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Background and Motivation 

An introduction to Dirac Brackets 

Spinning Probe in a Kerr Background and Asymptotic Integrability  

Spin-Shift Symmetry and Bootstrapping the Radial Action 

(Backup slide: Beyond the Probe Limit, Beyond Kerr)
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Based on a talk by Graham Brown

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Gravitational Waves

31

[Bailes et al., Nature Rev.Phys. 3 (2021) 5, 344-366]

The discovery of GWs and the advent of highly anticipated future detectors have called for advances in our theoretical 
understanding of the classical two-body problem in GR

[Stolen from Riccardo Gonzo, who in turn stole it from somewhere else]

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Gravitational Waves

41

Amplitude and worldline methods have emerged as powerful frameworks for the inspiral dynamics!

The discovery of GWs and the advent of highly anticipated future detectors have called for advances in our theoretical 
understanding of the classical two-body problem in GR

[Bailes et al., Nature Rev.Phys. 3 (2021) 5, 344-366][Stolen from Riccardo Gonzo, who in turn stole it from somewhere else]

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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Credit: Graham Brown

High PM computations of scattering 
observables with spin

<latexit sha1_base64="0sCRugpKE12LW8FgKbWFGbK5TZk=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISURX8uiLlxWsA9oYphMpu3QyYOZG6GE/oEbf8WNC0XcunXn3zhtg2jrgYFzz7mXO/f4ieAKLOvLKMzNLywuFZdLK6tr6xvm5lZDxamkrE5jEcuWTxQTPGJ14CBYK5GMhL5gTb9/OfKb90wqHke3MEiYG5JuxDucEtCSZ+47V0wAwYnH75wwPcR5rX5qEcSgPLNsVawx8Cyxc1JGOWqe+ekEMU1DFgEVRKm2bSXgZkQCp4INS06qWEJon3RZW9OIhEy52fieId7TSoA7sdQvAjxWf09kJFRqEPq6MyTQU9PeSPzPa6fQOXczHiUpsIhOFnVSgSHGo3BwwCWjIAaaECq5/iumPSIJBR1hSYdgT588SxpHFfu0cnJzXK5e5HEU0Q7aRQfIRmeoiq5RDdURRQ/oCb2gV+PReDbejPdJa8HIZ7bRHxgf35Eum8I=</latexit>

�pµi ,�sµi , . . .

New machinery:

• KMOC

• Exp. representation of the S-matrix

• ……

New results:

Post-Minkowskian (PM): an 
expansion in Newton’s 

constant G

2

<latexit sha1_base64="tZgaT7XxBQPXp266QgUxnPrI2ho=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBjE+7Er0YI2lhJRJMISQh7m4lZsnd77M6J4bifYONfsbFQxNbSzn/j5qPQ6IOBx3szzMzzIykMuu6XMzU9Mzs3n1nILi4tr6zm1tarRsWaQ4UrqfSNzwxIEUIFBUq4iTSwwJdQ83tnA792B9oIFV5jP4JmwG5D0RGcoZVauZ1Gl2FyldIT2lARaIZKhyyABO6jtCDo0L5Id1u5vFt0h6B/iTcmeTJGuZX7bLQVjwMIkUtmTN1zI2wmTKPgEtJsIzYQMd5jt1C3dLDTNJPhQyndtkqbdpS2FSIdqj8nEhYY0w982xkw7JpJbyD+59Vj7Bw3ExFGMULIR4s6saSo6CAd2hYaOMq+JYxrYW+lvMs042gzzNoQvMmX/5LqXtE7LB5c7udLp+M4MmSTbJEC8cgRKZFzUiYVwskDeSIv5NV5dJ6dN+d91DrljGc2yC84H9+vsZ0D</latexit>

Ŝ = exp(iN̂)

<latexit sha1_base64="vEjEGkZVvDrENX4sHzr1D23CE5k="></latexit>

h�Q̂i = h |Ŝ†[Q̂, Ŝ]| i

• Dirac brackets
<latexit sha1_base64="bLdtk0MSrdlwMveAAmwziH7TNBk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIr6WpbpwWcE+oAllMp20Q2cmYWYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80ikopF40JOY+BwNBQ0pRtpIffvAS2F4Code1k89jvRI8vS2kWV9u+rUnCngInELUgUFmn37yxtEOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IEMHhtlAMNImhIaTtXfEyniSk14YDrzG9W8l4v/eb1Eh9d+SkWcaCLwbFGYMKgjmKcBB1QSrNnEEIQlNbdCPEISYW0yq5gQ3PmXF0n7rOZe1i7uz6v1RhFHGRyCI3ACXHAF6uAONEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBK3pY+</latexit>

{f, g}DB

Leveraging PM Data

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability

DA, Aoude, Arkani-Hamed, Bautista, Bern, Bohnenblust, 
Bjerrum-Bohr, Brown, Cangemi, Chen, Chiodaroli, Febres 
Cordero, Gonzo, Guevara, Haddad, Helset, Hoogeveen, Huang, 
Huang, Johansson, Kim^3, Kraus, Lee^2, Liu, Luna, Mogull, 
Ochirov, Pichini, Pirsch, Plefka, Porto, Roiban, Ruf, Scheopner, 
Shen, Shi, Skvortsov, Teng, U. Jakobsen, Vines, Yang, Zeng + 
many many many others
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Credit: Graham Brown

High PM computations of scattering 
observables with spin

<latexit sha1_base64="0sCRugpKE12LW8FgKbWFGbK5TZk=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISURX8uiLlxWsA9oYphMpu3QyYOZG6GE/oEbf8WNC0XcunXn3zhtg2jrgYFzz7mXO/f4ieAKLOvLKMzNLywuFZdLK6tr6xvm5lZDxamkrE5jEcuWTxQTPGJ14CBYK5GMhL5gTb9/OfKb90wqHke3MEiYG5JuxDucEtCSZ+47V0wAwYnH75wwPcR5rX5qEcSgPLNsVawx8Cyxc1JGOWqe+ekEMU1DFgEVRKm2bSXgZkQCp4INS06qWEJon3RZW9OIhEy52fieId7TSoA7sdQvAjxWf09kJFRqEPq6MyTQU9PeSPzPa6fQOXczHiUpsIhOFnVSgSHGo3BwwCWjIAaaECq5/iumPSIJBR1hSYdgT588SxpHFfu0cnJzXK5e5HEU0Q7aRQfIRmeoiq5RDdURRQ/oCb2gV+PReDbejPdJa8HIZ7bRHxgf35Eum8I=</latexit>

�pµi ,�sµi , . . .

DA, Aoude, Arkani-Hamed, Bautista, Bern, Bohnenblust, 
Bjerrum-Bohr, Brown, Cangemi, Chen, Chiodaroli, Febres 
Cordero, Gonzo, Guevara, Haddad, Helset, Hoogeveen, Huang, 
Huang, Johansson, Kim^3, Kraus, Lee^2, Liu, Luna, Mogull, 
Ochirov, Pichini, Pirsch, Plefka, Porto, Roiban, Ruf, Scheopner, 
Shen, Shi, Skvortsov, Teng, U. Jakobsen, Vines, Yang, Zeng + 
many many many others

New machinery:

• KMOC

• Exp. representation of the S-matrix

• Dirac brackets

<latexit sha1_base64="vEjEGkZVvDrENX4sHzr1D23CE5k="></latexit>

h�Q̂i = h |Ŝ†[Q̂, Ŝ]| i

<latexit sha1_base64="bLdtk0MSrdlwMveAAmwziH7TNBk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIr6WpbpwWcE+oAllMp20Q2cmYWYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80ikopF40JOY+BwNBQ0pRtpIffvAS2F4Code1k89jvRI8vS2kWV9u+rUnCngInELUgUFmn37yxtEOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IEMHhtlAMNImhIaTtXfEyniSk14YDrzG9W8l4v/eb1Eh9d+SkWcaCLwbFGYMKgjmKcBB1QSrNnEEIQlNbdCPEISYW0yq5gQ3PmXF0n7rOZe1i7uz6v1RhFHGRyCI3ACXHAF6uAONEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBK3pY+</latexit>

{f, g}DB

• ……

New results:

Post-Minkowskian (PM): an 
expansion in Newton’s 

constant G

2

<latexit sha1_base64="tZgaT7XxBQPXp266QgUxnPrI2ho=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBjE+7Er0YI2lhJRJMISQh7m4lZsnd77M6J4bifYONfsbFQxNbSzn/j5qPQ6IOBx3szzMzzIykMuu6XMzU9Mzs3n1nILi4tr6zm1tarRsWaQ4UrqfSNzwxIEUIFBUq4iTSwwJdQ83tnA792B9oIFV5jP4JmwG5D0RGcoZVauZ1Gl2FyldIT2lARaIZKhyyABO6jtCDo0L5Id1u5vFt0h6B/iTcmeTJGuZX7bLQVjwMIkUtmTN1zI2wmTKPgEtJsIzYQMd5jt1C3dLDTNJPhQyndtkqbdpS2FSIdqj8nEhYY0w982xkw7JpJbyD+59Vj7Bw3ExFGMULIR4s6saSo6CAd2hYaOMq+JYxrYW+lvMs042gzzNoQvMmX/5LqXtE7LB5c7udLp+M4MmSTbJEC8cgRKZFzUiYVwskDeSIv5NV5dJ6dN+d91DrljGc2yC84H9+vsZ0D</latexit>

Ŝ = exp(iN̂)

Velocities Spins Momentum transfer
[Bern et al., ’22] [Aoude et al., ’22] 
[DA et al., ’24 and ’25]

<latexit sha1_base64="UO2IGuEJlp8f87sY5FKW/lIMveA="></latexit>

M(vi, si, q) ! M(vi, si, q) under s
µ
i ! sµi + ⇠qµ through O(s4)

Unexpected symmetry (spin-shift symmetry):

Leveraging PM Data

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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Credit: Graham Brown

High PM computations of scattering 
observables with spin

<latexit sha1_base64="0sCRugpKE12LW8FgKbWFGbK5TZk=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISURX8uiLlxWsA9oYphMpu3QyYOZG6GE/oEbf8WNC0XcunXn3zhtg2jrgYFzz7mXO/f4ieAKLOvLKMzNLywuFZdLK6tr6xvm5lZDxamkrE5jEcuWTxQTPGJ14CBYK5GMhL5gTb9/OfKb90wqHke3MEiYG5JuxDucEtCSZ+47V0wAwYnH75wwPcR5rX5qEcSgPLNsVawx8Cyxc1JGOWqe+ekEMU1DFgEVRKm2bSXgZkQCp4INS06qWEJon3RZW9OIhEy52fieId7TSoA7sdQvAjxWf09kJFRqEPq6MyTQU9PeSPzPa6fQOXczHiUpsIhOFnVSgSHGo3BwwCWjIAaaECq5/iumPSIJBR1hSYdgT588SxpHFfu0cnJzXK5e5HEU0Q7aRQfIRmeoiq5RDdURRQ/oCb2gV+PReDbejPdJa8HIZ7bRHxgf35Eum8I=</latexit>

�pµi ,�sµi , . . .

New machinery:

• KMOC

• Exp. representation of the S-matrix

• Dirac brackets

<latexit sha1_base64="vEjEGkZVvDrENX4sHzr1D23CE5k="></latexit>

h�Q̂i = h |Ŝ†[Q̂, Ŝ]| i

<latexit sha1_base64="bLdtk0MSrdlwMveAAmwziH7TNBk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKIr6WpbpwWcE+oAllMp20Q2cmYWYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqyiRmLRwxCLZDZAijArS0lQz0o0lQTxgpBOMb3K/80ikopF40JOY+BwNBQ0pRtpIffvAS2F4Code1k89jvRI8vS2kWV9u+rUnCngInELUgUFmn37yxtEOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IEMHhtlAMNImhIaTtXfEyniSk14YDrzG9W8l4v/eb1Eh9d+SkWcaCLwbFGYMKgjmKcBB1QSrNnEEIQlNbdCPEISYW0yq5gQ3PmXF0n7rOZe1i7uz6v1RhFHGRyCI3ACXHAF6uAONEELYJCBZ/AK3qwn68V6tz5mrSWrmNkHf2B9/gBK3pY+</latexit>

{f, g}DB

• ……

New results:

Post-Minkowskian (PM): an 
expansion in Newton’s 

constant G

2

<latexit sha1_base64="tZgaT7XxBQPXp266QgUxnPrI2ho=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBjE+7Er0YI2lhJRJMISQh7m4lZsnd77M6J4bifYONfsbFQxNbSzn/j5qPQ6IOBx3szzMzzIykMuu6XMzU9Mzs3n1nILi4tr6zm1tarRsWaQ4UrqfSNzwxIEUIFBUq4iTSwwJdQ83tnA792B9oIFV5jP4JmwG5D0RGcoZVauZ1Gl2FyldIT2lARaIZKhyyABO6jtCDo0L5Id1u5vFt0h6B/iTcmeTJGuZX7bLQVjwMIkUtmTN1zI2wmTKPgEtJsIzYQMd5jt1C3dLDTNJPhQyndtkqbdpS2FSIdqj8nEhYY0w982xkw7JpJbyD+59Vj7Bw3ExFGMULIR4s6saSo6CAd2hYaOMq+JYxrYW+lvMs042gzzNoQvMmX/5LqXtE7LB5c7udLp+M4MmSTbJEC8cgRKZFzUiYVwskDeSIv5NV5dJ6dN+d91DrljGc2yC84H9+vsZ0D</latexit>

Ŝ = exp(iN̂)

Velocities Spins Momentum transfer
[Bern et al., ’22] [Aoude et al., ’22] 
[DA et al., ’24 and ’25]

<latexit sha1_base64="UO2IGuEJlp8f87sY5FKW/lIMveA="></latexit>

M(vi, si, q) ! M(vi, si, q) under s
µ
i ! sµi + ⇠qµ through O(s4)

Unexpected symmetry (spin-shift symmetry):

Leveraging PM Data

Can we study conservation laws and integrability for Kerr BH Scattering?!

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability

DA, Aoude, Arkani-Hamed, Bautista, Bern, Bohnenblust, 
Bjerrum-Bohr, Brown, Cangemi, Chen, Chiodaroli, Febres 
Cordero, Gonzo, Guevara, Haddad, Helset, Hoogeveen, Huang, 
Huang, Johansson, Kim^3, Kraus, Lee^2, Liu, Luna, Mogull, 
Ochirov, Pichini, Pirsch, Plefka, Porto, Roiban, Ruf, Scheopner, 
Shen, Shi, Skvortsov, Teng, U. Jakobsen, Vines, Yang, Zeng + 
many many many others



An Introduction to Dirac Brackets

8

Define                      which is weakly equivalent to the original Hamiltonian
<latexit sha1_base64="lSL3HJZmqxXoaSk8cWG3D6+NNJc=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2XRTZcV7APasWTSTBuaSUKSEYeh/oobF4q49UPc+Tem7Sy09cCFwzn3cu89oWRUG8/7dgorq2vrG8XN0tb2zu6eu3/Q0iJRmDSxYEJ1QqQJo5w0DTWMdKQiKA4ZaYfjm6nffiBKU8HvTCpJEKMhpxHFyFip75br9z2paExgD0mpxCOsw75b8areDHCZ+DmpgByNvvvVGwicxIQbzJDWXd+TJsiQMhQzMin1Ek0kwmM0JF1LOYqJDrLZ8RN4bJUBjISyxQ2cqb8nMhRrncah7YyRGelFbyr+53UTE10FGeUyMYTj+aIoYdAIOE0CDqgi2LDUEoQVtbdCPEIKYWPzKtkQ/MWXl0nrtOpfVM9vzyq16zyOIjgER+AE+OAS1EAdNEATYJCCZ/AK3pwn58V5dz7mrQUnnymDP3A+fwC795Qw</latexit>

H
0 ⇡ H

<latexit sha1_base64="PCQGz+Ws0vwDR1qPvIYFMH6ifpY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSiJ+NoIRTddVrAPaGKYTCft0JlkmJkIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89oWBUacf5tgoLi0vLK8XV0tr6xuaWvb3TVEkqMWnghCWyHSJFGI1JQ1PNSFtIgnjISCsc3Iz91gORiibxnR4K4nPUi2lEMdJGCuy92r0nJOUEXsEaPIZpQKEn+jSggV12Ks4EcJ64OSmDHPXA/vK6CU45iTVmSKmO6wjtZ0hqihkZlbxUEYHwAPVIx9AYcaL8bPLCCB4apQujRJqKNZyovycyxJUa8tB0cqT7atYbi/95nVRHl35GY5FqEuPpoihlUCdwnAfsUkmwZkNDEJbU3ApxH0mEtUmtZEJwZ1+eJ82TinteObs9LVev8ziKYB8cgCPgggtQBTVQBw2AwSN4Bq/gzXqyXqx362PaWrDymV3wB9bnD75ZlcA=</latexit>

H
0 = H + ui�i

<latexit sha1_base64="XOkPrTlXV4izyzh9miVFq7CSn2Q=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCgWEnbFZyGEWGgZxTxgdwmzk0kyZPbBzF0xLPsHNv6KjYUitrZ2/o2TR6GJBy4czrn3zp3jx4IrsKxvY2Z2bn5hMbeUX15ZXVs3NzZrKkokZVUaiUg2fKKY4CGrAgfBGrFkJPAFq/u9y4Ffv2dS8Si8g37MvIB0Qt7mlICWmuaeC+wBhnuc26uyl1oHtq3r3M5SN+7yJscX2MqaZsEqWkPgaWKPSQGNUWmaX24roknAQqCCKOXYVgxeSiRwKliWdxPFYkJ7pMMcTUMSMOWlwzsyvKuVFm5HUlcIeKj+nkhJoFQ/8HVnQKCrJr2B+J/nJNA+81IexgmwkI4eaicCQ4QH4eAWl4yC6GtCqOT6Vky7RBIKOsK8DsGe/PI0qR0W7ZPi8c1RoVQex5FD22gH7SMbnaISukYVVEUUPaJn9IrejCfjxXg3PkatM8Z4Zgv9gfH5AwJSmrs=</latexit>

�i = 0

<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

<latexit sha1_base64="F4rw81Acnsry6e83KVyoCuaY/Jk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeI0VLIxFog+pjSrHcVqrjhNsB6lE/RIWBhBi5VPY+BucNgO0HMny0Tn3ysfHTzhT2nG+rdLK6tr6RnmzsrW9s1u19/bbKk4loS0S81h2fawoZ4K2NNOcdhNJceRz2vHHN7nfeaRSsVjc60lCvQgPBQsZwdpIA7va92MeqElkruxhigZ2zak7M6Bl4hakBgWaA/urH8QkjajQhGOleq6TaC/DUjPC6bTSTxVNMBnjIe0ZKnBElZfNgk/RsVECFMbSHKHRTP29keFI5dnMZIT1SC16ufif10t1eOVlTCSppoLMHwpTjnSM8hZQwCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP6+5F/fzurNa4LuoowyEcwQm4cAkNuIUmtIBACs/wCm/Wk/VivVsf89GSVewcwB9Ynz8fJ5Nn</latexit>q

Example:

Consider some system with Hamiltonian     subject to constraints

Constrains us to the 
physical phase space 

<latexit sha1_base64="a6ql2g27xIRn3iVNsLZOWZX56gQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRC0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlbssjjycwCmcgwc3UIEq1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKC5jNY=</latexit>

H
<latexit sha1_base64="WA4OLVCMexFnGX6h82u8DvJeaDY=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppo3NJCHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/VbT1QbJsWDHSsaJnggWMwItk5qdtWQ9VivXPGr/gxomQQ5qUCOeq/81e1LkiZUWMKxMZ3AVzbMsLaMcDopdVNDFSYjPKAdRwVOqAmz2bUTdOKUPoqldiUsmqm/JzKcGDNOIteZYDs0i95U/M/rpDa+DjMmVGqpIPNFccqRlWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFm9uD+v1G7yOIpwBMdwCgFcQQ3uoA4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB5NmjyU=</latexit>

�i

3

(Graham’s favourite example)

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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Define                      which is weakly equivalent to the original Hamiltonian
<latexit sha1_base64="lSL3HJZmqxXoaSk8cWG3D6+NNJc=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2XRTZcV7APasWTSTBuaSUKSEYeh/oobF4q49UPc+Tem7Sy09cCFwzn3cu89oWRUG8/7dgorq2vrG8XN0tb2zu6eu3/Q0iJRmDSxYEJ1QqQJo5w0DTWMdKQiKA4ZaYfjm6nffiBKU8HvTCpJEKMhpxHFyFip75br9z2paExgD0mpxCOsw75b8areDHCZ+DmpgByNvvvVGwicxIQbzJDWXd+TJsiQMhQzMin1Ek0kwmM0JF1LOYqJDrLZ8RN4bJUBjISyxQ2cqb8nMhRrncah7YyRGelFbyr+53UTE10FGeUyMYTj+aIoYdAIOE0CDqgi2LDUEoQVtbdCPEIKYWPzKtkQ/MWXl0nrtOpfVM9vzyq16zyOIjgER+AE+OAS1EAdNEATYJCCZ/AK3pwn58V5dz7mrQUnnymDP3A+fwC795Qw</latexit>

H
0 ⇡ H

<latexit sha1_base64="PCQGz+Ws0vwDR1qPvIYFMH6ifpY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSiJ+NoIRTddVrAPaGKYTCft0JlkmJkIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89oWBUacf5tgoLi0vLK8XV0tr6xuaWvb3TVEkqMWnghCWyHSJFGI1JQ1PNSFtIgnjISCsc3Iz91gORiibxnR4K4nPUi2lEMdJGCuy92r0nJOUEXsEaPIZpQKEn+jSggV12Ks4EcJ64OSmDHPXA/vK6CU45iTVmSKmO6wjtZ0hqihkZlbxUEYHwAPVIx9AYcaL8bPLCCB4apQujRJqKNZyovycyxJUa8tB0cqT7atYbi/95nVRHl35GY5FqEuPpoihlUCdwnAfsUkmwZkNDEJbU3ApxH0mEtUmtZEJwZ1+eJ82TinteObs9LVev8ziKYB8cgCPgggtQBTVQBw2AwSN4Bq/gzXqyXqx362PaWrDymV3wB9bnD75ZlcA=</latexit>

H
0 = H + ui�i

Then consider the evolution of some function
<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

<latexit sha1_base64="Hz87uFM9n8db2u+zqRToeRp3nhU="></latexit>

�̇i = 0 ⇡ {�i, H}+ {�i,�j}| {z }
Mij

uj

<latexit sha1_base64="IzqkruKq5HwzAN+zMGQ6rpPls0M="></latexit>

ui = �M
�1
ij {�j , H}

<latexit sha1_base64="XOkPrTlXV4izyzh9miVFq7CSn2Q=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCgWEnbFZyGEWGgZxTxgdwmzk0kyZPbBzF0xLPsHNv6KjYUitrZ2/o2TR6GJBy4czrn3zp3jx4IrsKxvY2Z2bn5hMbeUX15ZXVs3NzZrKkokZVUaiUg2fKKY4CGrAgfBGrFkJPAFq/u9y4Ffv2dS8Si8g37MvIB0Qt7mlICWmuaeC+wBhnuc26uyl1oHtq3r3M5SN+7yJscX2MqaZsEqWkPgaWKPSQGNUWmaX24roknAQqCCKOXYVgxeSiRwKliWdxPFYkJ7pMMcTUMSMOWlwzsyvKuVFm5HUlcIeKj+nkhJoFQ/8HVnQKCrJr2B+J/nJNA+81IexgmwkI4eaicCQ4QH4eAWl4yC6GtCqOT6Vky7RBIKOsK8DsGe/PI0qR0W7ZPi8c1RoVQex5FD22gH7SMbnaISukYVVEUUPaJn9IrejCfjxXg3PkatM8Z4Zgv9gfH5AwJSmrs=</latexit>

�i = 0

<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

<latexit sha1_base64="F4rw81Acnsry6e83KVyoCuaY/Jk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeI0VLIxFog+pjSrHcVqrjhNsB6lE/RIWBhBi5VPY+BucNgO0HMny0Tn3ysfHTzhT2nG+rdLK6tr6RnmzsrW9s1u19/bbKk4loS0S81h2fawoZ4K2NNOcdhNJceRz2vHHN7nfeaRSsVjc60lCvQgPBQsZwdpIA7va92MeqElkruxhigZ2zak7M6Bl4hakBgWaA/urH8QkjajQhGOleq6TaC/DUjPC6bTSTxVNMBnjIe0ZKnBElZfNgk/RsVECFMbSHKHRTP29keFI5dnMZIT1SC16ufif10t1eOVlTCSppoLMHwpTjnSM8hZQwCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP6+5F/fzurNa4LuoowyEcwQm4cAkNuIUmtIBACs/wCm/Wk/VivVsf89GSVewcwB9Ynz8fJ5Nn</latexit>q

Example:

<latexit sha1_base64="t7/wpJ+jKDMu5OeunIwg/cD9WRk=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UUlJKIVjdC0U2XFewDmhAm00k7dJIMMxOxhPyJG3/FjQtFxF3/xmnahbYeGDj3nHu5c4/PGZXKssZGYWl5ZXWtuF7a2Nza3jF391oyTgQmTRyzWHR8JAmjEWkqqhjpcEFQ6DPS9od3E7/9SISkcfSgRpy4IepHNKAYKS15ZtXpxSoNMngDnTQ4g/VjJ4MO4lzET7lS1/Xp1HP4gHrUyRKPembZqlg54CKxZ6QMZmh45rdehJOQRAozJGXXtrhyUyQUxYxkJSeRhCM8RH3S1TRCIZFumt+XwSOt9GAQC/0iBXP190SKQilHoa87Q6QGct6biP953UQF125KI54oEuHpoiBhUMVwEhbsUUGwYiNNEBZU/xXiARIIKx1pSYdgz5+8SFrnFbtauby/KNduZ3EUwQE4BCfABlegBuqgAZoAg2fwCt7Bh/FivBmfxte0tWDMZvbBHxjjH0qnoU8=</latexit>

ḟ = {f,H 0} ⇡ {f,H}+ {f,�i}ui with

<latexit sha1_base64="DkRJs5WI/c1QXeUnGCk2cn+DEso="></latexit>

ḟ ⇡ {f,H}� {f,�i}M�1
ij {�j , H} ⌘ {f,H}DB

such that

Consider some system with Hamiltonian     subject to constraints

Constrains us to the 
physical phase space 

<latexit sha1_base64="a6ql2g27xIRn3iVNsLZOWZX56gQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRC0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlbssjjycwCmcgwc3UIEq1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKC5jNY=</latexit>

H
<latexit sha1_base64="WA4OLVCMexFnGX6h82u8DvJeaDY=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppo3NJCHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/VbT1QbJsWDHSsaJnggWMwItk5qdtWQ9VivXPGr/gxomQQ5qUCOeq/81e1LkiZUWMKxMZ3AVzbMsLaMcDopdVNDFSYjPKAdRwVOqAmz2bUTdOKUPoqldiUsmqm/JzKcGDNOIteZYDs0i95U/M/rpDa+DjMmVGqpIPNFccqRlWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFm9uD+v1G7yOIpwBMdwCgFcQQ3uoA4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB5NmjyU=</latexit>

�i

3

(Graham’s favourite example)

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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Define                      which is weakly equivalent to the original Hamiltonian
<latexit sha1_base64="lSL3HJZmqxXoaSk8cWG3D6+NNJc=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2XRTZcV7APasWTSTBuaSUKSEYeh/oobF4q49UPc+Tem7Sy09cCFwzn3cu89oWRUG8/7dgorq2vrG8XN0tb2zu6eu3/Q0iJRmDSxYEJ1QqQJo5w0DTWMdKQiKA4ZaYfjm6nffiBKU8HvTCpJEKMhpxHFyFip75br9z2paExgD0mpxCOsw75b8areDHCZ+DmpgByNvvvVGwicxIQbzJDWXd+TJsiQMhQzMin1Ek0kwmM0JF1LOYqJDrLZ8RN4bJUBjISyxQ2cqb8nMhRrncah7YyRGelFbyr+53UTE10FGeUyMYTj+aIoYdAIOE0CDqgi2LDUEoQVtbdCPEIKYWPzKtkQ/MWXl0nrtOpfVM9vzyq16zyOIjgER+AE+OAS1EAdNEATYJCCZ/AK3pwn58V5dz7mrQUnnymDP3A+fwC795Qw</latexit>

H
0 ⇡ H

<latexit sha1_base64="PCQGz+Ws0vwDR1qPvIYFMH6ifpY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSiJ+NoIRTddVrAPaGKYTCft0JlkmJkIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89oWBUacf5tgoLi0vLK8XV0tr6xuaWvb3TVEkqMWnghCWyHSJFGI1JQ1PNSFtIgnjISCsc3Iz91gORiibxnR4K4nPUi2lEMdJGCuy92r0nJOUEXsEaPIZpQKEn+jSggV12Ks4EcJ64OSmDHPXA/vK6CU45iTVmSKmO6wjtZ0hqihkZlbxUEYHwAPVIx9AYcaL8bPLCCB4apQujRJqKNZyovycyxJUa8tB0cqT7atYbi/95nVRHl35GY5FqEuPpoihlUCdwnAfsUkmwZkNDEJbU3ApxH0mEtUmtZEJwZ1+eJ82TinteObs9LVev8ziKYB8cgCPgggtQBTVQBw2AwSN4Bq/gzXqyXqx362PaWrDymV3wB9bnD75ZlcA=</latexit>

H
0 = H + ui�i

Then consider the evolution of some function
<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

<latexit sha1_base64="Hz87uFM9n8db2u+zqRToeRp3nhU="></latexit>

�̇i = 0 ⇡ {�i, H}+ {�i,�j}| {z }
Mij

uj

<latexit sha1_base64="IzqkruKq5HwzAN+zMGQ6rpPls0M="></latexit>

ui = �M
�1
ij {�j , H}

<latexit sha1_base64="XOkPrTlXV4izyzh9miVFq7CSn2Q=">AAACD3icbVC7SgNBFJ31GeNr1dJmMCgWEnbFZyGEWGgZxTxgdwmzk0kyZPbBzF0xLPsHNv6KjYUitrZ2/o2TR6GJBy4czrn3zp3jx4IrsKxvY2Z2bn5hMbeUX15ZXVs3NzZrKkokZVUaiUg2fKKY4CGrAgfBGrFkJPAFq/u9y4Ffv2dS8Si8g37MvIB0Qt7mlICWmuaeC+wBhnuc26uyl1oHtq3r3M5SN+7yJscX2MqaZsEqWkPgaWKPSQGNUWmaX24roknAQqCCKOXYVgxeSiRwKliWdxPFYkJ7pMMcTUMSMOWlwzsyvKuVFm5HUlcIeKj+nkhJoFQ/8HVnQKCrJr2B+J/nJNA+81IexgmwkI4eaicCQ4QH4eAWl4yC6GtCqOT6Vky7RBIKOsK8DsGe/PI0qR0W7ZPi8c1RoVQex5FD22gH7SMbnaISukYVVEUUPaJn9IrejCfjxXg3PkatM8Z4Zgv9gfH5AwJSmrs=</latexit>

�i = 0

<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

<latexit sha1_base64="F4rw81Acnsry6e83KVyoCuaY/Jk=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeI0VLIxFog+pjSrHcVqrjhNsB6lE/RIWBhBi5VPY+BucNgO0HMny0Tn3ysfHTzhT2nG+rdLK6tr6RnmzsrW9s1u19/bbKk4loS0S81h2fawoZ4K2NNOcdhNJceRz2vHHN7nfeaRSsVjc60lCvQgPBQsZwdpIA7va92MeqElkruxhigZ2zak7M6Bl4hakBgWaA/urH8QkjajQhGOleq6TaC/DUjPC6bTSTxVNMBnjIe0ZKnBElZfNgk/RsVECFMbSHKHRTP29keFI5dnMZIT1SC16ufif10t1eOVlTCSppoLMHwpTjnSM8hZQwCQlmk8MwUQykxWREZaYaNNVxZTgLn55mbRP6+5F/fzurNa4LuoowyEcwQm4cAkNuIUmtIBACs/wCm/Wk/VivVsf89GSVewcwB9Ynz8fJ5Nn</latexit>q

Example:

<latexit sha1_base64="t7/wpJ+jKDMu5OeunIwg/cD9WRk=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UUlJKIVjdC0U2XFewDmhAm00k7dJIMMxOxhPyJG3/FjQtFxF3/xmnahbYeGDj3nHu5c4/PGZXKssZGYWl5ZXWtuF7a2Nza3jF391oyTgQmTRyzWHR8JAmjEWkqqhjpcEFQ6DPS9od3E7/9SISkcfSgRpy4IepHNKAYKS15ZtXpxSoNMngDnTQ4g/VjJ4MO4lzET7lS1/Xp1HP4gHrUyRKPembZqlg54CKxZ6QMZmh45rdehJOQRAozJGXXtrhyUyQUxYxkJSeRhCM8RH3S1TRCIZFumt+XwSOt9GAQC/0iBXP190SKQilHoa87Q6QGct6biP953UQF125KI54oEuHpoiBhUMVwEhbsUUGwYiNNEBZU/xXiARIIKx1pSYdgz5+8SFrnFbtauby/KNduZ3EUwQE4BCfABlegBuqgAZoAg2fwCt7Bh/FivBmfxte0tWDMZvbBHxjjH0qnoU8=</latexit>

ḟ = {f,H 0} ⇡ {f,H}+ {f,�i}ui with

<latexit sha1_base64="DkRJs5WI/c1QXeUnGCk2cn+DEso="></latexit>

ḟ ⇡ {f,H}� {f,�i}M�1
ij {�j , H} ⌘ {f,H}DB

such that

Defines evolution on the 
physical phase space!

Consider some system with Hamiltonian     subject to constraints

Constrains us to the 
physical phase space 

<latexit sha1_base64="a6ql2g27xIRn3iVNsLZOWZX56gQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRC0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlbssjjycwCmcgwc3UIEq1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKC5jNY=</latexit>

H
<latexit sha1_base64="WA4OLVCMexFnGX6h82u8DvJeaDY=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppo3NJCHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/VbT1QbJsWDHSsaJnggWMwItk5qdtWQ9VivXPGr/gxomQQ5qUCOeq/81e1LkiZUWMKxMZ3AVzbMsLaMcDopdVNDFSYjPKAdRwVOqAmz2bUTdOKUPoqldiUsmqm/JzKcGDNOIteZYDs0i95U/M/rpDa+DjMmVGqpIPNFccqRlWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcFm9uD+v1G7yOIpwBMdwCgFcQQ3uoA4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB5NmjyU=</latexit>

�i

3

(Graham’s favourite example)

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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1. A function     is said to be conserved if 

2. Brackets act through derivatives: 

3. Time evolution follows from iterated brackets 

4. Calculate the change: 

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="hEP/ulT5oRLuJ2fXKRqf+AJB4hQ=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QdOOyBfuA6VAyaaYNzUyG5I5Qhn6GGxeKuPVr3Pk3po+FVg8EDufcQ+49YSqFQdf9cgorq2vrG8XN0tb2zu5eef+gZVSmGW8yJZXuhNRwKRLeRIGSd1LNaRxK3g5Hd1O//ci1ESp5wHHKg5gOEhEJRtFKfrevMG9MyA1xe+WKW3VnIH+JtyAVWKDeK3/aNMtiniCT1Bjfc1MMcqpRMMknpW5meErZiA64b2lCY26CfLbyhJxYpU8ipe1LkMzUn4mcxsaM49BOxhSHZtmbiv95fobRdZCLJM2QJ2z+UZRJgopM7yd9oTlDObaEMi3sroQNqaYMbUslW4K3fPJf0jqrepfVi8Z5pXa7qKMIR3AMp+DBFdTgHurQBAYKnuAFXh10np03530+WnAWmUP4BefjGy5NkIs=</latexit>

Q̇ = 0
<latexit sha1_base64="mAI9v3/ObbF9dZ3lIqjk5A+zH6Y=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmZoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFCWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGn7Wh8m/vtJ6oNU/LBThIaCjyULGYE21zqsTjuV2t+3Z8BLZOgIDUo0OxXv3oDRVJBpSUcG9MN/MSGGdaWEU6nlV5qaILJGA9p11GJBTVhNrt1ik6cMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18HWZMJqmlkswXxSlHVqH8cTRgmhLLJ45gopm7FZER1phYF0/FhRAsvrxMHs/qwWX94v681rgp4ijDERzDKQRwBQ24gya0gMAInuEV3jzhvXjv3se8teQVM4fwB97nDwSIjj0=</latexit>() <latexit sha1_base64="+ajbsxDc9zBUU0M2fhvpqifi2p4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREfG2EUl102YJ9QBPCZDpph84kYWYilBBw46+4caGIW3/CnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXf32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR7e533kgQtIovFfjmLgcDUIaUIyUljzzwEmbp7DuZF7qcKSGgqd3tSyDN9DyzLJVsSaAi8SekTKYoeGZX04/wgknocIMSdmzrVi5KRKKYkaykpNIEiM8QgPS0zREnEg3nfyQwWOt9GEQCV2hghP190SKuJRj7uvO/E457+Xif14vUcG1m9IwThQJ8XRRkDCoIpgHAvtUEKzYWBOEBdW3QjxEAmGlYyvpEOz5lxdJ+6xiX1Yumuflam0WRxEcgiNwAmxwBaqgDhqgBTB4BM/gFbwZT8aL8W58TFsLxmxmH/yB8fkDXMSWtQ==</latexit>

{Q,H}DB = 0

<latexit sha1_base64="NBs/RfsxSEFZGd98+Ci5xZ/bne8=">AAACLHicbVDLSgMxFM34rPVVdekmWIQKUmbE10YorQuXFewDOqVkMpk2NDMTk4xQwnyQG39FEBcWcet3mGm70NYDgcM595B7j8cZlcq2x9bS8srq2npuI7+5tb2zW9jbb8o4EZg0cMxi0faQJIxGpKGoYqTNBUGhx0jLG9Yyv/VEhKRx9KBGnHRD1I9oQDFSRuoVaq5+PIVBiZ+4aU+7IVIDEerbaprCGzjx+ILhBgJh7afa52mW7BWKdtmeAC4SZ0aKYIZ6r/Dm+jFOQhIpzJCUHcfmqquRUBQzkubdRBKO8BD1ScfQCIVEdvXk2BQeG8WHQSzMixScqL8TGoVSjkLPTGZLy3kvE//zOokKrruaRjxRJMLTj4KEQRXDrDnoU0GwYiNDEBbU7ArxAJkqlOk3b0pw5k9eJM2zsnNZvrg/L1aqszpy4BAcgRJwwBWogDtQBw2AwTN4BR9gbL1Y79an9TUdXbJmmQPwB9b3D/klqBw=</latexit>

{q, f(p)}DB = {q, p}DB
d

dp
f(p)

<latexit sha1_base64="3i6ZHlwq2wWFk5V30NWsTEvbDxM=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjvjZCqS66rGAf0BmGTJppQzMPkoxQwizd+CtuXCji1k9w59+YaWehrQcCh3Puvbn3+AmjQlrWt7GwuLS8slpaK69vbG5tmzu7bRGnHJMWjlnMuz4ShNGItCSVjHQTTlDoM9LxRze533kgXNA4upfjhLghGkQ0oBhJLXnmgdOPpQoyeA0dFZw0nMxTTojkkIfqtp5lnlmxqtYEcJ7YBamAAk3P/NITcRqSSGKGhOjZViJdhbikmJGs7KSCJAiP0ID0NI1QSISrJodk8EgrfRjEXL9Iwon6u0OhUIhx6OvKfEcx6+Xif14vlcGVq2iUpJJEePpRkDIoY5inAvuUEyzZWBOEOdW7QjxEHGGpsyvrEOzZk+dJ+7RqX1TP784qtXoRRwnsg0NwDGxwCWqgAZqgBTB4BM/gFbwZT8aL8W58TEsXjKJnD/yB8fkDgnqZrQ==</latexit>

ḟ = {f,H}DB

Solution

Iterative Dirac 
bracket structure!

<latexit sha1_base64="QjRl6qcWZFo88T87SVIMWC78OZg="></latexit>

f(t1) = exp((t1 � t0){·, H}DB)f(t0)

<latexit sha1_base64="9qh0nOSpl9Y+KyOylisrRwCfGaw="></latexit>

�f = f(t1)� f(t0) = [exp((t1 � t0){·, H}DB)� 1]f(t0)

=
1X

n=1

(t1 � t0)n

n!
{{{f,H}DB, H}DB, . . . , H}DB
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Our starting point is the KMOC formalism [Kosower, Maybee, O’Connell, ’18] [Maybee, O’Connell, Vines, ’19]…..

<latexit sha1_base64="llRMEliqSrhnhOlg0c9Ev4AOEkA="></latexit>

| iin :=

Z
d�(p1)d�(p2)e

i(p1·b1+p2·p2)�(p1)�(p2)|p1, p2i

<latexit sha1_base64="P0xIkmz93vs8aI29tJzFKjKeuvc="></latexit>

d�(pi) :=
dDpi

(2⇡)D�1
�(+)(p2i �m2

i )

<latexit sha1_base64="kcbgaAWcEjd8uSVGLY0RVeTWR6I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9DzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHtXY2U</latexit>

b1

<latexit sha1_base64="XRzZH9rwwjcJuvh8Jlj0gmHE4JU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9BL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AHu4Y2V</latexit>

b2

<latexit sha1_base64="nhMFZNkdpqAN5VQ3vKuM8+pPdxE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcWGaKLwSh6MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9j2s5CWw/cy+Gce8nNCWLOtHHdb2dhcWl5ZTW3ll/f2NzaLuzs1rVMFKE1IrlUzQBrypmgNcMMp81YURwFnDaCwc3YbzxSpZkU92YYUz/CPcFCRrCx0kOALq9Q0CmjY9u9TqHoltwJ0DzxMlKEDNVO4avdlSSJqDCEY61bnhsbP8XKMMLpKN9ONI0xGeAebVkqcES1n06uHqFDq3RRKJUtYdBE/b2R4kjrYRTYyQibvp71xuJ/Xisx4YWfMhEnhgoyfShMODISjSNAXaYoMXxoCSaK2VsR6WOFibFB5W0I3uyX50m9XPLOSqd3J8XKdRZHDvbhAI7Ag3OowC1UoQYEFDzDK7w5T86L8+58TEcXnGxnD/7A+fwBWISQew==</latexit>

b := b2 � b1

<latexit sha1_base64="CV+NBrTtB5/+d1Qk0QbY4/QBy8I=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAbwmQ6aYfOTMLMpFBCP8KNC0Xc+j3u/BsnbRbaeuDC4Zx7ufeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vs/9zoQqzWL5ZKYJ9QUeShYxgo2VOiLw0CTwgmrNrbtzoFXiFaQGBZpB9as/iEkqqDSEY617npsYP8PKMMLprNJPNU0wGeMh7VkqsaDaz+bnztCZVQYoipUtadBc/T2RYaH1VIS2U2Az0steLv7n9VIT3foZk0lqqCSLRVHKkYlR/jsaMEWJ4VNLMFHM3orICCtMjE2oYkPwll9eJe2Lunddv3q8rDXuijjKcAKncA4e3EADHqAJLSAwhmd4hTcncV6cd+dj0Vpyiplj+APn8wdVL47t</latexit>m1v1

<latexit sha1_base64="8o+spI65jEP+B7CR8dhfISrass8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktVj0WvXisYD+gXZZsmm1Dk+ySZAtl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+H7udyZUaRbLJzNNqC/wULKIEWys1BFBDU2CWlCuuFV3AbROvJxUIEczKH/1BzFJBZWGcKx1z3MT42dYGUY4nZX6qaYJJmM8pD1LJRZU+9ni3Bm6sMoARbGyJQ1aqL8nMiy0norQdgpsRnrVm4v/eb3URLd+xmSSGirJclGUcmRiNP8dDZiixPCpJZgoZm9FZIQVJsYmVLIheKsvr5N2repdV+uPV5XGXR5HEc7gHC7BgxtowAM0oQUExvAMr/DmJM6L8+58LFsLTj5zCn/gfP4AWDuO7w==</latexit>m2v2

          peaks around the classical momentum      
<latexit sha1_base64="z30x22FvbjKC2a1DsePPBGpouFg=">AAACEHicbVDLSsNAFJ3UV62vqks3wSJWkJKIz12pC11WsQ9IQphMp+3QSTLM3Igl9BPc+CtuXCji1qU7/8bpY6GtBy4czrn3zp0TCM4UWNa3kZmbX1hcyi7nVlbX1jfym1t1FSeS0BqJeSybAVaUs4jWgAGnTSEpDgNOG0Hvcug37qlULI7uoC+oF+JOxNqMYNCSn993gT7AaI9ze1XxUuvQtnVd2IPUFV3ms6Lw2cHAzxeskjWCOUvsCSmgCap+/sttxSQJaQSEY6Uc2xLgpVgCI5wOcm6iqMCkhzvU0TTCIVVeOjpkYO5ppWW2Y6krAnOk/p5IcahUPwx0Z4ihq6a9ofif5yTQPvdSFokEaETGD7UTbkJsDtMxW0xSAryvCSaS6VtN0sUSE9AZ5nQI9vSXZ0n9qGSflk5ujgvlyiSOLNpBu6iIbHSGyugaVVENEfSIntErejOejBfj3fgYt2aMycw2+gPj8weDd5uh</latexit>

�i(pi)
<latexit sha1_base64="Rlwzpqgw/NwExiPUOflExkiom/E=">AAACDHicbVDLTgIxFO3gC/GFunTTSExcGDJjfO4ILnSJRh4JTCadUqChnZm0d4hkwge48VfcuNAYt36AO//GMrBQ8CQ3OTn33Nvb40eCa7DtbyuzsLi0vJJdza2tb2xu5bd3ajqMFWVVGopQNXyimeABqwIHwRqRYkT6gtX9/tW4Xx8wpXkY3MMwYq4k3YB3OCVgJC9faAF7gHRP8+667Cb2keOYunRGifQ4Hnh8ZFx20U6B54kzJQU0RcXLf7XaIY0lC4AKonXTsSNwE6KAU8FGuVasWURon3RZ09CASKbdJD1ihA+M0sadUJkKAKfq74mESK2H0jdOSaCnZ3tj8b9eM4bOhZvwIIqBBXTyUCcWGEI8Tga3uWIUxNAQQhU3t2LaI4pQMPnlTAjO7JfnSe246JwVT29PCqXyNI4s2kP76BA56ByV0A2qoCqi6BE9o1f0Zj1ZL9a79TGxZqzpzC76A+vzB62imh4=</latexit>mivi
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Our starting point is the KMOC formalism [Kosower, Maybee, O’Connell, ’18] [Maybee, O’Connell, Vines, ’19]…..

<latexit sha1_base64="llRMEliqSrhnhOlg0c9Ev4AOEkA="></latexit>

| iin :=

Z
d�(p1)d�(p2)e

i(p1·b1+p2·p2)�(p1)�(p2)|p1, p2i

<latexit sha1_base64="P0xIkmz93vs8aI29tJzFKjKeuvc="></latexit>

d�(pi) :=
dDpi

(2⇡)D�1
�(+)(p2i �m2

i )

<latexit sha1_base64="+pxxJE9ZaUW+UyQleNyM5YsZbvA="></latexit>

h�Ôi := outh |Ô| iout � inh |Ô| iin = inh |Ŝ†[Ô, Ŝ]| iin

<latexit sha1_base64="kcbgaAWcEjd8uSVGLY0RVeTWR6I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9DzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHtXY2U</latexit>

b1

<latexit sha1_base64="XRzZH9rwwjcJuvh8Jlj0gmHE4JU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9BL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AHu4Y2V</latexit>

b2

<latexit sha1_base64="nhMFZNkdpqAN5VQ3vKuM8+pPdxE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcWGaKLwSh6MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9j2s5CWw/cy+Gce8nNCWLOtHHdb2dhcWl5ZTW3ll/f2NzaLuzs1rVMFKE1IrlUzQBrypmgNcMMp81YURwFnDaCwc3YbzxSpZkU92YYUz/CPcFCRrCx0kOALq9Q0CmjY9u9TqHoltwJ0DzxMlKEDNVO4avdlSSJqDCEY61bnhsbP8XKMMLpKN9ONI0xGeAebVkqcES1n06uHqFDq3RRKJUtYdBE/b2R4kjrYRTYyQibvp71xuJ/Xisx4YWfMhEnhgoyfShMODISjSNAXaYoMXxoCSaK2VsR6WOFibFB5W0I3uyX50m9XPLOSqd3J8XKdRZHDvbhAI7Ag3OowC1UoQYEFDzDK7w5T86L8+58TEcXnGxnD/7A+fwBWISQew==</latexit>

b := b2 � b1

<latexit sha1_base64="CV+NBrTtB5/+d1Qk0QbY4/QBy8I=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAbwmQ6aYfOTMLMpFBCP8KNC0Xc+j3u/BsnbRbaeuDC4Zx7ufeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vs/9zoQqzWL5ZKYJ9QUeShYxgo2VOiLw0CTwgmrNrbtzoFXiFaQGBZpB9as/iEkqqDSEY617npsYP8PKMMLprNJPNU0wGeMh7VkqsaDaz+bnztCZVQYoipUtadBc/T2RYaH1VIS2U2Az0steLv7n9VIT3foZk0lqqCSLRVHKkYlR/jsaMEWJ4VNLMFHM3orICCtMjE2oYkPwll9eJe2Lunddv3q8rDXuijjKcAKncA4e3EADHqAJLSAwhmd4hTcncV6cd+dj0Vpyiplj+APn8wdVL47t</latexit>m1v1

<latexit sha1_base64="8o+spI65jEP+B7CR8dhfISrass8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktVj0WvXisYD+gXZZsmm1Dk+ySZAtl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+H7udyZUaRbLJzNNqC/wULKIEWys1BFBDU2CWlCuuFV3AbROvJxUIEczKH/1BzFJBZWGcKx1z3MT42dYGUY4nZX6qaYJJmM8pD1LJRZU+9ni3Bm6sMoARbGyJQ1aqL8nMiy0norQdgpsRnrVm4v/eb3URLd+xmSSGirJclGUcmRiNP8dDZiixPCpJZgoZm9FZIQVJsYmVLIheKsvr5N2repdV+uPV5XGXR5HEc7gHC7BgxtowAM0oQUExvAMr/DmJM6L8+58LFsLTj5zCn/gfP4AWDuO7w==</latexit>m2v2

          peaks around the classical momentum      
<latexit sha1_base64="z30x22FvbjKC2a1DsePPBGpouFg=">AAACEHicbVDLSsNAFJ3UV62vqks3wSJWkJKIz12pC11WsQ9IQphMp+3QSTLM3Igl9BPc+CtuXCji1qU7/8bpY6GtBy4czrn3zp0TCM4UWNa3kZmbX1hcyi7nVlbX1jfym1t1FSeS0BqJeSybAVaUs4jWgAGnTSEpDgNOG0Hvcug37qlULI7uoC+oF+JOxNqMYNCSn993gT7AaI9ze1XxUuvQtnVd2IPUFV3ms6Lw2cHAzxeskjWCOUvsCSmgCap+/sttxSQJaQSEY6Uc2xLgpVgCI5wOcm6iqMCkhzvU0TTCIVVeOjpkYO5ppWW2Y6krAnOk/p5IcahUPwx0Z4ihq6a9ofif5yTQPvdSFokEaETGD7UTbkJsDtMxW0xSAryvCSaS6VtN0sUSE9AZ5nQI9vSXZ0n9qGSflk5ujgvlyiSOLNpBu6iIbHSGyugaVVENEfSIntErejOejBfj3fgYt2aMycw2+gPj8weDd5uh</latexit>

�i(pi)
<latexit sha1_base64="Rlwzpqgw/NwExiPUOflExkiom/E=">AAACDHicbVDLTgIxFO3gC/GFunTTSExcGDJjfO4ILnSJRh4JTCadUqChnZm0d4hkwge48VfcuNAYt36AO//GMrBQ8CQ3OTn33Nvb40eCa7DtbyuzsLi0vJJdza2tb2xu5bd3ajqMFWVVGopQNXyimeABqwIHwRqRYkT6gtX9/tW4Xx8wpXkY3MMwYq4k3YB3OCVgJC9faAF7gHRP8+667Cb2keOYunRGifQ4Hnh8ZFx20U6B54kzJQU0RcXLf7XaIY0lC4AKonXTsSNwE6KAU8FGuVasWURon3RZ09CASKbdJD1ihA+M0sadUJkKAKfq74mESK2H0jdOSaCnZ3tj8b9eM4bOhZvwIIqBBXTyUCcWGEI8Tga3uWIUxNAQQhU3t2LaI4pQMPnlTAjO7JfnSe246JwVT29PCqXyNI4s2kP76BA56ByV0A2qoCqi6BE9o1f0Zj1ZL9a79TGxZqzpzC76A+vzB62imh4=</latexit>mivi

<latexit sha1_base64="K+Z9Vajq4JWTEgQHpOyax48gZdE="></latexit>

| iout = Ŝ| iin

Interested in the change of observables between past and future infinity 
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Our starting point is the KMOC formalism [Kosower, Maybee, O’Connell, ’18] [Maybee, O’Connell, Vines, ’19]…..

<latexit sha1_base64="llRMEliqSrhnhOlg0c9Ev4AOEkA="></latexit>

| iin :=

Z
d�(p1)d�(p2)e

i(p1·b1+p2·p2)�(p1)�(p2)|p1, p2i

<latexit sha1_base64="P0xIkmz93vs8aI29tJzFKjKeuvc="></latexit>

d�(pi) :=
dDpi

(2⇡)D�1
�(+)(p2i �m2

i )

Interested in the change of observables between past and future infinity 

Choose exponential form of the S-matrix [Damgaard, Plante, Vanhove, 21’] [Damgaard, Hansen, Plante, Vanhove, 23’] 

<latexit sha1_base64="+pxxJE9ZaUW+UyQleNyM5YsZbvA="></latexit>

h�Ôi := outh |Ô| iout � inh |Ô| iin = inh |Ŝ†[Ô, Ŝ]| iin

<latexit sha1_base64="WB4P401nMdG0Mv+VG1aTIDhrtss=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfVi/vzSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBFa5Aj</latexit>

=)
<latexit sha1_base64="RmoQCGy41lau+2jD1BGT75eGZ6Q="></latexit>

h�Ôi = h |
1X

n=1

(�i)n

~nn! [N̂ , [N̂ , . . . [N̂| {z }
n times

, Ô]]]| i

<latexit sha1_base64="kcbgaAWcEjd8uSVGLY0RVeTWR6I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9DzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AHtXY2U</latexit>

b1

<latexit sha1_base64="XRzZH9rwwjcJuvh8Jlj0gmHE4JU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9BL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AHu4Y2V</latexit>

b2

<latexit sha1_base64="nhMFZNkdpqAN5VQ3vKuM8+pPdxE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcWGaKLwSh6MZlBfuAdiyZNNOGZpIhyShl6H+4caGIW//FnX9j2s5CWw/cy+Gce8nNCWLOtHHdb2dhcWl5ZTW3ll/f2NzaLuzs1rVMFKE1IrlUzQBrypmgNcMMp81YURwFnDaCwc3YbzxSpZkU92YYUz/CPcFCRrCx0kOALq9Q0CmjY9u9TqHoltwJ0DzxMlKEDNVO4avdlSSJqDCEY61bnhsbP8XKMMLpKN9ONI0xGeAebVkqcES1n06uHqFDq3RRKJUtYdBE/b2R4kjrYRTYyQibvp71xuJ/Xisx4YWfMhEnhgoyfShMODISjSNAXaYoMXxoCSaK2VsR6WOFibFB5W0I3uyX50m9XPLOSqd3J8XKdRZHDvbhAI7Ag3OowC1UoQYEFDzDK7w5T86L8+58TEcXnGxnD/7A+fwBWISQew==</latexit>

b := b2 � b1

<latexit sha1_base64="CV+NBrTtB5/+d1Qk0QbY4/QBy8I=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KCfUAbwmQ6aYfOTMLMpFBCP8KNC0Xc+j3u/BsnbRbaeuDC4Zx7ufeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vs/9zoQqzWL5ZKYJ9QUeShYxgo2VOiLw0CTwgmrNrbtzoFXiFaQGBZpB9as/iEkqqDSEY617npsYP8PKMMLprNJPNU0wGeMh7VkqsaDaz+bnztCZVQYoipUtadBc/T2RYaH1VIS2U2Az0steLv7n9VIT3foZk0lqqCSLRVHKkYlR/jsaMEWJ4VNLMFHM3orICCtMjE2oYkPwll9eJe2Lunddv3q8rDXuijjKcAKncA4e3EADHqAJLSAwhmd4hTcncV6cd+dj0Vpyiplj+APn8wdVL47t</latexit>m1v1

<latexit sha1_base64="8o+spI65jEP+B7CR8dhfISrass8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktVj0WvXisYD+gXZZsmm1Dk+ySZAtl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+H7udyZUaRbLJzNNqC/wULKIEWys1BFBDU2CWlCuuFV3AbROvJxUIEczKH/1BzFJBZWGcKx1z3MT42dYGUY4nZX6qaYJJmM8pD1LJRZU+9ni3Bm6sMoARbGyJQ1aqL8nMiy0norQdgpsRnrVm4v/eb3URLd+xmSSGirJclGUcmRiNP8dDZiixPCpJZgoZm9FZIQVJsYmVLIheKsvr5N2repdV+uPV5XGXR5HEc7gHC7BgxtowAM0oQUExvAMr/DmJM6L8+58LFsLTj5zCn/gfP4AWDuO7w==</latexit>m2v2

          peaks around the classical momentum      
<latexit sha1_base64="z30x22FvbjKC2a1DsePPBGpouFg=">AAACEHicbVDLSsNAFJ3UV62vqks3wSJWkJKIz12pC11WsQ9IQphMp+3QSTLM3Igl9BPc+CtuXCji1qU7/8bpY6GtBy4czrn3zp0TCM4UWNa3kZmbX1hcyi7nVlbX1jfym1t1FSeS0BqJeSybAVaUs4jWgAGnTSEpDgNOG0Hvcug37qlULI7uoC+oF+JOxNqMYNCSn993gT7AaI9ze1XxUuvQtnVd2IPUFV3ms6Lw2cHAzxeskjWCOUvsCSmgCap+/sttxSQJaQSEY6Uc2xLgpVgCI5wOcm6iqMCkhzvU0TTCIVVeOjpkYO5ppWW2Y6krAnOk/p5IcahUPwx0Z4ihq6a9ofif5yTQPvdSFokEaETGD7UTbkJsDtMxW0xSAryvCSaS6VtN0sUSE9AZ5nQI9vSXZ0n9qGSflk5ujgvlyiSOLNpBu6iIbHSGyugaVVENEfSIntErejOejBfj3fgYt2aMycw2+gPj8weDd5uh</latexit>

�i(pi)
<latexit sha1_base64="Rlwzpqgw/NwExiPUOflExkiom/E=">AAACDHicbVDLTgIxFO3gC/GFunTTSExcGDJjfO4ILnSJRh4JTCadUqChnZm0d4hkwge48VfcuNAYt36AO//GMrBQ8CQ3OTn33Nvb40eCa7DtbyuzsLi0vJJdza2tb2xu5bd3ajqMFWVVGopQNXyimeABqwIHwRqRYkT6gtX9/tW4Xx8wpXkY3MMwYq4k3YB3OCVgJC9faAF7gHRP8+667Cb2keOYunRGifQ4Hnh8ZFx20U6B54kzJQU0RcXLf7XaIY0lC4AKonXTsSNwE6KAU8FGuVasWURon3RZ09CASKbdJD1ihA+M0sadUJkKAKfq74mESK2H0jdOSaCnZ3tj8b9eM4bOhZvwIIqBBXTyUCcWGEI8Tga3uWIUxNAQQhU3t2LaI4pQMPnlTAjO7JfnSe246JwVT29PCqXyNI4s2kP76BA56ByV0A2qoCqi6BE9o1f0Zj1ZL9a79TGxZqzpzC76A+vzB62imh4=</latexit>mivi

<latexit sha1_base64="K+Z9Vajq4JWTEgQHpOyax48gZdE="></latexit>

| iout = Ŝ| iin

<latexit sha1_base64="tZgaT7XxBQPXp266QgUxnPrI2ho=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBjE+7Er0YI2lhJRJMISQh7m4lZsnd77M6J4bifYONfsbFQxNbSzn/j5qPQ6IOBx3szzMzzIykMuu6XMzU9Mzs3n1nILi4tr6zm1tarRsWaQ4UrqfSNzwxIEUIFBUq4iTSwwJdQ83tnA792B9oIFV5jP4JmwG5D0RGcoZVauZ1Gl2FyldIT2lARaIZKhyyABO6jtCDo0L5Id1u5vFt0h6B/iTcmeTJGuZX7bLQVjwMIkUtmTN1zI2wmTKPgEtJsIzYQMd5jt1C3dLDTNJPhQyndtkqbdpS2FSIdqj8nEhYY0w982xkw7JpJbyD+59Vj7Bw3ExFGMULIR4s6saSo6CAd2hYaOMq+JYxrYW+lvMs042gzzNoQvMmX/5LqXtE7LB5c7udLp+M4MmSTbJEC8cgRKZFzUiYVwskDeSIv5NV5dJ6dN+d91DrljGc2yC84H9+vsZ0D</latexit>

Ŝ = exp(iN̂)
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Consider the conservative           scattering<latexit sha1_base64="RqlRS5it5CrXXTrOhkpdTqlHdB8=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9gNvo5BLx4jmAckS5idzCZDZmeWmV4lLvkSLx4U8eqnePNvnCR70MSChqKqm+6uMBHcgOd9Oyura+sbm4Wt4vbO7l7J3T9oGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHoZuq3Hpg2XMl7GCcsiMlA8ohTAlbquaUq7mo+GALRWj3ias8texVvBrxM/JyUUY56z/3q9hVNYyaBCmJMx/cSCDKigVPBJsVualhC6IgMWMdSSWJmgmx2+ASfWKWPI6VtScAz9fdERmJjxnFoO2MCQ7PoTcX/vE4K0VWQcZmkwCSdL4pSgUHhaQq4zzWjIMaWEKq5vRXTIdGEgs2qaEPwF19eJs1qxb+onN+dlWvXeRwFdISO0Sny0SWqoVtURw1EUYqe0St6c56cF+fd+Zi3rjj5zCH6A+fzB9gQkpQ=</latexit>

2 ! 2

The radial action

Classical 
momentum

Momentum 

transfer

<latexit sha1_base64="3jbGgbRoCC7f0pDHHhUJwW9LP+Y=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJYB6QLGF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrtbpDitn9pFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CJRuCt/jyMmmeVb3L6sXDeaV2k8dRhCM4hlPw4ApqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz9zqo+p</latexit>

N̂
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The radial action

Classical 
momentum

Momentum 

transfer

“Dequantise” commutators

<latexit sha1_base64="RmoQCGy41lau+2jD1BGT75eGZ6Q="></latexit>

h�Ôi = h |
1X

n=1

(�i)n

~nn! [N̂ , [N̂ , . . . [N̂| {z }
n times

, Ô]]]| i
<latexit sha1_base64="IBsfzaXT8LspXs1e+vHz/Kk9zLA=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMIskQ+jp9CRNehm6e4Qw5Cu8eFDEq5/jzb+xk8xBow8KHu9VUVUvSjgz1ve/vMLS8srqWnG9tLG5tb1T3t1rGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVJtmJL3dpzQUOCBZDEj2DrpoTuMsEZXyO+VK37VnwH9JUFOKpCj3it/dvuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvAEHTmlj2KlXUmLZurPiQwLY8Yicp0C26FZ9Kbif14ntfFlmDGZpJZKMl8UpxxZhabfoz7TlFg+dgQTzdytiAyxxsS6jEouhGDx5b+keVINzqtnd6eV2nUeRxEO4BCOIYALqMEt1KEBBAQ8wQu8etp79t6893lrwctn9uEXvI9va3+PhA==</latexit>

~ = 0

<latexit sha1_base64="Ilixg73YvUPaBmCdCa8x1Ywa7L4="></latexit>

h�Oi
���
cons

=
1X

n=1

1

n!
{Ir, {Ir, . . . , {Ir| {z }

n times

, O}DB}DB}DB

<latexit sha1_base64="3jbGgbRoCC7f0pDHHhUJwW9LP+Y=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJYB6QLGF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrtbpDitn9pFeuuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns3Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CJRuCt/jyMmmeVb3L6sXDeaV2k8dRhCM4hlPw4ApqcAd1aACDETzDK7w5ifPivDsf89aCk88cwh84nz9zqo+p</latexit>

N̂

[Gonzo, Shi, 24’] [Kim, Kim, Lee, ’24]  
Generalisation to radiative case [Alessio, Gonzo, Shi, ’25] [Kim, ’25] [Kim, Lee, Lee, ’25]…..

Previous work on brackets: [Bern, Luna, Roiban, Shen, Zeng, ’20]
[Kosmopoulos, Luna, ’21][Gatica, ’21][Luna, 
Moynihan, O’Connell, Ross, ’23]

Consider the conservative           scattering<latexit sha1_base64="RqlRS5it5CrXXTrOhkpdTqlHdB8=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9gNvo5BLx4jmAckS5idzCZDZmeWmV4lLvkSLx4U8eqnePNvnCR70MSChqKqm+6uMBHcgOd9Oyura+sbm4Wt4vbO7l7J3T9oGpVqyhpUCaXbITFMcMkawEGwdqIZiUPBWuHoZuq3Hpg2XMl7GCcsiMlA8ohTAlbquaUq7mo+GALRWj3ias8texVvBrxM/JyUUY56z/3q9hVNYyaBCmJMx/cSCDKigVPBJsVualhC6IgMWMdSSWJmgmx2+ASfWKWPI6VtScAz9fdERmJjxnFoO2MCQ7PoTcX/vE4K0VWQcZmkwCSdL4pSgUHhaQq4zzWjIMaWEKq5vRXTIdGEgs2qaEPwF19eJs1qxb+onN+dlWvXeRwFdISO0Sny0SWqoVtURw1EUYqe0St6c56cF+fd+Zi3rjj5zCH6A+fzB9gQkpQ=</latexit>

2 ! 2
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The key ingredients that we need are     and           — Let us start with the latter!  
<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir
<latexit sha1_base64="8Q2EIilh2MBjt1NFhNuXD4Ub1a0=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJUgXmNVGBiLRB9SE0WO47ZWbSeyHaQqysDCr7AwgBArH8HG3+C2GaDlSFf36Jx7Zd8TJowq7Tjf1tLyyuraemmjvLm1vbNr7+23VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glH1xO/80CkorG41+OE+BwNBO1TjLSRArviZdDDUaxPZs3Lg8yTPLtp5HlgV52aMwVcJG5BqqBAM7C/vCjGKSdCY4aU6rlOov0MSU0xI3nZSxVJEB6hAekZKhAnys+mR+TwyCgR7MfSlNBwqv7eyBBXasxDM8mRHqp5byL+5/VS3b/yMyqSVBOBZw/1UwZ1DCeJwIhKgjUbG4KwpOavEA+RRFib3MomBHf+5EXSPq25F7Xzu7NqvVHEUQIVcAiOgQsuQR3cgiZoAQwewTN4BW/Wk/VivVsfs9Elq9g5AH9gff4Aa3yX+w==</latexit>

{·, ·}DB

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Relativistic Spinning Particles

187

<latexit sha1_base64="M/h1ZYYdooHIm72sHP30JtzW9Ns=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGVSfC6EUhe6rGIf0A4lk6ZtaOZBckcsw3yAG3/FjQtF3PoB7vwb08dCWw9cOJx77s3NcUMpNNj2t5VaWFxaXkmvZtbWNza3sts7NR1EivEqC2SgGi7VXAqfV0GA5I1Qceq5ktfdweWoX7/nSovAv4NhyB2P9nzRFYyCkdrZXAv4A4z3NG+vyk5s5wkxdU6SWOALTPLFxLjsgj0GnidkSnJoiko7+9XqBCzyuA9MUq2bxA7BiakCwSRPMq1I85CyAe3xpqE+9bh24vERCT4wSgd3A2XKBzxWf0/E1NN66LnG6VHo69neSPyv14yge+bEwg8j4D6bPNSNJIYAj5LBHaE4Azk0hDIlzK2Y9amiDEx+GRMCmf3yPKkVC+SkcHxzlCuVp3Gk0R7aR4eIoFNUQteogqqIoUf0jF7Rm/VkvVjv1sfEmrKmM7voD6zPH/gumQA=</latexit>

i = 1, 2

The key ingredients that we need are     and           — Let us start with the latter!  
<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir
<latexit sha1_base64="8Q2EIilh2MBjt1NFhNuXD4Ub1a0=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJUgXmNVGBiLRB9SE0WO47ZWbSeyHaQqysDCr7AwgBArH8HG3+C2GaDlSFf36Jx7Zd8TJowq7Tjf1tLyyuraemmjvLm1vbNr7+23VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glH1xO/80CkorG41+OE+BwNBO1TjLSRArviZdDDUaxPZs3Lg8yTPLtp5HlgV52aMwVcJG5BqqBAM7C/vCjGKSdCY4aU6rlOov0MSU0xI3nZSxVJEB6hAekZKhAnys+mR+TwyCgR7MfSlNBwqv7eyBBXasxDM8mRHqp5byL+5/VS3b/yMyqSVBOBZw/1UwZ1DCeJwIhKgjUbG4KwpOavEA+RRFib3MomBHf+5EXSPq25F7Xzu7NqvVHEUQIVcAiOgQsuQR3cgiZoAQwewTN4BW/Wk/VivVsfs9Elq9g5AH9gff4Aa3yX+w==</latexit>

{·, ·}DB

The Dirac brackets are those of relativistic spinning particles [Hansen, Regge, ’74]

Free trajectory:

<latexit sha1_base64="3unB6Q6Ngg0Tj53+SQvc0spXgzo=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpCCURXxuh6MZlBfuAJobJdNIOnUnCzKRYQv/Ajb/ixoUibt2682+ctFlo9cDAuefcy517/JhRqSzryyjMzS8sLhWXSyura+sb5uZWU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4CrzW0MiJI3CWzWKictRL6QBxUhpyTP37+8cnni04iiUHMALOPRopsCshofQn5aeWbaq1gTwL7FzUgY56p756XQjnHASKsyQlB3bipWbIqEoZmRcchJJYoQHqEc6moaIE+mmk3vGcE8rXRhEQr9QwYn6cyJFXMoR93UnR6ovZ71M/M/rJCo4d1MaxokiIZ4uChIGVQSzcGCXCoIVG2mCsKD6rxD3kUBY6QhLOgR79uS/pHlUtU+rJzfH5dplHkcR7IBdUAE2OAM1cA3qoAEweABP4AW8Go/Gs/FmvE9bC0Y+sw1+wfj4BuV7m1I=</latexit>

xµ
i (⌧) = vµi ⌧ + bµi

<latexit sha1_base64="6VJH/zLNlrMgXHouoQMo2OwcdQk=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCoNYZ8bYRim5cVrAX6LRDJk3b0CQzJJlCGeYh3Pgqblwo4taFO9/GtJ2Ftv4Q+PKfc0jOH0SMKu0439bc/MLi0nJuJb+6tr6xaW9tV1UYS0wqOGShrAdIEUYFqWiqGalHkiAeMFIL+rejem1ApKKheNDDiDQ56graoRhpY/n2oZcEPm15PD6Cgwl4KbyGx9AjGrUSc4eeiNMT7lPfLjhFZyw4C24GBZCp7NtfXjvEMSdCY4aUarhOpJsJkppiRtK8FysSIdxHXdIwKBAnqpmMl0rhvnHasBNKc4SGY/f3RIK4UkMemE6OdE9N10bmf7VGrDtXzYSKKNZE4MlDnZhBHcJRQrBNJcGaDQ0gLKn5K8Q9JBHWJse8CcGdXnkWqqdF96J4fn9WKN1kceTALtgDB8AFl6AE7kAZVAAGj+AZvII368l6sd6tj0nrnJXN7IA/sj5/AEA7nbY=</latexit>

{bµi , v
µ
i } = �⌘µ⌫/mi

<latexit sha1_base64="9HDI1S3EXCpArfis6Ul/y0jWrV8="></latexit>

{Sµ⌫
i , S↵�

i } = Sµ↵
i ⌘⌫� � Sµ�

i ⌘⌫↵ � (µ $ ⌫)

Poisson brackets<latexit sha1_base64="M/h1ZYYdooHIm72sHP30JtzW9Ns=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGVSfC6EUhe6rGIf0A4lk6ZtaOZBckcsw3yAG3/FjQtF3PoB7vwb08dCWw9cOJx77s3NcUMpNNj2t5VaWFxaXkmvZtbWNza3sts7NR1EivEqC2SgGi7VXAqfV0GA5I1Qceq5ktfdweWoX7/nSovAv4NhyB2P9nzRFYyCkdrZXAv4A4z3NG+vyk5s5wkxdU6SWOALTPLFxLjsgj0GnidkSnJoiko7+9XqBCzyuA9MUq2bxA7BiakCwSRPMq1I85CyAe3xpqE+9bh24vERCT4wSgd3A2XKBzxWf0/E1NN66LnG6VHo69neSPyv14yge+bEwg8j4D6bPNSNJIYAj5LBHaE4Azk0hDIlzK2Y9amiDEx+GRMCmf3yPKkVC+SkcHxzlCuVp3Gk0R7aR4eIoFNUQteogqqIoUf0jF7Rm/VkvVjv1sfEmrKmM7voD6zPH/gumQA=</latexit>

i = 1, 2
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The key ingredients that we need are     and           — Let us start with the latter!  
<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir
<latexit sha1_base64="8Q2EIilh2MBjt1NFhNuXD4Ub1a0=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJUgXmNVGBiLRB9SE0WO47ZWbSeyHaQqysDCr7AwgBArH8HG3+C2GaDlSFf36Jx7Zd8TJowq7Tjf1tLyyuraemmjvLm1vbNr7+23VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glH1xO/80CkorG41+OE+BwNBO1TjLSRArviZdDDUaxPZs3Lg8yTPLtp5HlgV52aMwVcJG5BqqBAM7C/vCjGKSdCY4aU6rlOov0MSU0xI3nZSxVJEB6hAekZKhAnys+mR+TwyCgR7MfSlNBwqv7eyBBXasxDM8mRHqp5byL+5/VS3b/yMyqSVBOBZw/1UwZ1DCeJwIhKgjUbG4KwpOavEA+RRFib3MomBHf+5EXSPq25F7Xzu7NqvVHEUQIVcAiOgQsuQR3cgiZoAQwewTN4BW/Wk/VivVsfs9Elq9g5AH9gff4Aa3yX+w==</latexit>

{·, ·}DB

The Dirac brackets are those of relativistic spinning particles [Hansen, Regge, ’74]

<latexit sha1_base64="nGNc84a10G6L7G2r779xX+zdNaE=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAILqTMFG8boejGZQV7gc44ZDKZNjSTDEmmUEo3bnwVNy4Uces7uPNtTNtZaOsPgZ/vnMPJ+cOUUaUd59taWFxaXlktrBXXNza3tu2d3YYSmcSkjgUTshUiRRjlpK6pZqSVSoKSkJFm2LsZ15t9IhUV/F4PUuInqMNpTDHSBgX2QT+gDxV4Bd0T6MEQejgSGhpokBPYJafsTATnjZubEshVC+wvLxI4SwjXmCGl2q6Tan+IpKaYkVHRyxRJEe6hDmkby1FClD+cXDGCR4ZEMBbSPK7hhP6eGKJEqUESms4E6a6arY3hf7V2puNLf0h5mmnC8XRRnDGoBRxHAiMqCdZsYAzCkpq/QtxFEmFtgiuaENzZk+dNo1J2z8tnd6el6nUeRwHsg0NwDFxwAargFtRAHWDwCJ7BK3iznqwX6936mLYuWPnMHvgj6/MH4fOVpA==</latexit>

v2i = 1, b · vi = 0

<latexit sha1_base64="HjTUJEYi50UgMih5fbh8mhRcXJA=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcFUS8bYRim5cVrQXaGKYTKft0MkkzKVQQsGNr+LGhSJufQl3vo3TNAtt/WHg4z/ncOb8YcKoVI7zbRUWFpeWV4qrpbX1jc0te3unIWMtMKnjmMWiFSJJGOWkrqhipJUIgqKQkWY4uJ7Um0MiJI35vRolxI9Qj9MuxUgZK7D37gL6kHqRhh7XYzgMUprBJXQCu+xUnExwHtwcyiBXLbC/vE6MdUS4wgxJ2XadRPkpEopiRsYlT0uSIDxAPdI2yFFEpJ9mN4zhoXE6sBsL87iCmft7IkWRlKMoNJ0RUn05W5uY/9XaWnUv/JTyRCvC8XRRVzOoYjgJBHaoIFixkQGEBTV/hbiPBMLKxFYyIbizJ89D47jinlVOb0/K1as8jiLYBwfgCLjgHFTBDaiBOsDgETyDV/BmPVkv1rv1MW0tWPnMLvgj6/MH4u6XCQ==</latexit>

Sµ⌫
i vi⌫ = 0

<latexit sha1_base64="DiMJmgrIgCX0bOHGY+dQ4XRAUqY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQksivjZC0Y0LFxXsA5o0TCaTdujkwcykUEJcu/FX3LhQxK0/4M6/cdpmoa0HBg7nnMude9yYUSEN41srLCwuLa8UV0tr6xubW/r2TlNECcekgSMW8baLBGE0JA1JJSPtmBMUuIy03MH12G8NCRc0Cu/lKCZ2gHoh9SlGUkmOXrZuVdhDTkoPjaybPlhBksEjOHRoV1F4CQ1HrxhVYwI4T8ycVECOuqN/WV6Ek4CEEjMkRMc0YmmniEuKGclKViJIjPAA9UhH0RAFRNjp5JYM7ivFg37E1QslnKi/J1IUCDEKXJUMkOyLWW8s/ud1Eulf2CkN40SSEE8X+QmDMoLjYqBHOcGSjRRBmFP1V4j7iCMsVX0lVYI5e/I8aR5XzbPq6d1JpXaV11EEe6AMDoAJzkEN3IA6aAAMHsEzeAVv2pP2or1rH9NoQctndsEfaJ8/D/GZyA==</latexit>

⇤ µ
i,0 � vµi = 0

On-shell Transverse

Spin supplementary 
condition (SSC)

Body-fixed frame

Free trajectory: Constraints:

<latexit sha1_base64="3unB6Q6Ngg0Tj53+SQvc0spXgzo=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpCCURXxuh6MZlBfuAJobJdNIOnUnCzKRYQv/Ajb/ixoUibt2682+ctFlo9cDAuefcy517/JhRqSzryyjMzS8sLhWXSyura+sb5uZWU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4CrzW0MiJI3CWzWKictRL6QBxUhpyTP37+8cnni04iiUHMALOPRopsCshofQn5aeWbaq1gTwL7FzUgY56p756XQjnHASKsyQlB3bipWbIqEoZmRcchJJYoQHqEc6moaIE+mmk3vGcE8rXRhEQr9QwYn6cyJFXMoR93UnR6ovZ71M/M/rJCo4d1MaxokiIZ4uChIGVQSzcGCXCoIVG2mCsKD6rxD3kUBY6QhLOgR79uS/pHlUtU+rJzfH5dplHkcR7IBdUAE2OAM1cA3qoAEweABP4AW8Go/Gs/FmvE9bC0Y+sw1+wfj4BuV7m1I=</latexit>

xµ
i (⌧) = vµi ⌧ + bµi

<latexit sha1_base64="6VJH/zLNlrMgXHouoQMo2OwcdQk=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCoNYZ8bYRim5cVrAX6LRDJk3b0CQzJJlCGeYh3Pgqblwo4taFO9/GtJ2Ftv4Q+PKfc0jOH0SMKu0439bc/MLi0nJuJb+6tr6xaW9tV1UYS0wqOGShrAdIEUYFqWiqGalHkiAeMFIL+rejem1ApKKheNDDiDQ56graoRhpY/n2oZcEPm15PD6Cgwl4KbyGx9AjGrUSc4eeiNMT7lPfLjhFZyw4C24GBZCp7NtfXjvEMSdCY4aUarhOpJsJkppiRtK8FysSIdxHXdIwKBAnqpmMl0rhvnHasBNKc4SGY/f3RIK4UkMemE6OdE9N10bmf7VGrDtXzYSKKNZE4MlDnZhBHcJRQrBNJcGaDQ0gLKn5K8Q9JBHWJse8CcGdXnkWqqdF96J4fn9WKN1kceTALtgDB8AFl6AE7kAZVAAGj+AZvII368l6sd6tj0nrnJXN7IA/sj5/AEA7nbY=</latexit>

{bµi , v
µ
i } = �⌘µ⌫/mi

<latexit sha1_base64="9HDI1S3EXCpArfis6Ul/y0jWrV8="></latexit>

{Sµ⌫
i , S↵�

i } = Sµ↵
i ⌘⌫� � Sµ�

i ⌘⌫↵ � (µ $ ⌫)

Poisson brackets<latexit sha1_base64="M/h1ZYYdooHIm72sHP30JtzW9Ns=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGVSfC6EUhe6rGIf0A4lk6ZtaOZBckcsw3yAG3/FjQtF3PoB7vwb08dCWw9cOJx77s3NcUMpNNj2t5VaWFxaXkmvZtbWNza3sts7NR1EivEqC2SgGi7VXAqfV0GA5I1Qceq5ktfdweWoX7/nSovAv4NhyB2P9nzRFYyCkdrZXAv4A4z3NG+vyk5s5wkxdU6SWOALTPLFxLjsgj0GnidkSnJoiko7+9XqBCzyuA9MUq2bxA7BiakCwSRPMq1I85CyAe3xpqE+9bh24vERCT4wSgd3A2XKBzxWf0/E1NN66LnG6VHo69neSPyv14yge+bEwg8j4D6bPNSNJIYAj5LBHaE4Azk0hDIlzK2Y9amiDEx+GRMCmf3yPKkVC+SkcHxzlCuVp3Gk0R7aR4eIoFNUQteogqqIoUf0jF7Rm/VkvVjv1sfEmrKmM7voD6zPH/gumQA=</latexit>

i = 1, 2
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The key ingredients that we need are     and           — Let us start with the latter!  
<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir
<latexit sha1_base64="8Q2EIilh2MBjt1NFhNuXD4Ub1a0=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJAYUJUgXmNVGBiLRB9SE0WO47ZWbSeyHaQqysDCr7AwgBArH8HG3+C2GaDlSFf36Jx7Zd8TJowq7Tjf1tLyyuraemmjvLm1vbNr7+23VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glH1xO/80CkorG41+OE+BwNBO1TjLSRArviZdDDUaxPZs3Lg8yTPLtp5HlgV52aMwVcJG5BqqBAM7C/vCjGKSdCY4aU6rlOov0MSU0xI3nZSxVJEB6hAekZKhAnys+mR+TwyCgR7MfSlNBwqv7eyBBXasxDM8mRHqp5byL+5/VS3b/yMyqSVBOBZw/1UwZ1DCeJwIhKgjUbG4KwpOavEA+RRFib3MomBHf+5EXSPq25F7Xzu7NqvVHEUQIVcAiOgQsuQR3cgiZoAQwewTN4BW/Wk/VivVsfs9Elq9g5AH9gff4Aa3yX+w==</latexit>

{·, ·}DB

The Dirac brackets are those of relativistic spinning particles [Hansen, Regge, ’74]

<latexit sha1_base64="nGNc84a10G6L7G2r779xX+zdNaE=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAILqTMFG8boejGZQV7gc44ZDKZNjSTDEmmUEo3bnwVNy4Uces7uPNtTNtZaOsPgZ/vnMPJ+cOUUaUd59taWFxaXlktrBXXNza3tu2d3YYSmcSkjgUTshUiRRjlpK6pZqSVSoKSkJFm2LsZ15t9IhUV/F4PUuInqMNpTDHSBgX2QT+gDxV4Bd0T6MEQejgSGhpokBPYJafsTATnjZubEshVC+wvLxI4SwjXmCGl2q6Tan+IpKaYkVHRyxRJEe6hDmkby1FClD+cXDGCR4ZEMBbSPK7hhP6eGKJEqUESms4E6a6arY3hf7V2puNLf0h5mmnC8XRRnDGoBRxHAiMqCdZsYAzCkpq/QtxFEmFtgiuaENzZk+dNo1J2z8tnd6el6nUeRwHsg0NwDFxwAargFtRAHWDwCJ7BK3iznqwX6936mLYuWPnMHvgj6/MH4fOVpA==</latexit>

v2i = 1, b · vi = 0

<latexit sha1_base64="HjTUJEYi50UgMih5fbh8mhRcXJA=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcFUS8bYRim5cVrQXaGKYTKft0MkkzKVQQsGNr+LGhSJufQl3vo3TNAtt/WHg4z/ncOb8YcKoVI7zbRUWFpeWV4qrpbX1jc0te3unIWMtMKnjmMWiFSJJGOWkrqhipJUIgqKQkWY4uJ7Um0MiJI35vRolxI9Qj9MuxUgZK7D37gL6kHqRhh7XYzgMUprBJXQCu+xUnExwHtwcyiBXLbC/vE6MdUS4wgxJ2XadRPkpEopiRsYlT0uSIDxAPdI2yFFEpJ9mN4zhoXE6sBsL87iCmft7IkWRlKMoNJ0RUn05W5uY/9XaWnUv/JTyRCvC8XRRVzOoYjgJBHaoIFixkQGEBTV/hbiPBMLKxFYyIbizJ89D47jinlVOb0/K1as8jiLYBwfgCLjgHFTBDaiBOsDgETyDV/BmPVkv1rv1MW0tWPnMLvgj6/MH4u6XCQ==</latexit>

Sµ⌫
i vi⌫ = 0

<latexit sha1_base64="DiMJmgrIgCX0bOHGY+dQ4XRAUqY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQksivjZC0Y0LFxXsA5o0TCaTdujkwcykUEJcu/FX3LhQxK0/4M6/cdpmoa0HBg7nnMude9yYUSEN41srLCwuLa8UV0tr6xubW/r2TlNECcekgSMW8baLBGE0JA1JJSPtmBMUuIy03MH12G8NCRc0Cu/lKCZ2gHoh9SlGUkmOXrZuVdhDTkoPjaybPlhBksEjOHRoV1F4CQ1HrxhVYwI4T8ycVECOuqN/WV6Ek4CEEjMkRMc0YmmniEuKGclKViJIjPAA9UhH0RAFRNjp5JYM7ivFg37E1QslnKi/J1IUCDEKXJUMkOyLWW8s/ud1Eulf2CkN40SSEE8X+QmDMoLjYqBHOcGSjRRBmFP1V4j7iCMsVX0lVYI5e/I8aR5XzbPq6d1JpXaV11EEe6AMDoAJzkEN3IA6aAAMHsEzeAVv2pP2or1rH9NoQctndsEfaJ8/D/GZyA==</latexit>

⇤ µ
i,0 � vµi = 0

On-shell Transverse

Spin supplementary 
condition (SSC)

Body-fixed frame

Free trajectory: Constraints:

Dirac brackets:

<latexit sha1_base64="3unB6Q6Ngg0Tj53+SQvc0spXgzo=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpCCURXxuh6MZlBfuAJobJdNIOnUnCzKRYQv/Ajb/ixoUibt2682+ctFlo9cDAuefcy517/JhRqSzryyjMzS8sLhWXSyura+sb5uZWU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4CrzW0MiJI3CWzWKictRL6QBxUhpyTP37+8cnni04iiUHMALOPRopsCshofQn5aeWbaq1gTwL7FzUgY56p756XQjnHASKsyQlB3bipWbIqEoZmRcchJJYoQHqEc6moaIE+mmk3vGcE8rXRhEQr9QwYn6cyJFXMoR93UnR6ovZ71M/M/rJCo4d1MaxokiIZ4uChIGVQSzcGCXCoIVG2mCsKD6rxD3kUBY6QhLOgR79uS/pHlUtU+rJzfH5dplHkcR7IBdUAE2OAM1cA3qoAEweABP4AW8Go/Gs/FmvE9bC0Y+sw1+wfj4BuV7m1I=</latexit>

xµ
i (⌧) = vµi ⌧ + bµi

<latexit sha1_base64="6VJH/zLNlrMgXHouoQMo2OwcdQk=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyyCoNYZ8bYRim5cVrAX6LRDJk3b0CQzJJlCGeYh3Pgqblwo4taFO9/GtJ2Ftv4Q+PKfc0jOH0SMKu0439bc/MLi0nJuJb+6tr6xaW9tV1UYS0wqOGShrAdIEUYFqWiqGalHkiAeMFIL+rejem1ApKKheNDDiDQ56graoRhpY/n2oZcEPm15PD6Cgwl4KbyGx9AjGrUSc4eeiNMT7lPfLjhFZyw4C24GBZCp7NtfXjvEMSdCY4aUarhOpJsJkppiRtK8FysSIdxHXdIwKBAnqpmMl0rhvnHasBNKc4SGY/f3RIK4UkMemE6OdE9N10bmf7VGrDtXzYSKKNZE4MlDnZhBHcJRQrBNJcGaDQ0gLKn5K8Q9JBHWJse8CcGdXnkWqqdF96J4fn9WKN1kceTALtgDB8AFl6AE7kAZVAAGj+AZvII368l6sd6tj0nrnJXN7IA/sj5/AEA7nbY=</latexit>

{bµi , v
µ
i } = �⌘µ⌫/mi

<latexit sha1_base64="9HDI1S3EXCpArfis6Ul/y0jWrV8="></latexit>

{Sµ⌫
i , S↵�

i } = Sµ↵
i ⌘⌫� � Sµ�

i ⌘⌫↵ � (µ $ ⌫)

Poisson brackets<latexit sha1_base64="M/h1ZYYdooHIm72sHP30JtzW9Ns=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGVSfC6EUhe6rGIf0A4lk6ZtaOZBckcsw3yAG3/FjQtF3PoB7vwb08dCWw9cOJx77s3NcUMpNNj2t5VaWFxaXkmvZtbWNza3sts7NR1EivEqC2SgGi7VXAqfV0GA5I1Qceq5ktfdweWoX7/nSovAv4NhyB2P9nzRFYyCkdrZXAv4A4z3NG+vyk5s5wkxdU6SWOALTPLFxLjsgj0GnidkSnJoiko7+9XqBCzyuA9MUq2bxA7BiakCwSRPMq1I85CyAe3xpqE+9bh24vERCT4wSgd3A2XKBzxWf0/E1NN66LnG6VHo69neSPyv14yge+bEwg8j4D6bPNSNJIYAj5LBHaE4Azk0hDIlzK2Y9amiDEx+GRMCmf3yPKkVC+SkcHxzlCuVp3Gk0R7aR4eIoFNUQteogqqIoUf0jF7Rm/VkvVjv1sfEmrKmM7voD6zPH/gumQA=</latexit>

i = 1, 2
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The Dirac brackets that fall out are very simple:

Variables:
<latexit sha1_base64="e+yI5sKoY8KVU8gRR5I4d+O9NWg=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuJAyI96WRTcuK9gLdMYhk6ZtaJIZkkyhDF248VXcuFDErQ/hzrcx046grQdCPv7/HJLzhzGjSjvOl1VYWl5ZXSuulzY2t7Z37N29pooSiUkDRyyS7RApwqggDU01I+1YEsRDRlrh8DrzWyMiFY3EnR7HxOeoL2iPYqSNFNhlLx0F9N7jyTFUPxBmlzcJ7IpTdaYFF8HNoQLyqgf2p9eNcMKJ0JghpTquE2s/RVJTzMik5CWKxAgPUZ90DArEifLT6RITeGiULuxF0hyh4VT9PZEirtSYh6aTIz1Q814m/ud1Et279FMq4kQTgWcP9RIGdQSzRGCXSoI1GxtAWFLzV4gHSCKsTW4lE4I7v/IiNE+q7nn17Pa0UrvK4yiCMjgAR8AFF6AGbkAdNAAGD+AJvIBX69F6tt6s91lrwcpn9sGfsj6+AQx3l7o=</latexit>

{vµi , s
µ
i , b

µ}

<latexit sha1_base64="3k0aKW/NwXsSeAOFo8PZK4tHC78=">AAACH3icbZDLSgMxFIYzXmu9VV26CRbBhZaJaL2AUOpCl1WsFdqxZNLUhmYuJGfEMvRN3PgqblwoIu76Nmams/B24MDHfy45+d1QCg22PbImJqemZ2Zzc/n5hcWl5cLK6rUOIsV4nQUyUDcu1VwKn9dBgOQ3oeLUcyVvuP3TpN6450qLwL+CQcgdj975oisYBSO1C+UW8AdI9zQvz6pObG8TYvKIDGP3tuVF+PgEu+3dFHcMkYSG7ULRLtlp4L9AMiiiLGrtwmerE7DI4z4wSbVuEjsEJ6YKBJN8mG9FmoeU9ekdbxr0qce1E6d3DfGmUTq4GyiTPuBU/T4RU0/rgeeaTo9CT/+uJeJ/tWYE3UMnFn4YAffZ+KFuJDEEODELd4TiDOTAAGVKmFsx61FFGRhL88YE8vvLf+F6t0TKpf2LvWKlmtmRQ+toA20hgg5QBZ2jGqojhh7RM3pFb9aT9WK9Wx/j1gkrm1lDP8IafQEbcKCI</latexit>

bµ := bµ2 � bµ1

<latexit sha1_base64="FW2CSzWKH60v/y7HSjEgJchqwoo="></latexit>

Sµ⌫
i = mi✏

µ⌫
⇢�v

⇢
i s

�
i

<latexit sha1_base64="SlXsMwHZ/PCITMEAdcR6gzftlC0=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXWibF50IodaHLKvYB7VAyadqGZh4kd4plmK9w46+4caGIW3Hn35g+Ftp64MLhnHtvbo4bSqHBtr+tufmFxaXl1Ep6dW19YzOztV3RQaQYL7NABqrmUs2l8HkZBEheCxWnnit51e1dDf1qnystAv8eBiF3PNrxRVswCkZqZo4awB9gtKd+d110YvuQEFMXJIkH+BL3mwQ3WCsAw/JJM5O1c/YIeJaQCcmiCUrNzFejFbDI4z4wSbWuEzsEJ6YKBJM8STcizUPKerTD64b61OPaiUfnJHjfKC3cDpQpH/BI/T0RU0/rgeeaTo9CV097Q/E/rx5B+9yJhR9GwH02fqgdSQwBHmaEW0JxBnJgCGVKmFsx61JFGZgk0yYEMv3lWVLJ58hp7uT2OFsoTuJIoV20hw4QQWeogG5QCZURQ4/oGb2iN+vJerHerY9x65w1mdlBf2B9/gC8YJ04</latexit>y = v1 · v2

<latexit sha1_base64="SmIfjiKsMDqXP992SYf7xdMSjn0=">AAACK3icbVDLSgMxFM34rPVVdekmWARXZab42gilblxWsA/otEMmTdvQPIYkUyhD/8eNv+JCFz5w63+YaWehrQcunJxzLzf3hBGj2rjuh7Oyura+sZnbym/v7O7tFw4OG1rGCpM6lkyqVog0YVSQuqGGkVakCOIhI81wdJv6zTFRmkrxYCYR6XA0ELRPMTJWCgpV1vV5DG+gTyJNmRTdJH37wpYaSuhrOuBoCsMglcZB4qXyNGXlzAsKRbfkzgCXiZeRIshQCwovfk/imBNhMENatz03Mp0EKUMxI9O8H2sSITxCA9K2VCBOdCeZ3TqFp1bpwb5UtoSBM/X3RIK41hMe2k6OzFAveqn4n9eOTf+6k1ARxYYIPF/Ujxk0EqbBwR5VBBs2sQRhRe1fIR4ihbCx8eZtCN7iycukUS55l6WL+/NipZrFkQPH4AScAQ9cgQq4AzVQBxg8gmfwBt6dJ+fV+XS+5q0rTjZzBP7A+f4BbZCn2A==</latexit>

lµ = ✏µ⌫⇢�b⌫v1⇢v2�
<latexit sha1_base64="dlnWfzovQH1gY2/p8z74qYijqiY=">AAACD3icbZDLSgMxFIYzXmu9VV26CRbFjWVSvG2EohuXFewF2mHIpGkbmskMyRmxDH0DN76KGxeKuHXrzrcxvYDaekLg5/vPITl/EEthwHW/nLn5hcWl5cxKdnVtfWMzt7VdNVGiGa+wSEa6HlDDpVC8AgIkr8ea0zCQvBb0roZ+7Y5rIyJ1C/2YeyHtKNEWjIJFfu6gCfweUtNRA5/gC3xEcHN4fmjRUuLn8m7BHRWeFWQi8mhSZT/32WxFLAm5AiapMQ3ixuClVINgkg+yzcTwmLIe7fCGlYqG3HjpaJ8B3rekhduRtlcBHtHfEykNjemHge0MKXTNtDeE/3mNBNrnXipUnABXbPxQO5EYIjwMB7eE5gxk3wrKtLB/xaxLNWVgI8zaEMj0yrOiWiyQ08LJzXG+dDmJI4N20R46RASdoRK6RmVUQQw9oCf0gl6dR+fZeXPex61zzmRmB/0p5+Mb9veatQ==</latexit>

sgn1 = �1 sgn2 = 1

These brackets were used to compute state-of-the-art results for scattering observables! [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Relativistic Spinning Particles

22

Variables:
<latexit sha1_base64="e+yI5sKoY8KVU8gRR5I4d+O9NWg=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuJAyI96WRTcuK9gLdMYhk6ZtaJIZkkyhDF248VXcuFDErQ/hzrcx046grQdCPv7/HJLzhzGjSjvOl1VYWl5ZXSuulzY2t7Z37N29pooSiUkDRyyS7RApwqggDU01I+1YEsRDRlrh8DrzWyMiFY3EnR7HxOeoL2iPYqSNFNhlLx0F9N7jyTFUPxBmlzcJ7IpTdaYFF8HNoQLyqgf2p9eNcMKJ0JghpTquE2s/RVJTzMik5CWKxAgPUZ90DArEifLT6RITeGiULuxF0hyh4VT9PZEirtSYh6aTIz1Q814m/ud1Et279FMq4kQTgWcP9RIGdQSzRGCXSoI1GxtAWFLzV4gHSCKsTW4lE4I7v/IiNE+q7nn17Pa0UrvK4yiCMjgAR8AFF6AGbkAdNAAGD+AJvIBX69F6tt6s91lrwcpn9sGfsj6+AQx3l7o=</latexit>

{vµi , s
µ
i , b

µ}

<latexit sha1_base64="FW2CSzWKH60v/y7HSjEgJchqwoo="></latexit>

Sµ⌫
i = mi✏

µ⌫
⇢�v

⇢
i s

�
i

<latexit sha1_base64="SlXsMwHZ/PCITMEAdcR6gzftlC0=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXWibF50IodaHLKvYB7VAyadqGZh4kd4plmK9w46+4caGIW3Hn35g+Ftp64MLhnHtvbo4bSqHBtr+tufmFxaXl1Ep6dW19YzOztV3RQaQYL7NABqrmUs2l8HkZBEheCxWnnit51e1dDf1qnystAv8eBiF3PNrxRVswCkZqZo4awB9gtKd+d110YvuQEFMXJIkH+BL3mwQ3WCsAw/JJM5O1c/YIeJaQCcmiCUrNzFejFbDI4z4wSbWuEzsEJ6YKBJM8STcizUPKerTD64b61OPaiUfnJHjfKC3cDpQpH/BI/T0RU0/rgeeaTo9CV097Q/E/rx5B+9yJhR9GwH02fqgdSQwBHmaEW0JxBnJgCGVKmFsx61JFGZgk0yYEMv3lWVLJ58hp7uT2OFsoTuJIoV20hw4QQWeogG5QCZURQ4/oGb2iN+vJerHerY9x65w1mdlBf2B9/gC8YJ04</latexit>y = v1 · v2

<latexit sha1_base64="SmIfjiKsMDqXP992SYf7xdMSjn0=">AAACK3icbVDLSgMxFM34rPVVdekmWARXZab42gilblxWsA/otEMmTdvQPIYkUyhD/8eNv+JCFz5w63+YaWehrQcunJxzLzf3hBGj2rjuh7Oyura+sZnbym/v7O7tFw4OG1rGCpM6lkyqVog0YVSQuqGGkVakCOIhI81wdJv6zTFRmkrxYCYR6XA0ELRPMTJWCgpV1vV5DG+gTyJNmRTdJH37wpYaSuhrOuBoCsMglcZB4qXyNGXlzAsKRbfkzgCXiZeRIshQCwovfk/imBNhMENatz03Mp0EKUMxI9O8H2sSITxCA9K2VCBOdCeZ3TqFp1bpwb5UtoSBM/X3RIK41hMe2k6OzFAveqn4n9eOTf+6k1ARxYYIPF/Ujxk0EqbBwR5VBBs2sQRhRe1fIR4ihbCx8eZtCN7iycukUS55l6WL+/NipZrFkQPH4AScAQ9cgQq4AzVQBxg8gmfwBt6dJ+fV+XS+5q0rTjZzBP7A+f4BbZCn2A==</latexit>

lµ = ✏µ⌫⇢�b⌫v1⇢v2�
<latexit sha1_base64="dlnWfzovQH1gY2/p8z74qYijqiY=">AAACD3icbZDLSgMxFIYzXmu9VV26CRbFjWVSvG2EohuXFewF2mHIpGkbmskMyRmxDH0DN76KGxeKuHXrzrcxvYDaekLg5/vPITl/EEthwHW/nLn5hcWl5cxKdnVtfWMzt7VdNVGiGa+wSEa6HlDDpVC8AgIkr8ea0zCQvBb0roZ+7Y5rIyJ1C/2YeyHtKNEWjIJFfu6gCfweUtNRA5/gC3xEcHN4fmjRUuLn8m7BHRWeFWQi8mhSZT/32WxFLAm5AiapMQ3ixuClVINgkg+yzcTwmLIe7fCGlYqG3HjpaJ8B3rekhduRtlcBHtHfEykNjemHge0MKXTNtDeE/3mNBNrnXipUnABXbPxQO5EYIjwMB7eE5gxk3wrKtLB/xaxLNWVgI8zaEMj0yrOiWiyQ08LJzXG+dDmJI4N20R46RASdoRK6RmVUQQw9oCf0gl6dR+fZeXPex61zzmRmB/0p5+Mb9veatQ==</latexit>

sgn1 = �1 sgn2 = 1

These brackets were used to compute state-of-the-art results for scattering observables! [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

NOTE: In the probe limit    
we ignore anything with a 
factor                 

<latexit sha1_base64="JZBpmM6+n62U9mJKQSWE290EhA4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAawmQ6SYfOZMLMjVBKP8ONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeKBPcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrXlLWpEkr3ImKY4ClrAwfBeplmREaCdaPR3czvPjFtuEofYZyxQJIk5TGnBKzky7CB+0mCZeiF1Zpbd+fAq8QrSA0VaIXVr/5A0VyyFKggxviem0EwIRo4FWxa6eeGZYSOSMJ8S1MimQkm85On+MwqAxwrbSsFPFd/T0yINGYsI9spCQzNsjcT//P8HOKbYMLTLAeW0sWiOBcYFJ79jwdcMwpibAmhmttbMR0STSjYlCo2BG/55VXSadS9q/rlw0WteVvEUUYn6BSdIw9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AHbspBX</latexit>

m2 � m1

<latexit sha1_base64="0R+121F9/5H0rb6a91NY2KWBkO0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJfhyJXjxi4gIJbEi3dKGh7W7argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfDfz209UaRbLRzNJaCDwULKIEWys5HsXol/rlytu1Z0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7sFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqimyBjMkkNlWSxKEo5MjGafY4GTFFi+MQSTBSztyIywgoTY/Mp2RC85ZdXSatW9a6qlw/1SuM2j6MIJ3AK5+DBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB9xVjhQ=</latexit>

1/m2

8

The Dirac brackets that fall out are very simple:
<latexit sha1_base64="3k0aKW/NwXsSeAOFo8PZK4tHC78=">AAACH3icbZDLSgMxFIYzXmu9VV26CRbBhZaJaL2AUOpCl1WsFdqxZNLUhmYuJGfEMvRN3PgqblwoIu76Nmams/B24MDHfy45+d1QCg22PbImJqemZ2Zzc/n5hcWl5cLK6rUOIsV4nQUyUDcu1VwKn9dBgOQ3oeLUcyVvuP3TpN6450qLwL+CQcgdj975oisYBSO1C+UW8AdI9zQvz6pObG8TYvKIDGP3tuVF+PgEu+3dFHcMkYSG7ULRLtlp4L9AMiiiLGrtwmerE7DI4z4wSbVuEjsEJ6YKBJN8mG9FmoeU9ekdbxr0qce1E6d3DfGmUTq4GyiTPuBU/T4RU0/rgeeaTo9CT/+uJeJ/tWYE3UMnFn4YAffZ+KFuJDEEODELd4TiDOTAAGVKmFsx61FFGRhL88YE8vvLf+F6t0TKpf2LvWKlmtmRQ+toA20hgg5QBZ2jGqojhh7RM3pFb9aT9WK9Wx/j1gkrm1lDP8IafQEbcKCI</latexit>

bµ := bµ2 � bµ1

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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An interesting problem to study is the dynamics of a spinning 
probe in a Kerr background (             ).<latexit sha1_base64="JZBpmM6+n62U9mJKQSWE290EhA4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAawmQ6SYfOZMLMjVBKP8ONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeKBPcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrXlLWpEkr3ImKY4ClrAwfBeplmREaCdaPR3czvPjFtuEofYZyxQJIk5TGnBKzky7CB+0mCZeiF1Zpbd+fAq8QrSA0VaIXVr/5A0VyyFKggxviem0EwIRo4FWxa6eeGZYSOSMJ8S1MimQkm85On+MwqAxwrbSsFPFd/T0yINGYsI9spCQzNsjcT//P8HOKbYMLTLAeW0sWiOBcYFJ79jwdcMwpibAmhmttbMR0STSjYlCo2BG/55VXSadS9q/rlw0WteVvEUUYn6BSdIw9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AHbspBX</latexit>

m2 � m1

There is a lot of work in the GR literature incorporating 
spin order by order (spin multipole expansion):

Conserved quantities:

9

1. Energy 

2. Azimuthal angular momentum 

3. Carter constant

<latexit sha1_base64="kMb+WbmSzPfH3/zaHEhr55kOjSI=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqpLFWCeC1IFSwMDEWiD6kJkeO6rVU7sWwHUUVdWPgVFgYQYuUf2Pgb3DYDtBzp6h6dc6/se0LBqNKO823l5uYXFpfyy4WV1bX1DXtzq67iRGJSwzGLZTNEijAakZqmmpGmkATxkJFG2L8c+Y17IhWNo1s9EMTnqBvRDsVIGymwd6/hOfQEDTyeQO+B3pkepCVP9OjBMLCLTtkZA84SNyNFkKEa2F9eO8YJJ5HGDCnVch2h/RRJTTEjw4KXKCIQ7qMuaRkaIU6Un46vGMJ9o7RhJ5amIg3H6u+NFHGlBjw0kxzpnpr2RuJ/XivRnTM/pZFINInw5KFOwqCO4SgS2KaSYM0GhiAsqfkrxD0kEdYmuIIJwZ0+eZbUD8vuSfn45qhYucjiyIMdsAdKwAWnoAKuQBXUAAaP4Bm8gjfryXqx3q2PyWjOyna2wR9Ynz//HZem</latexit>

L = ⇡µ⇠
µ
(�)

<latexit sha1_base64="pBtQUVmlcjVc+WyhTqd0kaqiwkU=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqwjIjvjZCUQSXFewDOuOQSdM2NMkMSUYsQxdu/BU3LhRx60e4829M21lo64HLPZxzL8k9Ycyo0o7zbc3NLywuLedW8qtr6xub9tZ2XUWJxKSGIxbJZogUYVSQmqaakWYsCeIhI42wfznyG/dEKhqJWz2Iic9RV9AOxUgbKbALV/AcHkAvpoHHE+g90DvTg7Sk94eBXXTKzhhwlrgZKYIM1cD+8toRTjgRGjOkVMt1Yu2nSGqKGRnmvUSRGOE+6pKWoQJxovx0fMQQ7hmlDTuRNCU0HKu/N1LElRrw0ExypHtq2huJ/3mtRHfO/JSKONFE4MlDnYRBHcFRIrBNJcGaDQxBWFLzV4h7SCKsTW55E4I7ffIsqR+W3ZPy8c1RsXKRxZEDBbALSsAFp6ACrkEV1AAGj+AZvII368l6sd6tj8nonJXt7IA/sD5/AG21lrk=</latexit>

E = �⇡µ⇠
µ
(t)

<latexit sha1_base64="afTuYK6jjSQFwUaU9pimCIDWVdc=">AAACHnicbVBLSwMxGMzWV62vVY9egkXwVHbFqheh6EXwUsG+6LZLNk3b0Gx2yUMoy/pHvPhXvHhQRPCk/8Zs24NWBxKGme8jmQliRqVynC8rt7C4tLySXy2srW9sbtnbO3UZaYFJDUcsEs0AScIoJzVFFSPNWBAUBow0gtFl5jfuiJA04rdqHJNOiAac9ilGyki+XfZCpIYYseQ6heew5SdeqKEnhlEKW91kQvzk3uM6jbuZZW6ufbvolJwJ4F/izkgRzFD17Q+vF2EdEq4wQ1K2XSdWnQQJRTEjacHTksQIj9CAtA3lKCSyk0zipfDAKD3Yj4Q5XMGJ+nMjQaGU4zAwk1kYOe9l4n9eW6v+WSehPNaKcDx9qK8ZVBHMuoI9KghWbGwIwoKav0I8RAJhZRotmBLc+ch/Sf2o5J6UyjfHxcrFrI482AP74BC44BRUwBWoghrA4AE8gRfwaj1az9ab9T4dzVmznV3wC9bnNzMBozE=</latexit>

K = Yµ⇢Y
⇢
⌫p

µp⌫

<latexit sha1_base64="8Rs19PB0W/drdIbgqMeWqKIxqGU="></latexit>

⇡µ = pµ +O(S)Geodesics in Kerr: 
<latexit sha1_base64="0E8qdBEarV+/iFJvJl6ZGzfTYMU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeBaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARQGmD4=</latexit>
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1
2 )

[Carter, ’68]
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Conserved quantities:

9

1. Energy 

2. Azimuthal angular momentum 

3. Carter constant 

4. Rüdiger Invariant

<latexit sha1_base64="wIrE7VVYWYQeOtQ6U4mboel9RMs="></latexit>

E = �⇡µ⇠
µ
(t) +

1

2
S↵�r�⇠(t)↵

<latexit sha1_base64="nzXRcAdtct4HTbdPMtOQv+F+gS8="></latexit>

L = ⇡µ⇠
µ
(�) �

1

2
S↵�r�⇠(�)↵

<latexit sha1_base64="3iSMA9ArZa9DosuA+O9qaHPV2PU="></latexit>

K = Yµ⇢Y
⇢
⌫p

µp⌫ + 4⇠�(t)✏�µ�[⇢Y⌫]
�Sµ⌫p⇢

<latexit sha1_base64="i2+L6jFNdJ7Ja1dbqoQqrf+ezoU="></latexit>

QY =
1

2
✏µ⌫↵�Sµ⌫Y↵�

<latexit sha1_base64="nPphClg4ODuJbPrWvSKT0IRmOAY="></latexit>

⇡µ = pµ � 1

2
!µabS

ab

An interesting problem to study is the dynamics of a spinning 
probe in a Kerr background (             ).<latexit sha1_base64="JZBpmM6+n62U9mJKQSWE290EhA4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAawmQ6SYfOZMLMjVBKP8ONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeKBPcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrXlLWpEkr3ImKY4ClrAwfBeplmREaCdaPR3czvPjFtuEofYZyxQJIk5TGnBKzky7CB+0mCZeiF1Zpbd+fAq8QrSA0VaIXVr/5A0VyyFKggxviem0EwIRo4FWxa6eeGZYSOSMJ8S1MimQkm85On+MwqAxwrbSsFPFd/T0yINGYsI9spCQzNsjcT//P8HOKbYMLTLAeW0sWiOBcYFJ79jwdcMwpibAmhmttbMR0STSjYlCo2BG/55VXSadS9q/rlw0WteVvEUUYn6BSdIw9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AHbspBX</latexit>

m2 � m1

There is a lot of work in the GR literature incorporating 
spin order by order (spin multipole expansion):

Geodesics in Kerr: 

Dipolar test particle in Kerr: 

<latexit sha1_base64="0E8qdBEarV+/iFJvJl6ZGzfTYMU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeBaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARQGmD4=</latexit>

O(s01s
1
2 )

<latexit sha1_base64="HmimEdwE0f2xR9CPJqS9gkpRpZQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeDaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARWWmD8=</latexit>

O(s11s
1
2 )

[Carter, ’68]

[Rudiger, ’81 and ’83] [Compère, Druart, ’22] [Witzany, ’19] [Skoupy, Witzany, ’24] [Skoupy, 
Witzany, Stein, Sashwat, ’24]…
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Geodesics in Kerr: 

Dipolar test particle in Kerr: 

Quadrupolar test particle in Kerr:

<latexit sha1_base64="0E8qdBEarV+/iFJvJl6ZGzfTYMU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeBaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARQGmD4=</latexit>

O(s01s
1
2 )

<latexit sha1_base64="HmimEdwE0f2xR9CPJqS9gkpRpZQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeDaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARWWmD8=</latexit>

O(s11s
1
2 )

<latexit sha1_base64="xksUe9NyCr2RL1+lJ2o7YKS/AM0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OxeDUqv1nMoD9T4xDPLVtWaAi4SOydlkKPhmV9OP8JJSLjCDEnZta1YuSkSimJGJiUnkSRGeIQGpKspRyGRbjp9YwKPtdKHQSR0cQWn6u+JFIVSjkNfd2ZHy3kvE//zuokKLt2U8jhRhOPZoiBhUEUwywT2qSBYsbEmCAuqb4V4iATCSidX0iHY8y8vklatap9Xz+5Oy/WrPI4iOABHoAJscAHq4AY0QBNg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5AxcmmEA=</latexit>

O(s21s
1
2 )

[Carter, ’68]

[Rudiger, ’81 and ’83] [Compère, Druart, ’22] [Witzany, ’19] [Skoupy, Witzany, ’24] [Skoupy, 
Witzany, Stein, Sashwat, ’24]…

[Vines, Kunst, Steinhoff, Hinderer, ’16] [Ramond, ’25]…..

An interesting problem to study is the dynamics of a spinning 
probe in a Kerr background (             ).<latexit sha1_base64="JZBpmM6+n62U9mJKQSWE290EhA4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAawmQ6SYfOZMLMjVBKP8ONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeKBPcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrXlLWpEkr3ImKY4ClrAwfBeplmREaCdaPR3czvPjFtuEofYZyxQJIk5TGnBKzky7CB+0mCZeiF1Zpbd+fAq8QrSA0VaIXVr/5A0VyyFKggxviem0EwIRo4FWxa6eeGZYSOSMJ8S1MimQkm85On+MwqAxwrbSsFPFd/T0yINGYsI9spCQzNsjcT//P8HOKbYMLTLAeW0sWiOBcYFJ79jwdcMwpibAmhmttbMR0STSjYlCo2BG/55VXSadS9q/rlw0WteVvEUUYn6BSdIw9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AHbspBX</latexit>

m2 � m1

There is a lot of work in the GR literature incorporating 
spin order by order (spin multipole expansion):

Conserved quantities:

<latexit sha1_base64="3iSMA9ArZa9DosuA+O9qaHPV2PU="></latexit>

K = Yµ⇢Y
⇢
⌫p

µp⌫ + 4⇠�(t)✏�µ�[⇢Y⌫]
�Sµ⌫p⇢

<latexit sha1_base64="i2+L6jFNdJ7Ja1dbqoQqrf+ezoU="></latexit>

QY =
1

2
✏µ⌫↵�Sµ⌫Y↵�

<latexit sha1_base64="nPphClg4ODuJbPrWvSKT0IRmOAY="></latexit>

⇡µ = pµ � 1

2
!µabS

ab

<latexit sha1_base64="ZukSry8gVtrud6FeVbNEQ6vY1Rk="></latexit>

�
h
gµ⇢

✓
(⇠(t))⌫(⇠(t))� � 1

2
g⌫�⇠

2
(t)

◆

<latexit sha1_base64="LEBy1Ezp7oaOsEEene6LhzPBt+Q="></latexit>

�1

2
Yµ

�

✓
Y⇢

R�⌫� +
1

2
Y�

R⌫⇢�

◆i
Sµ⌫S⇢�

<latexit sha1_base64="wIrE7VVYWYQeOtQ6U4mboel9RMs="></latexit>

E = �⇡µ⇠
µ
(t) +

1

2
S↵�r�⇠(t)↵

<latexit sha1_base64="nzXRcAdtct4HTbdPMtOQv+F+gS8="></latexit>

L = ⇡µ⇠
µ
(�) �

1

2
S↵�r�⇠(�)↵
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Geodesics in Kerr: 

Dipolar test particle in Kerr: 

Quadrupolar test particle in Kerr:

<latexit sha1_base64="0E8qdBEarV+/iFJvJl6ZGzfTYMU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeBaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARQGmD4=</latexit>

O(s01s
1
2 )

<latexit sha1_base64="HmimEdwE0f2xR9CPJqS9gkpRpZQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OyeDaVX6zmUB2p84pllq2pNAReJnZMyyNHwzC+nH+EkJFxhhqTs2las3BQJRTEjk5KTSBIjPEID0tWUo5BIN52+MYHHWunDIBK6uIJT9fdEikIpx6GvO7Oj5byXif953UQFl25KeZwowvFsUZAwqCKYZQL7VBCs2FgThAXVt0I8RAJhpZMr6RDs+ZcXSatWtc+rZ3en5fpVHkcRHIAjUAE2uAB1cAMaoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8ARWWmD8=</latexit>

O(s11s
1
2 )

<latexit sha1_base64="xksUe9NyCr2RL1+lJ2o7YKS/AM0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyUpvpZFN+6sYB/QpGEynbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfXWd++4EISSN+r8YxcUM04DSgGCkteeahEyI1xIilt5OK9OxeDUqv1nMoD9T4xDPLVtWaAi4SOydlkKPhmV9OP8JJSLjCDEnZta1YuSkSimJGJiUnkSRGeIQGpKspRyGRbjp9YwKPtdKHQSR0cQWn6u+JFIVSjkNfd2ZHy3kvE//zuokKLt2U8jhRhOPZoiBhUEUwywT2qSBYsbEmCAuqb4V4iATCSidX0iHY8y8vklatap9Xz+5Oy/WrPI4iOABHoAJscAHq4AY0QBNg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5AxcmmEA=</latexit>
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2 )

[Carter, ’68]

[Rudiger, ’81 and ’83] [Compère, Druart, ’22] [Witzany, ’19] [Skoupy, Witzany, ’24] [Skoupy, 
Witzany, Stein, Sashwat, ’24]…

[Vines, Kunst, Steinhoff, Hinderer, ’16] [Ramond, ’25]…..

An interesting problem to study is the dynamics of a spinning 
probe in a Kerr background (             ).<latexit sha1_base64="JZBpmM6+n62U9mJKQSWE290EhA4=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVZLia1l047KCfUAawmQ6SYfOZMLMjVBKP8ONC0Xc+jXu/BunbRbaeuDC4Zx7ufeeKBPcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrXlLWpEkr3ImKY4ClrAwfBeplmREaCdaPR3czvPjFtuEofYZyxQJIk5TGnBKzky7CB+0mCZeiF1Zpbd+fAq8QrSA0VaIXVr/5A0VyyFKggxviem0EwIRo4FWxa6eeGZYSOSMJ8S1MimQkm85On+MwqAxwrbSsFPFd/T0yINGYsI9spCQzNsjcT//P8HOKbYMLTLAeW0sWiOBcYFJ79jwdcMwpibAmhmttbMR0STSjYlCo2BG/55VXSadS9q/rlw0WteVvEUUYn6BSdIw9doya6Ry3URhQp9Ixe0ZsDzovz7nwsWktOMXOM/sD5/AHbspBX</latexit>

m2 � m1

There is a lot of work in the GR literature incorporating 
spin order by order (spin multipole expansion):

Conserved quantities:

<latexit sha1_base64="3iSMA9ArZa9DosuA+O9qaHPV2PU="></latexit>

K = Yµ⇢Y
⇢
⌫p

µp⌫ + 4⇠�(t)✏�µ�[⇢Y⌫]
�Sµ⌫p⇢

<latexit sha1_base64="i2+L6jFNdJ7Ja1dbqoQqrf+ezoU="></latexit>
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1

2
✏µ⌫↵�Sµ⌫Y↵�

<latexit sha1_base64="nPphClg4ODuJbPrWvSKT0IRmOAY="></latexit>

⇡µ = pµ � 1

2
!µabS

ab

<latexit sha1_base64="ZukSry8gVtrud6FeVbNEQ6vY1Rk="></latexit>
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<latexit sha1_base64="LEBy1Ezp7oaOsEEene6LhzPBt+Q="></latexit>
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<latexit sha1_base64="wIrE7VVYWYQeOtQ6U4mboel9RMs="></latexit>
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<latexit sha1_base64="nzXRcAdtct4HTbdPMtOQv+F+gS8="></latexit>
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Dynamics of a quadrupolar test particle in 
Kerr is integrable!!
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Asymptotic Conserved Quantities 
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To make a connection with scattering, take an asymptotic limit
[Gonzo, Shi, ’24] [Vines, ’23]

<latexit sha1_base64="oAlupZ+TghPf5O0/3cd6ddHELUs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy6cVnBPqAJZTKdtEMnkzBzo8RQ/BU3LhRx63+482+ctllo64ELh3Pu5d57gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rXumNI/lHWQJ8yPSlzzklICRuva+wp7i/QEQpeIH7HEZQta1K07VmQDPE7cgFVSg3rW/vF5M04hJoIJo3XGdBPycKOBUsFHZSzVLCB2SPusYKknEtJ9Prh/hI6P0cBgrUxLwRP09kZNI6ywKTGdEYKBnvbH4n9dJIbz0cy6TFJik00VhKjDEeBwF7nHFKIjMEEIVN7diOiCKUDCBlU0I7uzL86R5UnXPq2e3p5XaVRFHCR2gQ3SMXHSBaugG1VEDUfSIntErerOerBfr3fqYti5Yxcwe+gPr8weeh5Va</latexit>

r ! 1

<latexit sha1_base64="0oN93doV88pRTCWgiaGUYyKJs5I="></latexit>

lµ = ✏µ⌫⇢�b⌫v1⇢v2�

<latexit sha1_base64="ocjans/NwZyJvplfkUYGIfR+woQ=">AAACIHicbVDLSgMxFM34tr6qLt0Ei+BCykR8LgSpC11WsVZoh5JJb9tg5kFyRyzDfIobf8WNC0V0p19jOnah1gMXDuc+cnL8WEmDrvvhjI1PTE5Nz8wW5uYXFpeKyytXJkq0gJqIVKSvfW5AyRBqKFHBdayBB76Cun9zMujXb0EbGYWX2I/BC3g3lB0pOFqpVdxvItxhfqdxcVrxUneLMVuHLEslPaKMNmVgjYCh+WQa68iHLGsVS27ZzUFHCRuSEhmi2iq+N9uRSAIIUShuTIO5MXop1yiFgqzQTAzEXNzwLjQsDXkAxktzYxndsEqbdiJtK0Saqz83Uh4Y0w98Oxlw7Jm/vYH4X6+RYOfAS2UYJwih+H6okyiKER2kRdtSg0DVt4QLLa1XKnpcc4E204INgf398ii52i6zvfLu+U7puDKMY4askXWySRjZJ8fkjFRJjQhyTx7JM3lxHpwn59V5+x4dc4Y7q+QXnM8vwRmiKg==</latexit>

i = 1 =) probe
<latexit sha1_base64="VxLDw8wv3NgOM2c8K9EkkwLhODk="></latexit>

i = 2 =) background

<latexit sha1_base64="z870gzGSRkXE8qtD9TTXkU1UO3w="></latexit>

L̃ =
|s2|
m1

L

<latexit sha1_base64="ukvwTcJAhPHs/WhTmqDipW/WMe8="></latexit>

K
m2

1

� s21 � s22

<latexit sha1_base64="piVavpgeaIi2TkB66E2OmHcA/7I=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILkqZEV/LogiCLlqwD2mHIZOmbWjmQZIRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOde7snxIs6ksqxvY25+YXFpObeSX11b39g0t7brMowFoTUS8lA0PSwpZwGtKaY4bUaCYt/jtOENLlO/8UCFZGFwp4YRdXzcC1iXEay05Jq7V0V0W0RtH6s+wTy5GRVR1b13zYJVssZAs8TOSAEyVFzzq90JSezTQBGOpWzZVqScBAvFCKejfDuWNMJkgHu0pWmAfSqdZJx/hA600kHdUOgXKDRWf28k2Jdy6Ht6Ms0pp71U/M9rxap77iQsiGJFAzI51I05UiFKy0AdJihRfKgJJoLprIj0scBE6cryugR7+suzpH5Usk9LJ9XjQvkiqyMHe7APh2DDGZThGipQAwKP8Ayv8GY8GS/Gu/ExGZ0zsp0d+APj8weH4ZSI</latexit>
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To make a connection with scattering, take an asymptotic limit
[Gonzo, Shi, ’24] [Vines, ’23]

<latexit sha1_base64="oAlupZ+TghPf5O0/3cd6ddHELUs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy6cVnBPqAJZTKdtEMnkzBzo8RQ/BU3LhRx63+482+ctllo64ELh3Pu5d57gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rXumNI/lHWQJ8yPSlzzklICRuva+wp7i/QEQpeIH7HEZQta1K07VmQDPE7cgFVSg3rW/vF5M04hJoIJo3XGdBPycKOBUsFHZSzVLCB2SPusYKknEtJ9Prh/hI6P0cBgrUxLwRP09kZNI6ywKTGdEYKBnvbH4n9dJIbz0cy6TFJik00VhKjDEeBwF7nHFKIjMEEIVN7diOiCKUDCBlU0I7uzL86R5UnXPq2e3p5XaVRFHCR2gQ3SMXHSBaugG1VEDUfSIntErerOerBfr3fqYti5Yxcwe+gPr8weeh5Va</latexit>

r ! 1

<latexit sha1_base64="0oN93doV88pRTCWgiaGUYyKJs5I="></latexit>

lµ = ✏µ⌫⇢�b⌫v1⇢v2�

Are these quantities conserved at higher 
orders in spin using PM data?!

<latexit sha1_base64="ocjans/NwZyJvplfkUYGIfR+woQ=">AAACIHicbVDLSgMxFM34tr6qLt0Ei+BCykR8LgSpC11WsVZoh5JJb9tg5kFyRyzDfIobf8WNC0V0p19jOnah1gMXDuc+cnL8WEmDrvvhjI1PTE5Nz8wW5uYXFpeKyytXJkq0gJqIVKSvfW5AyRBqKFHBdayBB76Cun9zMujXb0EbGYWX2I/BC3g3lB0pOFqpVdxvItxhfqdxcVrxUneLMVuHLEslPaKMNmVgjYCh+WQa68iHLGsVS27ZzUFHCRuSEhmi2iq+N9uRSAIIUShuTIO5MXop1yiFgqzQTAzEXNzwLjQsDXkAxktzYxndsEqbdiJtK0Saqz83Uh4Y0w98Oxlw7Jm/vYH4X6+RYOfAS2UYJwih+H6okyiKER2kRdtSg0DVt4QLLa1XKnpcc4E204INgf398ii52i6zvfLu+U7puDKMY4askXWySRjZJ8fkjFRJjQhyTx7JM3lxHpwn59V5+x4dc4Y7q+QXnM8vwRmiKg==</latexit>

i = 1 =) probe
<latexit sha1_base64="VxLDw8wv3NgOM2c8K9EkkwLhODk="></latexit>

i = 2 =) background

<latexit sha1_base64="z870gzGSRkXE8qtD9TTXkU1UO3w="></latexit>

L̃ =
|s2|
m1

L

<latexit sha1_base64="ukvwTcJAhPHs/WhTmqDipW/WMe8="></latexit>

K
m2

1

� s21 � s22

<latexit sha1_base64="piVavpgeaIi2TkB66E2OmHcA/7I=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILkqZEV/LogiCLlqwD2mHIZOmbWjmQZIRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOde7snxIs6ksqxvY25+YXFpObeSX11b39g0t7brMowFoTUS8lA0PSwpZwGtKaY4bUaCYt/jtOENLlO/8UCFZGFwp4YRdXzcC1iXEay05Jq7V0V0W0RtH6s+wTy5GRVR1b13zYJVssZAs8TOSAEyVFzzq90JSezTQBGOpWzZVqScBAvFCKejfDuWNMJkgHu0pWmAfSqdZJx/hA600kHdUOgXKDRWf28k2Jdy6Ht6Ms0pp71U/M9rxap77iQsiGJFAzI51I05UiFKy0AdJihRfKgJJoLprIj0scBE6cryugR7+suzpH5Usk9LJ9XjQvkiqyMHe7APh2DDGZThGipQAwKP8Ayv8GY8GS/Gu/ExGZ0zsp0d+APj8weH4ZSI</latexit>
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To make a connection with scattering, take an asymptotic limit
[Gonzo, Shi, ’24] [Vines, ’23]

<latexit sha1_base64="oAlupZ+TghPf5O0/3cd6ddHELUs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy6cVnBPqAJZTKdtEMnkzBzo8RQ/BU3LhRx63+482+ctllo64ELh3Pu5d57gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rXumNI/lHWQJ8yPSlzzklICRuva+wp7i/QEQpeIH7HEZQta1K07VmQDPE7cgFVSg3rW/vF5M04hJoIJo3XGdBPycKOBUsFHZSzVLCB2SPusYKknEtJ9Prh/hI6P0cBgrUxLwRP09kZNI6ywKTGdEYKBnvbH4n9dJIbz0cy6TFJik00VhKjDEeBwF7nHFKIjMEEIVN7diOiCKUDCBlU0I7uzL86R5UnXPq2e3p5XaVRFHCR2gQ3SMXHSBaugG1VEDUfSIntErerOerBfr3fqYti5Yxcwe+gPr8weeh5Va</latexit>

r ! 1

<latexit sha1_base64="0oN93doV88pRTCWgiaGUYyKJs5I="></latexit>

lµ = ✏µ⌫⇢�b⌫v1⇢v2�

Are these quantities conserved at higher 
orders in spin using PM data?!

We say that a quantity                   is asymptotically conserved if:
<latexit sha1_base64="LZjpavBxtwUVUpK4ERG5fDnkic4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREfC2Lbly2YB/QhDCZTtqhk0mYmRRKyMaNv+LGhSJu/Qd3/o2TNgutHpjhcM693HuPHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcf3+Z+d0KEpBG/V9OYuCEachpQjJSWPPPQCZEaYcTSVlZz0olHT6HMP9/JTjyzatWtGeBfYhekCgo0PfPTGUQ4CQlXmCEp+7YVKzdFQlHMSFZxEklihMdoSPqachQS6aazKzJ4rJUBDCKhH1dwpv7sSFEo5TT0dWW+s1z0cvE/r5+o4NpNKY8TRTieDwoSBlUE80jggAqCFZtqgrCgeleIR0ggrHRwFR2CvXjyX9I5q9uX9YvWebVxU8RRBgfgCNSADa5AA9yBJmgDDB7AE3gBr8aj8Wy8Ge/z0pJR9OyDXzA+vgE4apfA</latexit>

Q({vi, si, b})
<latexit sha1_base64="vl98WD+nemPDLZMBkY65/1roOqk="></latexit>

{Q, Ir}DB = 0 =) h�Qi = 0

<latexit sha1_base64="ocjans/NwZyJvplfkUYGIfR+woQ=">AAACIHicbVDLSgMxFM34tr6qLt0Ei+BCykR8LgSpC11WsVZoh5JJb9tg5kFyRyzDfIobf8WNC0V0p19jOnah1gMXDuc+cnL8WEmDrvvhjI1PTE5Nz8wW5uYXFpeKyytXJkq0gJqIVKSvfW5AyRBqKFHBdayBB76Cun9zMujXb0EbGYWX2I/BC3g3lB0pOFqpVdxvItxhfqdxcVrxUneLMVuHLEslPaKMNmVgjYCh+WQa68iHLGsVS27ZzUFHCRuSEhmi2iq+N9uRSAIIUShuTIO5MXop1yiFgqzQTAzEXNzwLjQsDXkAxktzYxndsEqbdiJtK0Saqz83Uh4Y0w98Oxlw7Jm/vYH4X6+RYOfAS2UYJwih+H6okyiKER2kRdtSg0DVt4QLLa1XKnpcc4E204INgf398ii52i6zvfLu+U7puDKMY4askXWySRjZJ8fkjFRJjQhyTx7JM3lxHpwn59V5+x4dc4Y7q+QXnM8vwRmiKg==</latexit>

i = 1 =) probe
<latexit sha1_base64="VxLDw8wv3NgOM2c8K9EkkwLhODk="></latexit>

i = 2 =) background

10

<latexit sha1_base64="z870gzGSRkXE8qtD9TTXkU1UO3w="></latexit>

L̃ =
|s2|
m1

L

<latexit sha1_base64="ukvwTcJAhPHs/WhTmqDipW/WMe8="></latexit>

K
m2

1

� s21 � s22

<latexit sha1_base64="piVavpgeaIi2TkB66E2OmHcA/7I=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILkqZEV/LogiCLlqwD2mHIZOmbWjmQZIRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOde7snxIs6ksqxvY25+YXFpObeSX11b39g0t7brMowFoTUS8lA0PSwpZwGtKaY4bUaCYt/jtOENLlO/8UCFZGFwp4YRdXzcC1iXEay05Jq7V0V0W0RtH6s+wTy5GRVR1b13zYJVssZAs8TOSAEyVFzzq90JSezTQBGOpWzZVqScBAvFCKejfDuWNMJkgHu0pWmAfSqdZJx/hA600kHdUOgXKDRWf28k2Jdy6Ht6Ms0pp71U/M9rxap77iQsiGJFAzI51I05UiFKy0AdJihRfKgJJoLprIj0scBE6cryugR7+suzpH5Usk9LJ9XjQvkiqyMHe7APh2DDGZThGipQAwKP8Ayv8GY8GS/Gu/ExGZ0zsp0d+APj8weH4ZSI</latexit>
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To make a connection with scattering, take an asymptotic limit
[Gonzo, Shi, ’24] [Vines, ’23]

<latexit sha1_base64="oAlupZ+TghPf5O0/3cd6ddHELUs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy6cVnBPqAJZTKdtEMnkzBzo8RQ/BU3LhRx63+482+ctllo64ELh3Pu5d57gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rXumNI/lHWQJ8yPSlzzklICRuva+wp7i/QEQpeIH7HEZQta1K07VmQDPE7cgFVSg3rW/vF5M04hJoIJo3XGdBPycKOBUsFHZSzVLCB2SPusYKknEtJ9Prh/hI6P0cBgrUxLwRP09kZNI6ywKTGdEYKBnvbH4n9dJIbz0cy6TFJik00VhKjDEeBwF7nHFKIjMEEIVN7diOiCKUDCBlU0I7uzL86R5UnXPq2e3p5XaVRFHCR2gQ3SMXHSBaugG1VEDUfSIntErerOerBfr3fqYti5Yxcwe+gPr8weeh5Va</latexit>

r ! 1

<latexit sha1_base64="0oN93doV88pRTCWgiaGUYyKJs5I="></latexit>

lµ = ✏µ⌫⇢�b⌫v1⇢v2�

Are these quantities conserved at higher 
orders in spin using PM data?!

We say that a quantity                   is asymptotically conserved if:
<latexit sha1_base64="LZjpavBxtwUVUpK4ERG5fDnkic4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREfC2Lbly2YB/QhDCZTtqhk0mYmRRKyMaNv+LGhSJu/Qd3/o2TNgutHpjhcM693HuPHzMqlWV9GaWl5ZXVtfJ6ZWNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcf3+Z+d0KEpBG/V9OYuCEachpQjJSWPPPQCZEaYcTSVlZz0olHT6HMP9/JTjyzatWtGeBfYhekCgo0PfPTGUQ4CQlXmCEp+7YVKzdFQlHMSFZxEklihMdoSPqachQS6aazKzJ4rJUBDCKhH1dwpv7sSFEo5TT0dWW+s1z0cvE/r5+o4NpNKY8TRTieDwoSBlUE80jggAqCFZtqgrCgeleIR0ggrHRwFR2CvXjyX9I5q9uX9YvWebVxU8RRBgfgCNSADa5AA9yBJmgDDB7AE3gBr8aj8Wy8Ge/z0pJR9OyDXzA+vgE4apfA</latexit>

Q({vi, si, b})
<latexit sha1_base64="vl98WD+nemPDLZMBkY65/1roOqk="></latexit>

{Q, Ir}DB = 0 =) h�Qi = 0

<latexit sha1_base64="ocjans/NwZyJvplfkUYGIfR+woQ=">AAACIHicbVDLSgMxFM34tr6qLt0Ei+BCykR8LgSpC11WsVZoh5JJb9tg5kFyRyzDfIobf8WNC0V0p19jOnah1gMXDuc+cnL8WEmDrvvhjI1PTE5Nz8wW5uYXFpeKyytXJkq0gJqIVKSvfW5AyRBqKFHBdayBB76Cun9zMujXb0EbGYWX2I/BC3g3lB0pOFqpVdxvItxhfqdxcVrxUneLMVuHLEslPaKMNmVgjYCh+WQa68iHLGsVS27ZzUFHCRuSEhmi2iq+N9uRSAIIUShuTIO5MXop1yiFgqzQTAzEXNzwLjQsDXkAxktzYxndsEqbdiJtK0Saqz83Uh4Y0w98Oxlw7Jm/vYH4X6+RYOfAS2UYJwih+H6okyiKER2kRdtSg0DVt4QLLa1XKnpcc4E204INgf398ii52i6zvfLu+U7puDKMY4askXWySRjZJ8fkjFRJjQhyTx7JM3lxHpwn59V5+x4dc4Y7q+QXnM8vwRmiKg==</latexit>

i = 1 =) probe
<latexit sha1_base64="VxLDw8wv3NgOM2c8K9EkkwLhODk="></latexit>

i = 2 =) background

10

<latexit sha1_base64="z870gzGSRkXE8qtD9TTXkU1UO3w="></latexit>

L̃ =
|s2|
m1

L

<latexit sha1_base64="ukvwTcJAhPHs/WhTmqDipW/WMe8="></latexit>

K
m2

1

� s21 � s22

Not one-to-one!

Caveat: this is a weaker notion of conservation, as it only applies to scattering!

<latexit sha1_base64="piVavpgeaIi2TkB66E2OmHcA/7I=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILkqZEV/LogiCLlqwD2mHIZOmbWjmQZIRytiFv+LGhSJu/Q13/o2ZdhbaeiBwOOde7snxIs6ksqxvY25+YXFpObeSX11b39g0t7brMowFoTUS8lA0PSwpZwGtKaY4bUaCYt/jtOENLlO/8UCFZGFwp4YRdXzcC1iXEay05Jq7V0V0W0RtH6s+wTy5GRVR1b13zYJVssZAs8TOSAEyVFzzq90JSezTQBGOpWzZVqScBAvFCKejfDuWNMJkgHu0pWmAfSqdZJx/hA600kHdUOgXKDRWf28k2Jdy6Ht6Ms0pp71U/M9rxap77iQsiGJFAzI51I05UiFKy0AdJihRfKgJJoLprIj0scBE6cryugR7+suzpH5Usk9LJ9XjQvkiqyMHe7APh2DDGZThGipQAwKP8Ayv8GY8GS/Gu/ExGZ0zsp0d+APj8weH4ZSI</latexit>
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(I) 1PM and all orders in spin 

(II)  2PM through  

(III) 2PM and 3PM through  

(IV) 2PM and 3PM through  

(V) PM through               in the probe limit 

(VI) 3PM through          , 4PM through          , and 5PM through           in the probe limit

∞

<latexit sha1_base64="nhfzs/AdkzGSV9q188nFzP/R8zI=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiTia1l0484K9gFtLJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cL2JUKtv+NpaWV1bX1ksb5c2t7Z1dc2+/LcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vcp37nUciJA35vUoi4gZoxKlPMVJaGpiVfoDUGCOW3mY1+ZA6TnY8MKt23Z7CWiROQapQoDkwv/rDEMcB4QozJGXPsSPlpkgoihnJyv1YkgjhCRqRnqYcBUS66TR8Zh1pZWj5odCPK2uq/t5IUSBlEnh6Mo8q571c/M/rxcq/dFPKo1gRjmeH/JhZKrTyJqwhFQQrlmiCsKA6q4XHSCCsdF9lXYIz/+VF0j6pO+f1s7vTauOqqKMEB3AINXDgAhpwA01oAYYEnuEV3own48V4Nz5mo0tGsVOBPzA+fwAaLZRs</latexit>

O(s11)
<latexit sha1_base64="0IEGJeNhDbL+aQHCu9MJaxf0W40=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpvpZFN+6sYB/QxjKZTtqhk0mYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zvIhRqWz72yisrK6tbxQ3S1vbO7t75n65LcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vcp35nUciJA35vZpGxA3QiFOfYqS0NDDL/QCpMUYsuU2r8iGppycDs2LX7BmsZeLkpAI5mgPzqz8McRwQrjBDUvYcO1JugoSimJG01I8liRCeoBHpacpRQKSbzLKn1rFWhpYfCv24smbq740EBVJOA09PZknlopeJ/3m9WPmXbkJ5FCvC8fyQHzNLhVZWhDWkgmDFppogLKjOauExEggrXVdJl+AsfnmZtOs157x2dndaaVzldRThEI6gCg5cQANuoAktwPAEz/AKb0ZqvBjvxsd8tGDkOwfwB8bnD6W3lDI=</latexit>

O(s2)
<latexit sha1_base64="YUDCK0kgxVQCvd75vpLVES9gUXg=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQxCvISZEJdj0Is3I5gFksnQ0+kkTXoWunuEMMSLv+LFgyJe/Qtv/o09yRw08UHB470qqup5EWdSWda3sbS8srq2ntvIb25t7+yae/sNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vRG16nffKBCsjC4V+OIOj4eBKzPCFZacs3Djo/VkGCe3E6K0rW7FSTdctc6dc2CVbKmQIvEzkgBMtRc86vTC0ns00ARjqVs21aknAQLxQink3wnljTCZIQHtK1pgH0qnWT6wQSdaKWH+qHQFSg0VX9PJNiXcux7ujO9V857qfif145V/9JJWBDFigZktqgfc6RClMaBekxQovhYE0wE07ciMsQCE6VDy+sQ7PmXF0mjXLLPS2d3lUL1KosjB0dwDEWw4QKqcAM1qAOBR3iGV3gznowX4934mLUuGdnMAfyB8fkDpp6Vug==</latexit>

O(s41s
0
2)

<latexit sha1_base64="MOz3ZRBpX9cXM1axDEJtFTJUM1o=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkpSfC2LbtxZwT6gacNkOmmHTiZhZiKUkKUbf8WNC0Xc+gnu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NgpLyyura8X10sbm1vaOubvXkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3vs789gMRkob8Xk0i0gvQkFOfYqS05JqHToDUCCOW3KYV6dp9G0q31k8cyn01SU9cs2xVrSngIrFzUgY5Gq755QxCHAeEK8yQlF3bilQvQUJRzEhacmJJIoTHaEi6mnIUENlLpo+k8FgrA+iHQhdXcKr+nkhQIOUk8HRndrac9zLxP68bK/+yl1AexYpwPFvkxwyqEGapwAEVBCs20QRhQfWtEI+QQFjp7Eo6BHv+5UXSqlXt8+rZ3Wm5fpXHUQQH4AhUgA0uQB3cgAZoAgwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8A7kqZSw==</latexit>

O(s11s
1
2 )

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)
<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)
<latexit sha1_base64="cqtTZjOIV2GyHIU25gd3oPTTDw8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTF17Loxp0V7APaWCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs8cP+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJv5rTGVikXiUU9i6oV4IFjACNZG6tl2N8R6SDBP76dl9VQ969klp+LMgJaJm5MS5Kj37K9uPyJJSIUmHCvVcZ1YeymWmhFOp8VuomiMyQgPaMdQgUOqvHSWfIpOjdJHQSTNExrN1N8bKQ6VmoS+mcxyqkUvE//zOokOrr2UiTjRVJD5oSDhSEcoqwH1maRE84khmEhmsiIyxBITbcoqmhLcxS8vk2a14l5WLh7OS7WbvI4CHMMJlMGFK6jBHdShAQTG8Ayv8Gal1ov1bn3MR1esfOcI/sD6/AHWaZMm</latexit>

O(s2)

[Guevara, Ochirov, Vines, ’19]

[Bohnenblust, Cangemi, Johansson, Pichini, ’24]

[U. Jakobsen, Mogull, ’22]

[DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

[Gonzo, Shi, ’24]

[Hoogeveen, U. Jakobsen, Plefka, ’25]

11

To test for asymptotic conservation, we use the following PM results:

Credit: Graham Brown

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Collecting the Available PM Data

32

(I) 1PM and all orders in spin 

(II)  2PM through  

(III) 2PM and 3PM through  

(IV) 2PM and 3PM through  

(V) PM through               in the probe limit 

(VI) 3PM through          , 4PM through          , and 5PM through           in the probe limit
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<latexit sha1_base64="cqtTZjOIV2GyHIU25gd3oPTTDw8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTF17Loxp0V7APaWCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs8cP+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJv5rTGVikXiUU9i6oV4IFjACNZG6tl2N8R6SDBP76dl9VQ969klp+LMgJaJm5MS5Kj37K9uPyJJSIUmHCvVcZ1YeymWmhFOp8VuomiMyQgPaMdQgUOqvHSWfIpOjdJHQSTNExrN1N8bKQ6VmoS+mcxyqkUvE//zOokOrr2UiTjRVJD5oSDhSEcoqwH1maRE84khmEhmsiIyxBITbcoqmhLcxS8vk2a14l5WLh7OS7WbvI4CHMMJlMGFK6jBHdShAQTG8Ayv8Gal1ov1bn3MR1esfOcI/sD6/AHWaZMm</latexit>
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[Guevara, Ochirov, Vines, ’19]

[Bohnenblust, Cangemi, Johansson, Pichini, ’24]

[U. Jakobsen, Mogull, ’22]

[DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

[Gonzo, Shi, ’24]

[Hoogeveen, U. Jakobsen, Plefka, ’25]

For some results we needed to extract the radial action from the impulse:
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To test for asymptotic conservation, we use the following PM results:

Credit: Graham Brown
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(I) 1PM and all orders in spin 

(II)  2PM through  

(III) 2PM and 3PM through  

(IV) 2PM and 3PM through  

(V) PM through               in the probe limit 

(VI) 3PM through          , 4PM through          , and 5PM through           in the probe limit

∞

<latexit sha1_base64="nhfzs/AdkzGSV9q188nFzP/R8zI=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiTia1l0484K9gFtLJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs8cL2JUKtv+NpaWV1bX1ksb5c2t7Z1dc2+/LcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vcp37nUciJA35vUoi4gZoxKlPMVJaGpiVfoDUGCOW3mY1+ZA6TnY8MKt23Z7CWiROQapQoDkwv/rDEMcB4QozJGXPsSPlpkgoihnJyv1YkgjhCRqRnqYcBUS66TR8Zh1pZWj5odCPK2uq/t5IUSBlEnh6Mo8q571c/M/rxcq/dFPKo1gRjmeH/JhZKrTyJqwhFQQrlmiCsKA6q4XHSCCsdF9lXYIz/+VF0j6pO+f1s7vTauOqqKMEB3AINXDgAhpwA01oAYYEnuEV3own48V4Nz5mo0tGsVOBPzA+fwAaLZRs</latexit>
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<latexit sha1_base64="0IEGJeNhDbL+aQHCu9MJaxf0W40=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpvpZFN+6sYB/QxjKZTtqhk0mYmYgl5FfcuFDErT/izr9x0mahrQcGDufcyz1zvIhRqWz72yisrK6tbxQ3S1vbO7t75n65LcNYYNLCIQtF10OSMMpJS1HFSDcSBAUeIx1vcp35nUciJA35vZpGxA3QiFOfYqS0NDDL/QCpMUYsuU2r8iGppycDs2LX7BmsZeLkpAI5mgPzqz8McRwQrjBDUvYcO1JugoSimJG01I8liRCeoBHpacpRQKSbzLKn1rFWhpYfCv24smbq740EBVJOA09PZknlopeJ/3m9WPmXbkJ5FCvC8fyQHzNLhVZWhDWkgmDFppogLKjOauExEggrXVdJl+AsfnmZtOs157x2dndaaVzldRThEI6gCg5cQANuoAktwPAEz/AKb0ZqvBjvxsd8tGDkOwfwB8bnD6W3lDI=</latexit>
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For some results we needed to extract the radial action from the impulse:
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(I) 1PM and all orders in spin 

(II)  2PM through  

(III) 2PM and 3PM through  
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(VI) 3PM through          , 4PM through          , and 5PM through           in the probe limit
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O(s41s
0
2)

<latexit sha1_base64="MOz3ZRBpX9cXM1axDEJtFTJUM1o=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkpSfC2LbtxZwT6gacNkOmmHTiZhZiKUkKUbf8WNC0Xc+gnu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NgpLyyura8X10sbm1vaOubvXkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3vs789gMRkob8Xk0i0gvQkFOfYqS05JqHToDUCCOW3KYV6dp9G0q31k8cyn01SU9cs2xVrSngIrFzUgY5Gq755QxCHAeEK8yQlF3bilQvQUJRzEhacmJJIoTHaEi6mnIUENlLpo+k8FgrA+iHQhdXcKr+nkhQIOUk8HRndrac9zLxP68bK/+yl1AexYpwPFvkxwyqEGapwAEVBCs20QRhQfWtEI+QQFjp7Eo6BHv+5UXSqlXt8+rZ3Wm5fpXHUQQH4AhUgA0uQB3cgAZoAgwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8A7kqZSw==</latexit>

O(s11s
1
2 )

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)
<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)
<latexit sha1_base64="cqtTZjOIV2GyHIU25gd3oPTTDw8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTF17Loxp0V7APaWCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs8cP+ZMacf5tlZW19Y3Ngtbxe2d3b19++CwqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJv5rTGVikXiUU9i6oV4IFjACNZG6tl2N8R6SDBP76dl9VQ969klp+LMgJaJm5MS5Kj37K9uPyJJSIUmHCvVcZ1YeymWmhFOp8VuomiMyQgPaMdQgUOqvHSWfIpOjdJHQSTNExrN1N8bKQ6VmoS+mcxyqkUvE//zOokOrr2UiTjRVJD5oSDhSEcoqwH1maRE84khmEhmsiIyxBITbcoqmhLcxS8vk2a14l5WLh7OS7WbvI4CHMMJlMGFK6jBHdShAQTG8Ayv8Gal1ov1bn3MR1esfOcI/sD6/AHWaZMm</latexit>

O(s2)

[Guevara, Ochirov, Vines, ’19]

[Bohnenblust, Cangemi, Johansson, Pichini, ’24]

[U. Jakobsen, Mogull, ’22]

[DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

[Gonzo, Shi, ’24]

[Hoogeveen, U. Jakobsen, Plefka, ’25]

For some results we needed to extract the radial action from the impulse:

11

To test for asymptotic conservation, we use the following PM results:

Fixes coefficients 
uniquely

Credit: Graham Brown
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We find conservation at:

(I)          at 2PM/3PM 

(II)          at 3PM/4PM        

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Two orders higher 
than previously 

known!!

12Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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We find conservation at:

(I)          at 2PM/3PM 

(II)          at 3PM/4PM        

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Conjecture: conservation holds to       
at 4PM and beyond

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Two orders higher 
than previously 

known!!

12Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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Can we say anything about integrability? 

We find conservation at:

(I)          at 2PM/3PM 

(II)          at 3PM/4PM        

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Conjecture: conservation holds to       
at 4PM and beyond

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Two orders higher 
than previously 

known!!

12Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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We find conservation at:

(I)          at 2PM/3PM 

(II)          at 3PM/4PM        

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Conjecture: conservation holds to       
at 4PM and beyond

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Two orders higher 
than previously 

known!!

12

It turns out that we can! To do this, we need to count degrees of freedom

20 d.o.f
(8 + 4) constraints 8 d.o.f

Spin magnitude, etc. Translation invariance

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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We find conservation at:

(I)          at 2PM/3PM 

(II)          at 3PM/4PM        

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Conjecture: conservation holds to       
at 4PM and beyond

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Two orders higher 
than previously 

known!!

12

It turns out that we can! To do this, we need to count degrees of freedom

Involution in 
the probe limit!

with8 d.o.f

20 d.o.f
(8 + 4) constraints 8 d.o.f

Spin magnitude, etc. Translation invariance

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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We find conservation at:

(I)          at 2PM/3PM 

(II)          at 3PM/4PM        

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Conjecture: conservation holds to       
at 4PM and beyond

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Two orders higher 
than previously 

known!!

12

It turns out that we can! To do this, we need to count degrees of freedom

20 d.o.f
(8 + 4) constraints 8 d.o.f

Spin magnitude, etc. Translation invarianceInvolution in 
the probe limit!

with
Asymptotic Liouville 

integrability!!8 d.o.f
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Spin-Shift Symmetry
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Exhibited by spinning four-point amplitudes that holds to quartic order in spin and 3PM, for probe motion.
[Bern, Kosmopoulos, Luna, Roiban, Teng, ’22] [Aoude, Haddad, Helset, ’22] [DA, Febres Cordero, Kraus, S. Ruf, Zeng, ’24] [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

<latexit sha1_base64="xBBLJhtoEaxFD+5p/HLVUq+Nbxk=">AAACTXicfVHLSgMxFM3UR2t9jbp0EyxCi1JmSn1shKIbN0IF+4C2DJlMpg3NPJpkxDL0B90I7vwLNy4UETNtBW2LFxIO55zLvTmxQ0aFNIwXLbW0vLKazqxl1zc2t7b1nd26CCKOSQ0HLOBNGwnCqE9qkkpGmiEnyLMZadj9q0Rv3BMuaODfyWFIOh7q+tSlGElFWbrT9pDsYcTim5FVzg+OobDM5CoV4AVcJMIj2H6gcPCvaSz+OAuWnjOKxrjgPDCnIAemVbX057YT4MgjvsQMCdEyjVB2YsQlxYyMsu1IkBDhPuqSloI+8ojoxOM0RvBQMQ50A66OL+GY/d0RI0+IoWcrZ7K5mNUScpHWiqR73ompH0aS+HgyyI0YlAFMooUO5QRLNlQAYU7VrhD3EEdYqg/IqhDM2SfPg3qpaJ4WT27LucrlNI4M2AcHIA9McAYq4BpUQQ1g8AhewTv40J60N+1T+5pYU9q0Zw/8qVT6G9iRrlc=</latexit>

M4(q, s1, s2) = M4(q, s1 + ⇠q, s2) = M4(q, s1, s2 + ⇠q)

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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Exhibited by spinning four-point amplitudes that holds to quartic order in spin and 3PM, for probe motion.
[Bern, Kosmopoulos, Luna, Roiban, Teng, ’22] [Aoude, Haddad, Helset, ’22] [DA, Febres Cordero, Kraus, S. Ruf, Zeng, ’24] [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

<latexit sha1_base64="xBBLJhtoEaxFD+5p/HLVUq+Nbxk=">AAACTXicfVHLSgMxFM3UR2t9jbp0EyxCi1JmSn1shKIbN0IF+4C2DJlMpg3NPJpkxDL0B90I7vwLNy4UETNtBW2LFxIO55zLvTmxQ0aFNIwXLbW0vLKazqxl1zc2t7b1nd26CCKOSQ0HLOBNGwnCqE9qkkpGmiEnyLMZadj9q0Rv3BMuaODfyWFIOh7q+tSlGElFWbrT9pDsYcTim5FVzg+OobDM5CoV4AVcJMIj2H6gcPCvaSz+OAuWnjOKxrjgPDCnIAemVbX057YT4MgjvsQMCdEyjVB2YsQlxYyMsu1IkBDhPuqSloI+8ojoxOM0RvBQMQ50A66OL+GY/d0RI0+IoWcrZ7K5mNUScpHWiqR73ompH0aS+HgyyI0YlAFMooUO5QRLNlQAYU7VrhD3EEdYqg/IqhDM2SfPg3qpaJ4WT27LucrlNI4M2AcHIA9McAYq4BpUQQ1g8AhewTv40J60N+1T+5pYU9q0Zw/8qVT6G9iRrlc=</latexit>

M4(q, s1, s2) = M4(q, s1 + ⇠q, s2) = M4(q, s1, s2 + ⇠q)

<latexit sha1_base64="ErOmjT052WocZaaoeJhBCI07GjU="></latexit>

qµ
@

@sµi
M4(q, s1, s2) = 0

Differential 
operator
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Exhibited by spinning four-point amplitudes that holds to quartic order in spin and 3PM, for probe motion.
[Bern, Kosmopoulos, Luna, Roiban, Teng, ’22] [Aoude, Haddad, Helset, ’22] [DA, Febres Cordero, Kraus, S. Ruf, Zeng, ’24] [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

<latexit sha1_base64="xBBLJhtoEaxFD+5p/HLVUq+Nbxk=">AAACTXicfVHLSgMxFM3UR2t9jbp0EyxCi1JmSn1shKIbN0IF+4C2DJlMpg3NPJpkxDL0B90I7vwLNy4UETNtBW2LFxIO55zLvTmxQ0aFNIwXLbW0vLKazqxl1zc2t7b1nd26CCKOSQ0HLOBNGwnCqE9qkkpGmiEnyLMZadj9q0Rv3BMuaODfyWFIOh7q+tSlGElFWbrT9pDsYcTim5FVzg+OobDM5CoV4AVcJMIj2H6gcPCvaSz+OAuWnjOKxrjgPDCnIAemVbX057YT4MgjvsQMCdEyjVB2YsQlxYyMsu1IkBDhPuqSloI+8ojoxOM0RvBQMQ50A66OL+GY/d0RI0+IoWcrZ7K5mNUScpHWiqR73ompH0aS+HgyyI0YlAFMooUO5QRLNlQAYU7VrhD3EEdYqg/IqhDM2SfPg3qpaJ4WT27LucrlNI4M2AcHIA9McAYq4BpUQQ1g8AhewTv40J60N+1T+5pYU9q0Zw/8qVT6G9iRrlc=</latexit>

M4(q, s1, s2) = M4(q, s1 + ⇠q, s2) = M4(q, s1, s2 + ⇠q)

<latexit sha1_base64="ErOmjT052WocZaaoeJhBCI07GjU="></latexit>

qµ
@

@sµi
M4(q, s1, s2) = 0

Differential 
operator

Fourier transform 

to position space

<latexit sha1_base64="jK84jy7WvaFBzr9gxM9Zu/yK3sU="></latexit>Z
dD�2q eib·q

<latexit sha1_base64="SEyul7xp0WSiokTopl27cqTolwk="></latexit>

ÔSSIr({vi, si, b}) = 0, ÔSS = ⇧µ⌫ @

@bµ

@

@s⌫i
<latexit sha1_base64="RpBO6fCL+NkPn8c7+okix6PVvM8=">AAACO3icdVDLSsNAFJ34rPUVdelmsAiCUJLiayMU3biMYh/QxDKZTtqhk0mYmQgl9L/c+BPu3LhxoYhb907agLXVAxcO59zLvff4MaNSWdazMTe/sLi0XFgprq6tb2yaW9t1GSUCkxqOWCSaPpKEUU5qiipGmrEgKPQZafj9y8xv3BMhacRv1SAmXoi6nAYUI6WltnnjOvQudcMEujwZwnPoEoUmhEPohkj1MGKpM2zb/zqVH6dtlqyyNQKcJXZOSiCH0zaf3E6Ek5BwhRmSsmVbsfJSJBTFjAyLbiJJjHAfdUlLU45CIr109PsQ7mulA4NI6OIKjtTJiRSFUg5CX3dm58ppLxP/8lqJCs68lPI4UYTj8aIgYVBFMAsSdqggWLGBJggLqm+FuIcEwkrHXdQh2NMvz5J6pWyflI+vj0rVizyOAtgFe+AA2OAUVMEVcEANYPAAXsAbeDcejVfjw/gct84Z+cwO+AXj6xt67K3Q</latexit>

⇧µ⌫ = ⌘µ⌫ + Pµ⌫
1 + Pµ⌫

2

13Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Spin-Shift Symmetry

44

Exhibited by spinning four-point amplitudes that holds to quartic order in spin and 3PM, for probe motion.
[Bern, Kosmopoulos, Luna, Roiban, Teng, ’22] [Aoude, Haddad, Helset, ’22] [DA, Febres Cordero, Kraus, S. Ruf, Zeng, ’24] [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

<latexit sha1_base64="xBBLJhtoEaxFD+5p/HLVUq+Nbxk=">AAACTXicfVHLSgMxFM3UR2t9jbp0EyxCi1JmSn1shKIbN0IF+4C2DJlMpg3NPJpkxDL0B90I7vwLNy4UETNtBW2LFxIO55zLvTmxQ0aFNIwXLbW0vLKazqxl1zc2t7b1nd26CCKOSQ0HLOBNGwnCqE9qkkpGmiEnyLMZadj9q0Rv3BMuaODfyWFIOh7q+tSlGElFWbrT9pDsYcTim5FVzg+OobDM5CoV4AVcJMIj2H6gcPCvaSz+OAuWnjOKxrjgPDCnIAemVbX057YT4MgjvsQMCdEyjVB2YsQlxYyMsu1IkBDhPuqSloI+8ojoxOM0RvBQMQ50A66OL+GY/d0RI0+IoWcrZ7K5mNUScpHWiqR73ompH0aS+HgyyI0YlAFMooUO5QRLNlQAYU7VrhD3EEdYqg/IqhDM2SfPg3qpaJ4WT27LucrlNI4M2AcHIA9McAYq4BpUQQ1g8AhewTv40J60N+1T+5pYU9q0Zw/8qVT6G9iRrlc=</latexit>

M4(q, s1, s2) = M4(q, s1 + ⇠q, s2) = M4(q, s1, s2 + ⇠q)

<latexit sha1_base64="ErOmjT052WocZaaoeJhBCI07GjU="></latexit>

qµ
@

@sµi
M4(q, s1, s2) = 0

Differential 
operator

Fourier transform 

to position space

<latexit sha1_base64="jK84jy7WvaFBzr9gxM9Zu/yK3sU="></latexit>Z
dD�2q eib·q

<latexit sha1_base64="SEyul7xp0WSiokTopl27cqTolwk="></latexit>

ÔSSIr({vi, si, b}) = 0, ÔSS = ⇧µ⌫ @

@bµ

@

@s⌫i
<latexit sha1_base64="RpBO6fCL+NkPn8c7+okix6PVvM8=">AAACO3icdVDLSsNAFJ34rPUVdelmsAiCUJLiayMU3biMYh/QxDKZTtqhk0mYmQgl9L/c+BPu3LhxoYhb907agLXVAxcO59zLvff4MaNSWdazMTe/sLi0XFgprq6tb2yaW9t1GSUCkxqOWCSaPpKEUU5qiipGmrEgKPQZafj9y8xv3BMhacRv1SAmXoi6nAYUI6WltnnjOvQudcMEujwZwnPoEoUmhEPohkj1MGKpM2zb/zqVH6dtlqyyNQKcJXZOSiCH0zaf3E6Ek5BwhRmSsmVbsfJSJBTFjAyLbiJJjHAfdUlLU45CIr109PsQ7mulA4NI6OIKjtTJiRSFUg5CX3dm58ppLxP/8lqJCs68lPI4UYTj8aIgYVBFMAsSdqggWLGBJggLqm+FuIcEwkrHXdQh2NMvz5J6pWyflI+vj0rVizyOAtgFe+AA2OAUVMEVcEANYPAAXsAbeDcejVfjw/gct84Z+cwO+AXj6xt67K3Q</latexit>

⇧µ⌫ = ⌘µ⌫ + Pµ⌫
1 + Pµ⌫

2

13

Curiosity: holds everywhere integrability holds… 
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Exhibited by spinning four-point amplitudes that holds to quartic order in spin and 3PM, for probe motion.
[Bern, Kosmopoulos, Luna, Roiban, Teng, ’22] [Aoude, Haddad, Helset, ’22] [DA, Febres Cordero, Kraus, S. Ruf, Zeng, ’24] [DA, Febres Cordero, Kraus, Smirnov, Zeng, ’25]

<latexit sha1_base64="xBBLJhtoEaxFD+5p/HLVUq+Nbxk=">AAACTXicfVHLSgMxFM3UR2t9jbp0EyxCi1JmSn1shKIbN0IF+4C2DJlMpg3NPJpkxDL0B90I7vwLNy4UETNtBW2LFxIO55zLvTmxQ0aFNIwXLbW0vLKazqxl1zc2t7b1nd26CCKOSQ0HLOBNGwnCqE9qkkpGmiEnyLMZadj9q0Rv3BMuaODfyWFIOh7q+tSlGElFWbrT9pDsYcTim5FVzg+OobDM5CoV4AVcJMIj2H6gcPCvaSz+OAuWnjOKxrjgPDCnIAemVbX057YT4MgjvsQMCdEyjVB2YsQlxYyMsu1IkBDhPuqSloI+8ojoxOM0RvBQMQ50A66OL+GY/d0RI0+IoWcrZ7K5mNUScpHWiqR73ompH0aS+HgyyI0YlAFMooUO5QRLNlQAYU7VrhD3EEdYqg/IqhDM2SfPg3qpaJ4WT27LucrlNI4M2AcHIA9McAYq4BpUQQ1g8AhewTv40J60N+1T+5pYU9q0Zw/8qVT6G9iRrlc=</latexit>

M4(q, s1, s2) = M4(q, s1 + ⇠q, s2) = M4(q, s1, s2 + ⇠q)

<latexit sha1_base64="ErOmjT052WocZaaoeJhBCI07GjU="></latexit>

qµ
@

@sµi
M4(q, s1, s2) = 0

Differential 
operator

Fourier transform 

to position space

<latexit sha1_base64="jK84jy7WvaFBzr9gxM9Zu/yK3sU="></latexit>Z
dD�2q eib·q

<latexit sha1_base64="SEyul7xp0WSiokTopl27cqTolwk="></latexit>

ÔSSIr({vi, si, b}) = 0, ÔSS = ⇧µ⌫ @

@bµ

@

@s⌫i
<latexit sha1_base64="RpBO6fCL+NkPn8c7+okix6PVvM8=">AAACO3icdVDLSsNAFJ34rPUVdelmsAiCUJLiayMU3biMYh/QxDKZTtqhk0mYmQgl9L/c+BPu3LhxoYhb907agLXVAxcO59zLvff4MaNSWdazMTe/sLi0XFgprq6tb2yaW9t1GSUCkxqOWCSaPpKEUU5qiipGmrEgKPQZafj9y8xv3BMhacRv1SAmXoi6nAYUI6WltnnjOvQudcMEujwZwnPoEoUmhEPohkj1MGKpM2zb/zqVH6dtlqyyNQKcJXZOSiCH0zaf3E6Ek5BwhRmSsmVbsfJSJBTFjAyLbiJJjHAfdUlLU45CIr109PsQ7mulA4NI6OIKjtTJiRSFUg5CX3dm58ppLxP/8lqJCs68lPI4UYTj8aIgYVBFMAsSdqggWLGBJggLqm+FuIcEwkrHXdQh2NMvz5J6pWyflI+vj0rVizyOAtgFe+AA2OAUVMEVcEANYPAAXsAbeDcejVfjw/gct84Z+cwO+AXj6xt67K3Q</latexit>

⇧µ⌫ = ⌘µ⌫ + Pµ⌫
1 + Pµ⌫

2

Holds to all orders in perturbation theory!!

13Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability

Curiosity: holds everywhere integrability holds… 



What is Spin-Shift Symmetry?

46

We can ask the question: is there a conserved quantity that generates spin-shift symmetry? 

<latexit sha1_base64="f+Qt63L275OwLL1bqD4j6AiwWdQ="></latexit>

ÔSSIr({vi, si, b})
?
= {O, Ir}DB

14Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



What is Spin-Shift Symmetry?

47

We can ask the question: is there a conserved quantity that generates spin-shift symmetry? 

<latexit sha1_base64="f+Qt63L275OwLL1bqD4j6AiwWdQ="></latexit>

ÔSSIr({vi, si, b})
?
= {O, Ir}DB

Our understanding is that, at least in position space, there is no such conserved quantity! 

LHS is a quadratic derivative, while RHS is a linear derivative. No notion of vector flow on the phase space! 

14Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



What is Spin-Shift Symmetry?

48

We can ask the question: is there a conserved quantity that generates spin-shift symmetry? 

<latexit sha1_base64="f+Qt63L275OwLL1bqD4j6AiwWdQ="></latexit>

ÔSSIr({vi, si, b})
?
= {O, Ir}DB

Our understanding is that, at least in position space, there is no such conserved quantity! 

LHS is a quadratic derivative, while RHS is a linear derivative. No notion of vector flow on the phase space! 

Our guess is that it is a gauge symmetry, i.e. first class constraint, much like for polarisation vectors 

From the amplitudes 
perspective

<latexit sha1_base64="DF7UNZlW+y0LrhTwCQ3Kf86GKko="></latexit>

sµ(p) ⇠ ✏µ⌫⇢�p
⌫ "̄⇢"̄�

14Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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49

Can we bootstrap the radial action by demanding conservation of                  + spin-shift symmetry?
<latexit sha1_base64="1fM7Zr7D3Xb5U1ncSrwdaUQj3mg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYkBVgniNFSwMDK1EH6iJIsdxWquOE9kOUhUy8CssDCDEym+w8Te4bQZoOdK9OjrnXvn6+AmjUlnWt1FaWFxaXimvVtbWNza3zO2dtoxTgUkLxywWXR9JwignLUUVI91EEBT5jHT84fXY7zwQIWnM79QoIW6E+pyGFCOlJc/cczLoKMoCkt3mx7Dp3evm5J5ZtWrWBHCe2AWpggINz/xyghinEeEKMyRlz7YS5WZIKIoZyStOKkmC8BD1SU9TjiIi3Wxyfw4PtRLAMBa6uIIT9fdGhiIpR5GvJyOkBnLWG4v/eb1UhZduRnmSKsLx9KEwZVDFcBwGDKggWLGRJggLqm+FeIAEwkpHVtEh2LNfniftk5p9XjtrnlbrV0UcZbAPDsARsMEFqIMb0AAtgMEjeAav4M14Ml6Md+NjOloyip1d8AfG5w9TE5UF</latexit>

{L̃, QY , Q}

15

Turns out that the answer is yes for a spinning probe in a Kerr background!!

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability
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50

Can we bootstrap the radial action by demanding conservation of                  + spin-shift symmetry?
<latexit sha1_base64="1fM7Zr7D3Xb5U1ncSrwdaUQj3mg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYkBVgniNFSwMDK1EH6iJIsdxWquOE9kOUhUy8CssDCDEym+w8Te4bQZoOdK9OjrnXvn6+AmjUlnWt1FaWFxaXimvVtbWNza3zO2dtoxTgUkLxywWXR9JwignLUUVI91EEBT5jHT84fXY7zwQIWnM79QoIW6E+pyGFCOlJc/cczLoKMoCkt3mx7Dp3evm5J5ZtWrWBHCe2AWpggINz/xyghinEeEKMyRlz7YS5WZIKIoZyStOKkmC8BD1SU9TjiIi3Wxyfw4PtRLAMBa6uIIT9fdGhiIpR5GvJyOkBnLWG4v/eb1UhZduRnmSKsLx9KEwZVDFcBwGDKggWLGRJggLqm+FeIAEwkpHVtEh2LNfniftk5p9XjtrnlbrV0UcZbAPDsARsMEFqIMb0AAtgMEjeAav4M14Ml6Md+NjOloyip1d8AfG5w9TE5UF</latexit>

{L̃, QY , Q}

Ansatz for     at
<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir and any PM order

40 constraints
15 constraints

<latexit sha1_base64="rDgsT61HllcXGohC3K3Tjz7IepM=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEgKoE8RorWBgYWok+UBNFjuO2Vh0nsh2kKsoXsPArLAwgxMrMxt/gtBmg5Ui2js65V/fe48eMSmVZ30ZpaXllda28XtnY3NreMXf3OjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1x9e5330gQtKI36lJTNwQDTkdUIyUljyz5oRIjTBiaSuDDuXQSR1FWUDS2+wYtrx7/TmZZ1atujUFXCR2QaqgQNMzv5wgwklIuMIMSdm3rVi5KRKKYkayipNIEiM8RkPS15SjkEg3nZ6TwZpWAjiIhH5cwan6uyNFoZST0NeV+fJy3svF/7x+ogaXbkp5nCjC8WzQIGFQRTDPBgZUEKzYRBOEBdW7QjxCAmGlE6zoEOz5kxdJ56Run9fPWqfVxlURRxkcgENwBGxwARrgBjRBG2DwCJ7BK3gznowX4934mJWWjKJnH/yB8fkD/XabbQ==</latexit>

Q 2 {L̃, QY , Q}
<latexit sha1_base64="YA3vwEVxDnVSq80OZPOnxEqixzk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISURXxuhVBe6a8E+oAlhMp20QycPZiZCCfkEN/6KGxeKuHXpzr9xkmahrQcGzpxzL/fe40aMCmkY31ppYXFpeaW8Wllb39jc0rd3OiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrjq8zv/tAuKBhcC8nEbF9NAyoRzGSSnL0QyuBdw4/hpaP5AgjlrRSK3WS/Mv95KaRpvAKGo5eNWpGDjhPzIJUQYGmo39ZgxDHPgkkZkiIvmlE0k4QlxQzklasWJAI4TEakr6iAfKJsJP8oBQeKGUAvZCrF0iYq787EuQLMfFdVZntKWa9TPzP68fSu7QTGkSxJAGeDvJiBmUIs3TggHKCJZsogjCnaleIR4gjLFWGFRWCOXvyPOmc1Mzz2lnrtFpvFHGUwR7YB0fABBegDm5BE7QBBo/gGbyCN+1Je9HetY9paUkrenbBH2ifP6DpnFc=</latexit>

{Ir,Q}DB = 0

<latexit sha1_base64="hV4elUv4wkWcECTw6WvI9NjMe20=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kon42ghFN7qyUvuAJoTJdNIOnUnCzEQoIRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89fsyoVJb1bczNLywuLZdWyqtr6xub5tZ2S0aJwKSJIxaJjo8kYTQkTUUVI51YEMR9Rtr+8Cr32w9ESBqF92oUE5ejfkgDipHSkmfuOQOk0tvMSx2O1EDwtNHIshtPwAtoeWbFqlpjwFliF6QCCtQ988vpRTjhJFSYISm7thUrN0VCUcxIVnYSSWKEh6hPupqGiBPppuMvMniglR4MIqErVHCs/p5IEZdyxH3dmZ8qp71c/M/rJio4d1MaxokiIZ4sChIGVQTzSGCPCoIVG2mCsKD6VogHSCCsdHBlHYI9/fIsaR1V7dPqyd1xpXZZxFECu2AfHAIbnIEauAZ10AQYPIJn8ArejCfjxXg3Piatc0YxswP+wPj8ARnrmE4=</latexit>

ÔSSIr = 0

<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir
15 unfixed coefficients 

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

70 unfixed coefficients 

15

Turns out that the answer is yes for a spinning probe in a Kerr background!!

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Bootstrapping the Radial Action

51

Can we bootstrap the radial action by demanding conservation of                  + spin-shift symmetry?
<latexit sha1_base64="1fM7Zr7D3Xb5U1ncSrwdaUQj3mg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYkBVgniNFSwMDK1EH6iJIsdxWquOE9kOUhUy8CssDCDEym+w8Te4bQZoOdK9OjrnXvn6+AmjUlnWt1FaWFxaXimvVtbWNza3zO2dtoxTgUkLxywWXR9JwignLUUVI91EEBT5jHT84fXY7zwQIWnM79QoIW6E+pyGFCOlJc/cczLoKMoCkt3mx7Dp3evm5J5ZtWrWBHCe2AWpggINz/xyghinEeEKMyRlz7YS5WZIKIoZyStOKkmC8BD1SU9TjiIi3Wxyfw4PtRLAMBa6uIIT9fdGhiIpR5GvJyOkBnLWG4v/eb1UhZduRnmSKsLx9KEwZVDFcBwGDKggWLGRJggLqm+FeIAEwkpHVtEh2LNfniftk5p9XjtrnlbrV0UcZbAPDsARsMEFqIMb0AAtgMEjeAav4M14Ml6Md+NjOloyip1d8AfG5w9TE5UF</latexit>

{L̃, QY , Q}

Ansatz for     at
<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir and any PM order

40 constraints
15 constraints

<latexit sha1_base64="rDgsT61HllcXGohC3K3Tjz7IepM=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEgKoE8RorWBgYWok+UBNFjuO2Vh0nsh2kKsoXsPArLAwgxMrMxt/gtBmg5Ui2js65V/fe48eMSmVZ30ZpaXllda28XtnY3NreMXf3OjJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1x9e5330gQtKI36lJTNwQDTkdUIyUljyz5oRIjTBiaSuDDuXQSR1FWUDS2+wYtrx7/TmZZ1atujUFXCR2QaqgQNMzv5wgwklIuMIMSdm3rVi5KRKKYkayipNIEiM8RkPS15SjkEg3nZ6TwZpWAjiIhH5cwan6uyNFoZST0NeV+fJy3svF/7x+ogaXbkp5nCjC8WzQIGFQRTDPBgZUEKzYRBOEBdW7QjxCAmGlE6zoEOz5kxdJ56Run9fPWqfVxlURRxkcgENwBGxwARrgBjRBG2DwCJ7BK3gznowX4934mJWWjKJnH/yB8fkD/XabbQ==</latexit>

Q 2 {L̃, QY , Q}
<latexit sha1_base64="YA3vwEVxDnVSq80OZPOnxEqixzk=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0ISURXxuhVBe6a8E+oAlhMp20QycPZiZCCfkEN/6KGxeKuHXpzr9xkmahrQcGzpxzL/fe40aMCmkY31ppYXFpeaW8Wllb39jc0rd3OiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrjq8zv/tAuKBhcC8nEbF9NAyoRzGSSnL0QyuBdw4/hpaP5AgjlrRSK3WS/Mv95KaRpvAKGo5eNWpGDjhPzIJUQYGmo39ZgxDHPgkkZkiIvmlE0k4QlxQzklasWJAI4TEakr6iAfKJsJP8oBQeKGUAvZCrF0iYq787EuQLMfFdVZntKWa9TPzP68fSu7QTGkSxJAGeDvJiBmUIs3TggHKCJZsogjCnaleIR4gjLFWGFRWCOXvyPOmc1Mzz2lnrtFpvFHGUwR7YB0fABBegDm5BE7QBBo/gGbyCN+1Je9HetY9paUkrenbBH2ifP6DpnFc=</latexit>

{Ir,Q}DB = 0

<latexit sha1_base64="hV4elUv4wkWcECTw6WvI9NjMe20=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kon42ghFN7qyUvuAJoTJdNIOnUnCzEQoIRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89fsyoVJb1bczNLywuLZdWyqtr6xub5tZ2S0aJwKSJIxaJjo8kYTQkTUUVI51YEMR9Rtr+8Cr32w9ESBqF92oUE5ejfkgDipHSkmfuOQOk0tvMSx2O1EDwtNHIshtPwAtoeWbFqlpjwFliF6QCCtQ988vpRTjhJFSYISm7thUrN0VCUcxIVnYSSWKEh6hPupqGiBPppuMvMniglR4MIqErVHCs/p5IEZdyxH3dmZ8qp71c/M/rJio4d1MaxokiIZ4sChIGVQTzSGCPCoIVG2mCsKD6VogHSCCsdHBlHYI9/fIsaR1V7dPqyd1xpXZZxFECu2AfHAIbnIEauAZ10AQYPIJn8ArejCfjxXg3Piatc0YxswP+wPj8ARnrmE4=</latexit>

ÔSSIr = 0

<latexit sha1_base64="1My5xhE+NC8hb4QFJDEz1ucwlwg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi94imgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlFpHssHM07Qj+hA8pAzaqx0f9tTvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tndaaV2lcdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj28p2o28</latexit>

Ir
15 unfixed coefficients 

<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Remaining unfixed coefficients can be 
fixed by aligned-spin scattering data!!

70 unfixed coefficients 

15

Turns out that the answer is yes for a spinning probe in a Kerr background!!

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Conclusions

5216

Defined a new notion of integrability, which holds at 3/4PM to         and at 3PM to        , in the probe limit!!      
<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)
<latexit sha1_base64="PUYElpQVzb7QKAny0gPx/0rL1k4=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS+l0U37qxgH9DGMplO2qGTSZiZFEron7hxoYhb/8Sdf+OkzUJbDwwczrmXe+b4MWdKO863tbS8srq2Xtgobm5t7+zae/sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrD28xvjqhULBKPehxTL8R9wQJGsDZS17Y7IdYDgnl6Pymrp7OTrl1yKs4UaJG4OSlBjlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0UuwkisaYDHGftg0VOKTKS6fJJ+jYKD0URNI8odFU/b2R4lCpceibySynmvcy8T+vnejg2kuZiBNNBZkdChKOdISyGlCPSUo0HxuCiWQmKyIDLDHRpqyiKcGd//IiaZxW3MvKxcN5qXqT11GAQziCMrhwBVW4gxrUgcAInuEV3qzUerHerY/Z6JKV7xzAH1ifP9fukyc=</latexit>

O(s3)

Conjecture: asymptotic integrability holds to         and all orders in PM       
<latexit sha1_base64="UeweWxGHwUEm9n6/w+iV9JPcmfo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRSH8uiG3dWsA9oY5lMJ+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvf27YPDpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80W3mt8ZUKhaJRz2JqRfigWABI1gbqWfb3RDrIcE8vZ+W1VP1rGeXnIozA1ombk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJZ8ik6NUofBZE0T2g0U39vpDhUahL6ZjLLqRa9TPzP6yQ6uPZSJuJEU0Hmh4KEIx2hrAbUZ5ISzSeGYCKZyYrIEEtMtCmraEpwF7+8TJrnFfeycvFQLdVu8joKcAwnUAYXrqAGd1CHBhAYwzO8wpuVWi/Wu/UxH12x8p0j+APr8wfZc5Mo</latexit>

O(s4)

Provided a position space operator for spin-shift symmetry. We find that it holds to all orders in the PM 

expansion and seem to accompany integrability.

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability

Conserved quantities + spin-shift symmetry gives strong constraints on the radial action. We can bootstrap 
the radial action solely in terms of aligned-spin data!!



Future Directions

5317

1. Can we understand the exact origin of spin-shift symmetry? 

2. Can we bootstrap other objects on symmetry grounds as we did for the radial action? 

3. root-Kerr? 

4. Can we test new data? 

5. Can we understand what happens beyond the quartic order in spin?

TACK!
Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability



Beyond the Probe Limit, Beyond Kerr

54

Beyond the probe limit: Beyond Kerr:

Conservation is broken very quickly (unless one BH is spinless)

Conserved quantities are no longer in involution (unless one BH is spinless)
<latexit sha1_base64="NofHjnGksBG+7XazZ5ykGqUd6N0="></latexit>

~Q = {L̃, QY , Q} {Qi,Qj}DB 6= 0

Non-minimal spin coupling terms [U. Jakobsen, Mogull, ’22]

Breaks conservation for non-Kerr values of Wilson coefficients (            )
<latexit sha1_base64="/IHUwdf447pydyf/2fJhjixjShk=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXEhJxNeyWASXFewDmhAm00k7dGYSZyZCCdn4K25cKOLWz3Dn3zhts9DWAxcO59zLvfeECaNKO863tbC4tLyyWlorr29sbm3bO7stFacSkyaOWSw7IVKEUUGammpGOokkiIeMtMNhfey3H4lUNBb3epQQn6O+oBHFSBspsPfrQeZxpAeSZzf5Cc2hJ8gDdAK74lSdCeA8cQtSAQUagf3l9WKcciI0Zkiprusk2s+Q1BQzkpe9VJEE4SHqk66hAnGi/GzyQA6PjNKDUSxNCQ0n6u+JDHGlRjw0neNb1aw3Fv/zuqmOrvyMiiTVRODpoihlUMdwnAbsUUmwZiNDEJbU3ArxAEmEtcmsbEJwZ1+eJ63TqntRPb87q9SuizhK4AAcgmPggktQA7egAZoAgxw8g1fwZj1ZL9a79TFtXbCKmT3wB9bnD+8mlfw=</latexit>

CE,i 6= 0

[Compère, Druart, Vines, ’23]

Can be done at 1PM:

Restoring integrability beyond the probe limit:

<latexit sha1_base64="GbWar9c/1NUIBOW8QPlTQ2KZM5M="></latexit>

⌃m2 = m2
1 +m2

2 , �m2 = m2
1 �m2

2 Reduces to previous results in the probe limit!

A sense of perturbative integrability?
[Tanay, Stein, Ghersi, ’20]

Asymptotic integrability for one spinless BH at 2PM, beyond the probe limit!!

Kerr Black Hole Scattering: An On-Shell Approach to Conserved Quantities and Integrability


