SF

<latexit sha1_base64="oMvrbUVKHqArazCB5B0vgSoctCM="></latexit>

NR value : 0.02355

SF value : 0.02375 (Warburton)

Prelim
inary

1SF NR fit agrees with direct SF 
calculation to <1%

Can extract 2SF and 3SF 
coefficients 

Potential to put bounds on 
4SF coefficient



Simulating eXtreme Spacetimes catalog

Unbound simulations now available in the SXS catalog: https://data.black-holes.org
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Future work in Numerical Relativity

37

Expand the NR parameter space:
• Higher energies 
• More unequal masses.
• More extreme spins.
• Generic spins.

Interfacing with other models:
• Comparison to the GSF results.
• Waveform comparisons to PM/EOB.
• Calibration of EOB with NR scattering data.

<latexit sha1_base64="Cfp/P8emBPDgo1eQdy5mMbCwh+c=">AAACL3icbZDLSsNAFIYn9VbrrerSzWARFKQkRWo3QkEQlxXsBZpSJtNJOzjJhJkTpYS8kRtfpRsRRdz6Fk7bLLT2wMDP/53DmfN7keAabPvNyq2srq1v5DcLW9s7u3vF/YOWlrGirEmlkKrjEc0ED1kTOAjWiRQjgSdY23u4nvL2I1Oay/AexhHrBWQYcp9TAsbqF29cabDiwxEQpeRT4tIRT/sOvsLLScWQU/vcBV8RmjhpUknP7bN+sWSX7Vnh/8LJRAll1egXJ+5A0jhgIVBBtO46dgS9hCjgVLC04MaaRYQ+kCHrGhmSgOleMrs3xSfGGWBfKvNCwDP390RCAq3HgWc6AwIjvcim5jLWjcGv9RIeRjGwkM4X+bHAIPE0PDzgilEQYyMIVdz8FdMRMUGAibhgQnAWT/4vWpWyUy1X7y5K9VoWRx4doWN0ihx0ieroFjVQE1H0jCboHX1YL9ar9Wl9zVtzVjZziP6U9f0DVrGpHQ==</latexit>�!� 1 = �!� 2 = (0, 1
2 , 0)

[Buonanno+ 24]



Take aways
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Used precision NR simulations to 
benchmark PM calculations and 

extract SF coefficients

PM-resummed EOB match NR results 
across the available parameter space.

Circular SF data can be used to 
accurately resum scattering and bound 

radiated quantities

Next steps in Numerical Relativity:
Extend parameter space and 

inform waveform models

Next steps in self-force:
More resummations and
gravitational self-force


